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Abstract: A tractor losing lateral stability starts to rollover. It is a matter of fact that tractor lateral
rollover accidents are one of the most frequent causes of death and injuries for farmers. Consequently,
tractors are fitted with a specific protective structure to minimize the consequences for the driver
during the rollover (ROPS). The narrow-track tractor, designed to operate in vineyards and orchards,
is a tractor category with a very narrow track width and the risk of rollover is higher. The aim of
the study was to evaluate the compact narrow-track tractor types commercially available, designed
to mount a cantilever engine in the forward position with effects on the Center of Gravity (CoG)
because more than 50% of the tractor weight is loaded on the front axle, and, specifically, the
articulated narrow-track tractors where the stability is affected by the pivot point connecting the
two tractor bodies. As a consequence of the typical tractor design of articulated tractors, during
the steering action the line passing through the front and rear tire contact points on the ground
changes, influencing the tractor’s stability. The approach of the research was based on reproducing
the lateral stability tractor condition by developing a kinematic model, with the goal to virtually
simulate the tractor behavior and to calculate the lateral stability angle for articulated tractors. The
innovative contribution of this paper was the tractor articulation joint modeling, assuming a virtual
pivot point to reproduce two relatives’ rotations between the front and rear bodies of the tractor:
vertical (yaw angle) and longitudinal (roll angle) rotations. The lowest value of the stability angle
was 39.3�, measured at �35� yaw angle. The model at the tractor design stage will allow adjusting of
the tractor parameters to improve the lateral stability performance.

Keywords: articulated tractor; stability angle; kinematic model; safety; rollover

1. Introduction
Tractor overturning accidents on slopes have serious consequences for the farmer [1].

Studies indicate that over 80% of tractor accidents are sideways overturns [2]. Determining
the lateral stability of agricultural tractors has been a subject to develop for tractor designers
and researchers over the years [3,4]. Studies have been conducted to determine the factors
influencing tractor stability on sloped fields [5,6]. The tipping event for a tractor in a static
condition was also analysed [7]. The tractor stability issue on slopes was studied for a
two-wheel drive tractor [8], concluding that the loss of wheel/ground adhesion, rather
than the likelihood of overturning, limits the slopes on which most combinations can safely
operate. Grecenko [9] made a state-of-the-art report about the operation on steep slopes,
declaring the tire–soil interaction under the effect of a lateral force affects the traction
conditions on sloping land with grass cover, and it must be properly analysed to evaluate
the respective coefficients of grip. The stability of the tractor-implemented combinations
is heavily influenced by the Centre of Gravity (CoG) position of the implements. The
implement CoG should be behind its axle for better stability [10].

Pershing and Yoerger [11] investigated the tractor dynamic behaviour on side slopes.
Dynamic studies relating inertia properties and energy levels during the tractor rollover
were performed [12,13]. Many research approaches were addressed to develop models
for predicting tractor behaviour in normal operation with the aim to reduce the risk of
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rollover by analyzing the different tire types [14,15] and different road surfaces [16]. These
attempts were combined to produce the design of passive protective devices (Rollover
Protective Structures, ROPS) to be mounted on the tractor to minimize the risk of driver
injuries in case of a rollover event. Indeed, over time it has been recognised that the
tractor is really a vehicle prone to rollover because of its high versatility in usage and
in the operating conditions [17,18]. Nevertheless, formulating a tractor lateral stability
model is a difficult exercise, mainly in properly defining its geometry and predicting the
kinematic effects during its operation in the field since the forces and moment arms are not
coplanar, especially if the case of articulated chassis tractors is considered [19]. Articulated
tractors are frequently in use on sloped areas in orchards, vineyards and forage harvesting
operations. Consequently, to analyse the stability performance of these tractors is of
interest because of the specific and wide use currently foreseen in narrow environments
and sloped areas. Modern compact narrow-track tractors are made of two separate bodies
centrally joined. The articulated tractor, with a fixed articulation while traveling along
a circumference with a fixed radius and different slope conditions, was evaluated, and
its stability was compared with the conventional tractor stability [20]. Vector methods
have been shown to be a powerful analytic tool for the description of 3D motion such as
the sideways overturning of a farm tractor [21]. Based on this approach, with the aim
to calculate the lateral stability angle of a tractor designed with an articulated chassis,
independent of its position on the ground, a kinematic model, based on the mass and
tractor geometrical data, was developed.

The kinematic model is capable of evaluating the lateral stability angle of the tractor
starting from the geometry information defining the tractor articulation angle representing
the limit of the lateral stability. The model was developed considering the tractor as
composed by two rigid bodies with a different mass and geometry. The two body parts were
modelled as joined by two links allowing for two different rotations about a longitudinal
axis (roll angle) and about a vertical axis (yaw angle). The innovative contribution of
this paper was the tractor articulation joint modeling assuming a virtual pivot point to
reproduce two relatives’ rotations between the front and rear bodies of the tractor: vertical
(yaw angle) and longitudinal (roll angle) rotations. The tractor model evaluates the effect
of the two mutual rotations of the tractor bodies, estimating the influence of the tractor
masses repartition. The analysis of the tractor separated into two bodies made it possible
to evaluate the stability angle for the front body, the rear body and the whole tractor, so
as to be able to evaluate the behavior of the articulated tractor bodies by predicting the
succession of phases during overturning. The purpose of the research was to estimate
the critical configuration of the tractor; that is, when the condition of instability occurs, to
prevent the potential rollover event.

2. Materials and Methods
2.1. Preliminary Analysis of Lateral Stability Behaviour of the Narrow-Track Tractor

Narrow-track tractors are, nowadays, designed in different configurations that affect
the stability performance of the machine [17]. In order to develop the kinematic model, the
tipping behaviour of the narrow-track articulated tractor with respect to a fixed chassis
tractor was analyzed. The evaluation was carried out by means of an inclined platform
to tilt the tractor axle bearing more than 50% of the tractor’s weight [22]. The tractor with
a fixed chassis is typically a front steering wheel tractor designed with the pivot point
located in the mid-point of the front axle and with more than 50% of the tractor’s weight
on the rear axle (Figure 1a). The pivot point is a mechanical tool for the tractor to overcome
the ground unevenness. The compact narrow-track tractor is made of two separate bodies
joined and the pivot point is close to the geometric center of the tractor. A cantilever engine
in the forward position is mounted affecting the tractor Center of Gravity (CoG) and the
mass repartition. More than 50% of the tractor weight is loaded on the front axle. The
compact tractor can be designed as a steering wheel tractor with only one degree of freedom
permitted, the longitudinal rotation (roll angle—#) (Figure 1b). Otherwise, an additional
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configuration in the design of the compact tractor is represented by the articulated tractor
with two degrees of freedom allowed, longitudinal and vertical rotations (roll angle—#
and yaw angle—µ) (Figure 1c).

Figure 1. Preliminary analysis of the narrow-track tractors: (a) steering wheel tractor with a fixed
chassis; (b) compact steering wheel tractor; (c) compact articulated tractor.

2.2. Kinematic Model for Lateral Stability Test
In developing the kinematic model to simulate the behavior of articulated tractor, the

design of the tractor was simplified considering a rear body composed of the rear axle
and the driver seat, joined to a front body, made of the front axle and the engine. The
tractor rear body was allowed to assume an angle of inclination and a position different
with respect to the front body because of the pivot point joining the two bodies. This
articulation mechanism in the normal operation of the tractor affects its configuration
during the steering action, the rear and front parts can mutually rotate to change the tractor
path (Figure 2).

Figure 2. Articulated tractor: (a) articulation to the left; (b) articulation to the right.

Assumptions made to derive the kinematic model of the tractor were: tractor com-
posed of two rigid bodies centrally joined to permit their mutual rotation; the full tractor
CoG divided into two distinct portions that are the rear and front tractor body CoG; tractor
median longitudinal plane, defined with respect to the two bodies in the straight configu-
ration, symmetrical and parallel to the y–z plane (Figures 3a and 4a); steering action with
respect to the rear body of the tractor; ground surface nondeformable and slip effect of the
tractor on the ground ignored. The axis reference system was centred on the joint of the
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tractor defining the pivot point of the model (S). Five characteristics points were identified
to describe the virtual tractor (Figure 3b). The approach in modelling the compact articu-
lated tractor was to represent the complex geometry of the vehicle (Figure 3a) through the
decomposition of the tractor into two bodies, front and rear, connected with a joint allowing
the rotation on the vertical axis of the tractor (yaw angle—µ, Figures 3b and 4b), on the
longitudinal axis (roll angle—J, Figures 3b and 4c) and their mutual rotation (Figure 4d)

!
P1 = xP1 î + yP1 ĵ + zP1 k̂ (1)

!
P2 = xP2 î + yP2 ĵ + zP2 k̂ (2)
!
G1 = xG1 î + yG1 ĵ + zG1 k̂ (3)
!
G2 = xG2 î + yG2 ĵ + zG2 k̂ (4)

!
S = xSî + yS ĵ + zSk̂ (5)

where
!
P1 and

!
P2 are the contact points of the rear and front tires on the ground,

!
G1 and

!
G2

specify the position of the CoG of the rear and front bodies of the tractor and
!
S is the pivot

point of the tractor.

Figure 3. Compact articulated tractor: (a) Actual tractor in the straight configuration; (b) Graphical representation of the
tractor parameters assumed in modelling: P1, P2, G1, G2 and S are the five characteristics points defined in the modeling
approach related to the geometrical tractor configuration, µ is the yaw angle, J is the roll angle and, ↵ is the tractor
stability angle.

When the tractor tips sideways, the first rotation take place about an axis connecting
the central pivot point to the contact point of the tire remaining on the ground during
the initial tipping motion. Eventually, the tipping body of the tractor strikes a stop on
the steady tractor body with further tipping of the whole tractor taking place about an
axis connecting the contact points of the front and rear tires on the ground. The lateral
stability angle (↵) was defined as the angle the full tractor body CoG must assume from
the horizontal position on the ground (with the four tractor tires touching the ground)
till the inclined position, corresponding to the unstable equilibrium of the tractor on the
two tires is in contact with the ground. The tractor axis of rotation to evaluate the lateral
stability angle varies because it is affected by the position of the front and rear wheels in
contact with the ground plane; these will assume different positions because of the mutual
rotation of the two tractor bodies, defining the boundary condition the CoG must respect to
maintain the stability of the tractor. It is clear, even before analyzing the model results, that
the lateral stability angle is linked to the tractor configuration. To represent the complex
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tractor scenario, the first step in modeling was to define a selected configuration based on
geometry, masses and mutual position of the two tractor bodies, to define the roll and yaw
angle values. In the second step, the corresponding angle of stability was evaluated. Final
step was to identify the worst tractor scenario and to calculate the lateral tractor stability
limit angle.

Figure 4. The configurations of the compact articulated chassis tractor: (a) Straight; (b) Yaw angle; (c)
Roll angle; (d) Yaw and Roll angles.

Study development:
(a) Modelling the vertical pivot point (yaw angle)
(b) Modelling the horizontal pivot point (roll angle)
(c) Modelling the lateral tractor stability

2.2.1. Modelling the Vertical Pivot Point (Yaw Angle)
A fixed chassis tractor, typically, is designed with front wheels mounted on the steering

axle, even if, over the years, the modern tractors have become more and more in the type of
four-wheel drive (4WD), where the front axle is, at the same time, a drive and a steering axle.
In the fixed chassis tractor design, the yaw angle is equal to zero because the rotation of
the front wheels is considered negligible. Taking into consideration the articulated chassis
tractor, where the steering action is performed by the rotation of a body with respect to the
other body, the effect of this rotation was considered to affect only the points relating to
the rear body. The rotation allowed for the joint defines the yaw angle and affects the two
points in Equations (1) and (3). Rotation can be clockwise or anti-clockwise, consistent with
a right or a left steering action. Having a maximum value of the yaw angle, a parameter
defined at the tractor design stage, tractor bodies can assume positions in between the
minimum to the maximum articulation values, with zero value when the two bodies are in
the straight configuration, which is a configuration equivalent to a fixed chassis tractor.

The angular orientation of the tractor is related to the rotations about the axes. To
model the vertical pivot point, the angular rotation is about the z axis and the following
rotation matrix is introducing µ as yaw angle

Rz =

2

4
cos µ � sin µ 0
sin µ cos µ 0

0 0 1

3

5 (6)
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The new contact point of the rear tire on the ground and the new CoG of the rear body
of the tractor are represented by the vector equations, respectively and

!
P1

0 =

2

4
xP1

0

yP1
0

zP1
0

3

5 = Rz

2

4
xP1
yP1
zP1

3

5 (7)

!
G1

0 =

2

4
xG1

0

yG1
0

zG1
0

3

5 = Rz

2

4
xG1
yG1
zG1

3

5 (8)

2.2.2. Modelling the Horizontal Pivot Point (Roll Angle)
The joint connection between the front and the rear body of the tractor allows overcom-

ing of the ground unevenness conditions. In the fixed chassis tractor, the joint is designed
in the central position of the front axle and its effect on the stability is reduced. In compact
articulated chassis tractors, the joint is located in the central part of the tractor chassis caus-
ing the mutual rotation of the two tractor bodies when tractor needs to overcome obstacles
or ditches. The range of rotation of the two tractor bodies is defined at the design stage,
but this parameter greatly affects the tractor behavior in terms of stability performance.
In critical stability conditions, when the tractor reaches the unstable equilibrium, being
the different CoGs of the front and rear tractor bodies, there will be one of the two parts
that will represent the worst configuration for the stability effect. A loss of adhesion of a
wheel on the ground will be observed and the linked body will rotate at an angle equal
to the joint angle, defining a new condition for the tractor. The CoG of the rotated body
will be affected. Actually, this rotation is not purely longitudinal about a principal axis, but
the CoG will rotate about the axis defined by the straight line passing through the contact
point of the tire on the ground and the pivot point, for an angle equal to the maximum
joint angle. In order to avoid a misunderstanding, this angle has been named roll angle to
differentiate it with respect to the yaw angle. In the model, because of the geometry and
mass repartition of the compact tractor, the roll angle behavior was ascribed both to the
front and to the rear tractor bodies. Since the initial tipping motion does not take place
around either the x, y, or z axes, it is convenient to define the skew coordinate axis about
which the tractor is assumed to tip. Introducing # as roll angle and assuming

!
v as the unit

vector in the direction of the first tipping axis (i = 1 for the rear body and i = 2 for the front
body), according to the method of Smith et al. [20], a rotation matrix can be defined.

!
vi = (xvi , yvi , zvi ) =

xPi î + yPi ĵ + zPi k̂q
xPi

2 + yPi
2 + zPi

2
(9)

Nevertheless, to improve the understanding, the rotation matrix was related only to
the front body of the tractor.

Ry0 =

2

4
xv2

2 +
�
1 � xv2

2� · cos(J) [1 � cos(J)]·xv2 ·yv2 + sin(J)·zv2 [1 � cos(J)] ·xv2 ·zv2 � sin(J)·yv2

[1 � cos(J)]·xv2 ·yv2 � sin(J)·zv2 yv2
2 +

�
1 � yv2

2� · cos(J) [1 � cos(J)] ·yv2 · zv2 + sin(J)·xv2

[1 � cos(J)]· xv2 · zv2 + sin(J)·yv2 [1 � cos(J)] ·yv ·zv2 � sin(J)·xv2 zv2
2 +

�
1 � zv2

2� · cos(J)

3

5 (10)

Considering the change in the rotation matrix to reproduce a clockwise rotation, the
new CoG of the front body of the tractor was defined as

!
G2

0 =

2

4
xG2

0

yG2
0

zG2
0

3

5 = Ry0
T

2

4
xG2
yG2
zG2

3

5 (11)
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2.2.3. Modelling of Lateral Tractor Stability
Based on the CoG of the two tractor bodies, affected by the rotation angles and

the masses of the two bodies, the CoG of the whole tractor in the defined scenario was
computable. The stability angle of the tractor was calculated by considering the unstable
equilibrium when the tractor CoG position falls outside the basis connecting the contact
points of the tires on the ground. A determination of the CoG on the whole tractor is
essential in any prediction of vehicle behavior; it is through the CoG position that the
gravity force, if outside the axis connecting the contact points of the front and rear tires on
the ground, causes the instability of the tractor. Taking into consideration the distribution
of the masses of the tractor, the roll and yaw angles consequently affected the CoG position
and the lateral stability angle. Letting W1 be the weight of the rear tractor body, W2 the
weight of the front tractor body and W the weight of the whole tractor (W = W1 + W2),
the new CoG of the tractor at the instant the tractor begins to tip is located at the point
with coordinates

!
G =

2

4
xG
yG
zG

3

5 =

 
Â2

i=1 WixGi
0

Â2
i=1 Wi

!
î +

 
Â2

i=1 WiyGi
0

Â2
i=1 Wi

!
ĵ +

 
Â2

i=1 WizGi
0

Â2
i=1 Wi

!
k̂ (12)

Letting
!
w be a unit vector in the direction of the second tipping axis connecting the

contact points of the front and rear tires on the ground
✓ !

P1
0,
!
P2

◆
, the intersection point

✓!
B
◆

between the second tipping axis and a plane passing through the CoG of the whole

tractor
✓!

G
◆

perpendicular to the second tipping axis (Figure 5), was defined

!
w = (xw, yw, zw) =

�
xP2 � xP10

�
î +
�
yP2 � yP10

�
ĵ +
�
zP2 � zP10

�
k̂

q�
xP2 � xP10

�2
+
�
yP2 � yP10

�2
+
�
zP2 � zP10

�2
(13)

!
BG = (xG � xB)î + (yG � yB) ĵ + (zG � zB)k̂ (14)

!
BG·!w = 0 (15)

t =
xG xw + yG yw + zG zw �

�
xP10 xw + yP10 yw + zP10 zw

�

xw2 + yw2 + zw2 (16)

!
B =

�
xP10 + xw t

�
î +
�
yP10 + yw t

�
ĵ +
�
zP10 + zw t

�
k̂ (17)

The tractor stability angle was calculated according to the scalar product propriety 
cos a =

!
BG · ||

!
BG||k̂

||
!

BG
2
||

!
between the

!
BG vector and the vector with the same intensity but

vertical direction

a = cos�1

0

@ zG � zB

||
!

BG ||

1

A (18)
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Figure 5. Graphical representation of the input tractor parameters considered in the simulation.

The stability angle related to the rear body (i = 1) or to the front body (i = 2) was

calculated according to the previous equations considering the intersection point
✓!

Bi

◆

between the first tipping axis and a plane passing through the CoG of the rear or the front

bodies
✓!

Gi

◆
perpendicular to the second tipping axis.

!
BiGi =

�
xGi � xBi

�
î +
�
yGi � yBi

�
ĵ +
�
zGi � zBi

�
k̂ (19)

!
BiGi·

!
w = 0 (20)

ti =
xGi xw + yGi yw + zGi zw

xvi xw + yvi yw + zvi zw
(21)

!
Bi = (xvi t)î + (yvi t) ĵ + (zvi t)k̂ (22)

ai = cos�1

0

@ zGi � zBi

||
!

BiGi ||

1

A (23)

where ai=1 and ai=2 are the stability angles of the rear and front bodies, respectively.
The lateral stability angle of the whole tractor, assuming a defined Yaw angle, while

the Roll angle is variable in between J = 0 and J = Jmax, was calculated according to the
following sequence

J = 0 ) ai = ai(J = 0); a = a(J = 0) (24)
(

a < ai ) alim = a (25)
a > ai (26)

J = Jmax ) a0 = a(Jmax) (27)
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(
a0 < ai ) alim = ai with J = 0 (28)

a0 > ai ) alim = a0 with J = Jmax (29)

The first step was to consider J = 0, Equation (24), in order to calculate the stability
angles of the front, the rear and the whole tractor bodies. If a < ai, the whole tractor body
reaches the unstable condition before the front and the rear bodies, Equation (25), and the
limit stability angle is defined by a. Otherwise, a > ai, the front or the rear body reaches
the unstable condition before the whole tractor body, Equation (25). In this situation, a0,
representing the stability angle of the whole tractor body rotated to an angle equal to
J = Jmax, has to be considered, Equation (26). If a0 < ai, the whole tractor has already
reached the unstable condition because of its lower stability angle, and the limit stability
angle is defined by ai considering J = 0, Equation (28). Otherwise, a0 > ai, the whole
tractor reaches the unstable condition after the Jmax rotation, and the limit stability angle is
defined by a0, Equation (29).

The values of the input parameters, representing the average values of the current
narrow-track tractors available on the market, are derived from Franceschetti et al. [6].
Table 1 lists the geometrical input parameters of the tractor configuration considered in the
simulation (Figure 5). The CoG tractor positions of the rear and front bodies were located,
respectively, on the rear and the front axles. The rear and front tractor body weights were
based on the axles mass repartition of the whole tractor. The CoG heights were determined
using an oscillating platform [23]. The measurement instruments to test the tractor are
provided in Table 2.

Table 1. Input tractor parameters.

Identification Geometric
Parameter Unit Description

!
P1 (�555; �915; �540) mm Rear tire contact point
!
P2 (�555; 425; �540) mm Front tire contact point
!
G1 (0; �915; 44) mm CoG Rear tractor body
!
G2 (0; 425; 104) mm CoG Front tractor body
!
S (0; 0; 0) mm Pivot point

W1 450 kg Rear tractor body weight
W2 1090 kg Front tractor body weight
J (0 ÷ 7.5) degrees Roll angle
µ (�35 ÷ 35) degrees Yaw angle

Table 2. Measurement instruments of the tractor preliminary test.

Instrument Purpose Specifications

Static scale Mass Range 40–6000 kg
Increment 2 kg

Digital laser
Rangefinder

Linear displacement Range 3000 mm
Increment 1 mm

Angle Angle Range 0–360� (4 ⇥ 90�)
Increment 0.2�

Proximity switch Timer/Counter Range 100 ns–10 s
Increment 0.1 µs

3. Results
The model was used to examine the behavior of the tractor to variable inputs of the

yaw angle to mimic the steering action behavior. In addition, the roll angle allowed for
analyzing of the mutual rotation effect between the rear and front bodies. By combining the
effect of the roll and yaw angles, all of the tractor configurations due to the articulated joint
were reproduced; consequently, the critical value of the stability angle was determined and
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the worst condition for the stability of the whole tractor was established. The results shown
refer to two tractor configurations: straight configuration and articulated configuration.

3.1. Straight Configuration
An articulated tractor in the straight configuration is comparable to a steering wheel

tractor (Figure 1b). The model simulates the overturning event by increasing progressively
the slope of the ground until a part of the tractor loses stability. Although the simplest case
is a fixed chassis tractor without roll angle (a = 41.5�), the model is able to perform the
analysis considering the roll angle (J 6= 0�) without the yaw angle contribution (µ = 0�).
In this study, the front body turned out first (↵2 = 40.8�) with respect to the whole tractor;
therefore, the overturning starts with the rotation of the front body (Figure 6, J = 0�).

The front body rotates about the first tipping axis (
!

P2S vector) depending on the design
roll angle (7.5�, Table 1), basically, until the rotating body rests on the stationary body
(rear body). In Figure 6, the behavior of the front tractor body, rear body and the whole
tractor, at different roll angle values, are shown. The loss of stability of the front body with
respect to the stability of the rear body leads to the change in the CoG of the tractor and
this affects the stability angle. In fact, when the front body loses stability, it causes the
tractor to become unstable, since the original stability value of 41.5� changes to 39.0�. This
means that when the front body loses stability at 40.8�, the whole tractor begins to overturn
(J = 7.5�; a = 39.0�). It is to be noted that it is not necessarily the loss of stability of the front
body that causes the loss of stability of the whole tractor. In the first step, there is only a
reciprocal rotation between the two bodies, which can eventually cause the beginning of
the tractor overturning event. The effect of the velocity of the front body due to the loss
of stability could cause a different behavior with respect to the simulated one because the
dynamic effect is not considered here. In Figure 6, it has to be underlined that the lateral
stability trend, for the front body and the whole tractor, is linear decreasing as the roll
angle increases, and the tractor reaches the condition of instability at a = 40.8� when the
front body loses stability. The rear body remains in the condition of a stationary body and,
therefore, the stability value is unchanged. If the tractor, for some reason, i.e., external force,
has the front body already in a rotated condition, it reaches the condition of instability
(a = 39.0�) earlier. Calculating the limit of the angle at the tractor design stage, engineers
can manage the roll angle with respect to the needs of the end user.

Figure 6. Tractor in the straight configuration: tractor stability angles vs. Roll angle. Front tractor
body (black line), rear tractor body (blue line) and whole tractor (red line).
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3.2. Articulated Configuration
If the tractor steers the front and the rear tractor bodies by means of the articulation

joint, it is necessary to analyze the lateral stability depending on the degree of tractor
articulation (Figure 2—µ 6= 0�). The lateral stability of the tractor was assessed by tilting the
tractor until it induced it to tip over. The scenario will vary according to the configuration
of the tractor, and it will depend on the rotation of the articulation between the front and
the rear tractor bodies. Considering the lower value of the yaw angle, equal to �35 degrees
(Table 1), the tractor will be fully steered or articulated to the left (Figure 2a), while for the
yaw angle equal to +35� the tractor will be fully articulated to the right (Figure 2b). The roll
angle (# 6= 0�) acts through the rotation of one body on the other. The stability angles of the
separate bodies and that of the whole tractor are shown in Figure 7. The curves represent
the trend of the stability angle as a function of the yaw angle µ and the roll angle J. Three
surfaces are shown that represent the variation in the stability angle for the front body, the
rear body and the whole tractor. The most significant variation is related to the front body,
for which the stability angle varies from 35.7� to 47.0�.

Figure 7. The stability angles of the separate bodies and the whole tractor vs. Yaw angle and Roll
angle. Front body (black surface), the rear body (blue surface) and the whole tractor (red surface).

Although all of the tractor configurations are shown in the Figure 7, it is not always
in the normal operation that the tractor overturning events will take place. Some tractor
configurations, in which the front or rear body rotates to an angle equal to the roll angle,
will not occur. In fact, rotation about the second tipping axis may not happen if the overturn
occurs at the rotation about the first tipping axis. Considering the logical sequence from
Equation (24) to Equation (29), the foreseeable configurations are shown in Figure 8, where
the limit stability angle varies from 39.3� to 41.5�.

To better understand the body of the tractor that loses stability first, the results have
been simplified by selecting the roll angle equal to zero (Figure 9). The first observation is
that the results in Figures 6 and 9 are comparable when the roll and yaw angles are equal
to zero. The rear tractor body is slightly affected by the Yaw angle rotation and will never
start the overturning event, while the front tractor body and the whole tractor lines are
intersecting, and this suggests a turnover between the trigger of the overturning cause.
Depending on the tractor configuration, there are situations where the whole tractor will
lose stability first and other cases where the front body will start the rollover. The pivot
point of the tractor (S) is lower with respect to the CoG heights of the two tractor bodies
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and, being closer to the front body CoG (G2), the stability angle of the tractor front body is
more affected than that of the rear body. Consequently, the behaviour shown in Figure 9
refers to an asymmetrical and non-linear trend. In detail, in between �35� and �22� of
the yaw angle, the front body stability angle is high, showing a strong stable condition.
Opposite to the behaviour of the whole tractor stability. This behaviour is related to the
tractor articulation affecting the contact point of the tires on the ground and, consequently,
the first and the second tipping axes. The yaw rotation (negative and positive) moves the
CoG of the whole tractor close to the second tipping axis, worsening the tractor stability
angle. In between �7.5� and 27.5� of the yaw angle, the front tractor body causes the
overturning event.

Figure 8. The foreseeable stability angles of the whole tractor vs. Yaw angle and Roll angle.

Figure 9. Tractor in the articulated configuration: tractor stability angles vs. Yaw angle. Front tractor
body (black line), rear tractor body (blue line) and whole tractor (red line).
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4. Discussion
The lateral stability angle of an articulated narrow-track tractor was calculated, devel-

oping a kinematic model. The results were split into two tractor configurations: straight
configuration and articulated configuration. Stability angles were calculated for the front
body, rear body and whole tractor.

In detail, the lateral stability angle for the tractor in the straight configuration was
40.8� at the condition with 0� roll angle (front body unstable condition), and 39.0� at the
condition with 7.5� roll angle (whole tractor unstable condition). When forcing the tractor
to behave as a fixed chassis tractor (no roll angle), the stability angle was 41.5�.

In the case of an articulated configuration, the angle of stability is not unique and
depends on the yaw angle. The lower value of the stability angle is 39.3�, measured at
a �35� yaw angle. These values fulfil the required angle value of the tractors equipped
with a front ROPS because the OECD angle must be at least 38� at the moment when the
tractor is resting in a state of unstable equilibrium [22]. However, difficulties are related
to the definition of the lateral stability limit angle of the articulated tractor due to the roll
and yaw angle combined effects. The lateral stability angles are theoretically calculated
considering the rotation of the tractor with respect to a line passing through the contact
points of the tires on the ground. In detail, the contact point was considered to be located
in the middle of the tire width. Nevertheless, the tire deformation behaviour during an
actual rollover can significantly affect the contact points of the tire on the ground.

5. Conclusions
This study combines known facts and engineering principles related to articulated

narrow-track tractor design to predict, with a kinematic model, the tractor behavior on
sloped ground. The model was set up for the steady-state behavior, and it predicted the
orientation as well as the stability of the vehicle on idealized slopes.

The lateral stability angle was linear, decreasing as the roll angle increased. Otherwise,
the lateral stability angle had a non-linear trend when related to the yaw angle.

The lowest stability angle was 39.3�, obtained at the extreme value of the yaw angle,
�35�, equivalent to the maximum steering action of the tractor. The results presented
do not consider all the phenomena of friction, air resistance, internal moving liquids and
dynamic behaviour that could occur during a real overturn. Various parameter values
were used in a computer analysis to study the effects of tractor geometry, including the
articulation possibilities of the tractor. The dynamic effect of the central pivot point during
the rotation of one body of the tractor with respect to the second one, if not properly
damped by suitable viscoelastic components, might negatively affect the stability angle,
leading to an early rollover. Nevertheless, the effects of dynamic parameters such as vehicle
acceleration on overturning were assumed to be negligible and not affecting the tractor
stability analysis.

The kinematic model allows researchers to analyze tractors with geometry and CoG
positions known. This means that the model could be a useful tool for the manufacturer
in the design process to optimize tractor operation on a sloping ground, increasing the
safety for the driver and, consequently, the comfort and suitability of the tractor, properly
balancing the tractor bodies joined in the whole tractor. The results highlighted critical
situations for improvements in design as well as horizons for future study.
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