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A small time approximation for the solution to the Zakai
Equation

Alberto Lanconelli* Ramiro Scorollif

September 4, 2021

Abstract

We propose a novel small time approximation for the solution to the Zakai equation from
nonlinear filtering theory. We prove that the unnormalized filtering density is well described over
short time intervals by the solution of a deterministic partial differential equation of Kolmogorov
type; the observation process appears in a pathwise manner through the degenerate component of
the Kolmogorov’s type operator. The rate of convergence of the approximation is of order one in
the lenght of the interval. Our approach combines ideas from Wong-Zakai-type results and Wiener
chaos approximations for the solution to the Zakai equation. The proof of our main theorem relies
on the well-known Feynman-Kac representation for the unnormalized filtering density and careful
estimates which lead to completely explicit bounds.

Key words and phrases: nonlinear filtering, Zakai equation, Feynmn-Kac formula, Wick product.
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1 Introduction and statement of the main result

In this short note we derive a new small time approximation for the solution to the Zakai equation
t t
u(t, ) = up(x) —|—/ Lru(s,z)ds —|—/ h(x)u(s,z)dYs, t€[0,1],z € R% (1.1)
0 0

Here:

e L7 is the formal adjoint of L., generator of the d-dimensional signal process {X;};c[o,1] which is
assumed to solve the stochastic differential equation

t t
Xt=X0+/ b(Xs)der/ o(X,)dB,, te0,1] (12)
0 0

the process {B}c(o,1) is a standard d-dimensional Brownian motion defined on the complete
probability space (€2, F,P);
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e {Yi}ie[0,1] is the one dimensional observation process described by

t
}Q:y0+/ h(X)ds+ Wy, telo,1], (1.3)
0

with {W;}iep0,1] being a standard one-dimensional Brownian motion defined on (€, F,P) and
independent of {B;};>0.

The solution {u(t, ) };c0,1),0ere to the Zakai equation , usually called unnormalized filtering den-
sity, plays a crucial role in the nonlinear filtering problem since it identifies uniquely the conditional
distribution of X; given FY := (5,0 < s < t). The reader is referred to the original paper [25] and
the references quoted there; for an exhaustive treatment of the subject we suggest the excellent review
[11], as well as the books [15] and [19].

Existence, uniqueness and regularity properties for the solution to can be found for instance,
under different sets of assumptions and solution concepts, in the classic works [5],[17],[18],[24] and
the more recent paper [3]. We also mention a useful Feynman-Kac representation for the solution
{u(t, ) }1c(0,1),5ere obtained in [I8] and, in a slightly different form, in [3]. This representation will play
a crucial role in our investigation.

From the applications point of view, closed form expressions for the solution to the Zakai equation are
certainly desirable; however, as pointed in [I] only few particular cases of allow for explicit com-
putations. The important issue of deriving simple approximation schemes for the solution to have
been considered in [2] and [9] which employ splitting up methods and time discretization, respectively;
Wong-Zakai-type results were investigated in [6] and [13] while [5] and [20] proposed a Wiener chaos
approach. We also mention the so called pathwise filtering that steams from the problem of having a
robust, with respect to the observation process, filter; this has been discussed in [7] and [§].

The approach proposed in the current paper combines ideas from the Wong-Zakai approximation pro-
posed in [I3], where the signal process is smoothed through a polygonal approximation, and the Wiener
chaos approach presented in [5] and [20], where one relates equation to a system of nested deter-
ministic partial differential equations solved by the kernels of the Cameron-Martin decomposition of the
solution {u(t, ) }+c[0,1],0cre- We refer the reader to Remark [1.4{ below for the heuristic idea supporting
our analysis and its link to the aforementioned approaches.

The main novelty of our result is the connection between equation and a deterministic partial differ-
ential equation of Kolmogorov type (see e.g. [23]), where the observation process enters as a degenerate
component of the second order differential operator L. We prove that the solution {u(t, ) }ic[0,1],ccre
to the Zakai equation can be approximated over small intervals of time by the solution of the
aforementioned degenerate partial differential equation, with the observation process having a pathwise
role. This approximation has the same rate of convergence of one obtained in [20] and is described by
completely explicit constants.

To be more specific, we now introduce some notation and state our main result. In the sequel the
following regularity conditions will be in force.

Assumption 1.1.

1. For1<1i,j <d, the functions b; : R* — R% and agj : R? — R?, where

d
a;j(z) := Zaik(x)ajk(a:), r € RY (1.4)
k=1

are bounded with bounded partial derivatives up to the third order. Moreover, the matriz {a;;(z)}1<i j<a

is uniformly elliptic, i.e. there exists two positive constants 1 < uo such that

d
p|z? < Z a;j(z)ziz; < palz?,  for all z € RY,
i,j=1

with |z|* == 2} + -+ 22,



2. The initial data Xo in (1.2) is random, independent of { Bi}iejo,1) and its distribution is absolutely
continuous with respect to the d-dimensional Lebesque measure; its density ug : R* — R is bounded
and acts as initial data in .

3. The function h : R* — R is bounded and globally Lipschitz continuous.

Remark 1.2. We observe that, according to Assumption [1.1] there exists a positive constant L such
that

|h(21) — h(x2)| < Llwy — 22|,  for all x1, 29 € R%. (1.5)
Moreover, there exists a positive constant M such that

max{|a(x)|?, [b*(2)|} < M,  for all z € RY, (1.6)

where b} (z) 1= 2?21 Oz;ai5(w) — bi(x), i = 1,...,d,. We will need these two constants in the statement
of our main theorem.

According to the Girsanov theorem and thanks to the assumption of boundedness on h, the prescription
Py(A) := / e~ Jo WX (@)AWs (@) =3 [y h(Xa@)*dsgp(y) A € F,
A

defines a probability measure on (€2, F); moreover, the stochastic process {Y; —yo}+e[o,1] in (1.3) becomes
on the probability space (€2, F,P;) a one dimensional Brownian motion independent of {B, };>¢. In the
sequel we will write E; to denote the expectation under the probability measure P .

We are now ready to state our main result.

Theorem 1.3. Let Assumption[I.]] be in force and, for 0 <T < 1, let
[0, 7] x R x R 3 (t,z,y) — v(t, z,y)

be a classical solution of the Cauchy problem

o(t,m,y) = Lro(t,z,y) — h(z)0yv(t, z,y), (t,x,y) €]0,T] x R? x R; )
2 .
v(0,2,y) = ug(x)e 3, (z,y) € R x R.
Then, for any ¢ > 1 and K > 0, we have
2 q71/q
M —yo)
sup E; { u(T,z)—e 27 o(T,z,Yr —yo) ] < (T, (1.8)
|z|<K

with

€= %\uo\ooeT<'c‘w+“T“‘h'io+m+M/2> (klae) + VTl ) LvV20+ E2)(1+T). (19)

Here L and M are defined in (1.5) and (1.6)), respectively; the constants q1,q2 > 1 verify the identity
L L = L. k() is given by V2 (D(2F1)//7) 1/q2; |uo|so and |h|s denotes the L (R%)-norms of ug

a g T g™
and h, respectively.

Remark 1.4. The heuristic idea that links equation (1.1) to equation (1.7) is as follows. Write (1.1)
in the differential form

dYy

Opu(t, z) = Lyu(t,z) + h(x)u(t, z) o e u(0,x) = uo(x), (1.10)



where o denotes the Wick product associated to the Brownian motion {Y; — yo}tejo,1) on the probability
space (0, F,P1). The use of the Wick product is dictated by the Ité’s interpretation of (1.1) (see [12]

and [T4] for a discussion on this issue and detailed analysis of the Wick product). If equation (1.10) is

considered on a small time interval [0,T], one may replace 2 with @ (this amounts at considering

a Wong-Zakai approzimation with the rudest possible partition of the interval [0,T]); this gives

ou(t, z) = Lou(t, z) + @u(tw) o (Yr —yo), u(0,z) =wug(x). (1.11)

In general, the Wick-multiplication between a random variable X and an element from the first order
Wiener chaos, say I(f), can be rewritten as

XoI(f) =X -1(f) - DX,

where Dy X stands for the directional Malliavin derivative of X, in the direction [ f(s)ds (see [22]).

Since, Y —yo = fol 10,1 (s)dYs is an element in the first Wiener chaos associated with the Brownian
motion {Y; — yotiejo,1] and probability space (2, F,P1), we can transform equation (1.11)) into

Owu(t,x) = Lru(t, z) + @u(t,x)(YT — o) — @Dl[omu(t,x). (1.12)

We now search for a solution u(t,x) to equation (1.12)) of the form
u(taxaw) = ﬂ(taanT(w) 7y0)a (113)

for some @ : [0,T] x R x R — R to be determined. A substitution of (1.13) in (1.12) vields, together
with the chain rule for the Malliavin derivative,

- N h(x) _
ovu(t, z,Yr — yo) =Lyu(t, z, Y —yo) + %U(ta z,Yr — yo)(Yr — yo)

— h(z)0yu(t, =, Y — yo);

note that here the term Yp — yo can be tackled at a path-wise level. Equation (1.7)) is now obtained via
the simple transformation

M

Yy

v(t,x,y) == at,xz,y)e 27, te€|0,T],z¢€ Ry € R.

It is not difficult to see, using Theorem 4.12 in [1]] and the Feynman-Kac representation for {u(t, ) }1c[0,1),cere
in [3], that we also have

Yr—y0)?

Ei[w(T,z)|Yr —yol = e 27 o(T,x,Yr — 4o);

this spots the analogy between our approach and the one in [20] where projections of u(T,x) on suitable
families of elements from the Wiener chaos were utilized to propose approximation schemes for the

solution to .

Remark 1.5. The ezistence of a classical solution for the Cauchy problem is actually not needed
for the validity of Theorem (the statement is presented this way for easiness of exposition). In fact,
in the proof of our main result we deal with the Feynman-Kac representation for the solution to
(see formula (2.2)) below) without using its differentiability properties with respect to t and x. The right
hand side of (2.2)) is well defined under mild conditions on the coefficients of equation (largely
covered by Assumption and this makes our proof consistent. It is worth mentioning that the right
hand side of becomes a classical solution if suitable reqularity assumptions on the coefficients of
are in force. For more details on this issue we refer the reader to [ and [10] page 122.



2 Proof of Theorem [1.3]
We start with some notation. The generator £, of the signal process {X}e[0,1] in (1.2) is

d d

Lof(@) =5 Y ay@)oh,, f@)+ 3 blx)on, S (@),

i,j=1 i=1

where the a;;(x)’s are defined in (L.4). The adjoint operator L7, is given by

d d
L) = 5 3 0@, F@)+ Db @)on, f(2) + () (),
Q=1 i=1

with
d
bi(z) =Y O aij(x) —bi(x), i=1,..4d,
j=1
(see Remark and

aijxkaij (I) - aﬂfkbl (:E)

N | =

c(z) = Z

d
i=1 Gok=1
It is convenient to split the operator L7 as

Lo f(x) = Lo f(z) + c(x) f(x)
where we set

d d
L) o= 5 D a ()0, F() + 300 (@)D ().
i,J i=1

i,7=1

With this notation at hand, the Cauchy problem (|1.7)) takes the form

ov(t,z,y) = Lyu(t, z,y) + c(z)v(t, 2, y) — h(x)Iyv(t, 2, y)
(t,x,y) €]0,T] x R? x R; (2.1)
v(0,2,y) = ug(x)e™5, (z,y) € R? x R.

Now, assume
[0, 7] x R x R 3 (t,z,y) — v(t, z,y)

to be a classical solution of (2.1). According to the Feynman-Kac formula (see, for instance, Theorem
1.1, page 120 in [10]) we can write

. . (y—fT h(é?)d-?)z o
o(Tz,y) = B [up(€e " =r el €Dis (2.2)
R . o (T h(ETyds T "§.<2
— ¢ 3ITR [uo(é%)efoT c(€g)ds & }T@S)d _(/0 h(:T)d) ] )
where {ég}se[oyl] solves the SDE
dé = 0" (€5) + 0(€)dBs, & =1, (2:3)



on the auxiliary probability space (fl, F, I@’) with d-dimensional Brownian motion {Bs}se[o,l]~ This gives

(YT yo)

e o(T,z,Yr —yo) =K

N ray 5. (Y —v0) J& h(€8)ds (J'Th(éif)ds)2
uO(f%)efoTc(gs)dée T—Y0 Jo o (e . (2.4)

It is well known that the solution wu(t,z) to the Zakai equation (1.1 also possesses a Feynman-Kac
representation: see formula (1.4) page 132 in [I§]. Here, we use instead an equivalent formulation due
to [3] (see formula (2.9) there), namely

u(T, ) = 1) [uo(é )elo c(€D)ds o o h(EF_)dYa—3 [ hz(gf)ds] , (2.5)
where {ff}se[o,l is defined in 1) A comparison between 1) and 1’ gives
u(T,2) — T (T2 Ve o)

—F [uo(§ Yelo e(€Dds 5 h(Er_)dYe— Th"‘(é;f)ds]

- 2
“ N - (Yp— )fT n(ETyas  (JF h(ED)ds
—Eluo(f%)efgc(gs)dse o o )]

- 2
~ ~ cw cw - (Yr—yo) [ h(€%)ds IGHLE
= E [uo(g%)efoT C(&S )dé (efoT h(fos)dYS_% (;T h2(§5 )dé —e L% ’£9 - - ( 2 2T ) >‘| 9

and hence

Yr—y9)?
T

U(T7 SL‘) - U(T7x7YT - yO)

a, T Fx
2( (Y —vp) & h(€%)ds (fo h(ss)ds)
fg §T $)dYs— zfo h )ds_e 79 - 2T

<k [wo(s“%nef%? o(&D)ds

1

We now take ¢ > 1 and compute the L9(IP;)-norm of the first and last members above; an application
of Minkowsky’s inequality gives

2T

< |u0|weT|C|“E l

ap 2
. N Yr—yo) JT h(EZyas  (J§ h(ED)ds
efoTh(f%us)dYs—% oThZ(ff)dS_e T —Y0 J:;Q s_( s ) )

(YT yn)

u(T, z) — o(T,z,Yr — yo)

q

(1T n(Ez)as)®

2T

N T fx 1 (T 2.8 Yr—yo) J§ h(€D)ds
< |ugloce™ =R | ||edo MET-s)dYo=3 Jo PE(Eds _ ¢ T

We need the following result.

Lemma 2.1. Let f,g:[0,T] — R be bounded measurable deterministic functions. Then, for any q > 1

we have
a7
Ex [Je ]

< (e ~) <n<q2> (s g|oo>> 7 = gla

where q1,qz > 1 satisfy 1/q1 +1/qo = 1/q while k(gz) := /2 (F(%)/ﬁ)l/%. Moreover, |l|a and ||
stand for the norms in L?([0,T]) and L>([0,T]) of I, respectively.

ST F)aYa =313 _ T a()dYo—}

a1—
oo.'.e 2



Proof. By means of the elementary inequality [e — e’| < (e® + €®)|a — b we can write

'efoT F&)AYe=31f15 _ ofs a(s)dYa—3lgl3

< (ef(f F()aYa=3I£13 4 erTg<s>dYs—§|g|§)

X

r 1
|16 - atoavi - 5 (1 o)
0

< (efoT F$)aYe-31f13 | efng<s>dnf%|g|§)

1
] 3 -1

Now, for ¢ > 1 we take the L%(PP;)-norm of the first and last members above and apply Holder’s
inequality with exponents q1, g2 > 1 satisfying 1/¢1 + 1/¢2 = 1/q. This gives

A F(s) — g(s)dY,

HefoT F&)dYo=31f15 _ o fy 9(s)dYi—$lgl3

q
< HefoT F($)aYa=31f15 4 oo 9(s)dYe—Elal3

q1

r 1
[ - atnav.| + 51178 - 1ol ). (27)

x |

q2

Under the measure P, the random variables fOT f(s)dY, and fOT g(s)dYs are Gaussian with mean zero
and variances |f|3 and |g|3, respectively. Hence,

HefoT FOAYe=3113 4 oJg 9()dYa=}lal3

q1

< HefOT f(s)dYs—3|f13 n HefoT g(s)dYs—11gl3
q1

q1

q1—1 2 a1 —1 2
—e 12 |f|2+6 12 |g|2

<M T 4 g™ Tloli, (2.8)

Moreover, using once more the normality, under the measure Py, of the random variable fOT [f(s) —
g(8)]dY; we get

where x(g2) := V2 (F(%)/\/ﬂl/q2 (see, for instance, Formula (1.1) in [14]). Furthermore,

1£15 = 1gl5| = (If12 + lgl2) || fl2 = |gl2|
< (Ifl2 + lgl2) | f = gl2
< VT(|floo + 9loo)f = glo. (2.10)
Therefore, combining with , and we get

HefoT F&AYe=31f13 _ Jo 9(s)dYe—11gl3

= k(g2)|f — 9glas (2.9)

q2

A [F(s) — g(s)]dY,

q

< (eq%lﬂfﬁo Jretn;lTlino) (K(QQ) + g“ﬂm + |g|oo)> |f - g|2.

The proof is complete. O



Thanks to the identities
T

_ h(£%)ds T L
(Yr yo)go (&) :/0 <;/0 h(gf)dr>dYs,

and

2 Tty 1)
(3 ) e 2
= ~)dr s§=—-——"’"
o \TJo T
we are in a position to apply Lemma to the last term in (2.6 with

T
F6)i= b ) and g(s)i= 1 [ nEar

note that such choices imply |f|oo < |hloo and |g|oo < oo (here, the norms are on the corresponding
domains). Therefore,

Yr—y0)?

U(T7I) —€ =T U(TaanT —yO)

q

< 2up|sceT el + B 1) (ﬁ(qz) n \/Tlh\oo)

A . 9 1/2
x E / ds
0

We now focus on the last expectation; using a combination of Jensen’s inequalities and Tonelli’s theorem
we get
. T 1 /T
B[ |nE -5 [ wéar
0 0

[ 1T 2 12
<\B|[ -7 [ néoa d])

. 1 /T
M)~ g [ HEar

9 1/2

ds

r [ 1 (T 2 1z
=\ [ -5 [ néar| |as
T . 1T 2 12
=\ [ B||F [ oo -n@pa |as
T [y 7 5 . 1/2
< </0 E T/O |h(£T—s) _h(gr)2d7;| dS)
1/2

. ( [ (} [ & [ - nor] dr) ds>

The Lipschitz continuity of A and Theorem 4.3, Chapter 2 in [21] yield

E (In(é—) —h(EDP] < LB [, — &P



< 2L2(1+ |2[?)(1 + T)2VMAM/T P _ gy,

where L and M come from (1.5) and (1.6). Moreover,

</0T (71‘ /OT T — s — r|dr> ds) i _ %

Combining all our estimates we obtain

r—yp)?

u(T,x)—e 20 o(T,z,Yr — yp)

q

2 -1
< %|U0|006T(‘0|w+ o B2+ VI +M/2) (H(qQ) + \/T|h|oo)

x L\/2(1+ |z2)(1 + T)T,

as desired.

Data availability statement: Data sharing not applicable to this article as no datasets were generated
or analysed during the current study.
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