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1 | INTRODUCTION

The Bogomolov-Tian-Todorov (BTT) theorem [2, 33, 34] states that deformations of cohomologi-
cally Kdhler manifolds with trivial canonical bundle are unobstructed. This was later proved with
algebraic methods (T-lifting criterion): If k is a field of characteristic 0 and X is a proper smooth
k-variety with torsion canonical bundle, then the deformations of X are unobstructed [6, 22, 28].
This means that the functor

Defy : Art, — Set

which parametrizes the deformations of X — Speck is smooth. We refer the reader to § 2.3 for
the definition of smoothness of a functor. Here Art, is the category of Artinian local k-algebras
with residue field k, and Set is the category of sets. A crucial ingredient in these proofs is that the
Hodge-de Rham spectral sequence degenerates.

In this paper, we generalize the BTT theorem to the context of logarithmic schemes. The setting
is as follows. Fix a field k of characteristic 0 and a sharp toric monoid Q. Consider the monoid
k-algebra k[Q] and its completion k[[Q] at its unique monomial maximal ideal, that is, the ideal
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generated by Q ~ {0}. Consider the category Art, . of Artinian local k[[Q]-algebras with residue
field k. In particular, k[[Q] (respectively, k) is the initial (respectively, terminal) object of Art;oy-
Every object A in Art;; gives rise to a log scheme Spec(Q — A); this is the log scheme with
underlying scheme Spec A and with log structure associated to the monoid homomorphism Q —
A induced by the structure ring homomorphism k[[Q]] — A.
We denote by S the log scheme Spec(Q — k) induced by k. Hence S, is the log scheme with
underlying scheme Spec k and with log structure Q @ k* — k given by

(@)~ a ifg=0,
’ 0 ifg#o0.

Now we fix a log smooth saturated morphism f, : X, — S, of log schemes. Kato has defined
in [20] the functor of the log smooth deformations of f, that is, the functor

LDXO/SO : Al’tk”Q“ — Set

which to every object A in Art, oy associates the set of isomorphism classes of log smooth defor-
mations f : X — Spec(Q — A) of f, : X, = S,.

In the logarithmic setting, the Calabi-Yau condition, which appears in the BTT theorem, is
expressed by triviality of the log canonical bundle wy, /5 := Q;O /5, i= /\d Q}l(o /se; here d is the
relative dimension of f; : Xy — S,.

Our main result is:

Theorem 1.1. Let k be a field of characteristic 0, let Q be a sharp toric monoid, and let S, =
Spec(Q — k) be the log scheme with underlying scheme Spec k and ghost sheaf Q. Let f : X, — S,
be a proper log smooth saturated morphism of relative dimension d. If wx, /s, IS the trivial line bundle,
then the log smooth deformation functor

LDXO/SO . Artk[[Q]] — Set
is smooth.

The proof, which is presented in § 3.4, is divided in two cases. If Q = 0, we adapt the formal-
ism of differential graded Lie algebras, which was used by Iacono and Manetti to give an algebraic
proof of the BTT theorem [16-18], to the context of log schemes. If Q # 0, we use the recent formal-
ism developed by Chan-Leung-Ma [5] (see also [4]) and by Felten-Filip-Ruddat [8] to construct
smoothings of degenerate Calabi-Yau varieties, and we apply an algebraic result (Proposition 2.8).

1.1 | Applications

We explain two applications of the log BTT theorem.

Log Calabi-Yau pairs

Let X be a smooth proper variety over a field k of characteristic 0 and let D be an SNC effective
divisor on X. Let X, be the log scheme given by X equipped with the divisorial log structure
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associated to D. Let S, be the log scheme given by Spec k with the trivial log structure. Then
Xy = Sp is log smooth and saturated. One has wy, /s = wx(D). Therefore Theorem 1.1 applies
when D is an anticanonical divisor, that is, the pair (X, D) is log Calabi-Yau. If this is the case,
then log smooth deformations of X, — S, are unobstructed.

Log smooth deformations of X, — S, are exactly locally trivial deformations of the pair (X, D),
that is, of the closed embedding D < X. The log BTT theorem implies: If D is an SNC effective
anticanonical divisor on X, then the functor of locally trivial deformations of (X, D) is smooth.

If D is a smooth divisor, then every deformation of (X, D) is locally trivial. Therefore, if D is a
smooth anticanonical divisor on X, then deformations of the pair (X, D) are unobstructed: This
recovers a result by Iacono [16], Sano [30], and Katzarkov-Kontsevich-Pantev [21] (see also [24,
25, 35]).

If D is a non-smooth SNC divisor on D, then there might be deformations of the pair (X, D)
which are not locally trivial and hence not covered by our BTT theorem. By [9], there are — not
only in characteristic 0 but over every field k with char(k) # 2 — indeed pairs (X, D) of a smooth
projective variety X and an SNC effective anticanonical divisor D C X such that (not necessarily
locally trivial) deformations of (X, D) are obstructed.

Simple normal crossing schemes

Fix an algebraically closed field k. A normal crossing scheme over k is a scheme X of finite type
over k such that every closed point x € X has an étale neighborhood x - U — X which admits
an étale map

U — Speck[x, ..., Xx,,,]/(x; -+ x,.),

for some 0 < ¥ < m, such that x maps to the origin. A normal crossing scheme X is called d-
semistable if the coherent sheaf é’xt({)X (Qy, Ox) isisomorphic to the structure sheaf of the singular
locus of X (see [11] and [1]).

If X is a d-semistable normal crossing scheme of pure dimension d, then X has a log smooth log
structure X, over S, = Spec(N — k) such that the sheaf wy s oflog d-differentials is isomorphic
to the dualizing sheaf wy. From Theorem 1.1, we deduce:

Corollary 1.2. Let X be a d-semistable normal crossing scheme proper over an algebraically closed
field of characteristic 0 such that wy ~ Ox. Then the functor LDy /g, is smooth.

This removes the assumptions H41(X, Ox)=0and H d-2(%, Ox) = 0, where d is the dimen-
sion of X and X — X its normalization, from [23, Theorem 4.2]. We remind the reader that, under
the assumptions of Corollary 1.2, X is formally smoothable by [5, 8].

1.2 | Generalizations

In Theorem 1.1, we assume f, : X, — S, log smooth. However, in many geometric situations
which arise from the degeneration of varieties, the degenerate (log) space f, : X, — S, has log
singularities. The deformation theory of a general log toroidal family in the sense of [8] is not yet
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well understood, but the special cases which arise in the Gross-Siebert program ([13-15]) are. For
example, according to [29], if f,, : X, — Sy = Spec(N — C) is a simple toric log Calabi-Yau space,
then the functor D : Artcp,; — Set of divisorial deformations has a hull. Moreover, the theory
in [8] shows that D satisfies Theorem 3.7 below; thus, following our proof of Theorem 1.1 above,
the functor D of divisorial deformations is unobstructed. However, at least when f, : X, — S,
carries a polarization, this is not a new result. Namely, f, : X, — S, is a fiber in a whole family
f + X — Spec(A) of toric log Calabi-Yau spaces over an algebraic torus Spec(A) according to [14].
An application of the Gross-Siebert algorithm in [12] — here we use the polarization — then
yields a canonical formal family X — Spf(A[[t]]), where Spf(A[[¢]]) is the completion of Spec(A) C
Spec(A[t]). According to [29], there is an analytic family Y — U x D where U C Spec(A),, is a
neighborhood of the point a € Spec(A),,, which corresponds to the space f, : X, = Sy,andDisa
small disk; when we completeitin (a,0) € U X D, the completion is isomorphic to the completion
of the canonical formal family X — Spf(A[[¢]]) in a € Spf(A[[¢])). According to [29] as well, this
completion of the canonical formal family is a versal family for the divisorial deformation functor
D. Since A is an algebraic torus, it is smooth, so the hull is a formally smooth C[[¢]]-algebra, and
D is unobstructed.

Notation and conventions

Every ring is commutative with identity. The set of non-negative (respectively, positive) integers is
denoted by N (respectively, N*). Every monoid is commutative and denoted additively. A monoid
is said to be sharp if 0 is the unique invertible element. A monoid Q is said to be toric if there exist
an integer n > 0 and rational polyhedral cone o in R"” of dimension »n such that Q is isomorphic
toonz".

2 | VALUATIONS AND SMOOTH DEFORMATION FUNCTORS
2.1 | Valuations on Noetherian complete local domains

Following [3, VI, § 3], we define valuations on integral domains. On the disjoint union N U {0}, we
consider the extensions of the sum + and the ordering < from N defined as follows: co + co = 0,
n+o00=00+n=o0andn < oo forevery n € N.

Definition 2.1. A non-trivial valuation on a ring A is a function v : A — N U {oo} such that:

(i) v(ab) =v(a) +v(b)foralla,b € A;

(ii) v(a + b) > min{v(a),v(b)} for alla,b € A;
(iii) »~'(co0) = {0};
(iv) v(A)~{0, o} # 0.

It follows that A is an integral domain and »(1) = 0.
Definition 2.2. Let (A, m) be a local domain. A non-trivial valuation v on A is said to be compat-

ible with the m-adic topology if the m-adic topology coincides with the linear topology induced by
the following descending filtration of ideals: {a € A | v(a) > n}asn € N.
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Remark 2.3. If alocal domain (A, m) has a non-trivial valuation which is compatible with the m-
adic topology, then A is not a field. Although in Lemma 3.1 below we construct such a valuation
on A = k[[Q]] for a sharp toric monoid Q # 0, there is no such valuation on k = k[[0]].

Example 2.4. Fix an integer m > 1. Fix a field k and consider the power series ring A =
klt;, ..., t, ]| with maximal ideal m. Every element w = (wy, ..., w,,) € (N*)" induces a non-
trivial valuation v, on A which is compatible with the m-adic topology as follows: if

— il im
a= Y o, et

then

i 2O}

If A is a Noetherian complete local ring, then every power series with coefficients in A and
finitely many variables can be evaluated on tuples of elements of the maximal ideal of A. Now we
give a sufficient criterion that ensures that the zero power series is the only one for which every
evaluation is zero:

Lemma 2.5. Let (A, m) be a Noetherian complete local domain, and let f € A[x,...,x,] be a
power series such that

VYa, € m,...,Va, € m, f(ay,...,a,)=0.
Ifthere exists a non-trivial valuation on A which is compatible with the m-adic topology, then f = 0.

Note that Lemma 2.5 does not hold for every Noetherian complete local ring: for example, A =
k[t]/(t"*Y) and f = t"x € A[[x]), for any integer r > 0.
In the proof of Lemma 2.5, we make use of the following:

Lemma 2.6 [3, VII, §3, no. 7, Lemma 2]. Let A be a ring, and fix a non-zero power series
f(xy,.sx,) € Allxy, ..., X, ]| with coefficients in A. Then there exist positive integersu,, ... ,U,_, Such
that the power series f(x", ..., x"n-1,x) € A[[x]] is non-zero.

Proof of Lemma 2.5. For a contradiction, assume f # 0. By Lemma 2.6, there exist u,,...,u,_; €
N* such that the power series g(x) := f(x%,...,x%-1,x) € A[[x] is non-zero. It is clear that
g(a) = f(a"r,...,a"-1,a) = 0 for every a € m.

Letv : A - N U {oo} be a non-trivial valuation which is compatible with the m-adic topology.
Setg = Y50 b;x! with b; € A. Letd > 0 be the minimum index i > 0 such that b; # 0.

By (3) in Definition 2.1, »(b,;) € N. By (4), there exists an element in A whose valuation is a
positive integer. By taking a sufficient high power, since v is compatible with the m-adic topology,
we can find a € m \ {0} such that v(a) > v(b,).

For everyi > 1, we have

v(bd+iad+i) =v(byy;) +iv(a) + dv(a) = v(a) + dv(a) > v(by) + dv(a) = v(bdad).
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Therefore, by (2) in Definition 2.1, for every r > 1, we have

r
v(Z bd+[~ad+i> > v(bya?).
i=1

By taking the limit for »r — +o0, since v : A - N U {oo0} is continuous by [3, VI, § 5, no. 1, Propo-
sition 1], we get

V(Z bjaj> > v(bdad).

j>d
From
g(a) = bya® + <Z bjaj>,
j>d
we deduce v(g(a)) = v(bza?) # o, so g(a) # 0 which is a contradiction. ]

2.2 | Formally smooth algebras

We fix a Noetherian complete local ring A; let m be its maximal ideal and let k = A/m be its
residue field.

We denote by Comp, the category of Noetherian complete local A-algebras with residue field
k. Arrows in Comp, are A-algebra homomorphisms which are compatible with the projection
onto k. In particular, all arrows in Comp, are local homomorphisms. Let Art, be the full subcat-
egory of Comp, consisting of Artinian rings. It is clear that Comp; (respectively, Art,) is a full
subcategory of Comp, (respectively, Art,) by considering a k-algebra as a A-algebra via A » k.

An object R in Comp,, is called formally smooth (over A) if it is isomorphic to the power series
ring A[[xy, ..., x,, ]| for some non-negative integer n. We refer the reader to [32, Appendix B] for
properties of formally smooth algebras.

Proposition 2.7. Let (A, m, k) be a Noetherian complete local domain with a non-trivial valuation
which is compatible with the m-adic topology. Let R be an object in Comp , such that, for every integer
¢ > 1, the function

HoM oy, (R, A/m” ') — Homegmp, (R, A/m”)

induced by A/m’*! » A/m’ is surjective.
Then R is a formally smooth A-algebra.

Proof. Let my be the maximal ideal of R. Let n be the dimension of the k-vector space TXR =
my/(mR + mlzz). By [32, Corollary B.6], there exists a surjection A[[x,...,x,]] » R in Comp,
whose kernel I is contained in m[[xy, ..., x,, ] + (x;, ..., x,,)%. In other words, R = A[[xy, ..., x,,]|/I
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and every element in I is of the form

C0+C1x1 + "'+cnxn+g (2.1)
where ¢y, ¢y, ...,c,, € m and g is a power series with order > 2.

Since A is m-adically complete, for every a = (ay, ...,a,) € m X .- X m we can consider the

evaluation homomorphism

evy @ Allxy, .., x, ] — A
defined by f — f(a). It is a surjective local homomorphism. Denote by J,, the image of I under
ev,; J, is an ideal of A which is contained in m. We want to show that J, = 0. By contradiction,

let us assume thatJ,, # 0. By the Krull intersection theorem, (., m’ = 0. Therefore, there exists
an integer # > 1 such thatJ, C m” and J, ¢ m’*!. Consider the composition

Allxy, ..., x, ] A > AT, » AJm;
its kernel contains I, therefore we have a surjective homomorphism
@, 1 R=A[lx),...,x, /T — A/m?.
From the assumption, we deduce the existence of a homomorphism
Pre1 P R— A/m"H!

such that ¢, = 0,0¢,,,, where 8, : A/m’*! - A/m’ is the canonical projection map.

Pe

/\

Allxy, ..., x, ] —== R=Allx,,....x,I/1 A/, A/m?
K Tb‘t
A/mt’+l

Fori=1,...,n,letb; € A such that b, + m’*! € A/m’*! is the image of x; + I € Rvia¢,,. Set
b =(b;,..,b,) € m x --- x m. In other words, ¢, is induced by the evaluation on b. In partic-
ular, this implies

Vfel, f(b) e m’ L. (2.2)
We have a commutative diagram
AlX s e X, ]| e A ——5 AJm?

N

A ——= A/m?+!
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where A » A/m’ and A » A/m’*! are the canonical projection maps. For everyindex1 < i < n,
it is clear that a; and b; have the same image in A/m?, that is, a; — b; € m”. From the particular
form of elements of I in (2.1), we deduce that

Vf el, f(a)— f(b) e m’*L,

By (2.2), this implies f(a) € m?*! for every f € I. Hence J, C m’*!, which is a contradiction.
Therefore, J, = 0.

We have proved that
YVaemx--xm,Vfel, f(a)=0.
By Lemma 2.5, we deduce I = 0. Hence R = Allxy, ..., x,]|. |
2.3 | Deformation functors

Here we briefly summarize some notions from [31]. We fix a Noetherian complete local ring A with
maximal ideal m and residue field k = A/m. A deformation functor is a functor F : Art, — Set
such that F(k) is a singleton and F satisfies Schlessinger’s conditions (H1) and (H2). IfR € Comp,
then hy := Homgcgpp, (R, —) is a deformation functor. If F is a deformation functor, then the set
F(k[t]/(t*)) has a natural structure as k-vector space, which is called the tangent space of F.

A natural transformation F — G of deformation functors is called smooth if for every surjection
B — Ain Art, the function F(B) — F(A) Xg(4) G(B) is surjective. A deformation functor F is
called smooth if the natural transformation F — h, is smooth. For R € Comp,, R is a formally
smooth A-algebra if and only if hjy is smooth.

A hull for a deformation functor F is an object R € Comp, such that there exists a smooth
natural transformation hp — F which induces a bijection on tangent spaces. If a hull exists, it
is unique.

Now we give a sufficient criterion for the smoothness of a deformation functor.

Proposition 2.8. Let (A, m, k) be a Noetherian complete local domain with a non-trivial valuation
which is compatible with the m-adic topology. Let F : Art, — Set be a deformation functor with
finite-dimensional tangent space.
If, for every integer £ > 1, the function
F(A/m *) — F(A/m")

induced by A/m?*! » A/m? is surjective, then F is smooth.

Proof. By [31, Theorem 2.11], the functor F has a hull R. Consider a smooth map hy — F.
Fix an arbitrary integer # > 1. Since F(A/m’*1) - F(A/m?) is surjective,

FA/m"™) Xp jmey hr(A/m”) — hg(A/m”) (2.3)
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is surjective. Since hp — F is smooth, the function
hp(A/mH) — F(A/m”*1) XF(A/m?) hr(A/m") (2.4)

is surjective. By composing (2.4) and (2.3), we obtain that hx(A/m?*1) — hp(A/m?)is surjective.
By Proposition 2.7, hy is smooth.
We conclude with [31, Proposition 2.5(iii)]. |

Recall from § 2.2 that Art, is a full subcategory of Art ,.

Lemma 2.9. Let F : Art, — Set be a deformation functor. Consider the restricted functor F, :=
Flar, @ Arty — Set. Then:

(1) F, is a deformation functor;
(2) ifR € Comp,, is the hull of F, then R ®  k is the hull of F,,.

Proof. (1) Since the embedding Art; & Art, preserves pull-backs of Artinian rings, the restricted
functor F, satisfies Schlessinger’s conditions (H1) and (H2).

(2) It is clear that the tangent space of F;, coincides with the tangent space of F. Consider a
smooth map hp — F which induces a bijection on tangent spaces. It remains smooth after restric-
tion to Art,;, so we have a smooth map (hy), — F,, of deformation functors which induces a bijec-
tion on tangent spaces. The surjection R — R ® k induces an isomorphism

of functors. O

3 | PROOFS
3.1 | Toricrings

Fix afield k and monoid Q. Consider the monoid k-algebra k[Q] defined as follows: the underlying
k-vector space of k[Q] has a basis {z9},c, indexed by elements of Q and the product on k[Q] is the
k-linear extension of the rule z% - z%2 = z41*% for all q,, g, € Q. If Q is finitely generated, then
k[Q] is of finite type over k.

If Q is sharp, then the ideal (z4 | g € Q ~ {0}) is a maximal ideal in k[Q]; we denote by k[[Q]] the
completion of k[Q] with respect to this maximal ideal. Thus, if Q is finitely generated and sharp,
then k[[Q]] is a Noetherian complete local ring with residue field k.

Lemma 3.1. Ifk is a field and Q is a non-zero sharp toric monoid, then k([ Q]| admits a non-trivial
valuation which is compatible with the adic topology of the maximal ideal of k[[Q]].

Proof. This is a generalization of Example 2.4. Set M ~ Z" and let o be an n-dimensional rational
polyhedral cone in My, such that Q = o N M. We consider the dual lattice N = Hom (M, Z) with
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duality pairing (—, —) : M X N — Z and the dual cone
oV ={vEe Ny |Vq €o,{g,v) >0}

Pick w € N in the interior of ¢V, and consider the valuation v, : k[[Q]] — N U {oo} defined by

vw(z quq> = min{(q,w) | ¢ € Q, b, # 0}.

qeQ

This is compatible with the adic topology of the maximal ideal of k[[Q]]. m|

3.2 | Logsmooth deformation theory

We fix a field k (of arbitrary characteristic) and a sharp toric monoid Q. As explained in the intro-
duction, every ring A in Art, . gives rise to a log scheme Spec(Q — A) with underlying scheme
Spec A. In particular, k gives rise to S, := Spec(Q — k), which is the log scheme on the scheme
Spec k with ghost sheaf Q.

We fix a proper log smooth saturated morphism f, : X, — S, of log schemes of relative dimen-

sion d. Let Q)I(O /5o be the sheaf of log differentials of X, relative to S; let furthermore wy /5, =

Q;i( /s be the log canonical line bundle on X,.
0/°0
Kato defines in [20] the functor of log smooth deformations of X, — S, that is, the functor

LDXO/S() : Artk”Qn — Set

which to every object A in Art, ) associates the set of isomorphism classes of log smooth defor-
mations f : X — Spec(Q — A) of f, : X, = S, (see [20, Definition 8.1]). This functor is a defor-
mation functor and has a hull by [20, Theorem 8.7].

Now we assume furthermore that k has characteristic 0. In [7], the first author proves that
LDy, /s, is controlled by a k[[Q]-linear predifferential graded Lie algebra (pdgla, for short)

(L: ,[—,—1,d, ). More precisely, (L: ,[—,—1]) is a graded Lie algebra over k[[Q] endowed
Xo/So Xo/So

with a derivation d which need not be a differential but admits an element £ € L)Z( /s such
0/°0

that d> = [£,—]. Via a modified Maurer-Cartan equation we associate a deformation functor

Arty o) — Set, which is isomorphic to LDy /g . Directly from the definitions it follows that the

restricted functor LDy /g |ar, is controlled by the k-linear (ordinary) dgla L)'(0 /5o ®x oy k- In par-

ticular, it has a hull; Lemma 2.9 shows that the hull of LDy /g |art, is R ®jjqy k Where R is the

hull of LDy /g .

3.3 | Homotopy abelianity

In this section, we prove that the restricted deformation functor LDy /g, |art, is unobstructed; in

particular, we obtain the log BTT theorem in the case Q = 0. We fix a field k of characteristic 0.
Recall that a differential graded Lie algebra (dgla, for short) L* is abelian if [-,—] = 0, and

homotopy abelian if it is quasi-isomorphic to an abelian dgla. This is the case if and only if L® is
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formal and H* (L") is abelian; in this case, the associated deformation functor Def;. : Art, — Set
is smooth. We say that a deformation functor F : Art, — Set is controlled by the dgla L* if it is
isomorphic to Def;.. We refer the reader to [10, 26] for details.

Now we state Iacono’s abstract Bogomolov-Tian-Todorov theorem from [17] because it will be
useful to us below. Recall that a Cartan homotopyi : L° — M" of dglas is a homogeneous linear
map of degree —1 such that

ijgp) = lig, dyip] and [i,,ip] =0

are satisfied; here, i, :=i(a) € M" is traditional notation since the elements of M* are typically
homomorphisms themselves — compare this with our choice for M* below. The Lie derivative of
iis given by 1, = dyi, +1ig, 4; it defines a homomorphism 1 : L* — M* of complexes, which is
homotopic to 0 via the homotopy i.

Theorem 3.2 (Abstract Bogomolov-Tian-Todorov theorem [17, Theorem 3.3]). Let L*, M* be dglas
over a field k of characteristic 0, leti : L' — M* be a Cartan homotopy, let H* C M* be a sub-dgla,
and assume that

(i) 1, € H" foreverya € L*;
(ii) H* — M" is injective in cohomology, that is, H*(H") - H*(M") is injective;
(iii) the morphismi : L' - M"/H*[—1] of complexes is injective in cohomology.

Then L* is homotopy abelian.

Now we move to the logarithmic setting. Recall that the restricted deformation functor
LDy, /s, |art, is controlled by the k-linear dgla L;(O /5o ®x oy k- We prove:
Theorem 3.3. In the setting of Theorem 1.1, if wy, /s, is the trivial line bundle, then the k-linear dgla
L)'(0 /5, ®%k[q) k is homotopy abelian. In particular, the restricted functor LD /s, |art, is smooth.
In the remainder of this section, we explain the proof of Theorem 3.3.
The construction of the k[Q]]-pdgla L;(O /5o in [7] relies on the Thom-Whitney resolution; we
briefly recall its basic properties. For a more complete treatment, cf. [7, 18 27]. Given a sheaf F
of k-vector spaces on X, and an affine Zariski open cover U" = {U,} of X|,, we obtain the semi-
cosimplicial Cech resolution ("), which is a semicosimplicial sheaf on X|,. Similarly, when G
is a complex of sheaves, we obtain a semicosimplicial complex of sheaves G*(U"). Now the Thom-
Whitney resolution TW**(G* (V")) is a double complex — in the sense that dd, + d,d; =0 —
such that GP — TWP-*(G* (V")) is a resolution of the sheaf GP. If GP is quasi-coherent, then the
resolution is acyclic so that it computes the cohomology H4(X|,, G?). The Thom-Whitney resolu-
tion is more subtle than the usual Cech complex é‘(U’; G"), which can be obtained by just taking
alternating sums of boundary maps in G*(V); this additional complexity allows to extend alge-
braic structures (like a Lie bracket or a product) from G* to the actual complex TW**(G*(U")), not
only to its cohomology H*(X,,, G*) — cf. the construction of the cup product in cohomology. In
the notation TWP-4(—) of [7], there is a switch of indices relative to the standard notation — that
is, TWP4(=) := Cg’\f,(—). This does not affect the formation of the total complex Totyy(—). The
Thom-Whitney resolution does not naively commute with the shift functor; instead, we have an
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isomorphism

s ¢ Totyyw(G (U)[m] = Totpy (G [mI(V)),

which is given on TW?4(—) by multiplication with (—1)4™. Finally, note that our construction of
the Thom-Whitney resolution follows the standard but differs from [18] by the order of the tensor
factors; this makes a difference in some signs.

n [7], the Thom-Whitney resolution PVy /s, 1= TW'"(G)‘(0 /SO(U')) of the Gerstenhaber alge-

bra G /S of polyvector fields is considered; it gives rise to a Thom-Whitney resolution GX1 i
0

PVXI’/'S of log derivations. It is clear from the construction in [7] that
0/20

Ly s, ®xian k = T(Xo, PV ) = DX, Totry (O ¢ (1)),

where G);( s is considered as a complex concentrated in degree 0.
0/°0
Proof of Theorem 3.3. In preparation for applying Theorem 3.2 in our situation, we apply

the semicosimplicial Cech resolution to the de Rham complex Q5 5o} ; this yields the semi-

(U’). We denote the singly graded total complex of the
Thom—Whltney resolution by TQ" := F(XO,TotTW(QX /5o (V"))). Similarly, we write TQ! :=
(X, Totpyw (Q

/S0 [—i](V"))) for the resolutions of the individual sheaves of differential forms.
Then we have injective graded maps TQ! — TQ" because the Thom-Whitney construction is
exact. Namely, Totrw(—(V")) transforms exact sequences of sheaves into exact sequences of
sheaves by the construction in [7, 5.3] and the exactness result in [27, 2.4]; then I'(X|,, —) is only
left exact, but Toty (F (V")) is acyclic at least whenever F is quasi-coherent by [7, 5.6]. How-
ever, only for i = d, the graded linear map TQ? — TQ" is a homomorphism of complexes since

only Q X /5o [-d] - Q% +/So is compatible with the differential. Here, d is the relative dimension

of f, : Xy = Sy- Moreover, the composed map TQd‘1 - TQ /TO s a homomorphism of com-
plexes since TQ' /TQ4 is the resolution of Q5 /5 /04 /5o [—d] and Q;i( /ls - Q5 /5 XO/S [—d]
is a homomorphism of complexes. The two homomorphlsms of complexes are injective in coho-
mology by the argument in [18, Theorem 6.4] and the fact that the Hodge-de Rham spectral

sequence H9(X,, Qio / So) = HPI(X,, Q)'(O / So) degenerates at E; — this is proven in [19] as well as

cosimplicial Cech complex QL +/So

a special case of [8, Theorem 1.9].
WenowsetL” := L} /s ®yfop kand M* 1= Hom (TQ*, TQ"); the latter space is a dgla by the
0/+20
construction in [17, Example 2.2]. Using the Kiinneth formula, we compute its cohomology via

the natural isomorphism
H*(M*) = Hom; (H'(TQ"), H(TQ")).

A contraction - : L' X TQ® — TQ" is (by definition) a bilinear map of degree —1 such that the
inducedmapL® — M* = Hom,(TQ’, TQ")is a Cartan homotopy. We construct such a contraction
— and thus a Cartan homotopy — from a semicosimplicial contraction, that is, a system of contrac-
tions -, X o/So ), x /5o ), - QX /5o (U),, which is compatible with the coface maps of
the semicommphcml complex — cf. [17]. Concretely, this contraction is given by contracting log
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. . . . . . . . . 1 p p—l
derivations with differential forms — that is, by the unique map - : ®Xo /5o X QXO /sy~ QXO /S0

which satisfies 8 - w = (w,8) for w € Q)l(/s and

O-(wAn)=0-w)An+(D*wA@-29).
‘We set
H :={meM |m(TQ% cTQY c M";

it is a sub-dgla whose embedding is injective in cohomology by [17, Example 2.17] because TQ?
TQ' is a sub-dg-vector space whose embedding is injective in cohomology.
We show the condition 15 € H by explicit computation. We have decompositions

L= @ (X, TW(O) o (V)) and TQ! = PTG, TWH4(Q; ¢ (V))),
M

solet® =(t, ®6,), € L* be of bidegree (0,1) and w = (a, ® w,,),, € TQ4 be of bidegree (d, u —
d). Then

Iy(w) = dig(@) + (=1 (dw) + iyp(w)

= ((tn A 0,) ® d(6,, = w,)), € (X, TWH (s (V).

To prove the final condition, letn € Qf( S be a volume form. In the diagram
0/°0

/

L' —— > Hom (TQ’, TQ"H)[-1]

v l ev,

Totry Q4] (V) ~———— TQ'[d ~ 1]

the map o induced by contraction is a homomorphism of complexes: In a computation analogous

to that of 15(w), the differentials d(6,, -~ w,,) vanish, for Qf(_/ls [—d + 1] is concentrated in a single
0/20

degree. The evaluation ev, maps a morphism ¢ : TQ? — TQ4! to the image (-1)¢lp(1 ® Q)
where 1 ® Q € TQ is the element induced by Q in degree d and |¢| is the degree of the original
map (without shift in the Hom complex). It is a homomorphism of complexes because dQ = 0.
The map s is the above mentioned comparison map for the two shifted versions of the Thom-

Whitney resolution. When we evaluate the contraction at €, this gives an isomorphism @;( Isy =
0/20
Qf(_/ls , and y is the induced map of Thom-Whitney complexes. The diagram is commutative, so
0/°0
a is injective in cohomology (as y is an isomorphism). The homomorphism « fits into a diagram

L M /H[-1]

| |

Hom (TQ?, TQ?~")[~1] — > Hom},(TQ?, TQ" /TQ)[~1];
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because TQ4"! — TQ"/TQ¢ is injective in cohomology, 7 is injective in cohomology by the Kiin-
neth theorem. Thus, L* - M*/H*[—1] is injective in cohomology. |

Remark 3.4. Theorem 3.3 remains true if we relax the Calabi-Yau condition in the sense that we
only require that w®" _ is trivial for some N > 0. In this case, the N-cyclic covering

XO/SO
T YO ::XO[N\/CUXO/SO] _>X0

is a finite étale covering; we endow Y, with the induced log structure from X, thus we turn
Y, — S, into a proper and saturated log smooth morphism with Wy, /s, = Oy, The canonical
map 6)1(0 /s~ 71'*@;0 /S, induces a homomorphism

Ly /s, ®xiion k = Ly /s By

of dglas, which is injective in cohomology (because H* (X, (9}1( /s )= H (Y, G); /s )isinjective).
0/°0 0/°0
Thus, L:

Xo/So
‘We do not know if Theorem 1.1 remains true in this situation because it is unclear if Theorem 3.7

below holds. The latter relies on the existence of a volume form, which is used to transport the
de Rham differential to the polyvector fields and thus construct the Batalin-Vilkovisky operator;
such a volume form is not given in the situation where the log canonical bundle is only a torsion
line bundle but not trivial.

®x[q] k is homotopy abelian by [17, 2.11].

Remark 3.5. In case Q # 0, the smoothness of LDy /s |rt, follows from Theorem 3.7 below as
well. This second proof does not generalize to the torsion case discussed in the Remark above.

Remark 3.6. Theorem 3.3 holds as well for log toroidal families f, : X, — S, in the sense of [8];

we do not need to construct a version of L /s in this case — the correct dgla is obtained by
0/°0
1

the Thom-Whitney resolution of the reflexive sheaf ®X0 /5,
locally trivial log deformations — a notion which makes sense on the subcategory Art; C Art; oy
but not on the full category Art;oy. Theorem 3.3 holds because the Hodge-de Rham spectral
sequence of the reflexive de Rham complex W)‘(0 /5o degenerates at E;. As in the log smooth case,
itsuffices to assume thatwy /s isa torsionline bundle;in fact, the cyclic covering X, [W ]—
S, of a log toroidal family is a log toroidal family as well.

. This dgla then controls the functor of

3.4 | Proof of Theorem 1.1

We start by recalling a fundamental result about smoothings of log Calabi-Yau spaces:

Theorem 3.7 (Chan-Leung-Ma [5], Felten-Filip—Ruddat [8], Felten [7]). Let k, Q, and X, — S,
be as in Theorem 1.1. Denote by m the maximal ideal of k[ Q]]. IfcuXO/SO is the trivial line bundle, then
the function

LDy /5, (kK[QI/m’*") — LDy /5 (k[Q]/m")

is surjective for every integer £ > 1.
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Proof. This follows from an algebraic version of the method in [5], which is also employed

in [8]. Given a Maurer—Cartan solution in Ly /s ®xop klIQI/ m’), we must find a lifting in
0/°0

L, /s ®xop KIRI/ m’*1). Its existence follows from the analogue of [5, Theorem 5.5] once we
0/°0

algebraize the theory in [5] in the spirit of [7]. The crucial ingredient here is the fact that the

Hodge-de Rham spectral sequence

q p p+q .
Hi(X,, QXO/SO) > H (XO’QXO/SO)
degenerates at E; —see [19] or [8] —and thatwy /5, = Oy, . The algebraization is rather straight-
forward; the first author will elaborate it in a separate paper, where he provides the technical
machinery in more generality. O

Proof of Theorem 1.1. If Q = 0, we use Theorem 3.3. If Q # 0, we combine Theorem 3.7, Lemma 3.1
and Proposition 2.8. m|

ACKNOWLEDGEMENTS

We thank Alessio Corti and Helge Ruddat for many useful conversations. The first author was

funded by Helge Ruddat’s DFG grant RU 1629/4-1 and thanks JGU Mainz for its hospitality.
Open Access Funding provided by Universita degli Studi di Bologna within the CRUI-CARE

Agreement.

JOURNAL INFORMATION

The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

REFERENCES

1. D. Abramovich, Q. Chen, D. Gillam, Y. Huang, M. Olsson, M. Satriano, and S. Sun, Logarithmic geometry and
moduli, Handbook of moduli, vol. I, 2013, pp. 1-61.
2. F. A. Bogomolov, Hamiltonian Kdhlerian manifolds, Dokl. Akad. Nauk SSSR 243 (1978), no. 5, 1101-1104.
3. N. Bourbaki, Eléments de mathématique. Algébre commutative. Chapitres 5 a 7, Springer, Berlin, 2006. (Reprint
of the 1985 original edition).
4. K. Chan and Z. N. Ma, Smoothing pairs over degenerate Calabi-Yau varieties, Int. Math. Res. Not. IMRN 4
(2022), 2582-2614.
5. K. C. Chan, N. C. Leung & Z. N. Ma, Geometry of the Maurer-Cartan equation near degenerate Calabi-Yau
varieties, to appear in J. Differential Geom., arXiv:1902.11174.
6. B. Fantechi and M. Manetti, On the T'-lifting theorem, J. Algebraic Geom. 8 (1999), no. 1, 31-39.
7. S. Felten, Log smooth deformation theory via Gerstenhaber algebras, Manuscripta Math. 167 (2022), no. 1-2,
1-35.
8. S. Felten, M. Filip, and H. Ruddat, Smoothing toroidal crossing spaces, Forum Math. Pi 9 (2021), e7, 36.
9. S.Felten, A. Petracci, and S. Robins, Deformations of log Calabi-Yau pairs can be obstructed, to appear in Math.
Res. Lett., arXiv:2109.00420
10. D. Fiorenza, M. Manetti, and E. Martinengo, Cosimplicial DGLAs in deformation theory, Comm. Algebra 40
(2012), no. 6, 2243-2260.
11. R. Friedman, Global smoothings of varieties with normal crossings, Ann. of Math. (2) 118 (1983), no. 1, 75-114.



1066 FELTEN AND PETRACCI

12. M. Gross, P. Hacking, and B. Siebert, Theta functions on varieties with effective anti-canonical class,
arXiv:1601.07081, 2016.

13. M. Gross and B. Siebert, Mirror symmetry via logarithmic degeneration data. I, J. Differential Geom. 72 (2006),
no. 2, 169-338.

14. M. Gross and B. Siebert, Mirror symmetry via logarithmic degeneration data, II, J. Algebraic Geom. 19 (2010),
no. 4, 679-780.

15. M. Gross and B. Siebert, From real affine geometry to complex geometry, Ann. of Math. (2) 174 (2011), no. 3,
1301-1428.

16. D. Iacono, Deformations and obstructions of pairs (X, D), Int. Math. Res. Not. IMRN (2015), no. 19, 9660-9695.

17. D. Iacono, On the abstract Bogomolov-Tian-Todorov theorem, Rend. Mat. Appl. (7) 38 (2017), no. 2, 175-198.

18. D.Iacono and M. Manetti, An algebraic proof of Bogomolov-Tian-Todorov theorem, Deformation spaces, 2010,
pp. 113-133.

19. L. Illusie, K. Kato, and C. Nakayama, Quasi-unipotent logarithmic Riemann-Hilbert correspondences, J. Math.
Sci. Univ. Tokyo 12 (2005), no. 1, 1-66.

20. F. Kato, Log smooth deformation theory, Tohoku Math. J. (2) 48 (1996), no. 3, 317-354.

21. L. Katzarkov, M. Kontsevich, and T. Pantev, Hodge theoretic aspects of mirror symmetry, From Hodge theory
to integrability and TQFT tt*-geometry, 2008, pp. 87-174.

22. Y. Kawamata, Unobstructed deformations - a remark on a paper of Z. Ran, J. Algebraic Geom. 1 (1992), no. 2,
183-190.

23. Y. Kawamata and Y. Namikawa, Logarithmic deformations of normal crossing varieties and smoothing of degen-
erate Calabi-Yau varieties, Invent. Math. 118 (1994), no. 3, 395-409.

24. M. Kontsevich, Generalized Tian-Todorov theorems, Available at https://www.ihes.fr/~maxim/TEXTS/
Kinosaki.pdf and at http://hdl.handle.net/2433/215060.

25. K. Liu, S. Rao, and X. Wan, Geometry of logarithmic forms and deformations of complex structures, J. Algebraic
Geom. 28 (2019), no. 4, 773-815.

26. M. Manetti, Differential graded Lie algebras and formal deformation theory, Algebraic geometry—Seattle 2005.
Part 2, 2009, pp. 785-810.

27. V. Navarro Aznar, Sur la théorie de Hodge-Deligne, Invent. Math. 90 (1987), no. 1, 11-76.

28. Z.Ran, Deformations of manifolds with torsion or negative canonical bundle, J. Algebraic Geom. 1 (1992), no. 2,
279-291.

29. H.Ruddatand B. Siebert, Period integrals from wall structures via tropical cycles, canonical coordinates in mirror
symmetry and analyticity of toric degenerations, Publ. Math. Inst. Hautes Etudes Sci. 132 (2020), 1-82.

30. T. Sano, Unobstructedness of deformations of weak Fano manifolds, Int. Math. Res. Not. IMRN 2014 (2014), no.
18, 5124-5133.

31. M. Schlessinger, Functors of Artin rings, Trans. Amer. Math. Soc. 130 (1968), 208-222.

32. M. Talpo and A. Vistoli, Deformation theory from the point of view of fibered categories, Handbook of moduli,
vol. III, 2013, pp. 281-397.

33. G. Tian, Smoothness of the universal deformation space of compact Calabi-Yau manifolds and its Petersson-Weil
metric, Mathematical aspects of string theory (San Diego, CA, 1986), 1987, pp. 629-646.

34. A.N. Todorov, The Weil-Petersson geometry of the moduli space of SU(n > 3) (Calabi-Yau) manifolds. I, Comm.
Math. Phys. 126 (1989), no. 2, 325-346.

35. X.Wan A logarithmic -equation on a compact Kdhler manifold associated to a smooth divisor, arXiv:1805.11920,
2018.


https://www.ihes.fr/%7Emaxim/TEXTS/Kinosaki.pdf
https://www.ihes.fr/%7Emaxim/TEXTS/Kinosaki.pdf
http://hdl.handle.net/2433/215060

	The logarithmic Bogomolov-Tian-Todorov theorem
	Abstract
	1 | INTRODUCTION
	1.1 | Applications
	Log Calabi-Yau pairs
	Simple normal crossing schemes

	1.2 | Generalizations
	Notation and conventions

	2 | VALUATIONS AND SMOOTH DEFORMATION FUNCTORS
	2.1 | Valuations on Noetherian complete local domains
	2.2 | Formally smooth algebras
	2.3 | Deformation functors

	3 | PROOFS
	3.1 | Toric rings
	3.2 | Log smooth deformation theory
	3.3 | Homotopy abelianity
	3.4 | Proof of Theorem 1.1

	ACKNOWLEDGEMENTS
	JOURNAL INFORMATION
	REFERENCES


