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1 | INTRODUCTION

Letrm: Eg, p— ﬂg, p be the universal curve over the moduli stack of stable marked curves, where P is a nonempty set of
markings. The (weak version of) Franchetta’s conjecture, now a theorem due to Harer [7] and Arbarello-Cornalba [1],

gives an explicit description of the Picard group of the universal curve. Every divisor on Cg p, up to a divisor pulled back
from ﬂg,p, is linearly equivalent to

D=¢K.+ Y dyo,+ ) apsCys (11)
peEP h,S

for some integers ¢, d,, and a;, 5. Here K;=¢ (w,,) is the first Chern class of the relative dualising sheaf, ¢, is the class of
the p-th section, and Cj, 5 (see Definition 2.3) is the class of the irreducible component not containing the moving point
lying above the boundary divisor A, ¢ C ﬂg’p (more details in Section 2).

Our main result is an explicit formula for the Chern character of the derived pushforward

ch(R'7,6(D)),
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in terms of certain standard generators of the tautological ring (boundary strata classes decorated with x classes and 3
classes). These generators, denoted X, )~(, Y and Z, are introduced in Notation 2.5. To state our main result we first recall
the definition of the Bernoulli polynomials B,(¢), which are defined by the identity

ZB(f)[ ebp X
120 f =1

In particular, B, := B,(0) are the classical Bernoulli numbers.
In Section 3 we prove:

Theorem 1.1. IfDisasin (1.1), then

ch(R'7.6(D)) = Q + @,

where
akj
By(£) S RILT
Q= Z b! Z § Gl CHSYES)
t>1 r>0 j=1 J
a+b=t ki+--+k,=a
kj>0
(h1,51)<~-~<(hr,5,)
5 . ak.f
(=1)"Bg(¢) niS;
Z B Z ”Zd“(zpp)blx
alp! 1 k! (h,),(Sr)
>1 r>0 j=1 "J° peP\S,
a+b=t ki+---+k,=a
b>0 k;j>0
a+p=b (h1,81)<-++<(hy.S;)
and
kj
By, 7 Onys;

— 4 - e
e=> X 3 2 I 2 v
t>2 a+b=t r>0 j=1 "J° 0<e<b-2
b>0 even ky+--+k,=a
a>0 kj>0

(h1’51)<"'<(hr’sr)
. Skr.(e,b—2—e) Sk, ,(e,b—2—e) k, 7K 1,(e+k,,b—2—e)
(( 2 Koo ) ey DR )>
(I, 7)>(h,,S,)
and the symbol (hy,S;) < -+ < (h,,S,) denotes a strictly ordered chain of stable bipartitions (see Notation 2.4).

Our formula expresses ch; (R'n'*ﬁ(D)) as a polynomial of degree ¢ + 1 in the variables ¢, d),, aj s with coefficients in

the tautological ring of ﬂg,p. The special case where all aj, s = 0 can be extracted from Chiodo’s formula [3, Thm. 1.1.1].

We prove Theorem 1.1 by applying the Grothendieck-Riemann-Roch formula to the universal curve 7z, as in Mumford’s
seminal calculation of the Chern character of the Hodge bundle [16, Sect. 4].

The formula in Theorem 1.1 has been implemented into the Sage program [18] and is available upon request from the
third named author.

Our main motivation is computing the pullback of (extended, cohomological) Brill-Noether classes w,
Jacobian via the Abel-Jacobi sections. Here we give a preview, full details are in Section 4.

Fix0<d < g—1and let j — M, p be the universal Jacobian parametrising line bundles of degree d over smooth
P-pointed curves of genus g. Let & denote the universal (or Poincaré) line bundle on the universal curve

on the universal

H:Jg XMP gP_’J
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For 0 < r < d/2, the universal Brill-Noether locus Ws is set-theoretically defined by

W= { (C,P,L) | L € Pic’ C, hO(C,L) > r } c g,
and can be endowed with the scheme structure of the (g — d + r)-th Fitting ideal of R'77,%. Each Wg is in general not
equidimensional, and the dimension of its irreducible components is unknown. However, a cohomological Brill-Noether
class w/, supported on W) and of the expected dimension can be defined, via the Thom-Porteous formula, as the (r + 1) X
(r + 1) determinant
—_ Ar+D o= o 7d

wy =48 c(—REZL) €A (Tgp)- (1.2)

The notation A((]p )¢ stands for the p X p determinant |cq, j_;|,for 1 < i, j < pand a general seriesc = )}, ¢y (see Section 4.2

for more details).
The discussion of the previous paragraph extends verbatim to M, p. One constructs a compactified universal Jacobian

T gp(@) = Mgp (1.3)

for all nondegenerate polarisations ¢, and classes w/,(¢) also defined by Formula (1.2), mutatis mutandis. The compact-
ified universal Jacobian (1.3) extends Jg”fp — M, p and consists of torsion free sheaves of rank 1 on stable curves, whose
multidegree is prescribed by ¢. The rational sections of (1.3) are called Abel-Jacobi sections. By Franchetta’s conjecture,
they are all of the form

s: (C,P) > w,f;< Y dyo,+ ) ah’SCh,S>, (1.4)

PEP h,S

for some integers ¢, d,, and a;, 5.

A natural question that has attracted lots of attention is computing the pullback of w’,(¢) via the section s. This problem
is complicated by the fact that the latter section is, in general, only a rational map. Theorem 1.1 allows one to compute
s*w;,(¢) for every ¢ such that s is a morphism (these ¢’s are characterised in [13, Sect. 6.1]). Indeed, for every such ¢, we
will prove in Corollary 4.7 the equality

SWi (@) = A o - R'm0(0(4))), (15)
where D(¢) is a modification of a divisor D as in (1.1) obtained by replacing the coefficients a;, ¢ with the unique coefficients
ap.s(¢) such that D(¢) is ¢-stable on all curves with 1 node. Combining (1.5) with Theorem 1.1 and with the inversion
formula (see Equation (4.9)) for the Chern character, we obtain an explicit expression, for all ¢ such that s is a morphism,
for the cohomology class s*w/ (¢) in terms of the standard generators of the tautological ring.

The case r = d = 0 is related to the problem of extending and calculating the (£-twisted) Double Ramification Cycle —
more details are in Section 4.3 (see also Example 4.3).

Conventions. We will work over the field of complex numbers C. If X is a smooth Deligne-Mumford stack, we will denote
by A°(X) its Chow ring with rational coefficients.

2 | TAUTOLOGICAL CLASSES
2.1 | Definition of the tautological ring

Throughout we fix an integer g > 1 and a set of markings P # @. We follow the exposition and the notation of [2, Sect. 17.4]
to introduce the tautological ring of the moduli space M, p of stable P-pointed curves of genus g.
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It is well-known that the universal curve over the moduli stack of stable P-pointed curves can be identified with the
forgetful morphism from the moduli stack with one extra marking. Throughout we will denote them by

— J— T —

Cop = Mgpyixy = Mgp,

and we will freely switch from one description to the other.
For each marking p € P, we let

L=
o, € A (Cyp)
denote the divisor class corresponding to the p-th section of 7. Let w, be the relative dualising sheaf, and set
K, = c1<wﬂ(2 ap>>, K, =c¢ (0;) =K, — 2 ap.
P p

We define the cotangent line classes by
¥, = 03K, € AY(Myp).
For a > 0, we define the kappa classes
K = KI € A% (Myp).
The tautological ring of the moduli space of stable marked curves
R (Mgp) C A" (Myp)

was originally defined by Mumford in [16, Sect. 4] in the unmarked case P = @ (which is not discussed in this paper), and an
elegant definition for all moduli spaces of stable marked curves at once was later given by C. Faber and R. Pandharipande
[4]. We will give here an alternative definition to suit our purposes.

First we recall the notion of decorated boundary stratum class. For I' = (V(I'), E(T"), L(T")) in the set G, p of isomorphism
classes of stable P-pointed graphs of genus g (see [2, Ch. XI1.10] for the precise definition of a stable graph and of the set
Gg, p), we let

ﬂr‘ = H Mgu’Pu
vev(D)

and denote by & : Mr - ﬂg,P the associated clutching morphism. Here, P,, is the set of half-edges and legs issuing from
the vertex v, and we require that the stability condition 2g, — 2 + |P,| > 0 is fulfilled for all vertices v. A “decoration”
0= (GU)U on the graph T' is the datum of a monomial

a b; S
6, = [[ " [Ir;' €4 (Mg,n,)
PEPy J
for each vertex v € V(I'). Classes of the form
ﬁﬁw( H ev) EA.(ﬂg,P)’
vev(D)

for " and 6 as above, are called decorated boundary strata classes. (Here and in the following, we omit writing the pullback
via the projection map to the factor, and we omit writing the tensor product of classes, unless that helps identifying which
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factor they are pulled back from). We define R* (ﬂg, P) to be the vector subspace of A* (ﬂg, P) generated by these classes
and then endow it with the intersection product. When ,, is trivial for all v, we simply write &t := &r,.(1)/|Aut|.

The collection of decorated boundary strata classes can be made into a finite set (for fixed g and P) by only considering
decorations 6 that are not obviously vanishing for degree reasons. Even so, this collection is far from being a basis. All
known relations among these generators belong to a vector space generated by the so-called Pixton’s relations, see [17] and
[11], but whether or not these are all the existing relations is so far unknown.

In this paper, “calculating” an element of R* (ﬂg, P) always means expressing it as an explicit, non-unique, linear com-
bination of decorated boundary strata classes. We will often use graph notation for these classes; for example we will
denote by

() K

P00

S T

a

the class &r, (¥, ® 1 ® k), where &1 is the clutching morphism

Ma,Su{pl} X Ml,Tu{pz,pa} X H2,{p4} — Mssur

which glues p; to p, and p; to p,.

2.2 | Boundary divisors

Here we discuss and fix some convention for the particular case of the tautological classes that correspond to boundary
divisors.

Definition 2.1. We define the set of stable bipartitions of (g, P) to be the collection of pairs (h, S) where S C P is a subset of
the set of markings, and 0 < h < gis such thatif 4 = 0 then |S| > 2 and if & = g then |S¢| > 2 (where S¢ = P \ S denotes
the complement).

We also make the following:

Convention 2.2. We assume that for every stable bipartition (4, S), the set S contains a distinguished marking 1 € P. (In
particular, S is never empty.)

With this convention, there is a bijection between the set of stable bipartitions and the set of stable graphs T, s € G p
with two vertices and one edge.
The (codimension one) clutching morphism corresponding to I'y 5 is denoted

Ens T Musuiqr X Mg_nseuiry = Mgp.

Its image is the boundary divisor A, s and its class 6y, ; will simply be denoted by 5, 5.

There is one more boundary divisor of ﬂg’p, which parametrises irreducible singular curves. That divisor is the image
of the clutching morphism §&;,, that corresponds to the stable graph T, consisting of one vertex of genus g — 1 with a loop
and with all markings P.

Definition 2.3. For a fixed stable bipartition (h, S) of (g, P), the inverse image 7! (Ah,s) in the universal curve Eg,p
consists of two irreducible components. We will denote by C;lr < the class of the component that contains the moving point
x on the universal curve, and by Cj, 5 the class of the other component, see Figure 1.
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O—) O—)

S  (P\S)u{x} Su{x} P\S

FIGURE 1 After identifying Eg_P with M&PU{X}, the divisor class Cj, g (resp. C;;S) corresponds to the stable (P U {x })-pointed graph
depicted on the left (resp. on the right)

2.3 | Products of components on the universal curve

In this section we compute the product of components C, ¢ in the Chow ring of the universal curve Eg,p. This will motivate
introducing the notation that appears in our main formula, Theorem 1.1. That notation will be first used in the follow-
ing section.

Recall that by Convention 2.2 every subset S C P contains 1. We define a partial ordering on the stable bipartitions (h, S)
by setting

(hl’Sl) < (hz,Sz) if and Only if I’ll < h2 and Sl C Sz. (21)
Notation 2.4. For r > 0 and a strictly ordered chain of stable bipartitions (h;,S;) < --- < (h,,S,) and for nonnegative
indices iy, ..., i, and ji, ..., j,, we define the class

Ur-1) (i) Gy

(11w eslipdy) —
C(hl,..,,h,),(Sl,,..,S,) =

S S\ S, S\ S (P\SHU{x}

in R* (Mg,Pu{x}) =R (Cg,P)'
With the same notation as above, we also define the classes

@) Gy (i)
Kieind) O hf_h\l

(Bysee RS e 0S,) \2[/

Sl SZ\SI

UV (i)

(psd)se sy 1odrer) )
(hyseh,)(S)s00008,)

S S\ S,

i) Uy (i)
Z(ilvjl)v-'v(ir’jr)’b —— hl h/;h\l

(Bpreesh) Sy xS,

\i\/
Sl 52\51 Sr\Sr—l P\S

in R (ﬂg,P). For later convenience, we allow b > —1 and we fix the convention that

k=97 Pl =o0. 22
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The classes that appear in Theorem 1.1 are those introduced in the previous notation, with a suitable choice of indices,
and a suitable coefficient, as described in the following.

Notation 2.5. Letr > 0,b > —1andky, ..., k, > Obeintegers,andlet (h;,S;) < -+ < (h,,S,) beanordered chain of stable
bipartitions. Set h, = (hy,..., k), S, = (S, ..., S,) and finally k, = (ki,...,k,). We define the codimension ¥, _._, ka,

resp. b+ 3, _ . k, classes:

' whenr =0,
,
ki—1 . . ) )
K, ki—1 J (iy,ky —1—iy),...,(iy ke —1—iy)
* =12 =1 ( j ))Xh HS 1S whenr > 0,
()50 0<ij<k;—1 (j:l I (R seeeshty ) (S150-05Sr)
L 0i, <k, -1
™ whenr =0,
r k-1 (k=1 (i1, k1 =iy )yoons i ey —1 =iy ),b
2 1Y ( i > Z sty )(S10sS)) T whenr >0,
0<iy<k;—1 \j=1 Lj yeeesPp )5 (8150055
Kb
Z(hr),(Sr) =9 0<ip <k, —1
: kj—1 iyl =111 )yenes (b K —21)
5 ([ (9 ) Wit waenaoa
0<i;<k;—1 \j=1 lj 100 715015005 r
0, <k,—2

Given additional integers i and j, we define the codimensioni + j + 1 + 21 <a<r Ka Class:

K
Y, =

L

(

)

0<i, <k,—1

(i)
when r = 0,
)

Y k=1 (i k=10, 60))

G IS S when r > 0.

(1 ())
j=1 i

0<i, <k,—1

Finally, given a further stable bipartition (h,,1,S,11) > (h;,S,) as well, we define the codimensioni + j+1+ ¥, _,_ ka

class:

) -
by )(8S000)

<

() ()
0 @ when r =0,
S P\ S,
d k,—1
IR N A (ke =1=ip)s ok, =1=1,),(0.5)
. Z:: 1 (H( 1)% ( . >> X(h1 eSS S when r > 0.
<iy<k;—1 \ j= J
0<i, <k,—1

For uniformity of notation in sums, it will be convenient to define the latter tautological class X even when the index r
equals —1. In this case we set that class to equal zero.

The motivation for introducing the tautological classes described above will become clear when in Section 3 we will
prove Theorem 1.1, but the reason to package the coefficients the way we did already appears in the following lemma.
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Lemma 2.6. If(hl,Sl) $ (hz,Sz) and (I’lz,Sz) f_ (l’ll,Sl) then

Chlvsl . Chz’sz =0.

Letr > 0 and assume (hy,S,) < -+- < (h,, S, ) is a strictly ordered chain, and ky, ..., k, > 0 are integers. Then we have

.

ki _ -1 (K7 = 1\ | pluki—1-00).. Gk =1=ip)
Hchj,sj 2 <H( D™ ( ) C ) (St :
J:

0<11<k1 -1

O<lr<k -1

Proof. Thisis a direct computation using [6, Appendix] where we use our convention that S; always contains the marking
land S7 = (PU{x})\ S; always contains the extra marking x coming from the identification C g P = Mg’pu{x}

Let G be the graph associated to C, . The intersection Cj, s, - Cp,, s, is the sum of all graphs G with 2 edges ¢, and
e,, such that contracting the edges e; gives the graph G;. The genus of the vertex v of G with the marking 1 has to equal
min(hl, hz) and its markings have to be S; N S,. Since both the edges e; and e, separate the markings 1 and x only one
of these edges can be incident to v. Contracting the edge e; not incident to v can only produce the graph G; associated to
Cy,s; if h; = min(hy, hy) and S; = S; N S,. This proves the first part of the lemma.

The second part of the statement follows from repeatedly applying the same procedure together with the fact that

s = Ehisyx (. — gb*)k"_l, where « and x are the half edges associated to the edge of Cp,, s, . O

g —max(hy, h,)

S1NS, (STUSH)\ (S nS,) (PU{xH\(SUS,)
FIGURE 2 Graphs G contracting generically to G, and G,

To conclude this section, we compute the pushforward of the classes of the previous lemma under the forgetful mor-
phism 77 : M pyiyy = M, p. This will be key to Section 2.4.

Lemma 2.7. Let r > 0 and assume (hy,S;) < --- < (h,,S,) is a strictly ordered chain of stable bipartitions. Let iy, ..., iy,
Jjis--» jr be nonnegative integers. We have

(c(l1 S RUNS ) {0,( - Jjr =0,
(hy,eshy),(S1,..58,) i1,J1)5ee0s iyjr— .
1 1 X(h1 1S, Jjr>0.

Proof. This follows immediately from Lemma 2.6 and from the String Equation (see [2, Prop. 4.9]). O
2.4 | Pushforward of products of divisors on the universal curve

To establish our main result, Theorem 1.1, we will need a formula for the pushforward
<Ka H Oﬁp Hcyh5>
pEP

of an arbitrary product of divisor classes from the universal curve. By using the vanishing relations

L. g,-04=0forall p #q,
2. Ky-0,= Oforall p € P,
3. Cpy s, - Chys, = 0if (hy1,51) £ (h2,S,) and (hy,S,) £ (h1,51) (see Lemma 2.6),
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this is reduced to the problem of proving the remaining lemmas of this section.
For the next result, we will also make use of the relation

op-Cps=0forallp €S. (2.3)

Lemma 2.8. Let r > 0 and assume (hl, Sl) << (hr, S,) is a strictly ordered chain of stable bipartitions of (g, P). Let
b,k,...,k, > 0 be integers. Then

b-1
b'ﬁck" (=) XG ), FPEP\S,
s\ 9p L1508 179, ;
J:

ifp E€Ss,.

Proof. The second equality follows immediately from Equation (2.3). The first equality follows from Lemma 2.6 and from
the String Equation (see [2, Prop. 4.9]). O

Remark 2.9. The classes z,bb IX(}; Yoo belong to the set of standard generators because of the equality ¥}, - §r.(a) =

€ra (1,[) D ) which follows from the projection formula combined with the fact that psi classes pull back along the clutch-
ing morphisms.

Lemma 2.10. Letr > 0 and assume (hy,S;) < -+ < (h,,S,) is a strictly ordered chain of stable bipartitions of (g, P). For
all integers kq, ..., k, > 0 and b > 0 we have the identity

b kbl
(K Hch S) (h)(S)

K, b—1

(h)(s)lnthe

Proof. The case b = 0 follows immediately from Lemma 2.7 when r > 0, and from the very definition of Z
case (r,b) = (0,0). B o
Let now b > 0. Note that under the identification of the universal curve C, p With Mg pi «; the class K; corresponds to

. The claim then follows from Lemma 2.6 and from the Dilaton Equation (see [2, Prop. 4.9]). O

3 | PROOF OF MAIN THEOREM

This section provides a proof of our main result, Theorem 1.1, using the notation established in Section 2. We prove the
theorem by following Mumford (and later Chiodo), namely by applying the Grothendieck-Riemann-Roch formula to
the universal curve 7. There are, in principle, different ways to approach the calculation. Our approach is to reduce this
computation to the pushforward along 7 of products of divisors, and we know how to express them as linear combinations
of decorated boundary strata classes following Section 2.4.

Consider the divisor class

D=¢K,+ Y d, O'p+zahSChS’
pPEP

on the universal curve Eg’P, where the indices (h, S) run over the set of stable bipartitions of (g, P) and ¢, d, ap s € Z. It
will be convenient to write

D=¢K,+C+S5, 3.1)

where

C= ZahSChS, S—Zd Op-

pEP
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For later use, we use the multinomial theorem and Lemma 2.6 to expand the power
ct 1 ( a ) Tk ks
- = a’ . C’
al  al rgf) ki, k, 11:[1 hj.Sj RS,
ki+-+k,=a
kj>0
(h1’51)<"'<(hr7sr)
A (3.2)
J
rla
_ Z Z H hjS; (_1)(kj-1)<kj —1> vk —=1=in) iy —1~ir)
) 1 k! i (R15ers),(S15e005Sr) ’
r>0 0<iy<k;—1 j=1 J J
ki+--+k,=a
k;>0 0<i, <k, —1

(h1’51)<“‘<(hr’sr)

where (hy,S;) < -+ < (h;,S,) denotes any strictly ordered chain of stable bipartitions (such partial order being defined
in (2.1)).

Let X C Eg,p be the smooth closed codimension two substack parametrising the nodes in the fibers of the universal
curve . Running the Grothendieck-Riemann-Roch formula we find

ch(R'7,06(D)) = 7, (ch(6(D)) - Td" (QL)) = =, (eD : EK—”l : Tdv(®2)‘1>.
efr —

-1 -
A classical argument first given by Mumford and described in [2, Ch. 17.5] shows that Td" (@2) — lintersects K, trivially.
Therefore

ch(k7,000) = . (& —E2— - (141 (65) " - 1)

D Krr ) \Y
=7, - — + 7, ((Td" (O
m (0 ) (1 (03)

-1

—1)eP)
=Q+®

where Q (resp. ®) is defined to be the first summand (resp. the second summand) of the previous equality.
The term @ is computed in the following lemma.

Lemma 3.1. We have

-1 B r aZJ:SA
n((1d'(0s) -1 =3 ¥ 3 X Iy X e
t>2 a+b=t r>0 j=1 "J" 0<e<b-2
b>0 even ky+-+k.=a
a>0 kj>0

(h1,51)<---<(hr,5r)
Sk,.(e,b—2—e) Sk, ,(e,b—2—e) 1)k Sky_1,(e+k,,b—2—e)
x << DIRED iy, > FYans) D Ew hss >
L.T)>(hy.Sy)
Recall that in Notation 2.5 we set the class X¥-1 to equal zero.

_ -1
Proof. A classical argument given in [2, Ch. 17.5] shows that K, and o, intersect (Td"(0y) = — 1) trivially. We therefore
have

7, ((Td" (05) " —1)e®) = z,((Td"(03) " —1)eC).
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The class Td" (@Z)_l — 1 is also explicitly computed in [2, Ch. 17.5] as

b>0 bt e=
b even

Td (05) —1= DI b 2( 1)"<2A(eb 270 4 pleb-2- e>> (33)

where (I, T) runs over all stable bipartitions, and we set

0 o
(i) (i)
Ah,S:= gt BY) = p X_
s Py b
We expand e© = ¥ C%/al via (3.2), so that multiplying (3.3) with e© we obtain
(4
v -1 By h kim1 k 1
(ta’(05) " -)eE=Y 3 Y Y | &evs (07
t>1 a+b=t : r>0 0<iy <k, -1 j=1 Jt J
b>0 even ky+---+k,=a
k;>0 0<iy <k, —1

(h1,51)<"'<(hr’sr)
e (e,b—2—e) (e,b—2—¢) (iy,ky —1=iy)..Cp oy —1—1y)
(Z( D (ZA +B ))C(m ..... BSS)

By a straightforward computation in the spirit of Lemma 2.6 it follows that, if (I, T) > (hr, S,) (orifr =0),

() Gy) (i) G, i") "
) _
B

S, S\ S, T\S, x P\T

@".J" (’111 ol
(A C h)(Sl

(1sd Do pnd )G
- X(h1 DSy ST

If(1,T) = (h,S,) and j, =0,

@) G (i)

2 1
"J") ~Cyd 1) (m g pe1)5(0,,0) _
(A,T Clt s rﬂ))_ r. CE \[/

(’] J1 (’r_1 Jr_l)(’ +i/+1,j/)
X(hl DS S T)

and in all other cases,

@ ]) (i15J1)s-s(pojir) _
(A C(hl ..... 1y ),(S1 5005, )) =0.
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Similarly
@) Gy) (i)
(B ) =
Sl S2 \ Sl
=Y
Putting everything together we deduce the statement. O

The remainder of this section is devoted to computing the remaining term

K
Q=7r*<eD- m—_ )
ekr —1

This will conclude the proof of Theorem 1.1. First, in the notation of Equation (3.1), we find

Q= 7T*<ec+s : Z Btt(|€) ~7r>

t>0

where we have used the identity

ZBt(f)x[ _efx X

| - X —
= t! e 1

defining the Bernoulli polynomials B,(¢). Now we use that

KL =KL +(-1) ) ol, forallt>o0.

peP
‘We obtain
By(?) (=1)'B,(?)
— C+S L t t t
Q_n*<e -<1+ZTK7T+ZTZGP
>0 >0 PpEP

=7r*ec+s+7r*<c <1+1+ZB(€) )) 71*( <1+1+ZM202>>. (3.4)
>0 : t>0 peP

Let us expand the second summand of (3.4). Before the pushforward, we have

e“S'(HZ Bi(£) o > <S+Zw) >
t>0 >0

because K, - S = 0. It follows that

n.*<ec+3 . (_1 14 2 th(!f)K7tZ>> = —7,eCtS 4 71.*(6(: . (es + Z Btt(!f) ﬂ))
>0 >0
- n*<ec . (_1 +1+ g;) B‘t(!f)Kfr>>
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c¢ By(?)
—een((29) (2%7))

By(€)
= —m.eC + z — " m.(Co- KD).
>0
a+b=t

It remains to compute the last summand in (3.4). We start by observing that the formula

s“-<2

DEP

holds whenever («, 3) # (0,0). We have

5 (1 y CEO g,
t>0

peP

B
Up) = Z d%@fﬁ

(3.5)

pEP

) _ofiey (—1);1'341?)( ¥ Up)
>0 ’

pEP

(—1FBy(6) _ ’
alp! > (Z UP)

pEP

=1+ )

t>0
a+p=t

“1FBa(6) o
2 . 2 d505.

t>0 pEP
a+p=t

=1+

We were allowed to apply (3.5) in the last equality thanks to the fact that & and § cannot both vanish. Now the last

summand in (3.4) equals

—m.eCtS 4, |eC |1+

This can be rewritten as

—metS |14+ 2
>0

=—m.e*S + e + Z
>0

ct ce
—+ZEZ

a+b=t

(—1By(¢) [
tz;) alB! E;Jdgap
> €
a+p=t P

(—-1)F (=1)"Bg(¢)

Y dio
a+B=b “"6' pEP
b>0

(- 1)‘335(5)

—afl (3.6)

Zd“ (ce.

a+b=t

b>0

a+p=b

Summing up, we obtain

_ By(¢)
Q= 2 albl

t>0
a+b=t

(ce-KP) +

B
S S Do
S0 alflal
a+b=t
b>0
a+pB=b
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Combining (3.2) with Lemma 2.10, the first summand of Q reads

kj
By(¢) By(¢) 7 WS | bt
D m.(CT-KP) = ) > -5 20
* ) h,).(S,
>0 alb! >0 b! r>0 j=1 kJ! ®r){5r)
a+b=t a+b=t ki+-+k,=a
kj>0
(h1,51)<---<(h,-,5r)

By Lemma 2.8, the second summand of Q reads

kj
(=1PBg(¢) (—1)PBg(¢) s, b1 [ x
din L PN g (—y) T RS
p P

;) alﬁlal Z % alp! r;) ji k! pe;\s, (hy),(S)
a+b=t a+b=t ky+---+ky=a

b>0 b>0 k;>0
atp=b atp=b (h.SD)<<(hy.S7)

This concludes the proof of Theorem 1.1. O

Example 3.2. As a sanity check, we compute ch (R‘n'*@(D)) using our formula in Theorem 1.1. This means extracting
the term with degree equal to 1 in the variable ¢. In particular, ® does not contribute.
The only nonzero contribution from Q occurs when a = 0 and b = 1 and it equals (first summand)

(f— %)KO = <€ - %)(2g—2+n)

plus (second summand)
1
E d,— (f — —>n
p
peP 2

which gives, ford := €(2g —2) + Y. pep d,, the Riemann-Roch formula

chy(R'7,06(D)) =d+1—g.

Example 3.3. Let us compute ch; (R’mk@(D)) in the generating set (which is actually a basis as long as g > 3) for the

rational Chow group of codimension-1 classes of ﬂg,p consisting of

X1, {wp }peP’ 5irr’ {511,5}(1175)-

This amounts to extracting the term of degree 2 in the variable ¢ from the formula of Theorem 1.1.
The summand @ only contributes to § = &y + Y., ¢ Op,s, and with coefficient L
The summand Q contributes to x; with coefficient (from a = 0 and b = 2)

2 _ 1
Bt) U+,
20 2 )

It contributes to §,, for p € P with coefficient (also from a = 0 and b = 2 but from the second summand of Q)

2=t +-
1, 1 6

(The three summands correspond to the cases («, 3) = (2,0), (o, f) = (1, 1), and («, ) = (0, 2) respectively).
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Furthermore, the term Q contributes to &, 5 as follows. Setting dgc := Y,
reads:

peP\S dp the contribution of Q witha=>b =1

((f - %)(Zg —oh—1)+ d5c> - aps.
ky=1,0

(WegetB,(€)-ans-Z,'s " =(C —1/2)-aps - (2g —2h — 1 + |S°|) from the first summand of Q. A further contribution
dge - aj s comes from (a, 8) = (1,0), whereas («, ) = (0, 1) contributes —(¢ —1/2) - aj, 5|S°I.)
Finally, the contribution of Q with (a, b) = (2,0) is

The coefficient of §), g is therefore

1 1
3+ 30+ (28 =2h = D@E 1)+ 2ds = ays).

4 | PULLBACK OF BRILL-NOETHER CLASSES VIA ABEL-JACOBI SECTIONS

In this section we review the definition of compactified universal Jacobians 7& p(¢) and then define the cohomological
universal Brill-Noether classes

W, ($) € ABP (T 4 p(9)),

where p = g — (r + 1)(g — d + r) is the Brill-Noether number. We always assume r > 0 and d < g + r throughout.
For fixed integers ¢ and dp := {d,, | p € P}, in (4.7) we define the pullbacks

7, (@) = sWy(9),

where s = s; 4, is the Abel-Jacobi section defined by (1.4).
Finally, we observe how the main result of the previous section allows one to explicitly compute the classes Z), dp (¢)in

terms of decorated boundary strata classes, for all ¢’s such that the section s is a well-defined morphism on ﬂg, p-

4.1 | Compactified universal jacobians

We first review the definition of the stability space Vg p from [13, Def. 3.2] and the notion of nondegenerate elements
therein. An element

d
pEV,p

is an assignment, for every stable P-pointed curve (C, P) of genus g and every irreducible component C’ C C, of a real
number ¢(C, P)» such that

Y, #(C.P)er =d,

crce

and

1. ifa : (C,P) — (D, Q) is a homeomorphism of pointed curves, then

$(D,Q) = ¢(a(C, P));

2. the assignment ¢ is compatible with degenerations of pointed curves (in the sense of [13, Def. 3.2]).
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The notion of ¢-(semi)stability was introduced in [13, Def. 4.1 and 4.2]:

Definition 4.1. Given ¢ € Vg p» we say that a family F of rank 1 torsion free sheaves of degree d on a family of stable
curves is ¢-stable if the inequality

o, ()| # (Co N CS) — 8¢, (F)
2 < 2

deg (F)— ), #(C,P)cr +

c'cC,

(4.1)

holds for every stable P-pointed curve (C, P) of genus g of the family, and for every subcurve (i.e. a union of irreducible
components) @ # Cy C C. Here ¢, (F) denotes the number of nodes p € Cy N Cj such that the stalk of F at p fails to be
locally free. Semistability with respect to ¢ is defined by allowing equality in (4.1).

A stability parameter ¢ € Vg, p is said to be nondegenerate when ¢-semistability coincides with ¢-stability for all stable
P-pointed curves of genus g.

For all ¢ € V‘gj p there exists a moduli stack 7g,P(¢) of ¢-semistable sheaves on stable curves, which comes with a
forgetful morphism

p: Tep(@) = Mgp.
When ¢ is nondegenerate, by [13, Cor. 4.4], the stack 7& p(¢) is a smooth Deligne-Mumford stack, and the morphism p
is representable, proper and flat.
4.2 | Universal Brill-Noether classes and their pullbacks

Let¢ € Vd be nondegenerate. Then by [14, Cor. 4.3] and [13, Lem. 3.35] combined with our general assumption P # @,
there ex1sts a tautological family & (¢) of rank 1 torsion free sheaves of degree d on the total space of the universal curve

Tt Tgp@) X, Cor = T op(@):

Recall the following notation from [5, Ch. 14]. Let ¢ = ¥, _, ¢ be a formal sum of elements in a ring R. Then the p X p
determinant |cqu j_i| in R is denoted

Cq Cg+1 " Cg+p-1
A(P)c _| €q—1 Cq " Cg+p-2
q : : - : ’
Cq—p+1 Cq—p+2 ©" Cq

Generalising the idea of [14, Def. 3.38] (where the authors extended the universal theta divisor wg_l), we define the (uni-
versal, cohomological) Brill-Noether class using the Thom-Porteous formula, namely by

Wi$) = AT o~ R'T.L() € AP (T p(9)), 42)

for p = g — (r + 1)(g — d + r) the Brill-Noether number. One can interpret the class (4.2) as follows. Define the universal
Brill-Noether scheme as the closed subscheme

W($) = Fity_g,r (R'T.ZL(P)) C T p(8), (4.3)

defined by the (g — d + r)-th Fitting ideal of R'77, £ (¢) (see [2, Ch. 21] for the use of Fitting ideals in Brill-Noether theory).
Then the Poincaré dual of (4.2) is the class that Wl; (¢) would have as its fundamental class if it were pure of the expected



PAGANI ET AL. MATHEMATISCHE 17

codimension g — p. The scheme (4.3) has an explicit description as a degeneracy scheme, which was already described in
the proof of [9, Lem. 6] in the case r = d = 0. Fix a sufficiently 7-ample divisor H, and consider the short exact sequence

0= L($) — L@)H) = L($) ® Oy (H) — 0.

Pushing this forward via 7 yields a presentation

Tau —
8y — 6 = RT.L(P) =0
of R'77, % (¢), where 7,u is a morphism of vector bundles whose virtual rank is
tkEy—1kE€ =d—-g+1

by Riemann-Roch. The k-th degeneracy scheme of 77,.u, where k = tk €, — (r + 1) = rké; — (g — d + r), is by definition
the zero scheme

Z(NHT 1) € Ty p(@), (4.4)

which agrees with (4.3) by the general theory of Fitting ideals. Note that, by this identification, the vanishing locus (4.4)
is independent of the choice of H. Moreover, W/ (¢) is set-theoretically supported on

{(C.P.F)| h°(C.F)>r} C Jgp($).
The definition (4.2) is motivated by the following lemma.

Lemma 4.2. The class w,(¢) is supported on W) (@). If the Brill-Noether scheme W/ (¢) is pure of the expected codimension
g — p, then W (@) is its fundamental class.

Proof. The first statement is proven in exactly the same manner as the first statement of [9, Lem. 6] (dealing with the case
r = d = 0), namely by observing that the class (4.2) is by construction supported on the degeneracy scheme (4.4). The
second statement follows from [5, Thm. 14.4]. O

Example 4.3. For r = 0 we have
WY@ = ¢g_a( — RT.L($)). 4.5)

These classes can therefore be seen as some formal analogues of the 1-classes on ﬂg,p, where —R* 7. £ (¢) is taking the
role of the pushforward of the relative dualising sheaf, namely of the Hodge bundle E = 7, w,. Note that for fixed d the
classes (4.5) determine, by their defining formula (4.2), all other classes w/,(¢) for arbitrary r.

Remark 4.4. While the restriction Wg of Wg(cﬁ) to M, p always has the expected dimension (being the image of the d-th
symmetric product of the universal curve under the summation map), arguing as in [9, Rem. 7] one sees that for each stable
bipartition (h, S) there exists a nondegenerate ¢ such that Wg(gb) contains the inverse image in 7g,P(¢) of the boundary
divisor Ay, g. In particular, Wg(qb) is, in general, not even equidimensional.

From now on we fix integers ¢ € Z and dp := {dp |p€P}andsetd:=¢(2g—2)+ Zp d,.For¢ € V‘gi’n nondegener-
ate, we define the rational map

s=54,(): Mgp > Ty p($) (4.6)

by Rule (1.4), for some choice of coefficients aj, 5. (This map is actually independent of the coefficients a, g of C}, 5 as these
divisors are zero on the open dense substack that parametrises line bundles over smooth pointed curves).
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Definition 4.5. We define the pullback classes Z; dp (¢) by the formula

2, 4, @)= 5w, @ = p.(w9)- [5@)] ). “7)
where 5(¢) is the closure in J, p(¢) of the image of the section s.

The second equality of Formula (4.7) follows from the definition of pullback of an algebraic class by a rational map, and
it is well-defined because J, p(¢) is proper.

When ¢ is such that the line bundle D of (1.1) is ¢-stable, the map (4.6) is a well-defined morphism on ﬂg, p but, because
the map is insensitive to the coefficients aj, g, the converse is not true.

Definition 4.6. We define the open substack

U($) = Upa,($) € Mgp
to be the largest locus where the Abel-Jacobi section s = s, ,(¢) extends to a well-defined morphism.

In [13, Sect. 6.1] the authors describe the locus U(¢) in terms of D, and we now review that description. For all non-
degenerate ¢ € Vg’P there is a unique modification D(¢) of D that coincides with D on the locus parametrising smooth
curves and that is ¢-stable on all curves with exactly 1 node. More explicitly, D(¢) is obtained from D by modifying the
coefficients ay, g of Cj, ¢ into coefficients a;, (¢) in the unique way that makes the resulting D(¢) a divisor that is ¢-stable
on all curves of ﬂg,p with 1 node. By [13, Prop. 6.4] the open substack U(¢) can be characterised as the locus of Mg’p
where D(¢) = D¢ 4,(¢) is ¢-stable.

We now show how Theorem 1.1 allows one to compute the restriction to U(¢) of the class s*wg(qﬁ). Chiodo’s formula

recovers the particular case when D(¢) equals K, + Y pep dpop.

Corollary 4.7. Let ¢ € Vg, p be nondegenerate. Then the equality of classes

z,, @)= Agj;irc(—zz-n*@(o(qs))) (4.8)

holds on the open substack U(¢) of ﬂg,p.

Proof. Consider the Cartesian square

Cop —S> T p(@) X3, Cep

defining s’. We have the following equalities in the Chow group of U(¢):
S*Ck( - R.ﬁ*g(¢)) = CkS*( - R.ﬁ*g(¢)) = Ck( - R.ﬂ*s,*g((ﬁ)) = Ck( - R.ﬂ*@(D(¢)))

All equalities require to restrict to the locus where s is a morphism. The first follows from the fact that Chern classes
commute with pullbacks via lci morphisms. The second is cohomology and base change [10, Thm. 8.3.2], using that 7
is flat and R*7,Z(¢) is represented by a two-term complex of vector bundles. The third and the last follow from the
definition of a tautological sheaf and of s’. Formula (4.8) now follows from the definition of 22’ d (¢) and from the fact
that the pullback along the morphism s is a ring homomorphism. O



PAGANI ET AL. MATHEMATISCHE 19

Combining Formula (4.8) with the formula

¢,(F) = lexp(Z(—l)s_l(s -1 chs(F)>] (4.9)
t

s>1

expressing the Chern classes of a K-theory element F in terms of the Chern character, and then applying Theorem 1.1,
yields an explicit formula, in terms of decorated boundary strata classes, for the restriction of Z; dp (¢) to the open locus

U(¢) of ﬂg,P. In particular, this computes Z; dp (¢) for all ¢ such that the corresponding Abel-Jacobi section (4.6) extends

to a morphism on M, p.

4.3 | Relation to the double ramification cycle

We conclude this section by relating the classes Z ?.dp (¢) (defined in 4.5) for r = d = 0 to the large body of literature on
the Double Ramification Cycle (DRC). We will start by introducing the DRC, following the perspective of [9], which is in
turn based on the resolution of the indeterminacy of the Abel-Jacobi section by D. Holmes [8] (see also [15]). For more
details we refer the reader to [9].

Let J ~» be the universal generalised Jacobian, or the moduli stack of multidegree zero line bundles on stable curves
(equlvalently, the unique semiabelian extension of the degree zero universal Jacobian over M, p). For fixed integers
¢ € Z,dp: P — Z such that

t(2g-2)+ ) d; =0,
ieP
letS C Jg%, be the closure of the image of the Abel-Jacobi section s = s 4, : H&P - Jg%P. Call f the restriction to S of

the forgetful morphism JgQP - ﬂg! p, and consider the fiber product diagram

0 0
S X_guP Jg,P Jg.P

M
Zjl o Zji
\\/ A

f

s —L— M,,

/

that defines the upper left corner. Here §'is the inclusion and € is the pullback of the zero section e. Denoting by rS] the
class of the image of 5, one can define the ¢-twisted DRC following Holmes’ work [8] by

DRC(¢,dp) = f.&[S]. (4.10)

(The fact that when ¢ = 0 this definition coincides with the “usual” DRC defined as the pushforward of the virtual class
on the moduli space of relative stable maps to rubber P! follows from [8, Thm. 1.3], combined with the observation in [9,

Lem. 11] that Holmes’ stack ./\/l<> equals the normalisation of S).

Denoting by [E] the class of the image of the zero section in J gg , we deduce the equality of classes
DRC(¢,dp) = s, dP[E] (4.11)

by the projection formula and by the definition of pullback along the rational map s. This expression for the DRC is now
closely related to the definition of the classes Z (Definition 4.5). Indeed, whenever ¢ € VO isnondegenerate and such that

» C 7g’P(<;b), by [9, Cor. 10] we have that w)(¢) = [E], so that DRC(¢,dp) = Z) ?.dp (¢). Combining this with Corollary 4.7,
we deduce the equality

DRC(f,dp)lU(¢) = g —R'n*D(¢))|U(¢), (4.12)
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which is valid whenever the inclusion JgQ’P C 7g,P(¢>) holds. Note that U(¢) always contains the moduli stack Mgp of
curves of compact type.

The right hand side of (4.12) can be computed in terms of standard tautological classes by applying Theorem 1.1 in
combination with (4.9). For ¢ = 0, the left hand side of (4.12) has been computed in terms of standard tautological classes
by Janda-Pandharipande-Pixton-Zvonkine [12]. This produces lots of explicit relations in the tautological ring of the
moduli stack MgP of curves of compact type. We do not know if there is any reason to expect that these relations should
be expressible as linear combinations of known ones, i.e. Pixton’s relations proven in [17] and [11].

Relation (4.12) is also valid over ﬂg, p for some choices of ¢, dp. In [9, Prop. 14] the authors observed that U(¢) coincides
with ﬂg,P ifand only if £ = 0 and dp = ¢; — ¢; for some i, j € P, where e, : P — Z is defined by

) 1 whent = p,
e =
P 0 otherwise.

For D; j := 0; — 0, Relation (4.12) becomes
DRC(¢ = 0,¢; —¢;) = ¢g( — R'7.D; j($)) € RE(Myp), (4.13)

which again is valid whenever ¢ is such that the inclusion .J. gg,P C 7& p(¢) holds. Explicitly, the modified divisor D; ;(¢)
equals

Dij(¢)=0;—0;— Z Cps+ Z Chs-
(h,S)1i€S,j¢S (hS): jES,igs

Again, the right hand side of (4.13) is computed by combining Theorem 1.1 with (4.9), and the left hand side was calculated
in [12]. Using [18] we have verified that the ensuing relation of standard tautological classes can be expressed as a linear
combination of Pixton’s relations for all g < 4. This also provides a non-trivial check of our formula in Theorem 1.1. Again,
we do not know of an a priori reason to expect these relations to follow from Pixton’s, except when i = j where the right
hand side of (4.13) simply equals 4.

5 | OPEN PROBLEMS

We conclude the paper with a list of natural open questions.

5.1 | IsZ(¢)tautological?

Formula (4.8) implies that the restriction of each class Z(¢) to U(¢) is tautological on U(¢) — meaning that it is the restric-
tion to U(¢) of a tautological class globally defined on ﬂg,[). That tautological class is explicitly expressed in terms of
decorated boundary strata by combining Theorem 1.1 with Formulas (4.8) and (4.9). We do not know whether the class
Z(¢)1is, in general, itself tautological on Mg’P, although we do expect that this should be the case. Except for when Z(¢) has
codimension 1 or 2 (when we know that the entire cohomology of ﬂg, p is tautological), the only classes Z(¢) that we know
to be tautological on Mg’P for general g and P are those for r = d = k = 0 and ¢ a small perturbation of 0 € Vg,P. This

follows from the main result of [9], showing that this class coincides with the Double Ramification Cycle, see Section 4.3.
The latter is shown to be tautological in [4].

5.2 | Wall-crossing

For fixed d € Z and for every choice of nondegenerate elements ¢ and ¢’ of Vg,P one has classes W/ (¢) € A (?gyp(du))

and Wg (¢Hea (7& (¢’ )). A natural question is to “compute” (in terms of some natural classes) the difference

w(@) — a (Wy(¢) € ABP (T, p($)),
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where « is any birational isomorphism 7g,P(¢) - jg,P(cp’ ) that commutes with the forgetful morphisms to ﬂg’P (such
birational maps are esplicitly characterised in [13, Sect. 6.2]). To the best of our knowledge, this question has been answered
only for the case of the theta divisor, namely when r = 0 and d = g — 1, in [14, Thm. 4.1].

Another natural question is to compute the difference of the pullbacks

Z;’,dp (®) - Z;”,d; (¢') € A5F (ﬂg,P) (5.1)

for different assignments (¢,dp), (¢’,d},) such that £(2g — 2) Zpep d,=¢'(2g-2) ZpEP d), = d and different nonde-

generate ¢, ¢’ € V‘gi p- The case of the pullback of the theta divisor is again covered explicitly in [14, Thm. 5.1]. Theorem 1.1
immediately allows us to generalise the result in loc. cit., in the sense that it computes explicitly, in terms of decorated
boundary strata classes of M, p, the difference (5.1), whenever ¢ and ¢’ are such that the corresponding Abel-Jacobi sec-

tions s and s’ extend to morphisms on ﬁgg p- Example 3.3 checks that the results of this paper match the earlier results of
[14] for the case of the pullback of the theta divisor.
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