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Abstract
In the present paper, we provide a detailed theoretical investigation on fundamental thermodynamic, 

thermomechanical, and electronic properties of wurtzite ZnS between 0–20 GPa and 0–2000 K, ob-
tained by ab initio density functional theory and the B3LYP functional. Several properties, such as 
phonon dispersion relations, elastic and piezoelectric constants, and thermodynamic and thermoelastic 
behaviors were calculated and reported. The analysis of the data via volume-integrated third-order 
Birch-Murnaghan fitting resulted in K0 = 72.17(4) GPa, K′ = 3.87(1), and V0 = 85.781(1) Å3 at T = 0 K. 
The Born criteria for the mechanical stability of the mineral phase showed that wurtzite is unstable 
above about 19 GPa in static conditions. We calculated a direct bandgap for wz-ZnS of 4.86 eV at zero 
compression, which became an indirect one by increasing pressure above 17 GPa. The results are in 
good agreement with the experimental and theoretical ones reported in the literature, and further ex-
tend the knowledge of an important zinc sulfide phase, for both geological and industrial applications.

Keywords: Wurtzite ZnS, thermodynamic properties, elastic properties, electronic properties, 
density functional theory, quasi-harmonic approximation

Introduction
Zinc sulfide ZnS belongs to the important family of the zinc 

monochalcogenides whose general formula is ZnX, with X = S, 
O, Se, Te, or Cd. All the ZnX phases are isostructural and, from 
the mineralogical point of view, zinc sulfide is commonly found 
either as zinc-blende (zb-ZnS, mineralogical name sphalerite) or 
wurtzite (wz-ZnS). Both of them have a closed-packed structure, 
but sphalerite belongs to the cubic system, with space group 
F43m and cubic close packing (3C) with ABC sequence along 
<111> direction, whereas wz-ZnS has an hexagonal unit cell (2H) 
related to the space group P63mc (Fig. 1) with AB stacking along 
the [001] direction (Frey et al. 1986). In both zb- and wz-ZnS 
phases, each ion, either Zn2+ or S2–, has a tetrahedral coordina-
tion. The structural difference between the two polymorphs is 
attributed to the stacking order of crystal planes along one of 
the C3 axes and, according to Cardona et al. (2010), explains 
their very small difference of the enthalpies of formation. In 
addition, wurtzite is a high-temperature phase with respect to 
sphalerite, with a two-step 3C → 2H transition at a temperature 
of about 1280–1300 K (Frey et al. 1986). There exists a third, 
high-pressure polymorph of ZnS, characterized by a halite-like 
structure (NaCl), with octahedral coordination of the ions, which 
is called rock salt (rs) ZnS (space group Fm3m).

In a very recent work we investigated in details by ab initio 
density functional theory (DFT) simulations the thermodynamic 
and thermoelastic behavior of both cubic polymorphs of ZnS, 
finding that the zinc-blende to rock-salt phase transition occurs 
at 14.3 GPa at ~300 K (Ulian and Valdrè 2019b), which was in 

very good agreement with the experimental result of Ono and 
Kikegawa (2018) in the same temperature condition (13.4 GPa).

The aim of the present paper is to extend the knowledge on 
the zinc sulfide polymorphs by providing thermodynamic, ther-
moelastic, and electronic properties of the wurtzite ZnS phase. 
Indeed, there is a continuous and still growing interest in its 
various and manifold applications. For example, zinc sulfide is 
an ore mineral, which is smelted to obtain zinc, and it is searched 
in the Earth crust by employing different approaches (Kowalczuk 
et al. 2018). One of them, which is increasingly used at a global 
scale, is based on three-dimensional reflection seismic methods 
that provide high-resolution (order of meters to tens of meters) 
deep-penetration data from about 300 m to 4  km (Malehmir 
et al. 2012; Bellefleur et al. 2015). A successful application of 
these methods requires detailed knowledge of the seismic wave 
propagation in the mineral structure, data that can be calculated 
from the elastic constant tensor.

In addition, wz-ZnS is the first discovered semiconductor 
and has very important and interesting electric/electrodynamic, 
mechanical, and thermodynamic properties for applications in 
optoelectronic devices (e.g., displays, photodetectors) and in 
micro- and nanoelectromechanical systems (Özgür et al. 2005; 
Sang et al. 2013; Wang et al. 2017; Kandpal and Gupta 2018; 
Ossai and Raghavan 2018; Sinha et al. 2018; Xu et al. 2018). It 
is then not a surprise that wurtzite shares its name to all isostruc-
tural semiconductors of II-IV type. The remarkable chemical and 
physical features of this mineral phase, e.g., a wide bandgap of 
about 3.87 eV (region of UV light), high optical transmittance 
of visible light, polar surfaces, piezoelectric behaviors, and good 
thermal stability, make wurtzite ZnS a highly valuable material 
(Cline et al. 1967; Adachi 2005; Xu et al. 2018).

For all these reasons, it is crucial to carefully investigate the 
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interplay of structural, elastic, thermodynamic, and electronic 
properties in zinc sulfide at different pressure and temperature 
conditions, in particular for the wurtzite phase. This kind of 
research is often experimentally challenging, because many 
features of the phase, for the sake of an example the piezoelectric 
constants, can be measured only from single crystals of wurtzite. 
Such samples, when not available in nature, are usually difficult 
and expensive to grow in the laboratory. In this context, ab initio 
theoretical simulations are a promising and well-established al-
ternative, which can help the design of future experiments, e.g., 
aiding experimentalists to screen and select the most promising 
materials for crystal growth purposes (Catti et al. 2003).

Following these considerations, in the present work we 
present a detailed and comprehensive analysis of the cited 
properties of wurtzite, conducted by ab initio density functional 
theory simulations that follow and complete the one proposed in 
our previous work on sphalerite and rs-ZnS (Ulian and Valdrè 
2019b). The aim is to provide a detailed set of data on several 
properties of wz-ZnS, obtained at the same level of theory to 
allow a direct and fruitful discussion on the polymorphs of zinc 
sulfide. Several aspects of wurtzite were investigated at the static 
(0 K) limit, and we included the temperature effects by employ-
ing the so-called quasi-harmonic approximation on the lattice 
dynamics. More into details, we provide (1) the geometry of 
wurtzite both at equilibrium and after hydrostatic deformation, 
(2) the equation of state (EoS) of the phase, (3) the electronic 
band structure and density of states, the second-order elastic 
constants, and the piezoelectric tensor, calculated as a function 
of applied pressure, and (4) the thermodynamic and thermoelastic 
behavior of wz-ZnS over the pressure and temperature range 
0–20 GPa and 0–2000 K, respectively.

This paper is organized as follows. In the next section, the 
theory and algorithms used to calculate the above properties 
are briefly explained, providing the background of the work. 
Then, we present the obtained results, subdivided into a small 
subsection for each property, and discuss them with previous 

experimental and theoretical researches on wurtzite. Indeed, 
the properties of this mineral were previously simulated with 
several theoretical approaches, and we compared the effect of 
the computational parameters (basis set, Hamiltonians) on the 
calculated properties. Finally, we draw up the geological and 
technological implications of this work.

Computational methods
In the present work, we performed ab initio DFT simulations with the 

CRYSTAL17 code (Dovesi et al. 2018). Since we were interested in the mechanical 
and thermodynamic properties of wz-ZnS, we chose the B3LYP hybrid functional 
(Lee et al. 1988; Becke 1993a, 1993b) because of its well-known reliability with both 
structural and vibrational feature of solid systems (Ottonello et al. 2010; Prencipe 
et al. 2011; Belmonte et al. 2017). The description of the Zn and S orbitals is made 
via Gaussian-type functions, and we chose the Peitinger-Oliveira-Bredow (POB) 
double-z valence basis set with polarization (Peintinger et al. 2013; Ulian and 
Valdrè 2019b). We employed a pruned grid consisting of 75 points and 974 angular 
points to evaluate the exchange–correlation contribution by numerical integration 
of the electron density and its gradient over the volume of the unit cell. We set the 
tolerances for truncation of the Coulomb and exchange integrals to 10–7 and 10–16, 
which means that when the overlap between two atomic orbitals is lower than the 
threshold, the corresponding integral is either discarded or treated with less precision. 
We diagonalized the Hamiltonian matrix at 50 k points in the reciprocal space by 
employing a 8 × 8 × 8 Monkhorst-Pack net (Monkhorst and Pack 1976).

Geometry optimization and equation of state
To calculate the equation of state of wurtzite at static conditions (0 K, no zero-

point energy correction), we considered 11 unit-cell volumes in the range 0.82–1.12 
V0, with V0 being the equilibrium geometry. We calculated the starting (equilibrium) 
geometry by optimizing the unit-cell parameters and the internal coordinates of the 
atoms at the same time, by employing a numerical gradient for the former and the 
analytical gradient method for the latter. The compressed and expanded unit cells for 
the equation of state were then optimized at constant volume by a symmetry preserv-
ing, variable cell-shape structure relaxation approach (Ottonello et al. 2010). For both 
equilibrium and hydrostatically deformed unit cell, the geometry optimization was 
considered converged when the gradient and the maximum atomic displacement 
were lower than 1×10–5 hartree bohr–1 and 4×10–5 bohr, respectively, with respect to 
the previous optimization step.

The equation of state of the mineral was calculated by fitting the unit-cell energy, 
E, as a function of the volume, V, using the volume-integrated third-order Birch-
Murnaghan (Hebbache and Zemzemi 2004):
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with η = (V0/V)–1/3, K0 is the bulk modulus of the system at both 0 GPa and 0 K,  
K′ its pressure first derivative, and V0 the volume at zero pressure (to be not confused 
with the volume of the unit cell at equilibrium). E0 is the energy of the unit cell at 
zero pressure and temperature.

The pressure corresponding to the compression/expansion of the unit cell was 
calculated by using these parameters in the well-known P(V) formulation of the 
BM3 (Birch 1947):
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Second-order elastic moduli
The elastic moduli for any crystal are obtained from the analytical derivatives 

of the total energy as a function of crystal deformation. To this aim, we employed a 
fully automated procedure, which was implemented in the CRYSTAL code (Perger 
et al. 2009; Perger 2010). To remove the internal forces due to finite strain, the lat-
tice parameters and the internal coordinates of the crystal are relaxed using analytic 
gradients (Doll 2001; Doll et al. 2001). In this work, the elastic moduli were calculated 
using seven points of displacement with a step of 0.005 Å. Since wurtzite has an 
hexagonal unit cell, the reference axis was oriented according to the guidelines of 
the Institute of Radio Engineering (IRE). In further details, during the simulations 

Figure 1. Wurtzite unit-cell model, with zinc and sulfur atoms 
colored in dark gray and light gray, respectively.
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the Cartesian x and z axes of the reference system were oriented along the a and c 
lattice vectors of the unit cell, respectively (Brainerd 1949).

We also performed the evaluation of the elastic moduli at different compressive 
states (vide supra). In this case, we employed a correction that considers the finite 
pre-stress spre = Pdij, imposed on the system (Barron and Klein 1965; Erba et al. 2014).

We calculated the single-crystal directional behavior of the elastic properties 
of wurtzite following the approach suggested by Marmier and coworkers (2010).

Since most materials are not single crystals, for practical applications we cal-
culated also the polycrystalline elastic properties according to the formulations of 
both Nye (1957) and Voigt, Reuss, and Hill, VRH (Hill 1952). Pugh’s ratio (k) and 
Vicker’s hardness (HV) were also calculated according to the formulation of Chen 
et al. (2011). The Pugh’s ratio is a dimensionless empirical parameter, given by the 
ratio between the bulk (K) and the shear (m) moduli, whose value represents an index 
of the ductile (k > 1.75) or brittle (k < 1.75) behavior of a material. HV is related to 
the hardness of the mineral during indentation (resistance to plastic deformations).

The interested reader can find applications of the algorithms and formulations 
here briefly presented in other works (Ulian et al. 2014, 2018; Ulian and Valdrè 
2015c, 2017, 2018a, 2018b, 2018c, 2019a, 2019b).

Finally, the direct piezoelectric e and dielectric e tensors were evaluated through 
a coupled perturbed Kohn-Sham (CPKS) approach, as recently implemented in the 
CRYSTAL code (Baima et al. 2016).

Lattice dynamics and thermodynamic properties
Harmonic phonon frequencies were calculated by diagonalization of the dy-

namical matrix using the direct space method, whose details are provided in specific 
literature (Parlinski et al. 1997; Wallace 1998; Togo and Tanaka 2015). We considered 
the effect of the longitudinal optical (LO) and transverse optical (TO) splitting in 
the phonon dispersion (Wang et al. 2010). The LO-TO splitting gives rise to a non-
analytical contribution on the phonon bands and depends on the electronic (clamped 
nuclei) dielectric tensor e0 and on the Born effective charge tensor associated with 
each atom. We calculated both quantities through a coupled-perturbed Kohn-Sham 
(CPKS) approach (Pascale et al. 2004; Ferrero et al. 2008). Numerical convergence 
on the results was checked against three isotropic supercells with 32, 108, and 256 
atoms (labeled as SC32, SC108, and SC256, respectively), leading to the sampling 
of 8, 27, and 64 q points in the reciprocal space, respectively. To increase the q point 
sampling and increase the quality of the thermodynamic results, we employed a 
Fourier interpolation method using an isotropic 4 × 4 × 4 mesh (Dovesi et al. 2018), 
obtaining a total of 512, 1728, and 4096 q points for the SC32, SC108, and SC256 
supercells, respectively.

Standard statistical thermodynamics on harmonic phonon frequencies cannot 
provide a good description of thermodynamic and mechanic data at different P-T 
conditions. Thus, we employed the quasi-harmonic approximation (QHA), which 
describes the phonon of the system as volume dependent and overcomes the issue 
related to the harmonic approximation (e.g., zero thermal expansion). Several 
methods within the QHA framework have been proposed and employed in literature 
(Ottonello et al. 2010; Prencipe et al. 2011; Erba 2014; Erba et al. 2015; Ulian and 
Valdrè 2015a, 2015b, 2015c, 2018d, 2019b; Belmonte et al. 2017), and here we 
adopted the one discussed by Belmonte (2017) for periclase. The interested reader 
can find complete details on this approach in QHA in the cited work, whereas, for 
the sake of completeness, some of the main steps involved in the calculations are 
reported in the Appendix1.

Results and discussion
Equation of state

We reported in Table 1 the structural data on both the equi-
librium geometry and the different unit cells of wurtzite under 
compression. The static energy vs. unit-cell volume curves, E(V), 
are well fitted by the volume-integrated BM3 fit reported in Equa-
tion 1, which resulted in K0 = 72.17(4) GPa, K′ = 3.87(1), and V0 
= 85.781(1) Å3. The bulk modulus value is in good agreement 
with the very recent theoretical results of Valdez and coworkers 
(2019), who obtained K0 = 74.3 GPa by employing planewaves 
basis set and the Perdew-Burke-Ernzerhof (Perdew et al. 1996) 
DFT functional. In the work of Sharma et al. (2019), simulations 
with DFT/PBE plus Hubbard correction (DFT+U) resulted in 
bulk modulus and its pressure derivative 81.9 GPa and 3.96, 

respectively, which are also close to ours. It can be noted the sys-
tematic increase in the K0 values previously obtained, which is a 
common figure when the PBE functional is adopted, is related to 
the high repulsive core-valence exchange in generalized-gradient 
approximation (GGA).

The zero-pressure unit-cell parameters (a = 3.9233 Å, c = 
6.3976 Å) are in good agreement with the theoretical ones cal-
culated at the Hartree-Fock (HF) limit by Catti et al. (2003) (a = 
3.982 Å, c = 6.500 Å) and the results of Valdez and coworkers 
(2019) obtained with DFT/PBE approach (a = 3.89 Å, c = 6.38 Å). 
It is worth noting that the pressure state of the equilibrium geom-
etry is less than 10-5 GPa (10-1 atm), as observed from the forces 
acting on the unit cell after geometry optimization. The value 
reported in Table 1 was calculated from Equation 2 using the BM3 
parameters previously described.

Regarding the internal geometry of the mineral, there is an 
inverse relationship between pressure and the length of the non-
equivalent Zn-S bonds (the minor labeled as d1 and the major as 
d2 in Table 1), whereas there is a direct proportionality with the 
S-Zn-S angle.

Electronic band structure
We reported the band gaps calculated at the B3LYP level at 0 K 

in Table 2. Band structure along the path G-A-L-M-G-A-H-K-A in 
the First Brillouin zone together with the total and orbital-projected 
density of states (DOSS) are presented graphically in Figure 2. At 
equilibrium (Fig. 2a), the gap between the valence and conductive 
bands is of the direct type, with Eg = 4.87 eV, and the increase of 
the hydrostatic pressure widens the bandgap with a nonlinear trend. 
At about 17 GPa and above (Fig. 2b), the bandgap becomes an 
indirect one, which is an electronic feature of the rock-salt (high-
pressure) ZnS polymorph (Cardona et al. 2010; Ulian and Valdrè 
2019b). A similar result was obtained in previous simulations at 
the DFT/PW level of theory by Hu et al. (2008). The top of the 
valence band is dominated by the 3p states of sulfur, whereas the 
bottom of the conduction band is given mainly by 4s states of zinc.

Let us discuss these results with those in literature obtained 
with different approaches. The experimental value of the band-
gap of wurtzite is 3.87 eV (Madelung and Schulz 1982). In this 
sense, the present result is overestimated by about 1 eV, which 
is not surprising due to the chosen Hamiltonian. The formulation 
of the hybrid functional B3LYP contains 20% of Hartree-Fock 

Table 1. 	 Wurtzite unit-cell volume, lattice parameters and bond 
distances and angles calculated at different hydrostatic 
compressions and in static conditions

P (GPa)	 V (Å3)	 a (Å)	 c (Å)	 d1 (Å)	 d2 (Å)	 θ (°)
22.1	 70.145	 3.6620	 6.0397	 2.251	 2.248	 110.05
17.2	 72.495	 3.7072	 6.0908	 2.275	 2.275	 109.80
12.5	 75.142	 3.7550	 6.1538	 2.302	 2.303	 109.64
8.5	 77.856	 3.8020	 6.2192	 2.329	 2.332	 109.52
5.1	 80.635	 3.8485	 6.2864	 2.356	 2.360	 109.43
1.8	 83.792	 3.8997	 6.3621	 2.386	 2.391	 109.34
0.4	 85.282	 3.9233	 6.3976	 2.400	 2.405	 109.31
–0.5	 86.400	 3.9408	 6.4240	 2.411	 2.416	 109.29
–2.8	 89.387	 3.9867	 6.4940	 2.438	 2.444	 109.24
–4.7	 92.441	 4.0324	 6.5645	 2.465	 2.472	 109.20
–6.4	 95.563	 4.0780	 6.6354	 2.492	 2.500	 109.15
Notes: d1 and d2 are referred to Zn-S bonds, whereas θ is the S-Zn-S bond angle. 
Pressure values were obtained using the volume-integrated EoS parameters in 
the pressure-volume formulation of the third-order Birch-Murnaghan equation.
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contribution to the total energy. Pure HF is known to highly 
overestimate the bandgap of solids, but this effect is reduced by 
the GGA contribution that underestimates the same property. In-
deed, recent calculations with pure GGA-PBE approach showed 
Eg values well below 2.5 eV (Karazhanov et al. 2006; Sharma 
et al. 2019; Valdez et al. 2019), and the addition of the Hubbard 
correction allowed obtaining results in better agreement with 
experiments (Eg ≈ 3.87 eV). Previous simulations with a semi-ab 
initio approach known as orthogonalized linear combination of 
atomic orbitals (OLCAO), based on the Kohn-Sham form of the 
exchange-correlation potential, resulted in a direct bandgap of 

about 3.3 eV (Xu and Ching 1993). Notwithstanding the different 
Eg values obtained with each approach, we obtained band structure 
features that are in good agreement with all previous simulations.

Elastic properties
As explained in the methods section, we calculated the 

second-order elastic moduli of wurtzite at each unit-cell volume, 
including a correction for the pressure state of the system. For the 
sake of brevity, we reported in Table 3 only the results obtained at 
equilibrium. The complete results (elastic constants, piezoelectric 
constants, dielectric tensor, and density), together with derived 
data (bulk, shear ad Young’s moduli, Poisson’s and Pugh ratio, 
Vickers hardness) are reported in Supplemental1 Table S1.

It is possible to evaluate the mechanical stability of minerals 
from the values of the elastic moduli. For wurtzite, which has an 
hexagonal unit cell, the well-known Born stability criteria are 
given by the following three relations: (1) C

~
44 > 0, (2) C

~
11 > |C

~
12|, 

and (3) 2C
~ 2

13 – C
~

33 (C
~

11 + C
~

12) < 0, with C
~

αα = Cαα – P for a = 1, 4, 
and C

~
1α = C1α + P (Born and Huang 1954). As can be observed 

from Figure 3, the stability criteria 1 and 2 are not satisfied 
when the pressure is above 19.1 and 20.5 GPa, respectively. In 
addition, the trend of curve C44(P) also shows an elastic soften-
ing with pressure. The third criterion, not shown in Figure 3, is 
respected in the investigated pressure range. This analysis shows 
that upon compression, the wurtzite phase is not stable above 
about 19 GPa at the static (0 K) limit, which is in agreement with 
previous simulations at the local-density approximation (LDA) 
level of theory (Ferahtia et al. 2014).

The elastic properties obtained with the DFT/B3LYP ap-
proach at equilibrium are in good agreement with previous theo-
retical results. With respect to Hartree-Fock (HF), we obtained 
higher values of the elastic moduli, whereas those calculated 
at generalized-gradient approximation level of theory (PBE 
functional) are generally lower, with the exception of the C12 
modulus (Catti et al. 2003; Valdez et al. 2019). This is a common 
figure in DFT simulations, where standard GGA approaches 
result in smaller unit-cell volume and higher bulk modulus (and 
consequently, elastic constants).

In comparison with experimental data, the present results 

Table 2. 	 Calculated band gap (Eg, eV) and band gap type of wurtzite 
at different compression states

P (GPa)	 Eg (eV)	 Type
22.1	 5.652	 indirect
17.2	 5.641	 indirect
12.5	 5.508	 direct
8.5	 5.372	 direct
5.1	 5.174	 direct
1.8	 4.957	 direct
0.4	 4.862	 direct
–0.5	 4.788	 direct
–2.8	 4.600	 direct
–4.7	 4.415	 direct
–6.4	 4.235	 direct

Figure 2. Electronic band structure and density of states of wurtzite 
(a) at equilibrium and (b) at P = 22 GPa, both at 0 K.

Table 3. 	 Second-order elastic constants (reported in GPa), piezo-
electric constants (C m–2) and polycrystalline averages of 
wurtzite at equilibrium geometry 

	 B3LYPa	 PBEb	 LDAc	 HFd	 Expe	 Expf	 Expg

C11	 119.1	 125.7	 135.46	 118	 124	 122	
C12	 55.8	 52.86	 65.89	 52	 60	 59	
C13	 44.4	 47.5	 51.63	 39	 45	 46	
C33	 136.7	 135.2	 160.77	 135	 140	 138	
C44	 28.1	 33.6	 29.73	 31	 29	 28	
e33	 0.25		  0.161	 0.18			   0.34
e31	 –0.16		  –0.160	 –0.13			   –0.10
e15	 –0.12		  –0.105	 –0.13			   –0.08
K	 73.5	 75.8	 85.52	 70.1	 76.4	 76.0	
µ	 32.6	 36.5	 35.57	 34.6	 33.3	 32.4	
E	 85.3	 94.3	 93.71	 89.2	 87.3	 85.1	
υ	 0.31	 0.29	 0.32	 0.29	 0.31	 0.31	
k	 0.44	 0.49	 0.42	 0.48	 0.44	 0.43	
Hv	 2.9	 4.0	 2.8	 4.0	 2.9	 2.6	
Notes: K, µ, E, υ, and are the polycrystalline averages of the bulk modulus (GPa), 
shear modulus (GPa), Young’s modulus (GPa), and Poisson’s ratio, respectively. k 
is the Pugh ratio µ/K and Hv is the Vickers hardness (GPa). a Present work; b Valdez 
et al. (2019); c Ferahtia et al. (2014); d Catti et al. (2003); e Cline et al. (1967); f Uchida 
and Saito (1972); g Landolt-Börnstein (1986).
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are in excellent agreement, even if they were obtained at 0 K 
and without the inclusion of zero-point vibrational contributions 
(Cline et al. 1967; Uchida and Saito 1972). The mean standard 
deviation on the calculated values is 2.9, which is lower respect 
the results of Catti et al. (2003), Ferahtia et al. (2014), and Valdez 
et al. (2019), calculated at the HF, LDA, and generalized-gradient 
approximation with PBE functional, respectively.

Single-crystal mechanical properties calculated in different 
crystallographic directions are reported in Figure 4, together with 
previous theoretical and experimental results. For the sake of an 
example, in Figure 4a, it is possible to observe that the maxima 
of the Young’s modulus in wurtzite calculated on the (1010) 
plane reside in the principal crystallographic directions, whereas 
the minima were calculated at 45° respect to c-axis direction. In 
addition, this phase shows an isotropic behavior in the (0001) 
plane (not shown in the figure).

As previously mentioned, we calculated and reported in 
Supplemental1 Table S1 the bulk (K) and shear (m), moduli for 

Figure 3. Graphical representation of the mechanical stability criteria 
C

~
44 > 0 and C

~
11 > |C

~
12| of wurtzite under pressure.

Figure 4. (a) Young’s modulus (GPa), (b) linear compressibility (1/K, GPa–1), (c) shear modulus (GPa) and (d) Poisson’s ratio for the (1010) 
plane of wurtzite. DFT/PBE (Valdez et al. 2019) and Hartree-Fock (Catti et al. 2003), together with the experimental results of Cline and coworkers 
(1967) (red line) and of Uchida and Saito (1972) (purple line) are reported for a graphical comparison. In c and d, the continuous lines are related 
to the maximum values, whereas the dashed ones to the minimum values.
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monocrystals, according to the formulation of Nye (1957). In 
Table 3, we reported only the results from the Voigt-Reuss-Hill 
(VRH) averages for polycrystalline aggregates (Hill 1952), which 
includes Young’s (E) modulus and Poisson’s ratio.

The calculated Pugh’s ratio and Vicker’s hardness, k and 
HV, respectively, are in good agreement with all previous ex-
perimental and theoretical results (Cline et al. 1967; Uchida 
and Saito 1972; Catti et al. 2003; Chen et al. 2011; Ferahtia et 
al. 2014; Valdez et al. 2019). It is interesting to note that the 
hardness and the k ratio of wurtzite decreases as pressure is 
raised, which means that the mineral becomes more ductile as 
pressure augments. In addition, the HV value becomes negative 
at the maximum explored pressure, which is in agreement with 
the failure of the stability criteria previously discussed (see 
Supplemental1 Table S1).

Regarding the piezoelectric constants, hexagonal crystals 
possess three independent tensor components, e33, e31, and e15. 
The values calculated at the B3LYP level are in good agree-
ment with both the experimental (Landolt-Börnstein 1986) and 
previous theoretical data reported in the literature (Catti et al. 
2003; Ferahtia et al. 2014). The slightly larger discrepancy on 
the experimental e33 piezoelectric constant is due to the presence 
of defects in the real crystal sample of wurtzite used in the tests, 
as also pointed out by Catti et al. (2003).

Phonon properties
In the first step for the evaluation of the lattice dynamics of 

wurtzite, we calculated the G-point (k = 0) vibrational modes 
of the system, which were reported in Table 4. In details, the 
irreducible representation of the normal modes of wz-ZnS is 
the following:

Gtot = 2A + 2B + 2E1 + 2E2

with the first A + E1 modes being acoustic. A and E1 vibrational 
modes are active in both Raman and infrared spectroscopies and 
are subject to the LO-TO splitting. E2 modes are Raman-active 
and B modes are silent.

It is interesting to note that the vibrational frequency of each 
mode increases with pressure, meaning positive isotropic mode-
Grüneisen parameters γi = –(∂lnνi/∂lnV), with the subscript i 
indicating the i-th vibrational mode. The only exception is the 
lowest E2 normal mode, whose gi value is negative, showing that 

the frequency decreases by increasing pressure (decreasing unit-
cell volume). Considering the low frequency of this vibrational 
mode, this result suggests a possible phonon softening (nega-
tive frequency value) at higher pressure, which could be related 
to a phase transition from wurtzite to the rock-salt structure. 
Differently from elastic and thermodynamic analyses, it is not 
straightforward to establish the exact transition pressure from the 
ab initio trends of the n(V) curves. However, they can represent 
a stability indicator, as we recently showed with the rock-salt 
phase of ZnS, which is phononically unstable at low pressures 
(Ulian and Valdrè 2019b).

The LO-TO splitting is quite remarkable for the modes 
interested in this phenomenon, with differences between the 
transverse optical-longitudinal optical frequencies (marked with 
D in Table 4) up to about 100 cm–1.

Born charges evaluated at G-point for the equilibrium geom-
etry of wurtzite are in agreement with the expected values for a 
zinc sulfide; namely we obtained +2.06 and –2.06 for zinc and 
sulfur, respectively, in good agreement with the ±1.89 reported 
by Kang et al. (2017). The charges vary slightly by applying 
pressure to the system, with values of ±1.85 at 22.05 GPa and 
±2.18 at –6.37 GPa.

As mentioned in the Methods section, to calculate reliable 
thermodynamic quantities, we calculated the phonon dispersion 
relations using a direct space approach on supercells of increasing 
size. A graphical representation of the phonon bands and phonon 
density of states (DOS) is reported in Figure 5 at equilibrium 
geometry (Fig. 5a) and at the maximum explored pressure (Fig. 
5b). In the M → G phonon branch, it can be noted a very small 
inflection of an acoustic phonon, which is the result of some 
numerical noise related to the interpolation of the data during the 
construction of the phonon dispersion bands. The phonon DOS 
clearly shows that at low frequency the bands are dominated by 
zinc vibrations, whereas at higher wavenumbers sulfur plays the 
major role. The calculated phonon dispersion relations and the 
phonon density of states are in good agreement with the previous 
experimental and theoretical results reported in the literature (Hu 
et al. 2008; Bachmann et al. 2012).

In addition, we found a very good phonon continuity over 
the explored unit-cell volumes (pressure), which means that the 
variations of the phonon frequency values as a function of the 
volume are monotonic. Indeed, a third-order polynomial fit on 
each phonon band resulted in a mean R2 of 9.991×10-1. This 

Table 4. 	 Γ-point frequencies (cm–1) of wurtzite-2H at different pressures, calculated at the DFT/B3LYP level of theory taking into account the 
LO-TO splitting

Modes	 Pressure (GPa)	 DFTa	 Expb

		  22.1	 17.2	 12.5	 8.5	 5.1	 1.8	 0.4	 –0.5	 –2.8	 –4.7	 –6.4
E2	 (TO)	 47.7	 57.1	 64.2	 69.8	 73.9	 77.5	 78.9	 79.7	 81.5	 82.5	 83.3	 72.9	 72.5
B	 (TO)	 239.3	 232.6	 226.4	 220.5	 214.7	 207.6	 204.6	 202.3	 196.2	 190.0	 183.6	 193.8	 –
A	 (TO)	 366.6	 346.7	 327.3	 308.6	 291.2	 272.8	 264.5	 258.3	 242.7	 227.8	 213.2	 277.6	 273.3
	 (LO)	 435.2	 419.1	 403.5	 388.9	 375.4	 361.1	 354.8	 350.1	 338.3	 327.2	 316.5	 332.9	 351.1
	 Δ	 68.6	 72.4	 76.3	 80.3	 84.2	 88.4	 90.3	 91.8	 95.6	 99.4	 103.3		
E1	 (TO)	 362.1	 346.3	 329.1	 312.0	 295.7	 278.7	 270.9	 265.0	 250.2	 235.7	 221.8	 277.6	 273.3
	 (LO)	 427.5	 414.7	 401.1	 387.4	 374.6	 361.5	 355.7	 351.1	 339.8	 329.0	 318.6	 337.3	 351.1
	 Δ	 65.4	 68.4	 71.9	 75.4	 78.9	 82.8	 84.7	 86.1	 89.7	 93.3	 96.8		
E2	 (TO)	 376.3	 359.1	 340.1	 321.6	 303.8	 285.1	 276.6	 270.4	 254.2	 238.3	 223.4	 283.4	 286.0
B	 (TO)	 422.2	 404.4	 386.5	 370.3	 354.6	 338.6	 331.5	 326.3	 313.7	 302.2	 291.7	 283.4	 286.0
Notes: Δ is the difference between the longitudinal and transversal optical frequency.
a Kang et al. (2017).
b Brafman and Mitra (1968).
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observation is important for the subsequent calculations of the 
mineral thermodynamics (vide infra).

Thermodynamic and thermoelastic properties
By combining the static equation of state and the phonon 

frequency dependence on volume (pressure), we are able to cal-
culate several thermodynamic and thermoelastic data on wurtzite 
via the quasi-harmonic approximation (see Computational Meth-
ods section for details). We considered for this scope a pressure 
range of 0–20 GPa and temperatures between 0 and 2000 K. It 
is worth noting that 0 K data obtained by means of the QHA 
approach are not the same as in static calculations, because here 
the zero-point thermal contribution is included in the treatment.

In Table 5, we present thermodynamic and elastic data of 
wurtzite calculated at 300 K as a function of pressure. Conversely, 
we report in Figure 6 some selected properties of interest, calcu-
lated at zero-pressure conditions, where it is possible to observe 
that the results are numerical converged when calculated on a 
supercell with 108 atoms. More into details, thermodynamic 
quantities are converged within 0.6%, whereas elastic properties 
(e.g., isothermal bulk modulus, KT) within 1.2%. Albeit increas-
ing the k sampling did not significantly increase the accuracy of 
the QHA approach, the following discussion and results will be 

focused on the results from SC256 (256 atoms in the supercell).
The calculated thermodynamics is in very good agreement 

with previous low- and high-temperature calorimetric measure-
ments (Pankratz and King 1965; Stuve 1974; Robie and Heming-
way 1995). For example, the standard state entropy calculated by 
the present ab initio approach is 58.49 J/(mol∙K), which is very 
close to the measured value of 58.83 ± 0.17 J/(mol∙K) (–0.6%). 
Also, the theoretical thermal evolution of both entropy (Fig. 6a), 
heat capacity (Fig. 6b) and enthalpy (as HT – H300, Fig. 6c) fall 
between about 1–2% of the experimental values, a result consis-
tent with the previous theoretical prediction of these properties 
by ab initio methods (Belmonte et al. 2016).

Regarding the volumetric thermal expansion coefficient, it 
can be noted from Figure 6d that at very low temperatures the 
aV(T) values are slightly negative, which is due not surprisingly 
to the E2 phonon bands with negative Grüneisen parameter, as 
also reported by Biernacki and Scheffler (1989). At 300 K and 
0 GPa, the calculated thermal expansion coefficient is 2.16 × 
10–5, which is in line with previous experimental and theoreti-
cal findings with aV (300 K) between 1.62 × 10–5 and 2.57 × 
10–5 (Majumdar and Roy 1965; Wang 2006; Valdez et al. 2019).

We reported in Figure 6e the isothermal and adiabatic bulk 
moduli of wurtzite calculated at zero pressure as a function of 
temperature, which shows the expected thermal trend. From the 
elastic properties point of view, these values represent the Reuss 
lower bound that can be calculated from the elastic moduli at 
different temperature and pressure states. At 300 K, we obtained 
KT = 68.6(6) GPa, K′T = 4.01(13), and KS = 68.9 GPa, with an 
isothermal bulk modulus that is slightly lower than those reported 
by Desgreniers et al. (2000) and by Chang and Barsch (1973), 
whose values were 80.1 and 75.8 GPa, respectively.

We report in Figure 7, for the sake of completeness, some 
selected thermodynamic and thermoelastic properties of wurtzite 
as a function of both temperature and pressure, which could be 

Figure 5. Phonon dispersion and phonon density of states (DOS) of 
wurtzite ZnS calculated (a) at equilibrium geometry and (b) at 22.05 GPa.

Table 5. 	 DFT/B3LYP wz-ZnS molar volume, coefficient of thermal 
expansion (αV), isothermal bulk modulus (KT), and its pressure 
derivative (K’T), adiabatic bulk modulus (KS), entropy (S), and 
isobaric heat capacity (CP) in the pressure range 0–20 GPa 
and at 300 K

P	 V	 αV	 KT	 K’T	 KS	 S 	 CP 
(GPa)	 (Å3 mol–1)	 (10–6 K–1)	 (GPa)		  (GPa)	 [J/(mol∙K)]	 [J/(mol∙K)]
0	 43.22(2)	 21.635	 68.6(6)	 4.01(13)	 68.9	 58.49	 45.46
1	 42.61(2)	 18.777	 72.6(5)	 4.00(12)	 72.8	 57.98	 45.25
2	 42.04(2)	 16.592	 76.5(4)	 3.95(12)	 76.8	 57.51	 45.06
3	 41.51(2)	 16.299	 80.5(3)	 3.91(12)	 80.8	 57.10	 44.92
4	 41.01(2)	 14.341	 84.4(3)	 3.86(12)	 84.6	 56.73	 44.74
5	 40.54(3)	 13.230	 88.(3)	 3.82(12)	 88.5	 56.40	 44.59
6	 40.09(2)	 11.440	 92.1(3)	 3.78(12)	 92.2	 56.11	 44.42
7	 39.67(3)	 10.333	 95.8(4)	 3.73(12)	 96.0	 55.84	 44.27
8	 39.26(2)	 9.226	 99.6(5)	 3.69(12)	 99.7	 55.61	 44.13
9	 38.88(2)	 8.525	 103.2(6)	 3.65(12)	 103.4	 55.40	 43.99
10	 38.51(2)	 7.702	 106.9(7)	 3.61(12)	 107.0	 55.21	 43.85
11	 38.16(2)	 6.771	 110.5(8)	 3.57(12)	 110.5	 55.05	 43.72
12	 37.82(2)	 6.142	 114.0(9)	 3.52(12)	 114.1	 54.90	 43.59
13	 37.49(2)	 5.724	 118(1)	 3.49(12)	 117.6	 54.78	 43.46
14	 37.18(2)	 4.250	 121(1)	 3.44(12)	 120.9	 54.66	 43.33
15	 36.88(3)	 3.983	 124(1)	 3.40(12)	 124.3	 54.57	 43.21
16	 36.59(3)	 4.187	 128(1)	 3.36(13)	 127.7	 54.48	 43.09
17	 36.30(4)	 3.471	 131(2)	 3.32(12)	 131.0	 54.41	 42.97
18	 36.03(4)	 1.520	 134(2)	 3.28(13)	 134.2	 54.36	 42.85
19	 35.77(5)	 -0.245	 137(2)	 3.24(13)	 137.3	 54.31	 42.73
20	 35.51(6)	 1.352	 140(2)	 3.20(13)	 140.4	 54.27	 42.62
Note: In parentheses, the standard deviations calculated by the volume-integrated 
third-order Birch-Murnaghan equation of state are reported.



ULIAN ET AL.: THERMODYNAMICS AND THERMOMECHANICS OF WURTZITE-ZnS 1219

American Mineralogist, vol. 105, 2020

useful for data extraction and comparison with future works.
Finally, we report in Figure 8, the zero-pressure relative 

volume variation with pressure at 300 K, in comparison with 
the experimental data of Desgreniers et al. (2000). It is possible 
to observe an excellent agreement between our DFT/B3LYP 
results and the experimental ones between 0 and 5 GPa, then 
there is a small deviation (about 3% at 20 GPa), resulting in 
a softer behavior of wurtzite as a function of pressure. This 
discrepancy could be due to several reasons. The first one is 
that we simulated an ideal single-crystal of wurtzite, whereas 

the sample experimentally investigated was ground to a fine 
powder prior to the analysis in the diamond-anvil cell. Second, 
the authors reported a partial wurtzite → zinc-blende transforma-
tion during the grinding procedure, thus the powders contained 
a mixture of the two phases. Finally, when the wurtzite sample 
was compressed, it transformed into the zinc-blende structure 
prior to a transition at higher pressure to the rock-salt structure, 
and these two phases coexisted between from 12.4 to 13.5 GPa. 
These observations could also explain the discrepancy reported 
on the calculated bulk modulus.

Figure 6. Selected thermodynamic and elastic properties 
of wurtzite at 0 GPa between 0 and 2000  K, calculated on 
supercells (SC) of increasing size (32, 108, and 256 atoms 
in SC32, SC108, and SC265, respectively). (a) Entropy, (b) 
isochoric, CV, and isobaric, CP, heat capacities, (c) enthalpy (as 
HT–H300), (d) volumetric thermal expansion coefficient, aV, and 
(e) isothermal, KT, and adiabatic, KS, bulk moduli (corresponding 
to the Reuss lower bound).
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Figure 7. Contour maps in the pressure and temperature ranges 0–20 GPa and 0–2000 K, respectively, of (a) adiabatic bulk modulus (Reuss lower 
bound), (b) entropy, (c) enthalpy, and (d) Gibbs free energy. (c and d) The reported difference is related to the wurtzite at zero pressure and temperature.

Figure 8. (a) Relative unit cell of wurtzite at 300 K as a function of pressure, calculated at the DFT/B3LYP level of theory, compared to the 
experimental results of Desgreniers et al. (2000). (b) Contour maps of the wurtzite unit cell in the pressure and temperature ranges 0–20 GPa and 
0–2000 K, respectively.
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Implications
Because wurtzite an important mineral phase in scientific 

and technological fields spanning from geology/mineralogy to 
material science, the present work provided deep insights on 
its thermodynamic, thermomechanical, and electronic proper-
ties that can be useful for various applications. To cite some 
examples, the thermoelastic behavior of wz-ZnS showed that 
this mineral is unstable at high pressure, and, considering also 
previous experimental and theoretical works, it should transform 
to the rock-salt ZnS structure below the Earth’s surface. The 
piezoelectric and elastic constants, electronic band structure, and 
density of states are very important for industrial applications 
of wurtzite, because they could help to design a semiconduc-
tor material with tailored properties or, linked to the previous 
geological consideration, develop pressure sensors based on the 
direct-indirect bandgap.

Wurtzite is also a model system for diamond-like structures 
presenting ionic bonds and many important minerals and semi-
conductors are isostructural with wz-ZnS, hence detailed elastic 
and thermodynamic data are useful to compare the effects of cat-
ionic/anionic substitutions and other crystal-chemical variations.

As a final note, the theoretical approach here employed, based 
on a combination of static (0 K) and thermal (QHA) methods, 
proved to be consistent and sound. The hybrid density functional 
theory functionals (as B3LYP) are also a very good choice for 
the prediction of thermodynamic properties of different kinds of 
minerals and compounds. This is important to obtain fundamental 
data at pressure and temperature conditions that are still difficult 
and expensive to be obtained experimentally. Indeed, a proper 
calibration of the static/QHA approach is a powerful predicting 
tool able to provide detailed analyses of phases of interest for 
different and manifold fields of applications.
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