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Abstract
Over the last years, automotive industries drove a great amount of research in the field of advanced 
combustion techniques minimizing carbon dioxide emissions. The so-called Low-Temperature 
Combustions (LTC), characterized by the self-ignition of highly premixed air-fuel mixtures, represent 
a promising solution to achieving high efficiency and ultralow emissions of nitrogen oxides (NOx) 
and particulate matter. Among these, gasoline Partially Premixed Combustion (PPC), obtained 
through the high-pressure direct injections of gasoline, showed a good potential for the simultaneous 
reduction of pollutants and emissions in compression ignited engines. However, when multiple 
injections per cycle are performed (with hydraulic-assisted needle opening), combustion stability 
might be compromised by the wave effects in the hydraulic system, which produce incoherence 
between the requested and injected fuel. This work presents a model-based pressure waves recon-
struction strategy, based on a control-oriented model of the high-pressure common rail injection 
system fueled with gasoline. To determine the hydraulic system’s behavior during the injection 
process, a specifically designed flushing bench with a high-frequency acquisition system has been 
developed. Experimental activities have been carried out to highlight fuel pressure fluctuations with 
single and double injection patterns. Through the analysis of the acquired data, the key parameters 
(characteristic of the system) have been identified and the accuracy of pressure waves reconstruc-
tion has been evaluated, always returning errors lower than 2% between measured and estimated 
instantaneous pressures. Different fuel types, injectors, and rail positions have been tested to 
highlight the robustness of the approach. Based on the instantaneous pressure trace estimated with 
the control-oriented model, a fuel quantity Fluctuation Correction Strategy (FQC), implementable 
on a standard engine Electronic Control Unit (ECU), has been developed. The obtained results 
confirm the potential to reduce fuel quantity oscillations in multiple-injections systems.

© 2022 The Authors. Published by SAE International. This Open Access article is published under the terms of the Creative Commons 
Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits distribution, and reproduction in any medium, 
provided that the original author(s) and the source are credited.
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Introduction

Zero-carbon powertrains development has become one 
of the main challenges for automotive industries 
around the world. Following this guideline, powertrain 

electrification is considered an effective way to create a 
sustainable and cleaner transportation system. Many works 
demonstrate that purely electric-powered vehicles, such as 
battery electric vehicles (BEVs) and fuel cell electric vehicles 
(FCEVs), represent the most effective solution to achieving 
requirements for sustainable mobility [1, 2, 3]. However, 
despite enormous potential in terms of fuel-efficiency 
improvement, the battery-related challenges (battery cost, 
volume, and weight), limited autonomy, and long charging 
time have hindered the diffusion of BEVs. Regarding FCEVs 
(fueled with hydrogen) instead, despite the relatively long 
driving range compared to BEVs, the high cost for fuel cells, 
the lack (in most countries) of hydrogen filling stations and 
hydrogen production methods, which today mainly comes 
from fossil fuels, are slowing down their spread around the 
world. Thus, intermediate solutions in terms of electrification 
such as hybrid, mild-hybrid, and plug-in hybrid vehicles based 
on Internal Combustion Engines (ICEs) are now considered 
the first step moving toward transportation 2.0 [3]. For these 
reasons, ICE development is still crucial to produce more and 
more efficient and cleaner hybrid powertrains (electric + ICE), 
overcoming the well-known limitations of full-electric 
vehicles (BEVs and FCEVs) [2, 3].

With the aim of improving both combustion efficiency 
and engine-out emissions, over the past years, the research 
community has investigated innovative combustion 
approaches called Low-Temperature Combustions (LTC) [4, 
5, 6, 7], which have shown good potential in achieving both 
goals. Based on the combustion of lean air-fuel mixtures 
under unthrottled conditions and high compression ratios, 
those techniques have shown Brake-Specific Fuel Consumption 
(BSFC) lower than 200 g/kWh, with ultralow emissions of 
nitrogen oxides (NOx) and particulate matter (PM) [5, 6].

Homogeneous-Charge Compression Ignition (HCCI) is 
the most studied LTC approach, characterized by compression 
ignition of fully homogeneous air-fuel mixture [4, 7, 8, 9, 10]. 
A great amount of research has been made by Dempsey et al. 
[7], Li et al. [10], Dernotte et al. [11], and Kolodziej et al. [12] 
on HCCI, reporting big advantages in efficiency and emissions 
compared to other conventional combustions. Besides, they 
have also highlighted HCCI’s high knock tendency and low 
controllability as a result of its ignition mechanism, mainly 
driven by chemical kinetics and thermodynamic conditions 
[8, 9, 13].

A potential solution to overcome HCCI applicability 
limits is gasoline Partially Premixed Combustion (PPC), 
which combines the high efficiency of compression ignition 
engines, due to high compression ratio and unthrottled opera-
tion, with the advantageous gasoline-like fuel properties, such 
as high resistance to autoignition as well as high volatility. As 
widely reported in the literature [14, 15, 16, 17], to properly 
control gasoline PPC combustion, a high-pressure multiple 

direct injection strategy is needed. As a matter of fact, previous 
works [18, 19] clearly show the enormous benefit given by pilot 
injections both in terms of pollutants reduction, such as NOx, 
and combustion stability improvements. As for Conventional 
Diesel Combustion (CDC), the rise of in-cylinder pressure 
and temperature generated by pilot injections combustion 
allows minimizing the ignition delay of the following injec-
tions, making the whole combustion process more stable and 
smoother. As a result, proper management of pilot injections 
in terms of injected fuel quantity, number of injections, and 
angular positions plays a key role to ensure gasoline PPC 
controllability, especially the center of combustion and deliv-
ered torque [20, 21].

To meet such requirements, the high-pressure Common 
Rail (CR) system represents the most common injection 
system testing gasoline PPC [19, 20, 22]. Thanks to the use of 
solenoid hydraulic assisted injectors, modern CR systems 
guarantee fast and accurate injection management also with 
the high pressures required by gasoline PPC (up to 1000 bar) 
[22, 23, 24, 25]. Despite the high flexibility performing multiple 
injections with CR systems, hydrodynamic effects, which are 
generated by the water hammer consequent to the injector 
nozzle closing after each injection, affect the actual quantity 
of fuel injected during the following injections [26, 27, 28, 29, 
30, 31, 32], especially when the amount of fuel injected is very 
low (in the range of 1 mg/str) and the relative distance between 
injections is small (lower than 2000 μs). As widely discussed 
in the literature [33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43], due 
to the propagation of pressure waves, the mass of fuel injected 
during the second of two consecutive injection pulses may 
vary significantly (up to 50%) around the nominal value, 
producing negative effects on the gasoline PPC stability [25, 
37]. Thus a fuel quantity correction strategy is required to 
achieve accurate fuel injection management.

With the aim of investigating pressure waves and their 
effects on the injection quantity, several approaches have been 
used. Coppo et al. [26] presented a numerical model for a CR 
system finding that the hydraulic layout (feed duct length and 
diameter) and injector nozzle had a relevant impact on 
pressure wave propagation. Boudy et al. [28] investigated the 
influence of fuel properties on the pressure wave in the injector 
feed duct. They found that fuel density is the main property 
that influences the amount of mass injected because it changes 
fuel viscosity and bulk modulus. Based on the abovemen-
tioned findings, many works have been focused on clearing 
pressure waves effects. Su et al. [39] experimentally obtained 
an ideal filter for the elimination of the water hammer. Gupta 
et al. [40], Bianchi et al. [31, 41], and Ferrari et al. [32, 35, 38] 
showed that water hammer effects can be reduced by changing 
the system layout but increasing the cost of designing and 
manufacturing of the whole injection system. Bai et al. [37] 
presented a correction strategy based on the reconstruction 
of injected quantity oscillations, for a typical pilot-main injec-
tion strategy, without taking into account the source of this 
phenomenon, i.e., pressure waves.

In this work, a physical model of pressure waves propa-
gating in a standard high-pressure CR system fueled with 
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gasoline based on the equivalent mass-spring-damper (MSD) 
system is presented. Through a specifically designed flushing 
bench equipped with a high-frequency acquisition system, a 
wide experimental activity has been conducted highlighting 
pressure waves behavior on the feed duct using different 
injection strategies. To properly reconstruct pressure waves 
propagation on the feed duct, a frequency analysis, aimed at 
finding the main carriers of the pressure waves (both with 
single and multiple injections), has been carried out varying 
fuel injection pressure and Dwell Time (DT) between injec-
tions. To verify the model applicability and robustness, 
different fuel, injector, and placement on the rail have been 
tested. Finally, the obtained results were used to develop a 
fuel quantity Fluctuation Correction Strategy (FQC) based 
on the pressure wave reconstruction during multiple injec-
tions of gasoline.

Experimental Setup
The experimental activity was carried out on a specifically 
designed high-pressure CR test bench, based on a light-duty 
1.3L diesel engine injection system with four solenoid injec-
tors fueled with RON 95 commercial gasoline. In order to 
study pressure waves under actual operating conditions, the 
high-pressure line has not been changed with respect to the 
engine-mounted configuration, i.e., pipeline diameter and 
length have been maintained as in the original layout. The 
main technical characteristics of the CR system under study 
are summarized in Table 1.

To simulate the fuel thermal inertia on CR low-pressure 
side (which is typically composed of long pipes connecting 
the tank with the high-pressure pump), a diathermic oil 
thermoregulation unit (TEMPCO T-REG HCE 609/15-O) 
has been installed between the low-pressure pump and the 
high-pressure pump. The thermoregulation unit allowed to 
accurately manage the fuel temperature during all tested 
conditions excluding external thermal effects on the pressure 
wave propagation, such as frequency or amplitude modifica-
tions [20, 29]. Furthermore, to consider the fuel tank thermal 
inertia, a water-fuel heat exchanger has been placed before 
the low-pressure pump. Finally, the low-pressure line was 
kept at a constant pressure of 4.5 barA (standard condition 

for the CR system under study) using a mechanical 
pressure regulator.

To accurately investigate pressure waves and their 
consequences on the effectively injected fuel, several sensors 
have been mounted on the test bench. In addition to standard 
CR system sensors, i.e., rail-mounted high-pressure fuel 
sensor (PRail) and low-pressure and temperature fuel 
sensors, to highlight pressure wave behavior during the 
injection process, the high-pressure pipe between the rail 
and the injector has been equipped with two piezoresistive 
pressure sensors Kistler 4067A, one close to the injector 
(PKist Inj Side) and the other close to the rail (PKist Rail 
Side). Furthermore, to monitor the oscillations in injected 
fuel generated by water hammer propagation, two different 
gasoline consumption measurement systems (AVL Balance 
733S and high-precision ultrasonic flowmeter FlowSonic 
FFM LF DP-010-02) have been installed on the test bench 
low-pressure line. Both measurement systems are fully 
closed (AVL Balance closed vessel and FFM closed pipe) to 
avoid fuel evaporation and, consequently, exclude measure-
ment errors when high volatile fuels are used. Fuel consump-
tion measurement redundancy allowed the authors to define 
proper acquisition strategies for each tested injection 
pattern, obtaining consistent consumption measurements 
also with different instruments and small injected quanti-
ties. These strategies provided a reliable fuel consumption 
measurement also when a different fuel was used (the high-
precision ultrasonic fuel consumption measurement was 
not available for both tested fuels). Finally, with the purpose 
of monitoring the heat exchange between fuel and diathermic 
oil (on the fuel side), two K-type thermocouples between 
the inlet and outlet of the TEMPCO heat exchanger were 
mounted. Figure 1 shows the hydraulic layout of the high-
pressure test bench.

Test bench control and data acquisition have been 
managed by a specifically developed Rapid Control 
Prototyping (RCP) system based on National Instruments 
cRIO 9082 using LabView. Selecting proper acquisition 
frequencies for each signal (100 kHz for high-pressure sensors, 
to keep all the main carriers of the injection system signifi-
cantly lower than the Nyquist frequency), the RCP system 
allowed to collect all the data needed for pressure waves 
analysis and modeling.

Regarding the fuel pressure management, it was 
performed to keep in motion the volumetric high-pressure 
pump with an electric motor (5.5 kW and maximum rota-
tional speed of 3000 rpm) at constant revolutions per minute 
(rpm). The mechanical connection between the high-pressure 
pump and the electric motor, obtained with a toothed belt, 
was designed with the same gear ratio used in the onboard 
application for the connection between the crankshaft and 
pump (the electric motor rotates twice as fast as the pump). 
Using the information coming from the encoder mounted on 
the pump shaft, the RCP system evaluated the pump speed, 
sending an analog command to a dedicated inverter managing 
the electric motor. Furthermore, acquiring the rail-mounted 
pressure sensor, the RCP system was able to manage the Pulse 
Width Modulation (PWM) command of the pump-mounted 

TABLE 1 High-pressure CR system technical characteristics.

Number of injectors 4

CR pump Bosch CP1

Injector type CRI2-16 M2

Feed duct length 93 mm

Feed duct diameter 20 mm

External rail length 250 mm

External rail diameter 200 mm©
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solenoid metering valve (MPROP) to keep the fuel pressure 
at the target value during each test. A picture of the high-
pressure CR test bench is shown in Figure 2.

The injection strategy has been managed using a fully 
programmable Electronic Control Unit (ECU) (SPARK by 
Alma Automotive), based on National Instruments 
hardware and LabView software, overcoming the limita-
tions that usually occur when a production ECU with 
standard control software is used with custom injection 
patterns. Despite the fact that the MPROP valve can 
be  easily managed by SPARK ECU, with the aim of 
improving the test bench safety during the experimental 
activity, both MPROP duty and pump speed have been 
managed by the RCP system. Furthermore, to improve 
testing operations, the injection parameters were controlled 
and logged using INCA software, provided by ETAS. Figure 
3 reports the test bench control layout and the integration 
between the RCP system and SPARK ECU.

Pressure Waves Physical 
Model
The above-described testing layout, specifically realized for 
this work, was used to investigate pressure waves under 
different injection strategies, the goal being to develop a 
model-based pressure waves reconstruction (and compensa-
tion) strategy.

Hydraulic System Behavior 
Analysis
In literature, several works can be found [25, 27, 29, 34, 36] 
describing the CR system behavior from different points of 
view: equivalent electrical, rotational, thermal, chemical, and 
mechanical systems have been proposed. Furthermore, they 

 FIGURE 1  Flushing bench hydraulic layout.
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 FIGURE 2  Flushing bench pressure sensors placement.
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also report that it is possible to obtain transfer functions 
linking the physical CR system properties with the equivalent 
system characteristics parameters [40, 41, 42, 43]. Therefore, 
with the aim of identifying the best approach to model 
pressure waves in the CR system, the authors focused the first 
part of the experimental activity on the study of the system 
behavior performing gasoline single injections. To do so, the 
whole experimental activity has been carried out keeping 

three injectors closed (but connected to the rail) and activating 
only one injector.

Figure 4 shows the pressure signals coming from rail-
mounted and high-pressure tubing-mounted sensors for a 
single injection pulse test and injection pressure of 700 bar. 
By the analysis of the piezoresistive pressure sensors signals, 
it is possible to notice that, when the injection occurs, a high-
frequency pressure wave is generated. This wave, produced by 
the mass discharged from the injector, propagates inside the 
feed duct from the injection event up to 20 ms after, when its 
energy is totally dissipated [42, 43]. Because of the larger 
amount of fuel contained in the rail compared to that in the 
feed duct, and due to the pressure drop generated by the duct-
to-rail connection, the rail capacity can be considered as 
infinite, and therefore, the rail-mounted pressure signal 
(PRail) does not contain the information of pressure oscilla-
tions. This evidence, confirmed by the literature, suggests that 
the pressure wave triggered by the injection propagates only 
inside each feed duct without generating cumulative effects 
in the near ducts.

In addition, it is clear from the comparison of the piezo-
resistive sensors’ pressure traces that the effects of pressure 
waves are more visible, in terms of oscillations amplitude, 
closer to the injector. For this reason, to model the pressure 
oscillations generated by single and multiple injections, the 
authors will consider the pressure traces coming from the 
piezoresistive pressure sensor closer to the injector because 
they represent the instantaneous fuel pressure, which directly 
determines the injected mass.

Furthermore, it is important to notice that both duct and 
rail-mounted sensors show a low-frequency oscillation repre-
senting the leakage flow rate compensation due to the closed-
loop rail pressure controller behavior. As clearly highlighted 
by Figure 5(a), the instantaneous pressure traces acquired by 

 FIGURE 3  Scheme of flushing bench control and 
acquisition systems.
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 FIGURE 4  Experimental fuel pressure signals (acquired at 100 kHz) generated by a single injection (per cycle, only one injector 
active) pulse strategy at gasoline pressure 700 bar, 1000 pump rpm, and ET of 310 μs.
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the sensor closer to the injector during different injection 
cycles show the same high-frequency oscillations generated 
by the injection, but different low-frequency oscillations. The 
position of the leakage flow rate contribution moves on the 
injection cycle because the pressure controller actuation, 
which manages the MPROP valve duty cycle keeping constant 
rail pressure, is not phased with the injection event shifting 
the leakage compensation with respect to the injection pulse.

To highlight the portion of the pressure oscillations 
related to the injection process, the average of 500 consecutive 
injection cycles has been considered. As Figure 5(b) clearly 
shows, averaging the pressure traces mitigated the acquisition 
noise and the leakage flow rate effect, highlighting only the 
pressure wave of interest (which occurs cycle by cycle) and its 
propagation time (from the injection event to 20 ms). 
Moreover, it is possible to see that the leakage contribution 
does not affect the bulk of the pressure oscillation (from 0 to 
10 ms), but it becomes predominant when the oscillation 
amplitude decreases (10 ms after the injection event). For these 
reasons, the hydraulic system modeling was based on the 
average pressure trace reconstruction. As a result, the fuel 

system’s external conditions such as pump speed (even during 
transients) or the MPROP duty cycle, which change only the 
leakage contribution, do not affect the modeling.

From the observation of Figure 5(b), it arises that the 
average pressure trace during the injection cycle follows the 
typical behavior of an underdamped MSD vibration system. 
For this reason, in order to accurately predict the pressure 
wave in the feed duct triggered by the injection, a mechanical 
approach has been followed. Finally, it is important to under-
line before the prominent pressure oscillations the effect of 
the injector opening dynamics in terms of pressure drop. The 
upcoming section describes the pressure wave modeling 
approach based on the MSD system.

Hydraulic System Modeling
In agreement with the similarity principle between mechan-
ical and hydraulic systems [36, 43], this work assumes the 
pressure wave during the injection process as the sum of free 
responses of one-degree-of-freedom MSD systems, one for 
each main carrier contained in the experimental signal.

 FIGURE 5  Piezoresistive injector-side pressure signals for (a) different injection cycles (acquired at 100 kHz) and (b) the 
average of 500 consecutive injection cycles at gasoline pressure 700 bar, 1000 pump rpm, and ET of 310 μs.
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The free-response calculation for the well-known one-
degree-of-freedom MSD system can be based on the analysis 
of the system reported in Figure 6 [44].

Equation 1 describes the motion of the system, in which 
x is the pressure on the feed duct. The system parameters m, 
k, and c represent the fuel inertia of the feed duct and injector, 
the fuel stiffness, and the damping, respectively.

 mx cx kx�� �� � � 0 Eq. (1)

Considering as solution of Equation 1 the typical expo-
nential form shown in Equation 2 [44], the characteristic 
equation of the vibration system can be obtained. As reported 
in Equation 3, it is a linear, ordinary homogeneous differential 
equation with constant coefficients.

 x t Cezt� � �  Eq. (2)

 mz cz k2 0� � �  Eq. (3)

Thus the natural frequency of the vibrational system ωn 
and the damping ratio ξ can be  defined as reported in 
Equations 4 and 5, respectively.

 �n

k

m
�  Eq. (4)

 � �
c

km2
 Eq. (5)

For the analysis of the damped system, it is useful to 
define the damped frequency of the vibrational system ωd as 
a function of ωn and ξ (Equation 6), which represents the 
actual frequency of the oscillation.

 � � �d n� �1 2  Eq. (6)

Solving the differential equation shown in Equation 2 
and applying the well-known Euler’s formula, the free 
response of the MSD system can be written as reported in 
Equation 7, where, in addition to the above-mentioned 

parameters, x0 and v0 have been considered as initial condi-
tions (time equal to zero) of the system.

   x t e x t
v x

tnt
d

n

d

d� � � � � � � � ���� �
��
�

�0
0 0cos( sin ) Eq. (7)

The following section describes the methodology devel-
oped by the authors to reconstruct the pressure oscillations 
during the injection cycle, based on a sum of one-degree-of-
freedom MSD systems free responses, Equation 7.

Hydraulic System 
Characterization
In order to identify the number of free responses needed to 
reconstruct the pressure oscillations and highlight the main 
injection parameters effects on the hydraulic system behavior, 
such as injection duration (ET) and injection pressure, a 
frequency analysis for a single pulse injection strategy has 
been performed.

The frequency content of the pressure oscillations can 
be summarized in Figure 7, which reports the pressure signal 
power spectrum from 0 to 4 kHz (higher frequencies do not 
have relevant energy content) for a single pulse injection 
strategy with a gasoline pressure of 500 bar using different 
ETs. It is important to notice that changing the injection 
duration, i.e., increasing ET, the power spectrum changes in 
amplitude but not in frequency. It means that the injection 
duration affects only the amplitude of the response without 
any modification in terms of frequency content.

The power spectrum, Figure 7, also shows five main 
carriers: the first around 16.6  Hz related to the injection 
frequency, the second at 600 Hz, the third at 830 Hz, the fourth 
at 1.05 kHz, and the fifth at 2.2 kHz related to the system 
behavior (rail, duct, and injector). Considering the identified 
main carriers, it is possible to notice that the first frequency 
can be neglected because it is not related to the pressure oscil-
lation but only to the injection cycle (the frequency of 16.6 Hz 
corresponds to 1000 pump rpm, or 2000 engine rpm). The 
third frequency can be considered the fundamental frequency 
of the hydraulic system because it shows the biggest amplitude 
for all the tested conditions. Due to the small distance in 
frequency and the huge difference in amplitude of the second 
and the fourth main carriers with respect to the fundamental 
frequency, their contribution to the pressure fluctuation is not 
clearly visible in the instantaneous pressure trace. This obser-
vation suggests that the second and the fourth frequencies 
could be neglected while modeling the pressure wave. On the 
contrary, despite the smaller amplitude of the fifth component 
(compared to the fundamental), the higher frequency makes 
it clearly visible in the pressure oscillation.

Based on the above-described considerations, to quantify 
the relevance on the pressure oscillation of each main carrier 
with respect to the fundamental frequency, the Relevance 
Carrier Index (RCI) has been defined as reported in Equation 
8. This index is composed of the product between the relative 
power ratio (Pr_x), which represent the energy contribution of 

 FIGURE 6  Schematic of an MSD one-degree-
of-freedom system.
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the specific x-th carrier compared to the total energy of the 
identified main carriers (

i
iP∑ ), and the frequency distance 

(∆Fx) from the third frequency. Equations 9 and 10 define the 
relative power ratio and the frequency distance, respectively.

 RCI � P Fr x x_ �  Eq. (8)

 P
P

P
r x

x

i i

_ �
�

 Eq. (9)

 �F
F F

F
x

x�
� 3

3

 Eq. (10)

Table 2 reports the RCI calculation for the power 
spectrum shown in Figure 7 at ET = 400 μs. As it can be seen, 
despite the amplitude of the fourth and fifth carriers being 
similar, the huge differences in the calculated RCI suggest that 
the fifth frequency cannot be neglected to properly reconstruct 

the pressure oscillation. On the contrary, it is reasonable to 
expect that the second and fourth frequency might be neglected 
without losses of information in the reconstruction of the 
pressure fluctuation. This assumption will be further discussed 
and confirmed, through the analysis of the experimental 
acquisitions, in the following section.

According to the considerations based on the power 
spectrum, the pressure wave during the injection process can 
be modeled as a sum of two one-degree-of-freedom MSD 
systems free responses, representing the third and fifth main 
carriers (which are the larger part of raw signal energy content).

As widely reported in the literature [25, 26, 30], the injec-
tion pressure does not modify the hydraulic system charac-
teristics but only the fuel stiffness. Figure 8 clearly shows that 
in changing the fuel pressure (keeping the injected mass 
constant at 1 mg/str) the power spectrum will maintain its 
typical shape, but with different frequencies. Indeed in 
increasing the fuel pressure, all carriers move to higher 
frequencies, keeping constant their relative position. 
Furthermore, it can also be seen that for all the tested injection 
pressures, the larger part of the energy content of the signal 
is represented by the third and fifth main carriers. Once again, 
the considerations based on the power spectrum confirm that 
the pressure wave during a single pulse injection strategy can 
be modeled as the sum of the responses of two one-degree-
of-freedom MSD vibration systems.

As shown in Equation 7, the one-degree-of-freedom MSD 
vibration system free response is a function of the system 
parameters, i.e., ωd, ξ, x0, and v0. With the aim of obtaining 
the abovementioned parameters for both the main carriers 
(the third and the fifth), a numerical optimization for the 

 FIGURE 7  Frequency analysis (power spectrum) of the injector-side pressure signal generated by single injection pulse strategy 
at different ETs with gasoline pressure 700 bar and 1000 pump rpm.
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TABLE 2 RCI estimation at ET = 400 μs with gasoline 
pressure 700 bar and 1000 pump rpm.

Carrier 
number

Frequency 
[Hz]

Amplitude 
[—]

Relative 
frequency [%] RCI [—]

2nd 616 0.247 35.8 1.94

3rd 960 2.596 — —

4th 1083

700

0.858 12.8 2.41

5th 2330 0.853 142.7 26.73 ©
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single pulse injection strategy has been performed. Starting 
from the general formulation of the free response shown in 
Equation 7, the optimization process, based on MATLAB 
fminsearch function, calculates the four fundamental param-
eters (ωn, ξ, x0, and v0) minimizing the distance between the 
mathematical model and a bandpass filtered pressure signal 
centered on the analyzed frequency. The optimization process 
has been applied for both the main carriers at all tested condi-
tions in terms of ET and gasoline pressure. Figures 9 and 10 
summarize the output of the optimization process (eight 
fundamental parameters) as a function of ET and 
gasoline pressure.

Analyzing the obtained maps, Figures 9 and 10, it is 
important to highlight that all the parameters show clear 
dependencies with respect to gasoline pressure and ET except 
ξ1, ωn1, and ωn2. As mentioned previously, the injection 
duration does not modify the hydraulic system behavior; 
hence, the frequencies (ωn1 and ωn2) can be  considered 
constant for different ETs and linearly variable with respect 
to the injection pressure (increasing the rail pressure both 
frequencies will rise).

Regarding ξ1, the optimization provides as output very 
close values for each tested condition, and a defined trend 
cannot be determined. This means that ξ1 is unsensitive with 
respect to the injection parameters. Consequently, an average 
(constant) value of ξ1 can be reasonably chosen to replace the 
reported map. As clearly visible in Figure 10(b), the situation 
is slightly different for the fifth main carrier because the 

damping ratio ξ2 tends to increase with the rail pressure (for 
a fixed ET) and decrease with higher values of ET (for a given 
rail pressure).

Figure 7 shows that the complete power spectrum 
contains many frequencies with lower energy content with 
respect to the identified main carriers. Since the total energy 
content of the other frequencies is not negligible, consid-
ering only the sum of the modeled main carriers would lead 
to an inaccurate reconstruction of the instantaneous 
pressure trace. To take into consideration the total energy 
contribution from frequencies different from the two main 
carriers, the estimated pressure f luctuation has been 
corrected using a set of specifically identified offsets and 
gains, mapped as functions of rail pressure and energizing 
time. The last step of the system characterization was to 
obtain the maps of gain and offset applied to the recon-
structed pressure oscillation, which allows compensating 
the energy content lost by considering a simplified power 
spectrum (with only two main carriers). The offsets have 
been determined as the difference between the mean values 
of the modeled and experimental pressure oscillation, while 
the gains have been calculated as the ratio between the first 
absolute peaks of the modeled and experimental pressure 
oscillation. Figure 11 reports the obtained maps. It is inter-
esting to notice that the offset map shows a clear dependence 
on both ET and rail pressure, while the gain map shows a 
slight correlation with respect to ET and no evident depen-
dence on the rail pressure.

 FIGURE 8  Frequency analysis (power spectrum) of the injector-side pressure signal generated by single injection pulse strategy 
at different gasoline pressures with the same injected mass (1 mg/str) and 1000 pump rpm.
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Results and Discussion
After obtaining the hydraulic system characteristics as 
described in the previous section, the pressure waves recon-
structions were derived applying the model-based approach 
under different injection strategies (single and multiple injec-
tions) and conditions, such as injection pressure, ET, and 
relative position between consecutive injections. Since the aim 
of the modeling approach is to develop a control strategy 
suitable to mitigate the fuel quantity oscillation during 
multiple injections of gasoline, typical values of the injection 
parameters used for the management of gasoline PPC were 
tested. As a result, the single injection strategy was tested 
varying the rail pressure from 300 bar to 1000 bar and the 
injected mass from 1 mg/str to 45 mg/str (for the highest 
pressure). Once the pressure waves reconstruction was vali-
dated for the single injection strategy, with the aim of veri-
fying the model-based approach applicability also with 
multiple injections, an experimental activity was carried out 

performing two consecutive injections with the same ET and 
different DTs (defined in Equation 11).

 DT
EOI SOI RPM

�
�� ��1 2

610
 Eq. (11)

Table 3 summarizes all tested conditions using gasoline, 
the goal being to validate the pressure wave reconstruction 
by comparing them with the experimental pressure trace. It 
is important to underline that the whole experimental activity 
has been carried out keeping the injector nozzle at the atmo-
spheric pressure (without backpressure). As well known, the 
backpressure on the nozzle changes the total injected mass 
(i.e., the injector map which is calibrated with the typical 
in-cylinder pressure on the nozzle) but does not affect the 
hydraulic system behavior (especially its characteristic 
frequencies). As a result, the pressure waves estimation meth-
odology can be considered valid also when the backpressure 
is varied.

 FIGURE 9  MSD system parameters after the optimization process for the first main carrier as a function of injection parameters 
(injection pressure and ET): (a) frequency ωd, (b) damping ξ, and initial conditions (c) and (d) for x0 and v0, respectively.
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 FIGURE 10  MSD system parameters after the optimization process for the second main carrier as a function of injection 
parameters (injection pressure and ET): (a) frequency ωn, (b) damping ξ, and initial conditions (c) and (d) for x0 and v0, respectively.
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 FIGURE 11  Gain (a) and offset (b) maps for the reconstructed pressure trace.
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Pressure Wave Reconstruction 
for Single Injection Strategy
First, the goal was to verify the model-based approach robust-
ness reproducing the pressure wave generated by a single injec-
tion pulse using the hydraulic system parameters obtained by 
the optimization process. Following the control scheme 
reported in Figure 12, the pressure waves were simulated as 
the sum of two MSD free responses, one for each identified 
main carrier (third and fifth frequencies). The MSD system 
parameters were obtained using the above-described maps 
considering the ET and injection pressure (PRail) as input vari-
ables. Finally, by using the offset and gain maps (ET and PRail 
as inputs), the pressure wave reconstruction strategy for single 
injection (SI-PWR) retrieves the energy content of the neglected 
frequencies (mainly the second and fourth frequencies).

Figure 13 shows the comparison between simulated and 
experimental pressure waves considering only the oscillation 
contribution for different ET at a gasoline pressure of 700 bar. 
It is important to underline that the developed model-based 
approach does not consider the injector dynamics [31]; there-
fore, the pressure drop generated by the injector opening has 
been neglected. The pressure waves simulations start from the 
first pressure drop generated by the mass discharged from the 
injector. To estimate the simulations’ accuracy during the 
propagation phase of the waves, the percentage error has been 
defined as reported in Equation 12. The percentage error defi-
nition allows comparing the pressure wave reconstruction 
accuracy for different injection pressure settings.

 Error
simulation acquired

Rail

% �
�

�
P P

P
100 Eq. (12)

It is clear by looking at Figure 13 that the model-based 
approach can predict pressure waves with high accuracy (error 
±3%), as well as when the pressure oscillation varies signifi-
cantly (ET 700 μs) from its typical behavior (ET 300/400/600 
μs). Starting from the error definition (Equation 12) during 
the pressure wave propagation phase, to evaluate the pressure 
waves reconstruction accuracy for all tested conditions, the 
Root Mean Square Errors (RMSE) have been calculated. 
Figure 14 summarizes the pressure wave reconstruction in 
terms of RMSE with respect to ET and injection pressure. The 

TABLE 3 Test plan of the experimental activity.

Injection 
strategy PRail [bar] ET 1 [μs] ET 2 [μs] DT [μs]
Single 300 to 1000 300 to 800 — —

Double 300 400 400 20 to 3800

Double 500 350 350 20 to 3800

Double 700 310 310 20 to 3800

Double 1000 300 300 20 to 3800 ©
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 FIGURE 12  SI-PWR strategy using the MSD model-based approach.
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maximum RMSE of 1% reported in Figure 14 allows consid-
ering the model-based approach as valid for the SI-PWR.

To verify the information provided by the RCI in terms 
of the relevance of each carrier for the pressure wave recon-
struction, the SI-PWR was tested in two different ways: only 
considering the fundamental frequency (simplified SI-PWR, 
with only the third main carrier) and adding the fifth carrier 
(SI-PWR). The results provided by the simplified SI-PWR were 
not sufficiently accurate (RMSE higher than 4%) especially 
for the tests operated at high ET [Figure 13(d)], where the 
contribution of the fifth frequency is clearly visible. As a result, 
the RMSE between the measured and the estimated instan-
taneous pressure drops to 1% considering, in the SI-PWR, 
also the fifth carrier. To further validate the information 
provided by the RCI, the model was tested also adding the 
second, the fourth, and both carriers, but this resulted in 
negligible improvements in the instantaneous pressure esti-
mation. For this reason, the final SI-PWR approach has been 
designed considering only the third and fifth main carriers, 
as previously suggested by the RCI.

To check the model-based strategy robustness, the 
SI-PWR has been tested by changing fuel type and injectors. 
As widely reported in the literature [29, 34], the bulk modulus, 
defined in Equation 13, determines the hydraulic system’s 
natural frequencies. Hence, changing fuel from gasoline to 
diesel, which is thicker than gasoline, at the same injection 
pressure and temperature will increase the hydraulic system’s 
natural frequencies. Keeping constant the hydraulic system 
layout, the authors considered the fuel density variation effects 
on the system behavior as an offset, proportional to the square 
of the fuels density ratio [29], on the main frequencies values 
maps (ωn1 and ωn2), as stated in Equation 14. Moreover, all the 
previously obtained hydraulic system parameters (ξ, x0, and 
v0) have been kept constant. Figure 15 shows the accuracy of 
the pressure waves reconstructions in terms of RMSE consid-
ering diesel fuel and placing the controlled injector in a 
different rail position, from position 3 to position 1 in Figure 
2 [Figure 15(a)] or changing the activated injector (different 
hardware component but same injector type) with gasoline 
[Figure 15(b)]. Also, for these tested conditions, the low RMSE 

 FIGURE 13  Comparison of experimental and reconstructed pressure waves and instantaneous error evaluation using the SI-
PWR strategy with gasoline pressure of 700 bar, 1000 pump rpm, and ET of (a) 300 μs, (b) 400 μs, (c) 600 μs, and (d) 700 μs.
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 FIGURE 14  Accuracy evaluation of the SI-PWR strategy (RMSE) using gasoline for all tested conditions of injection  
pressures and ET.
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 FIGURE 15  Accuracy evaluation of the SI-PWR strategy (RMSE) using the same injector fueled with diesel and different injector 
positions (a), and different injector (injector placement used for hydraulic system parameters calibration) fueled with gasoline (b) 
for all tested conditions of injection pressures and ET.
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values underline the approach validity and robustness in the 
case of a single injection strategy.

 K
dP

d
� �

�
 Eq. (13)

 ��

�

�
� � �1 7

g

d

% Eq. (14)

It is important to notice that the model-based approach 
only considers the injection pressure effect on the hydraulic 
system parameters. By the bulk modulus (K) definition 
(Equation 13) results that also the fuel temperature can modify 
the system behavior (because it changes the fuel density). 
Despite the fact that the impact of the fuel temperature on 
density and bulk modulus cannot be  neglected [34], the 
model-based strategy implicitly considers this effect thanks 
to the hydraulic system parameters (ωn, ξ, x0, and v0) optimi-
zation for each injection pressure. With the purpose of char-
acterizing the fuel temperature effect on density and bulk 
modulus, a hydraulic layout modification is needed, adding 
rail temperature sensors to those already installed before the 
HP pump.

Pressure Wave Reconstruction 
for Multiple Injection Strategy
As mentioned before, to properly manage gasoline PPC, a 
multiple injections pattern, typically composed of several pilot 
injections followed by the main injection, is needed [14, 15, 
16, 17, 18]. The pressure oscillation triggered by the first injec-
tion pulse strongly modifies the injected quantity of the 
following injections [30, 31, 32, 33, 34], mainly because the 
second injection pulse occurs when the pressure wave cannot 
be neglected yet.

To define the impact of the pressure wave on the total 
amount of fuel injected with multiple injections, a wide experi-
mental activity testing double injections strategy, summarized 
in Table 3, has been carried out. Figure 16 shows the measured 
injected mass, normalized with respect to the theoretical total 
injected mass (calculated using the injector map), at different 
injection pressures changing the DT, from 0 to 3500 μs, 
between two consecutive injection pulses (ET1 = ET2 for each 
injection pressure) using gasoline. As previously described, 
the higher the injection pressure the higher the pressure wave 
frequency; thus, the injected fuel mass oscillation will occur 
at smaller DT. Figure 16 also reports the hydraulic fusion 
region (DT < 600 μs): due to the slow injector dynamics, when 
the injected mass gets high, consecutive injections get very 

 FIGURE 16  Effects of injection pressure and DT on the effective injected fuel, normalized with respect to the total injected 
mass, generated by a double injection strategy (ET1 = ET2 ~ 1 mg/str) using gasoline.
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close [40, 42]. Considering the key role of the pilot injections 
on gasoline PPC management, the need of a compensation 
strategy for the injected fuel is mandatory to ensure the 
requested fuel mass on pilot injections (typical DT values for 
a multiple injection pattern are from 800 μs to 2500 μs).

To understand the behavior of the hydraulic system with 
a multiple injections strategy, the analysis of the pressure 
waves coming from the piezoresistive pressure sensors near 
the injector has been performed. Figure 17 shows the compar-
ison of experimental pressure wave, triggered by single injec-
tion strategy, and the wave triggered by double injection 
strategy with the same ET. The reported pressure traces clearly 
highlight how the pressure wave generated by two consecutive 
injections can be considered as the sum of two single injection 
triggered pressure waves, shifted by DT. As a matter of fact, 
considering two consecutive injections with the same ET, the 
pressure wave generated by the first injection pulse does not 
modify either the amplitude or the frequency of the wave 
triggered by the following injection but only the fuel instan-
taneous pressure during the active phase of the injector (when 
the injector nozzle is open).

Based on the high accuracy of the SI-PWR applying 
the model-based approach, a pressure wave reconstruction 
for double injection strategy (DI-PWR) has been devel-
oped. Bearing in mind the previous considerations, the 
DI-PWR has been built as the sum of two SI-PWR. To 
simulate the pressure wave triggered by a double injection 

strategy, the scheme shown in Figure 18 has been used, in 
which the ET for both injections (ET1 and ET2), PRail and 
DT have been chosen as input variables. As it can be seen, 
the calculation structure replies twice (using the same 
hydraulic system parameters) the reconstruction strategy 
described in Figure 12.

Figure 19 shows the comparison of simulated and experi-
mental double injection strategy pressure waves (considering 
only the oscillation contribution) for different DTs at a 
gasoline pressure of 700 bar and ET = 310 μs. It can be inferred 
from Figure 19 that both before and after the second injection 
pulse, the pressure wave has been simulated correctly. 
Moreover, it is possible to see that the reconstructions are 
consistent also during the active phase of the injector, 
providing reliable instantaneous pressure traces also with 
multiple injections strategies.

It is worth pointing out that as for the SI-PWR, the 
injector dynamics are neglected (especially during the injector 
closing); thus, the reconstruction accuracy decreases in the 
proximity of the injector closing. As mentioned before, this 
region (DT from 0 to 600 μs) should be avoided due to the 
hydraulic fusion; hence, this inaccuracy can be neglected. As 
made for SI-PWR, to summarize the simulations’ accuracy, 
the RMSE for all tested DT and injection pressures have been 
calculated: results are reported in Figure 20. The maximum 
RMSE of 2% allows to consider the model-based approach as 
valid also for the DI-PWR. Based on the above-described 

 FIGURE 17  Comparison of experimental pressure wave triggered by double and single injection strategies at a gasoline 
pressure of 700 bar with the same ET = 310 μs, aligned with (a) first injection pulse and (b) second injection pulse.
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 FIGURE 18  DI-PWR strategy based on the sum of 2 SI-PWR, using the MSD model-based approach.
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 FIGURE 19  Comparison of the experimental and reconstructed pressure wave and instantaneous error evaluation using the 
DI-PWR strategy with a gasoline pressure of 700 bar, 1000 pump rpm, ET of 310 μs, and DT of (a) 1800 μs, (b) 2800 μs, (c) 3200 
μs, and (d) 3900 μs.
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results referring to the modeling phase, the following section 
describes the fuel quantity FQC developed by the authors.

Fuel Quantity FQC
As explained in the previous section, the occurrence of 
pressure waves represents one of the most critical issues in 
CR systems for proper fuel injection management. The 
standard fuel dosing control strategies, both for single and 
multiple injections, are based on the rail-mounted pressure 
sensor, which does not contain the information of pressure 
oscillations. Especially for pilot injections, when the requested 
fuel mass is very low (minj ~ 1 mg/str) and DT < 2500 μs, the 
presence of the pressure oscillations modifies the second pulse 
injected mass, generating remarkable differences between the 
requested and effective total injected fuel [35, 36, 45]. Thus a 
fuel quantity FQC becomes crucial to manage gasoline PPC 
using a CR system, whereby the energy released by pilot injec-
tions plays a key role in ensuring the whole combustion 
process stability [14, 15, 16, 17, 46, 47, 48].

As a result of the high accuracy given by the DI-PWR, 
considering the effective pressure coming from the DI-PWR, 
a fuel-injected estimation was performed as the sum of the 
two injected masses (with ET1 = ET2) based on the injector 
map (without backpressure on the nozzle). Since the pressure 
wave does not affect the first injection, the injector map 
provides an accurate estimation of the amount of fuel 

introduced with the first injection using PRail (coming from 
the rail-mounted pressure sensor) and ET as inputs. With 
regard to the second injection, to compensate for the effects 
due to the pressure wave propagation triggered by the first 
one (injector closure), the estimation of the mass was carried 
replacing PRail with the average instantaneous pressure trace 
coming from the DI-PWR in the time interval corresponding 
to the activation of the second injection.

Figure 21 shows the comparison of measured and esti-
mated (based on the DI-PWR) fuel consumption, normalized 
with respect to the total injected mass, for different DTs at a 
gasoline pressure of 1000 bar using gasoline. Despite the 
hydraulic fusion phase cannot be replied to by the DI-PWR, 
the estimated fuel consumption oscillations show good accor-
dance with respect to the experimental both in terms of 
frequency and amplitude for each DT.

Based on the results obtained comparing the measured 
and estimated fuel consumption reported in Figure 21, with 
the aim of reducing the consumption oscillation during 
multiple injections, an FQC strategy has been designed, 
according to the block diagram reported in Figure 22. Relying 
on the instantaneous pressure wave reconstruction (applying 
the DI-PWR) during the second injection active phase, the 
FQC strategy can reasonably mitigate the fuel-injected 
quantity oscillations due to the effects of the pressure waves. 
As above described, the standard fuel dosing strategies are 
based on the rail-mounted pressure sensor, which does not 
contain the pressure oscillations; thus, with the aim of consid-
ering the pressure oscillations’ effects on the second injection 

 FIGURE 20  Accuracy evaluation of the DI-PWR strategy (RMSE) using gasoline (ET1 = ET2) for all tested conditions of injection 
pressures and DT.
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 FIGURE 21  Comparison of fuel quantity injected measured and estimated (with the DI-PWR considering the mean of the 
instantaneous pressure trace during the second injection active phase) during double injection strategy (ET1 = ET2) using gasoline 
at different DTs.
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 FIGURE 22  QFC strategy based on DI-PWR strategy using the MSD model-based approach.
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pulse, the rail-mounted pressure signal has been replaced by 
the DI-PWR. Since the pressure wave does not modify the 
first injected mass, the developed control strategy only 
modifies ET2, assuring the injected target mass minj 2. It is 
important to notice that the FQC strategy is based only on 
previously defined 3D maps. Hence, after determining the 
hydraulic system parameter maps using the model-based 
approach, the FQC strategy can be easily implemented on a 
standard ECU.

Summary/Conclusions
This work presents a model-based pressure waves reconstruc-
tion strategy in a standard high-pressure CR system fueled 
with gasoline. To properly investigate pressure waves propaga-
tion in a CR system, a specifically developed flushing bench 
equipped with a high-frequency acquisition system has been 
realized, and to analyze the pressure waves in the CR system, 
the injector feed duct has been equipped with two additional 
high-pressure piezoresistive sensors.

A wide experimental activity has been carried out with 
different injection strategies, injection pressures, ET, and DT, 
aimed to evaluate the effects of the injection parameters on 
the hydraulic system behavior. By the analysis of the signals 
coming from the high-pressure sensors mounted on the 
flushing bench, it was possible to highlight the pressure waves 
behavior, and the modeling strategy was chosen based on the 
similarity with the free response of an underdamped MSD 
vibration system. To define the number of free responses able 
to properly reconstruct the pressure wave for a single injection 
strategy, a frequency analysis has been performed and the two 
main carriers have been identified for each tested condition. 
Finally, by using an optimization process based on MATLAB 
fminsearch function, both main carriers’ MSD system param-
eters have been identified for each tested condition.

The MSD system parameters maps have been used to 
replicate the pressure wave generated by a single injection 
pulse strategy with different ETs and injection pressures. 
Despite the injector dynamics being neglected (the model 
accuracy slightly decreases after the nozzle closing), the 
SI-PWR performance evaluated both in terms of instanta-
neous pressure values and RMSE during the injection cycle 
proved the model-based approach accuracy for a single pulse 
injection strategy (RMSE < 1%) also when different fuel types 
and injectors were used (RMSE < 3%).

To compensate for the fuel quantity variation generated 
by very close and consecutive injections, several tests have 
been carried out to emphasize the impact of the second injec-
tion pulse on the pressure waves propagation. Experimental 
results clearly show that a pressure wave triggered by a double 
injection strategy (with ET1 = ET2) might be represented as 
the sum of two single injection pressure waves. Hence, based 
on the high accuracy given by the SI-PWR, the approach has 
been also applied to reproduce the pressure wave generated 
by a double injection strategy showing high accuracy (RMSE 

< 2%). Moreover, the comparison of measured and estimated 
fuel-injected quantities, based on averaging the reconstructed 
pressure trace during the second active injection phase, 
showed good accordance in terms of oscillation amplitude 
and frequency. Finally, using the model-based DI-PWR, to 
reduce the fuel quantity fluctuation especially for small injec-
tion pulses, an easily implementable FQC control strategy has 
been purposedly able to meet the very stringent requirement 
in terms of fuel dosing strategy performance running 
gasoline PPC.

Even though the presented approach proved to be robust 
and accurate (compatible with the requirements for its 
onboard application), further activity is currently being 
performed to update the experimental layout adding a temper-
ature measurement in the feed duct of the injector, the goal is 
to evaluate the possible slight variation of the bulk modulus 
due to the fuel temperature variations.
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Definitions/Abbreviations
BEVs - Battery Electric Vehicles
BSFC - Brake-Specific Fuel Consumption
CDC - Conventional Diesel Combustion
CI - Compression Ignition
CR - Common Rail
DI-PWR - Double Injection Pressure Wave Reconstruction
DT - Dwell Time
ECU - Electronic Control Unit
EOI - End Of Injection
ET - Energizing Time
ET1 - First Injection Energizing Time
ET2 - Second Injection Energizing Time
FCEVs - Fuel Cell Electric Vehicles
FQC - Fuel Quantity Fluctuation Correction
HCCI - Homogeneous-Charge Compression Ignition
ICE - Internal Combustion Engine
K - Bulk Modulus
LTC - Low-Temperature Combustions
MSD - Mass-Spring-Damper
NOx - Nitrogen Oxides
PKist Inj Side - Piezoresistive fuel pressure sensor Injector Side
PKist Rail Side - Piezoresistive fuel pressure sensor Rail Side
PM - Particulate Matter
PRail - Rail Pressure
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Pr_x - Relative power ratio of the x-th carrier
Px - Amplitude of the x-th carrier
PWM - Pulse Width Modulation
RCI - Relevance Carrier Index
RCP - Rapid Control Prototyping
RMSE - Root Mean Square Error
RON - Research Octane Number
rpm - Revolutions per minute
SI-PWR - Single Injection Pressure Wave Reconstruction
SOI - Start of Injection
c - Fuel damping
dP - Pressure derivative
dρ - Density derivative
k - Fuel stiffness of the feed duct and injector
m - Fuel inertia
minj - Injected mass
minj 1 - First pulse injected mass
minj 2 - Second pulse injected mass
t - Time
x0, v0  - Initial Conditions
x01, v01 - First main carrier estimated initial conditions
x02, v02 - Second main carrier estimated initial conditions
Δω - Natural frequency difference by different fuel type
ΔFx - Frequency distance of the x-th carrier

i
iP∑  - Total energy of the identified main carriers

ξ1 - First main carrier estimated damping ratio
ξ2 - Second main carrier estimated damping ratio
ρd - Diesel density
ωd - Damped frequency
ωn1 - First main carrier estimated natural frequency
ωn2 - Second main carrier estimated natural frequency
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Appendix A: Uncertainties
Further information about the additional sensors used by the 
authors to measure:

 1. Fuel pressure: necessary to collect the information of 
the pressure waves

Sensor name Kistler 4067A

Measuring range 0-2000 bar

Overload 500 bar

Sensitivity 5 mV/bar

Linearity ≤ ±0.5%

Natural frequency >100 kHz

 2. Fuel consumption: necessary to evaluate the total fuel 
injected mass

Sensor name FlowSonic LF

Repeatability ±0.15% of reading

Uncertainty ±0.5% of reading

Measurement flow range 8-4000 ml/min

Measurement rate 2.2 kHz

Fluid temperature range −20°C to +120°C

Ambient temperature range −40°C to +120°C

 3. Fuel consumption: necessary to evaluate the total fuel 
injected mass

Sensor name AVL balance 733 s

Measuring range 0-150 kg/h

Uncertainty ±0.12%

Vessel capacity 1800 g

Appendix B: Fuel 
Specifications
Further information about the properties of the fuels used by 
the authors:
 1. Automotive diesel properties [49]:

Fuel type Unit Automotive diesel
Density at 15°C kg/m3 820-845

Cetane number — 51

Flash point °C 55

Viscosity at 40°C mm2/s 2-4, 5

Biodiesel content % (v/v) 0-7

Bulk modulus at 68.9 bar 
and 37.8°C [50]

GPa 1477

 2. RON 95 gasoline properties [49]:

Fuel type Unit RON95
Density at 15°C kg/m3 720-775

RON — 95

Flash point °C 370

Viscosity at 50°C [50] mm2/s 0.45

Ethanol content % (v/v) 0-5

Bulk modulus GPa N/A
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