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New extended thermodynamics balance equations
for an electron gas confined in a metallic body*

Elvira Barberal Francesca Brinit

Abstract

Sommerfeld’s theory of metal electrons suggests that the electrons in
a metal can be described as a gas of free fermion particles confined in-
side the metallic body. In this paper a new extended thermodynamics
model is proposed starting from this idea. The model includes both the
stress tensor and a quadratic expansion of the distribution function in
the neighborhhod of an equilibrium state. Such contributions were ne-
glected in the original model proposed by Miiller in 1976; so this new set
of balance laws represents an improvement aimed at the description of
non-equilibrium phenomena. The application to a simple case is briefly
analysed.

1 Introduction

Sommerfeld [1, 2] suggested a new way to treat physical problems that involve
metal electrons. In particular, he thought the electrons as a gas of fermion free
particles that from time to time collide with a lattice metallic ion. In order to
construct a macroscopic model to describe thermomagnetic and galvanomag-
netic effects related to metal electrons, it is natural to refer to rational extended
thermodynamics (RET). In fact, this theory [3, 4] was developed to describe
non-equilibrium phenomena in rarefied gases. Its new idea with respect to clas-
sical thermodynamics (CT) is to consider as field (independent) variables not
only the usual ones (mass density, momentum, energy) but also non-equilibrium
quantities such as the stress tensor, the heat flux and others. The corresponding
field equations turn out to be balance laws supplemented by local and istanta-
neous constitutive equations that satisfy universal physical principles, like the
entropy principle and the principle of relativity. [3, 4]. In order to fix such
constitutive relations different methods were developed. The RET macroscopic

*This paper is dedicated to Professor M. Sugiyama and to Professor G. Toscani on the
occasion of their seventieth birthday.

tDepartment of Mathematical, Computer, Physical and Earth Sciences, University of
Messina, V.le F. DAlcontres 31, 98166 Messina — Italy, ebarbera@unime.it

tDepartment of Mathematics and AM2, University of Bologna, via Saragozza,8, 40123
Bologna — Italy, francesca.brini@unibo.it



approach identifies suitable constitutive relations through the validity require-
ment of the universal physical principles; a complete overview of this technique
can be found in [3], while a simple application of this approach in the case of
metal electrons is presented in [5]. At a microscopic level the set of balance
laws can be obtained referring to the Grad method [6] or to the Maximum En-
tropy Principle (MEP) [3, 4]. As first step the infinite hierarchy of moments
derived from the Boltzmann equation is truncated at some order. To close the
truncated system, that is to say to express all the quantities as functions of
the field variables, the form of the suitable ”truncated” distribution function is
identified through MEP and in this way all the constitutive relations are fixed.
Usually the ”truncated” distribution function is linearized in the neighborhood
of an equilibrium state and this gives rise to a theory linearized with respect
to the non-equilibrium variables. For an exhaustive description and compar-
ison of such procedures see, for example, [3, 4, 7] and the references therein.
The hyperbolic PDE systems of RET, initially proposed by Miiller, Ruggeri
and others researchers for monatomic gases [3], were capable to describe well
non-stationary phenomena, overcoming the paradox of infinite velocity typical
of parabolic PDEs. Recently, RET has been generalized to rarefied polyatomic
gases both in the classical [4] and in the relativistic [8] framework and also
to quantum systems [9], providing relevant results and good agreement with
experimental data.

For metal electrons a RET model with 8 moments (mass density, momentum,
energy and heat flux) was deduced by Miiller and Ruggeri in [3], starting from
a previous paper by Miiller [10]. The model was also studied and generalized
in [5]. It is well known that a good description of phenomena sufficiently far
from equilibrium could require more moments and a nonlinear expansion of the
systems with respect to non-equilibrium variables [3, 4, 7]. For this reason,
in the present paper we introduce a RET model for metal electrons with 13
moments and take into account also quadratic non-equilibrium terms. The
RET procedure is briefly summarized in section 2 with a particular attention to
degenerate gases. Some preliminary calculations and notation are presented in
section 3, while in section 4 and 5 the ”linear” and the ”quadratic” 13-moment
model is constructed. An application of the quadratic model is presented in
section 6 and, finally, section 7 is devoted to the conclusions.

2 From the kinetic theory to the closure of the
truncated moment hierarchy

Following Sommerfel’s ideas, the electrons are supposed to be point-particles
moving inside the metallic body, while the ions form a periodic lattice and are
modeled as rigid spheres (with a non-negligible radius) at rest, equipped with
a mass much greater than the electron mass. Under such hypothesis, the colli-
sion between an electron and an ion is described as elastic, while the collisions
between two electrons are neglected. The starting point for the construction of



a model of free-electrons in a metal is obviously the Boltzmann equation[3, 10]:

0 0 0
37{+Ck871i+ék670{6:s7 (1)
where, as usual, here and in what follows repeated indexes imply their sum (in
(1), for example, Zzzl is omitted), ¢ is the time, x = (z1,x2,x3) the space
variables, ¢ = (c1, ¢2, ¢3) the particle velocity vector, f = f(x,c,t) is the phase
density, so that
f(x,¢,t)dxdc (2)

represents the number of electron in an infinitesimal element dxdc of the phase
space. Moreover, S is the collision term and, concerning ¢, it holds

3
Cr = |:1/}k + ;Fklcl} for k=1,2,3, (3)

with ¢ = —%Sk + 12 and T’y = _%ﬁklan + 2Wy,
m m

if —¢. denotes the electron charge, m the electron mass, €, the Levi-Civita
tensor, & and By (for k = 1,2,3) are respectively the electromotive intensity
and the magnetic flux density that for the metal electrons give rise to the specific
external electromagnetic force, ig (for k = 1,2,3) denotes the k-components of
velocity-independent part of the specific inertial force, while Wy, is related to
the Coriolis force [3]. We stress that I';,, represents an antisymmetric matrix.

Following [1, 10] and considering elastic electron-ion collisions, the velocity
of an electron before the collision, ¢, and the corresponding velocity after the
collision, ¢’, have to satisfy the following condition

¢, =cp —2er(c-e) k=1,23, (4)

if - denotes the scalar product and e represents the unit vector that goes from
the center of the ion sphere to the impact point of the electron [10]. In this way,
it holds [1, 2, 10]

27 pm/2
S=S(f) = iﬁ / / o(f' — f)cosOsinf dode, (5)
™™ Jo 0

if ¢ = ||, £ is the mean free path of an electron between two collisions, [/ =
f(c',x,t), 0 is the angle between e and ¢ (so that (c-e) = ccosf) and e is the
angle spanned by the plane containing ¢ and e with a fixed plane containing c
[10].

An infinite hierarchy of moment equations can be derived from the Boltz-
mann equation (1), introducing the following definitions



F = m/ / / fdcideades

Fj1j2.--jn :m/ / / lech...Cjnfd61dCQd03 n = 1,2,3..., (6)

Qiris..jin :m/ / / CjrCy - - - €5, S(f)derdeades n=1,2,3...,

if jo = 1,2,3 Vs € N\{0}, and one refers to the usual notation (see, for example,
[3, 7]). In this way the hierarchy reads

OF + 0, Fr, =0,

O F; + Oy Froi — Ui F —Tin By, = Qs

OFij 4 On Frij — 0iFy — Y Fy — Din Bl — U Fip = Q5

0t Fiji + Oy Frjit — Vil — B — 0iFy; — UinFin — UjnFin — DinFijn = Qi

ey

(7)

with 8;- =0 /Ot and 0, - = 0 - /Oxy.

The infinite set of balance laws obtained in (7) is usually truncated at some
truncation order N. In the next section, for example, we will consider the case
N = 3. Usually the truncation practice leads to a closure problem, since the
last fluxes and the production terms are not a priori expressed as a function of
the density variables (which play the role of the independent field variables).
Different methods were introduced in the past to close the system, as already
recalled in the introduction.

In the present case, taking into account that we deal with fermion particles,
the phase density that maximizes the entropy (MEP method) is [3]

Y .
= ith =mA-¢p(c 8
N oxpOen/Fp) + 1 w XN ¢(c) (8)
where kp denotes the Boltzmann constant, A denotes the main field vector [3]
and

‘P(C) = (1,Cj1,lecj2,lecj26j3, B PL e P CjN>
(9)

A= (Av Aj17Aj1j2’ Ajljzjs s Ajljz---jN)'

At equilibrium all the main field components vanish except A¥ = —g/T and
Af =1/(6T)d;; and the distribution function reduces to [3]

2
m mc
fom——Y it ye=-T94

exp(xe/kp) +1 T 2T (10)



with T temperature and g specific free-enthalpy. In order to simplify the calcu-
lations, usually, in Extended Thermodynamics [3, 4], f is approximated in the
neighborhood of an equilibrium state thanks to a Taylor expansion of a certain
prefixed order o (0 > 1)

& 1d°
I8 (x4 S T
ol dx%

d 1
IRYRE T wrer
XE

2 dj,
that corresponds to the Taylor expansion of the main field A of the mo-
ments F(©) = (F(O),F](f) e ,Esi’;éij) and of the production terms Q(®) =
(0.Q57 -+ @7}, ) with

FO —m f(")dc7 F(O)jljz,,,js = m/ Cj1Cy - - - cjsf(o)dc,
R3 R3 (12)

Q(O)jm.__js = m/]RS CirCiy -+ €. S(f@)de  with s =1,2,... N,

so that, one can write

A = AP L AAD + AA®) 4. AN,
FOO =FF 4t AFD 4 AF® ... L AF©), (13)
QW =QF + AQW + AQ® 4+ ... + AQ,

if AAR) = AF) — Ak=1)  AFKF) = ) — 1) and AQH) = QF) — Q-1
for k=1,2...0 and A®© = AE) FO) = F&E) while Q© = QF = 0.

Referring to fj(\f ) all the densities, fluxes and production terms of the trun-
cated moment system can be determined [3, 4, 11, 7] as functions of the field
variables. We are studying here a gas of charged particles in the presence of an
external electromagnetic field. Thus, it is not reasonable to impose the Galilean
invariance of the moment equations and from now on we will refer to a ref-
erence frame integral with the metallic body. This fact constitutes a relevant
difference with respect to the common procedure used for non-degenerate gases
[12]. Moreover, we underline that, here, the momentum density is related to the
electric current, that is to say it represents a non-equilibrium quantity and this
is a further difference with respect to the usual procedure for the construction
of the field system. We recall that in the case of metal electrons the set of
balance laws was already determined when the expansion order o is 1 and the
truncation order N = 3, under the restrictive assumption that the stress tensor
vanish [3]. Some further expansions of f with respect to the mean free path
parameter were considered by Miiller in [10], but no general expression of the
balance laws were determined.

In the following we will construct the balance equation system both for
a linear and a quadratic expansion of f without neglecting the stress tensor
contribution. Before that, we recall briefly some notations and determine the
general expression for the production terms.



3 Furhter notation, preliminary definitions and
calculations

In what follows we will denote by « and ¥ the following quantities [3, 10]:

mg 2kpT
- 9 = , 14
=T - (14)
so that the equilibrium distribution function can be rewritten as
: (15)

E=——" @
exp(oz—|—%)—|—l

When a fermion gas is taken into account the following integral function is
usually introduced (see for example [3, 10, 13]):

o0 .I‘k
) = _— if . 1
() /0 Sl keN (16)

Since no analytic expression can be derived for ix(a), several techniques have
been developed to calculate it numerically, for an exhaustive review see [13].
Moreover, the function presents some peculiar properties, and in particular we
recall, among the others, the following recurrence relation

d’(’;g)‘) . > L ia(a) k=2 (17)
For the sake of brevity, we introduce also the following functions that depends
on ix(a) (n, k€ N):

I (o) = (k + 1)ig(c), Hy (o) = (@) Ii2(a) = Inta(a) Ip(a),  (18)

the main properties of H, ;(«) are summarized and proved in Appendix A.
The production terms of the moment equations are determined starting from
(5) and (6) [10, 3].
In particular, besides the relations already available in [10]

1 27 pm/2 1
717/0 /0 (¢}, — ck) cosOsin dfde = =5k

(19)
1 2m w/2 1 1
7 /0 (ch¢ — cxej) cosOsin @ dfde = _Z(Ckcj - §Cz§kj)’
we have also determined:
1 27 pm/2 1
), /0 (ke — crejei) cosOsin @ dfde = =5 CkC;Cis
1 27 pm/2 (20)
= / (ckCjcicr — crcjeicr) cos O sinf dfde =
7 Jo Jo
1 1
= _Z(CijCiCl - T504 (5kj5il + 5ki5jl + 5kl5ji)) .



In what follows we will focus on the case N = 3 for a certain expansion order o
and we will consider only the first 13 moment variables which are: mass density

p = F©) the components of the momentum density J; = Fi(o) (we recall that
S; = —qeJi/m is the i-component of the electric current) the momentum flux

P = E(Jo), and the componets of heat flux 2¢; = Zl 1 m (i,j =1,2,3). The

correspondlng equation system reads

8tF(O) + 0, F =0,

O + 00, ) — F(O) ~ T F = Q7

OF + 0, ;) - FO 1, F 1, F9 = QY
t + it kij % '(/}] intjp inFin, Q” ,
8t 7.ll + aﬁvk Flg)ll wz—Fl(ZO) - 2’¢ F(O — FlnFr(L(l)) = leol)

(21)

4 The balance laws in the case of linear expan-
sion of fy

In this Section we will consider the linear expansion of fy that is to say o = 1,
so that the moments are expressed as

p=FD =m [ fPdc,
R3

Ji=FY =m [ ¢;f{Pde =123,
R‘”‘ (22)

2
P = Fi(jl) =0+ —365”' = m/ Ciij'?El)dC i,7=1,2,3,
R3

(1
2q; = z”):m/ cc c,

if e = Fl‘lE /2 denotes the energy density, while o;; = F2%> the deviatoric part
of P”

The equilibrium variables p and e turn out to be
4 3/2 2 5/2
p= gwmyﬁ Ir(«), e= 57rmy19 Iy(a). (23)

From the previous relations one can derive the explicit expression of the non-
equilibrium main field components.

3kp(V1s(a) Jx — 214()qr)
2ym2mI7/2Hy o(cv)

ANV =0, AAY =

(24)
15kgoik
dym?2rd7/ 214 ()’

3]{,'3(?9[4( ) k—QIQ(Oé) )
2ym2m9/2 Hy o(cr)

1 1
anp - AA) -



and consequently, if a = a(0, a) = 4wmyd7/?I() /21, the last flux components
read

9 1
AR = g(Qk&j + qi0jk + q;j0ir), AFY) = 6(a)190ki + adg;- (25)

kij kill — I4(Oé)

Furthermore, the production terms can be determined thanks to relations (5),
(19) and (20); so, finally, the balance laws read

8tp + 8xk Jk = 0,

2 1
04 Ji + Oq, (Um' + 3€5ki> —ip — Tindn = —= [9J;111 + 2¢;115],

g
a (%- n geaij> 48, (qu@j + ng-akj + gqjaik) — iy — b Ji—
—Tinojn —Ljnoipm = —?Zgzgaw, (26)
0:(245) + Oa, (akﬂﬁig; + a5ki) — %n (om + ge%) -
g = @ [9.J:115 + 2¢;T14]
where
(27)

5 The balance laws in the case of quadratic ex-
pansion of fy

The second order terms of the main field variables can be determined with the
procedure described in [11, 7], obtaining:

AA(Q) = BlJan + 52ann + BSQnQn + ﬁ40-n50-n57

AAEQ) = ﬂ5o—in(]n + 660—2'71(]117

. (25)
AN = Brdidj + Bsdndndij + Bo(Jiqj + Jjai) + BroJngndi; + Br1diq;+
+ B12Gnqndi; + B130in0jn + S140n0sndij,

AAEZ) = B150inJn + B16Tindn,



where

_ 3]{:3(3]62(0[)}[270(0‘) - 7HZ72(OL) - QIQ(Q)IG(Q)HALQ(O[))

A 167r2m3y2194H270(a)Hf}2(a) ’
By = kply(a)(3l2(a)Hyp(ar) — Ig(c) Hy o(cx))
2 47r2m3y2195H2$0(04)HZ’2(a) ’
By = kp(913(a)Hao() — 2713 () Hy2(c)) 5, = 15kpIs (o)
YT eI @ ag() T 6wmd R L (o) Ha(a)
5 B —45kBI6(Oz) ﬂ o 63kB
° T 8m2m3y205 () Hyg(a)’ T Am2m3y295 Hy 5 ()’
(29)
B, = & B — kB(3[2(Oé)(7HiQ(Oé) — 3]3(0&)}[270(01) + 912(04)16(04)]{4,2(@))
T T 16m2m3y2 14 (o) Hao(a) HE 5 () ’
By = 63kp By = 9%k pIa(or)(Is(c)Hap(cr) — 312 () Hyo(cx))
P 8 mIyP O Hyp () 4w mSy295 Hy o (a) H3 5 () ’
By = — 81kply(a) _ 9kpls(a)(313(a)Hap(a) — I3 () Hao(a)
1 4m2m3y297 Iy (a) Hyp(o)’ - 47r2m3y2197f4(04)H270(a)Hi2(Oz) ’
5 o 225]173 _ 15kB(5H270(04) + 2[0(0&)[4(04))
8 16m2m3y29613 (o)’ M 32m2m3y96 I3 () Ha,o(ar)
B 63kp B
615 - 87T2m3y2'l96H4,2(Oé), ﬁlﬁ - Bll*

(30)

When the expansion order o is varied, the density vector remains the same; so,
in the present case, F(?) = F(), FZ-(?) = Fi(1)7 Fi(jz) = i(jl) and Fi(l?) = Fz(l})
while the last components of the flux vector change as follows:

2
AF;EZQ]) =b1[(Jiojr + Jjou + Jroij) — an(Ukn(Sij + 0indjk + Ojndix) ]+

2
+b2[(qiojk + qioin + qroij) — gqn(akn(;ij + 0indjk + 0jnlir)), (31)
AFISZ)Z =bsJ; ik + baJ* i + b5 (Juqi + Jiqk) + b6 Jnqndin+

+ b7qk i + bsq*Sik + boOknTin + b100snTsn ik,



where the previous coeffiecients by, bs, .., big depend on « and ¢ and read

316(04) o 3(9H472(a) — 2[2(04))

' rmyd3 P Hyo(a) 7 14rmyd®/2 I (a)Hys(a)
3(5[3(0[)]‘[42(04) - 11[42(0‘)1{6,4(0‘))

b =
3 20mmy 9/ 24(a) H 5 (a) ’
by — 35H;I’!2(oz) — 33Hs o(a)Hg 4(a) I3 () + 45Hf’2(a)12(a)16(a)
‘T 40mmy /21, (o) Hy o (a) HE 5 () ’
be — _3(516(04)H4,2(0¢) — 11[2(04)H6,4(Oé)
’ 10mmy93/2H3 5 () ’
' 32
b — 3]2(0[)(11H2’0(OZ>H6’4(O£) - 15Hf,2(a) ( )
6= 107rmy193/2H270(a)H272(04) ’
be — 3(7H4272(OL) — 11[22(01)H5,4(Oz) + 512(04)16(04)}[4,2(0‘))
T 10mmy95/2 I, (o) H 5 () ’
b — 3(—1513(a)HZ 5(a) + 1113 () Ho 4 () Ha o () — 2Hz 0 () HE 5 (@)
5 10mmy95/21; (o) Ha () H3 5 () ’
_ 15]6(Oé) by — 5(3[6(04)H2,0(Oé) — 7[2(04)[’[4)2(0())
4rmyd3/213 (o)’ 10 56mmyd3/212 (o) Ha o) '
Finally, also the quadratic terms of the production can be determined
AQ® =0,
AQ® _ 3H3.4(2)0Jn0in + 6Hs,2(a)qnoin
’ drmyl3 Iy (a) Hy o () ’
AQZ(-JQ-) =c1 (335 — J?8i5) + c2(3qiq; — ¢°0i)+ (33)
+¢3(3Jiq; + 3745 — 2Jnqndij) + ca(30in0jn — Ten0snbij),
AQ(2) :9H5,4(a)7-9<]n0'in + 6H275(Q)Qn0—in
it 4rmyld? 14 (a) Hy o(cv) ’
where i, j = 1,2,3 and the coefficients ¢, co, c3, c4 are
o 75Ig(a)H3,2(a) + Is(a)I4(a)Hs 4(a) + 1013 (o) Hy5(x)
! 20mmy 1y () Hi 5(cv) ’
o= 61 () Hz 2 + I(a)ly(a)Ha 5(a) + 915 () Hy5(a)
? Smmyl93 I, (o) Hy () ’ (34)
o — _I4(Oz)H4’3(Oz) + 5[6(05)H273(04> + 10]2(0()H5}4(Oé)
s 10mmylV2 H3 5(av) ’
= — 5[5(0[)
t 28mmyl2I2 ()

Referring to the previous relations, system (21) can be easily written explicitly.
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6 A simple one-dimensional stationary case

To make a simple comparison between the present model and that proposed in
[3], we investigate the case of one-dimensional phenomena, that take place, for
example, in a metallic wire. Let 1 be the one-dimensional space variable and
assume that o;; = 0 Vi, 5 = 1,2, 3. Neglecting the differential equation for o;; in
(21), and assuming that go = g3 = Jo = J3 = 0, the ”quadratic” model derived
in the previous sections reduces to

8tp+6$1‘]1:07

2 1
i + 0y, | e ) —v1p = —=[0J111; + 2q1115],
t (3> P1p é\/@[ 11d1 q1 2]
e + 0, q1 — 1 J1 = 0,

10
0u(21) + O, (a+ (by + ba)JE + (265 + bo) iy + (br + by)a? ) — e =

9
= % [19J1H3 + 2q1H4] .

(35)

The underlined terms are quadratic in the non-equilibrium variables, if they are
neglected the equation system reduces to the one of [3].

Let us assume that the electric current vanish (J; = 0), there are no external
forces and only stationary phenomena are examined, after some calculations the
previous equations imply

q1 = const

do 3l ey dv

Ay eqv/0t" T e du (36)
v 20114¢q — (aa + (b7 + bs)agi)312

-5 = q1,
dx; \/Eé[ea(aqg + (b7 + bs)ng%) — Eg(aa + (b7 + bg)aq%)]

where for a generic variable u and a generic function z z, = 0z/0u and (-), =
0-/0u. Equation (36)3 can be seen as a generalization of the Fourier law, written
in an implicit form. In fact, if the underlined terms (which are the quadratic
ones) are neglected, (36)3 reduces to the the Fourier law already determined in
[10]. In a similar way also the generalized Ohm’s law can be determined.

7 Conclusions and final remarks

In this paper we introduced a RET model for metal electrons and we studied
it in a simple one-dimensional stationary case. The equation system is a gen-
eralization of a previous one by Miiller and Ruggeri [3] and takes into account
both quadratic contributions and the deviatoric part of the momentum density.
The goal of this work was the description of phenomena far from equilibrium

11



that involve metal electrons. Therefore, the present paper constitutes the start-
ing point for further investigations on the mathematical properties and on the
range of applicability of the model, as well as for applications to realistic physical
problems.

8 Appendix A

Property 1
Given n, k € N and assuming that the fermion gas is not completely degen-
erate, for Hy, ;(c) it holds

>0 ifn<k
Hypa)s =0 iftn=k (37)
<0 ifn>k

Proof of Property 1 Recalling the definition of H, , = I,(a)ljyo(a) —
Into(a)Ii(e) it is immediate to show that H,, = 0 ¥n € N and also that
H, ) = —Hj,. Thus the proof reduces to the first case, i.e. n < k; in this
framework we assume that &k = n + h with » € N\{0}. From (17), we can
deduce that I;_o = —2d“(a) Vj > 2 with j € N. So the function H, j(«)
becomes

Hop(c) = 4 <din+z(a) digsa(@)  dinsa(a) dz’k+2(a)>

do do do do (38)

If we consider (16) and define g(x, ) = 1/(exp(a + 22) + 1), (38) becomes

oo 1 9g(x, ) Ag(y,
nk _4/ / g 9(89 ) ( n+2 n+h+4 n+4yn+h+2) dzdy.

(39)
Permuting the integration variables z and y in (39), it holds

+o0o +°°8 a( )
9 €T, ) ogly, o pT2ynt2 (pht2 20k
/ / e v (y Y+

+ a2 — 22" dmdy =

400 ptoo
72/ / 5‘g (z, 39(% @) 222 (g2 02 (yh — o) dady,

(40)

The integrand in (40) is a non-negative function Yh € N\{0}, moreover its
support has clearly a non-zero mesaure in R2, therefore the double integral is
strictly positive.

By contrast, when a gas is completely degenerate, i.e. when a@ — —oo the
integrand function vanishes and the property is no more valid. O

The property 1 and its proof are a generalization of theorem 1 in [5].
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