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1 APPENDIX
In this appendix we introduce some lemmas that will be of use in our paper. For any α = (α1, . . . , αn) ∈
Rn, we will set ∥(α1, . . . , αn)∥∞ := max

1≤i≤n
|αi|.

LEMMA 1.1. Consider α = (α1, . . . , αn) and β = (β1, . . . , βn) in Rn, for some positive integer n, and
assume that at least one of these two points is different from 0. Then, for every index k with 1 ≤ k ≤ n,

(Pk)
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∣∣∣∣∣ ≤ k ∥α− β∥∞max {∥α∥∞ , ∥β∥∞}k−1 .

PROOF. We will prove the statement by induction on k. The statement is trivially true for k = 1. Let
us now assume that the inequality (Pk−1) holds, with 1 ≤ k − 1 ≤ n− 1. We have that∣∣∣∣∣
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≤ ∥α∥∞ (k − 1) ∥α− β∥∞max {∥α∥∞ , ∥β∥∞}k−2 + ∥α− β∥∞ ∥β∥k−1

∞

= ∥α− β∥∞
(
∥α∥∞ (k − 1)max {∥α∥∞ , ∥β∥∞}k−2 + ∥β∥k−1

∞

)
≤ ∥α− β∥∞

(
(k − 1)max {∥α∥∞ , ∥β∥∞}k−1 +max {∥α∥∞ , ∥β∥∞}k−1

)
= k ∥α− β∥∞max {∥α∥∞ , ∥β∥∞}k−1 .

Hence, the statement (Pk) is true for every index k with 1 ≤ k ≤ n.

Corollary 1.2. If a, b ∈ R, a2 + b2 ̸= 0 and n ∈ N \ {0}, then |an − bn| ≤ n |a− b| ·max{|a|, |b|}n−1.

PROOF. It follows by applying Lemma 1.1 to α = (a, . . . , a), β = (b, . . . , b) ∈ Rn, with k = n.

In the following, we will consider a compact subset K of Rn, and set MK := maxα∈K ∥α∥∞. The
symbol σi will denote the i-th elementary symmetric polynomial, for i ∈ {1, . . . , n} (Definition 4.5).

LEMMA 1.3. For every α ∈ K and i ∈ {1, . . . , n}, the inequality |σi(α)| ≤
(n
i

)
M i

K holds.
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PROOF. For every α = (α1, . . . , αn) ∈ K, we have that

|σi(α)| =

∣∣∣∣∣∣
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K .

LEMMA 1.4. For every α, β ∈ K and i ∈ {1, . . . , n}, |σi(α)− σi(β)| ≤
(n
i

)
i∥α− β∥∞M i−1

K .

PROOF. The statement is trivial for α = β, hence we will consider the case α ̸= β. Assume α =
(α1, . . . , αn), β = (β1, . . . , βn) ∈ Rn. By Lemma 1.1, we get
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LEMMA 1.5. For every α, β ∈ K, every positive integer n, and every (k1, . . . , kn) ∈ Nn∣∣∣∣∣
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PROOF. Let us set σk(α) :=
(
σk11 (α), . . . , σknn (α)

)
and σk(β) :=

(
σk11 (β), . . . , σknn (β)

)
. From

Lemma 1.1 we get the following inequality:∣∣∣∣∣
n∏

i=1
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∞
,
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.

From Lemma 1.3 we get that:∥∥∥σk(α)∥∥∥
∞
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1≤i≤n

{∣∣∣σkii (α)
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Analogously,
∥∥σk(β)∥∥∞ ≤ max1≤i≤n

{(n
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)kiM iki
K

}
. Therefore:
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.

From Corollary 1.2, Lemma 1.3 and Lemma 1.4 we get that:∥∥∥σk(α)− σk(β)
∥∥∥
∞
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In conclusion,∣∣∣∣∣
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