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Abstract. We investigate the existence and uniqueness of solutions to second-order elliptic
boundary value problems containing a power nonlinearity applied to a fractional Laplacian. We
detect the critical power separating the existence from the nonexistence regimes. For the existence
results, we make use of a particular class of weighted Sobolev spaces to compensate for boundary
singularities which are naturally built in the problem.
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1. Introduction. Given a bounded domain Q C RY with 9Q € C?, o € (0,1),
and p € [1,00), we study problems of the form

—DuA (=) Tuf =AY Tu=f inQ,
(1.1) u=g on 08,
w=nh inRY\Q

Here A denotes the (classical) Laplace operator, whereas (—/\)? is the fractional
Laplacian

(=A)u(z) := eno P-V~/RN W dy

=10 Jpm\B.(2) |z — y[" T2

(1.2)

a nonlocal positive operator of fractional order 20 € (0,2). The positive constant ¢y,
is a normalization in order to have that the Fourier symbol of the operator is |£[7,
ie.,

F(=2)7u)(€) = [ Fu(€),  ue CZ(RY).

We refer to [4, 15] for an introduction to this operator. Let us here simply remark
that definition (1.2) only makes pointwise sense for functions which are defined in the
whole Euclidean space RY. For this reason, the prototypical well-posed boundary
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value problem driven by the fractional Laplacian takes the form

{(—A)“u =f inQ,

1.3 _
(13) u="h inRY\Q.

In this setting, prescribing the values of the solution w on 0f) is immaterial, as the
integral operator (—A)? does not see negligible sets. Nevertheless, it is reasonable
to investigate the boundary regularity of solutions and, in particular, their continuity
across 0, like, for example, in [8] or more recently in [7]—in both cases in a more
general setting than the one in (1.3).

Problem (1.1) is motivated by an understanding of the interaction and the overlap-
ping of the different boundary conditions required by the Laplacian and the fractional
Laplacian. Indeed, although the term |[(—A)7u[P~1(=A)%u can be interpreted as a
mere nonlinear perturbation of the leading one Au, one needs to know the values of u
also outside 2 in order to make it meaningful. Note also that different definitions
of u outside 2 might drastically affect the operator on the interior, a peculiarity of
its nonlocality.

1.1. Main results. The exponent p has a prominent role in the solvability
of (1.1). The range of p splits at p = 1/0 into two regimes: below this value, which we
call the subcritical regime, it is possible to solve (1.1) if the other prescribed data f
and g are somewhat well-behaved; above that value, in the supercritical regime, a
switch in the lead of the equation takes place and the nonlocal term becomes the
dominant one, making it impossible (in general) to attain the desired values at the
boundary 0f2. See Theorems 1.1 and 1.3 for the precise statements.

In all the following, €2 is supposed to be a bounded domain with C? boundary.

THEOREM 1.1 (existence in the subcritical regime). Let g € C°(9Q), h €
L>®RN\Q), and f be a locally Hélder continuous function in Q satisfying

(1.4) dist(-, 9Q)°"“f € L™(Q)

for some a > 0. If
1
(1.5) 1<p<-—,
o

then problem (1.1) has a unique solution u € L*>(RY) N C?(Q) N C°(Q).

We underline how data g and h are completely unrelated in the above statement:
in particular, we do not need to assume that the values of g on 92 match with
those of a suitable extension of h to 9 (which, in fact, needs not be continuous nor
continuously extensible up to the boundary).

In the particular case p = 1, the equation becomes linear and it admits a Green
function for which sharp two-sided estimates are available, see Chen et al. [12, 13]:
although we do not make use of these, let us just mention here that Theorem 1.1
(for p = 1) can also be deduced by means of such Green representation. Very re-
cently, Biagi et al. [10] have studied the existence, maximum principles, and regularity
for (1.1) with p =1 and g, h = 0: their techniques and goals are quite different from
our approach, but their main result [10, Theorem 1.7] is, nonetheless, closely related
to Theorem 1.1.

The core of the proof of Theorem 1.1 relies on a fixed-point argument for the
nonlinear operator

(1.6) u— —Au+|(=0)7u" T (=A) .
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The (possible) jump discontinuity of u, inherited by the prescription of g and h in (1.1),
entails a singularity in the nonlocal part of (1.6) at the boundary of 2. This represents
a major challenge in solving (1.1), which turns out to be not only a nonlinear problem
but also a singular one. To overcome this issue, we consider an approximating family
of regularized problems, run the fixed-point argument to solve these problems, and
pass to the limit via uniform estimates in Sobolev spaces of fractional order with
boundary weights (cf. (2.2)—(2.3)). Their definition is due to Lototsky [24]: we briefly
outline their construction and prove some new results (cf. Lemma 2.3) in section 2.
The full proof of Theorem 1.1 is contained in section 5.
An important feature we will need in the proofs is a comparison principle.

PROPOSITION 1.2 (weak comparison principle). Let Q C RY be a bounded open
set and @ : @ x R — R be a Carathéodory function with ®(z,-) nondecreasing for
a.e. v € Q. Let w,w € LL(RN) N C?(Q) be two functions satisfying

an —Aw+®(-,(-A)w) < —Aw+0(-, (-A)w) inQ,
’ w<w in RN \ Q.
For any xqg € 0Y), suppose in addition that

(1.8) [0, +00) 3 limsup w(z) < liminf w(z) € (—oo, +00].
Q33— x0 Q3z—x0

Then, w < w also in €.
Here, LL(R”) denotes the space of functions v € L, (R for which (1+] - [)=N 27

loc
v € LY(RYN). As is known, this assumption on v, along with its local C2 (or C27+¢)
regularity, is enough to have (—A)”v well-defined in the pointwise sense as the in-
tegral operator (1.2). We will mostly apply Proposition 1.2 to functions w and w
continuous up to the boundary of Q. In this case, assumption (1.8) simply boils down
to

w<w on J.

Notice, however, that (1.8) makes sense even when w|q and W|q cannot be continu-
ously extended up to 92. This feature will be crucial in order to deal with solutions
of (1.1) which blow up at the boundary. Section 4 deals with the proof of Proposi-
tion 1.2 and its consequences.

Passing to nonexistence results, we have the following.

THEOREM 1.3 (nonexistence in the critical and supercritical regimes). Let g €
CO00) and h € L=¥(RN \ Q) be such that g £ 0 on 9Q and h < 0 in RN \ Q. If
op > 1, then problem

—Au+ |(—A)Uu|p_1(—A)gu =0 inQ,
(1.9) u=g on 09,
u=nh nRY\Q

has no solution u € L= (RN) N C%(Q) N CO(Q).

Note that the threshold p = 1/0 is indeed quite natural. The analogue local
problem

—_ p — 1
(1.10) { Au+|Vu’ 0 in £,

u=g on 0f)
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is known to always have a solution for p € [1,2] [31, Hilfssatz 3] (or also [30, section 11]
for a more general statement), whereas existence is lost in general for p > 2 (see [30,
section 16, Theorem 1]). Interestingly, in this case the critical power p = 2 is included
in the existence regime, whereas in (1.1) p = 1/0 falls into the nonexistence one.

The next theorem shows that condition (1.4) on the right-hand side is almost
sharp.

THEOREM 1.4 (nonexistence for large sources). Let f € L (Q) be such that

loc
dist(-,00)>%f >k inQ
for some k > 0. Then, for all p as in (1.5), problem

—Au+ |(—A)Uu|p_1(—A)au =f inQ,
(1.11) u=0 on 0Q,
u=0 nRV\Q

has no solution u € L (RN) N C%(Q) N CO(%Q).

Theorems 1.3 and 1.4 are proved in section 6.

We finally show, in section 7, how the nonlinear character of (1.1) allows for
solutions that become singular! at 9Q and are therefore called boundary blow-up
solutions or, simply, large solutions.

THEOREM 1.5 (large solutions). For any
c 3—0 1
p 1 ¥+ 0_7 p )

—Au+ ‘(—A)0u|p_1(—A)au =0 in Q,
(1.12) u =400 on 0f,
u=0 in RV \ Q

problem

admits a solution u € LY(RN)NC?(Q). Moreover, there exists a C > 0 such that this
solution satisfies

(1.13) 0 < u < Cdist(-,0Q)207oP/=D 4,

1.2. Notation. We will use the following notation without further notice.

We set § = dist(-,RY \ Q) in RY. By D’ we denote the collection of partial
derivatives of order j € N. The letters C and C will be used to indicate constants
that have values larger than 1 and that may change from line to line. Constants
denoted by C' will depend only on the structural quantities involved in the problem,
ie., N, Q, p, 0, and o, whereas C may also depend on the norms of the data—
162 fll Lo () 119l 00, and ||| @ayq). Whenever a constant also depends on
an additional quantity, we will emphasize it by using subscripts—for instance, C; will

denote a constant that also depends on j on top of the previously specified parameters.

IThese solutions appear in classical semilinear problems when the nonlinearity fulfills the so-called
Keller—Osserman condition [21, 29]. They also show up in problems of the same type as (1.10)
as noted, for example, in [22]. For fractional-order equations the situation is more involved; the
interested reader might want to check [11, 18, 1, 2].
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2. Fractional Sobolev spaces with weights. Following [24], we introduce
weighted spaces L,” modelled upon Bessel potential spaces, from which we borrow
the usual notation. For s > 0 and p > 1, we let LS?(R") denote the Bessel potential
space, obtained as the completion of C2°(RY) with respect to the norm

(2.1) lull ergeny = [|(1 = 2)*2

u”LP(]RN)'

We recall that (1 — A)*/2 is the operator defined by

s/2

(1= 8)u= F (14 2)*Fu) onany ue C2RY),

where F denotes the Fourier transform. Note that LOP(RY) reduces to the standard
Lebesgue space LP(RY).
For any k € Z, we define

Ay = {x eQ:27F 1 < §(z) < 2-’f+1}.

Let (Ck)peyz be a smooth partition of unity, namely, a family of nonnegative func-
tions ¢, € C°(RY) such that supp(¢x) C As,

|DI ¢ ()] < C;27%  for any 2 € RY and j € Ny,

for some constant C,| > 0 and with |a| = a; +--- + ax, and

ZCk(as) =1 forany z € Q.
kEZ

Given another parameter 6 € R, introduce the space

(2.2) L3P (Q) = {u e LP(Q) : |[ull s (o) < +oo},

where

(2.3) ||u||fzg,,,(m = kZZ%kGHCk(Tk')u(Tk')’ ]Zs,p(RN)'
c

For simplicity, we just write L5(Q) instead of Ly*(9Q).

The space Ly”(2) is a Sobolev space with a weight at the boundary 9, intro-
duced by Lototsky in [23, 24]. In the next statement we collect some of its basic
properties that will be used in the rest of the paper—see [24, Proposition 2.2] for
their proofs.

PROPOSITION 2.1 ([24, Proposition 2.2]). The following statements hold true.
(i) The space C°(Q) is dense in Ly? ().
(ii) The space Ly*(Q) is independent of the choice of partition of unity (Ck)peyz»
and different partitions lead to equivalent norms.
(iii) The quantity

(24) Il = ( [, |u<x>¢pa<x>9—Ndx>l/p

defines an equivalent norm for the space L(S2).
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(iv) If s = k is a nonnegative integer, then
LEP(Q) = {u € LB(Q) : 9 Div € LE(Q) for all j =1,.. .,k}

and the norm

1
5 /p

lll7 0 = | D (167 Dullfy o))"

=0

is equivalent to the one defined in (2.3).
(v) Fors; >0,p;>1,0, €R (i =0,1), and v € (0,1), it holds that

Ly"(9) = [L327(9), L7 (9)]

v

with

1 1-—
s:=(1—-v)sg+vs, -—:= V+L, 0 :=(1—v)by + v,
b Do b1

and where [X,Y], denotes the complex interpolation space of X and Y.

In view of (2.4), one has L% (Q) = LP(Q)—note, however, that L3 (Q2) differs
from the unweighted Bessel potential space L*P () when s > 0.

One of the most important outcomes of the analysis carried out in [24] is a
weighted Calderén—Zygmund-type estimate for solutions of a class of degenerate el-
liptic second-order equations. In section 5, we will take advantage of a very particular
case of this result, which we state here below for the reader’s convenience and for
further reference—see [24, section 5| for its proof.

PROPOSITION 2.2 ([24, Lemma 5.2]). Letp > 1, f € LE(Q), and u € C*(Q) N
LB(Q) be a solution of —Au= f in Q. Then, u € LY?(Q) and

el 2oy < C(IF Nz, + lullze))

for some constant C > 0 depending only on N, p, 6, and Q.

One last element of this theory that we will need is an estimate on the L}(€2) norm
of the fractional Laplacian of a regular function. Before heading to its statement, we
note that, for p > 1, the norm [||| «.» (g~ introduced in (2.1) for L**(RY) is equivalent
to

|||u|HLS«P(1RN) = [|lullr ey + H(_A)S/QuHLP(RN)'

Indeed, for s € N this follows from [27, Corollary 10.1.2/1] and [5, Corollary 4.16
and Theorem 7.63(f)]. In this case, L*?(RY) coincides with the usual Sobolev space
WeP(RN). When s is not an integer, the equivalence can be deduced from [27,
Theorem 10.1.2/4].

Thanks to this observation, we can prove the following estimate. We will use it
in sections 5 and 7, respectively, with r = p and r = 1.

LEMMA 2.3. Letp > 1, r € [1,p], o € (0,1), and § > (N/r + 20)p. Then, for
every € > 0, there exists a constant C > 0, depending only on N, p, r, 0, 6, Q, and ¢,
such that

(2.5) I(=2)ullzgey < C(lullyzs o) + lull)

for every function u : RN — R that vanishes outside Q and is of class C? in .
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Proof. By the properties of the (;.’s, the fact that v = 0 in R™ \ , and a suitable
change of variables, we have

[(=A U||LP(Q) < Z I(— w)|l e (o)
JEL
» 1/p
(2.6) —Z(ZQ kHHC 2 k (CJ )( ) LP(]RN)>
JEZ \kEZ
1/p
< Z (Z 2—(9—N)kH(_ Cg HLP Ak)) .
JEZ \kEZ

Now, we consider separately the cases k > j —2 and k < j — 3.
In the first situation, we estimate

+o0
Z 2*(9*N)k||(—A)a(Cju)||ZP(A1¢)
k=j—2
(2.7)
< 40-No—(6-N)j Z (=27 (G ay

k=j—2
< 3.40-Ng=(0=N)j || - Cju)“iP(RN)’

where for the last inequality we used that the A;’s intersect at most three times.
On the other hand, take k < j—3 and observe that |[z—y| > 2752 for every = € A,

and y € A;. We compute
1/p
‘ P
/ GWuly) 1",
ry | —y|NT2e

H(_A)U(Cju)HLP(Ak) = </Ak

XRN\B (x—y) P e
< ( / ( [ Gl = dy) dm> .

From this and Young’s convolution inequality, we deduce that

o _ (N+20)pr
=27 (G| o ay, < |<ju||L7~<RN>( / o] e dz)
RN

B, k-2

pr—p+r
i

< 2(F =5 +2)k 0| ¢ul

LT (RN)-

Also, since €2 is bounded, there exists kg € Z such that Ay = @ for all k¥ < kg. In
light of these facts, we have

j—3
S 2O AN G0y < UGl T 2400

k=—o0 k=ko
< Cllully, -

where the last inequality holds since 6§ > (N/r + 20)p.
By combining the above estimate with (2.7), changing coordinates, and using the
scaling property

(—=2)7 [v(A)] = A*7(=A)v(X) for A >0,
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we deduce from (2.6) that

0—

P2 (G0 [y + e ca)

+oo
H(_A)UUHLZ(Q) <C Z (27

j=ko
<o S carge e | o
- _ ! Lr(RN)
Jj=ko
Since, by the definition of || - [||;20.» g~y and its equivalence to || - || 2o rn),

(=2)7[¢ (@77 Ju@™)]
H |

< 1160 e

< CHCJ‘(TJ.')“(TJI')Hsz(RN)’

Lr(RN)

we conclude that

+oo
=)l < € | 3 27 G522 | oy + lzr e
Jj=ko

To obtain (2.5), we are left to show that the above series can be controlled by
the LZTSUP*E(Q) norm of u for every e > 0. This is a consequence of a simple
inequality for numerical series. Indeed, given any sequence (aj)j ey Of nonnegative

numbers, Holder’s inequality gives that

= 0—20p . = 0—20p—c . ..
Z 277 gy = Z (2_ » '7aj)2_53
Jj=ko j=ko
1 —1
oo AU oy o (r=1)/p
(Semray) (See
Jj=ko j=ko
1/p
—(0—20p—e)j P
S{el DIE
JEZ
Applying this with a; = |[|{;(277-)u(277")||p20.p g~y and recalling (2.3), we infer
that (2.5) holds true. |

3. Barriers. In this section, we present the construction of positive supersolu-
tions for both the classical and the fractional Laplace operator in bounded domains.
Ultimately, they will be used as barriers for the nonlinear operator

u — fAu+|(fA)Uu’p71(fA)au.

We begin with a simple barrier that will be used for equations involving bounded
right-hand sides. In this case, we may restrict ourselves to consider balls as underlying
domains, and thus the construction is rather standard. As usual, for z,y > 0 we
denote by B(x,y) = fol t*=1(1 — t)¥~1 dt the beta function.

LEMMA 3.1. For R > 0, the function uq(z) := (R* — |z]*)7, = € RY, satisfies

N(R? — |z]?) 4+ 2(1 — 0)|z|? < 20N

(3.1) — Aug(z) =20 (R2 — [z2)2~ = R2-2

for every x € B
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and

,B(o,1—0)|0B
(3.2) (=2 uy(z) = en.o Blo 5 2) 19B1] >0 for every v € Bg.
Proof. A straightforward computation gives (3.1). Identity (3.2) is due to [19]—

see [17] for an elementary proof and for more general relations. d

In order to deal with right-hand sides that blow up at the boundary, we can no
longer limit ourselves to balls, and instead we need to construct barriers tailored to
each specific domain. We do this in the next lemma, by considering powers of the
so-called torsion function, i.e., of the solution of the Dirichlet problem

(3.3)

—A7=1 1in Q,
7=0 on 0f.

The existence and uniqueness of the solution 7 of the torsion problem (3.3) is classical.
Furthermore, 7 > 0 in ) thanks to the strong maximum principle.

LEMMA 3.2. Let Q C RY be a bounded domain with boundary of class C? and T €
C> () N CL(Q) be the solution of (3.3). For a >0, set

Vo =T in RY.

Then, the following statements hold true.
(i) There exists a constant Cq1 > 1, depending only on 2, such that

(3.4) Crl6% <o < C16% in Q

for all o € (0, 1].
(ii) There exists a constant Cy > 1, depending only on N, Q, and o, such that

(3.5) Cyta(l —a)d* 2 < —Avy < Coad™? inQ,
(3.6) —Cy diam(Q)*62 < (=A)vq < Co 0% in Q

for all o € (0,1).
(iii) There exists a constant C3 > 1, depending only on N and Q, such that

(3.7) Cy16727 < (=A)7uy < C387%7  in Q.
Proof. First, we notice that
(3.8) Ci'o<7<Ci6 inQ

for some constant C; > 1 depending only on 2. The upper bound on 7 follows
from its C() regularity, whereas the lower bound is a consequence of its positivity
inside 2 and of Hopf’s lemma.

Knowing this, we address the validity of the claims made in the statement. Of
course, (3.4) follows from (3.8) right away. In order to prove (3.5), a straightforward
computation gives that

(3.9) Dijva = ala — 1)7720,70,7 + at® 10T in Q
for every 4,5 =1,..., N, and thus, by (3.3)

—Avg =a(l =) 2|Vr2 +ar® ! in Q.
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As 7 € C1(Q), we infer that —Av, < Car®~2 in , for some constant C' > 1 depend-
ing only on . On the other hand, using again Hopf’s lemma, we get that [V7| > C~!
inT. ={z€Q:d(x) <e} for some £ > 0 small enough. Since we also clearly have
that 7 > C~1 in Q\ I'., we deduce that —Av, > C~ta(l — )72 in Q. These facts
combined with (3.8) immediately lead to (3.5).

We now proceed to verify (3.6). To this aim, we claim that

(3.10) ||D2’UOLHLOC(B(S(I)/4(J;)) < C6(x)* 2% for every z € Q

for some constant C, > 0 depending only on N and 2. This estimate is a simple
consequence of the Schauder theory. Indeed, by, e.g., [20, Theorem 4.6], (3.3), and
the upper bound in (3.8), we have

|‘D2T||L°°(Bs(z>/4(f6)) < C(5(x)_2”THL"O(Ba(w)/z(z)) + HIHL‘”(Bs(z)/z(m))) < C(S(‘T)_l

for some constant C' > 0 depending only on N and (2. Taking advantage of this,
the C1(Q) regularity of 7, and (3.9), one easily deduces (3.10). To establish (3.6), we
take a point x € ) and write

Vo () — va(y) d / Va(z) — va(y)
— s dy + ———d
R

N+20 N+20
N\Bs(z)/a() |z — yl

(=2 val) = . [

Bs(ay/a(@) |2 =y
On the one hand, by (3.10), we have
Vo (x) — va(y
p.v./ = N+2(o)dy’
Bs(z)/a(z ‘

) |z —y

Ua(x) - Ua(y) + vva(x) ’ (y - (,C)
N+20 dy
Bys(zy/4(z) ‘x - y|

o(w)/4
< HD%QHLW(BS(QEW(@.))|aBl|/0 t1*20 dt < C5(£E)a72g,
On the other hand, using (3.4), we find that

/ ’Ua(fL') _'Ua(y) dy < |8Bl|va(x) /+00 i < C(S(.%)Q_QU
R

N+20 o —
N\Bj(ay/a(z) T — Yl 2 5wy /4t
and
Va () — va(y) (y)*
/ . |N¥20 dy > =C " ' N+20 dy
RN\ Bj(a)/a(x) ‘:E - y| O\ Bs(z)/4() |1' - y|

> —Cdiam(Q)*6(x) 2.

Putting together the last four formulas, we arrive at (3.6).
We are left to prove (3.7). The right-hand inequality is straightforward, as

_ dy dy _
1 o 20
- = [ < W s

’ r\a |z —y| VT Jr\Bsy (@) o — gV T

for every x € €. To check that the left-hand one holds as well, we first observe that it
suffices to establish it at points in I'. = {x € Q: 6(z) < e} for some ¢ > 0 arbitrarily
small but depending at most on N, 2, and 0. Let x € I'. and denote by z, € 90 a
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point for which §(x) = |r — z,|. By the C? regularity of 92, there exists an exterior
tangent ball Bj,)(wz) to  at z,, provided ¢ is small enough (in dependence of
only). By virtue of this, we compute

_ dy dy ~15(z)~

1 o 1 20

.o (=) vo(2) =/ —~N73s = / N7z 2 O 0(2) 7,
RN\Q |l‘ — y|N+2 Bs(z) (wz) |x - y|N+2

and the lower bound in (3.7) follows. The proof of the lemma is thus complete. 0O

A simple application of the barriers constructed in Lemma 3.2 is the following
result, which provides estimates on how fast solutions of the Poisson equation attain
their data in the presence of a right-hand side that blows up at the boundary. Half
of this result is included in [20, Theorem 4.9] when the domain is a ball and in [20,
Problem 4.6] for the general case.

LEMMA 3.3. Let a € (0,1), @ C RN be a bounded domain_with boundary of
class C?, and f be such that §2~*f € L>(Q). Letu € C?*(Q)NCY(Q) be a solution of

—Au=f in(Q,
u=0 on ON.
Then,
(3.11) H(S_auHLoc(Q) < Ca_l(l — O{)_lH(SQ_af”Loo(Q)

for some constant C > 1 depending only on Q. Furthermore, if f > 0 in 2, then
) . —« > -1 -1 2—a .
(3.12) 1gf (6 %u) > C e 1gf (6> )

Proof. Let v, and C5 be as in Lemma 3.2. By the left-hand inequality in (3.5),
the function
7= oz_l(l — Oé)_102||52_af||Loc(Q)Ua
satisfies
—AU > |62 flloe @072 in Q,
7=0 on 0f).
Thus, by the weak maximum principle (applied with T and —, respectively, as super-
and subsolution), we have that |u| <7 = Coa™ (1 —a)7[0°* f|| L= (0)Va in Q. This
and (3.4) give (3.11).
When f > 0, estimate (3.12) can be established again via the maximum princi-
ple, this time taking advantage of the right-hand inequality in (3.5) and using v :=
a~1C5 infqo (627 f)v, as a subsolution. |

To deal with solutions that blow up at the boundary, we need a different class
of barriers. They are provided by the next lemma, which is essentially due to [11].
Following [11, section 3], we define, for 8 € (—1,0),

n(z) for x € Q\ Ts,,
(3.13) Va(z) := ¢ 6(z)? for x € Ts,,

0 for x € RNV \ Q,
where I'y = {z € Q : §(z) < t}, the parameter §y > 0 is sufficiently small to have
that § € C%(Ts,), and 7 is any positive function for which Vj is of class C? in Q.

LEMMA 3.4. Let B € (—1+0,0) and Q C RY be a bounded domain with boundary
of class C?. Then, there exist two constants 61 € (0,8] and Cy > 1, depending only
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on N, Q, o, and 3, such that
(3.14) CiloP 2 <AV <Cy6P  inTy,,
(3.15) Cyt 67727 < (=A)Vp < Cy6°7%7 in Ty,

Proof. The inequalities in (3.14) are straightforward. Indeed, a simple computa-
tion using that |Vé| =1 yields

AV =|B]6°72(1 — B —6A8) in Tg,.

Hence, (3.14) follows from the C? regularity of § in I's, and taking §; suitably small.

On the other hand, (3.15) is the content of [11, Proposition 3.2(ii)], once one
realizes that the quantity labeled as 79(«) in [11] is equal to —1 4+ «. This has already
been observed in [2, Remark 3.1] and is a consequence of the fact that the func-
tion 27 'T* is a-harmonic in (0, +-00)—the function appearing in [11, formula (1.13)]
is equal, up to an irrelevant factor, to the a-Laplacian of 27 evaluated at z = 1.
The a-harmonicity of x_T_HO‘ in (0,4+00) can be verified in several ways—see, e.g., [3,

Lemma 4.1] for a proof based on the computations of [17]. O

4. Comparison principles. In this section, we prove the weak comparison
principle of Proposition 1.2 and deduce from it some estimates on the supremum
of subsolutions of (1.1).

Proof of Proposition 1.2. Assume first that both inequalities in (1.8) and on the
first line of (1.7) are strict, i.e., that w and W satisfy

—Aw+ B(+, (—A)w) < —AW+ (-, (—A) W) in Q,

(4.1) w<w in RV \ Q,
lim sup w(z) < liminf w(x) for all zg € O0.
Qdz—x0 Q3z—z0

Let w:= w —w and

M :=supw.
Q
We claim that
(4.2) M <0.

Of course, if (4.2) is valid, then we are done. Therefore, we argue by contradiction
and suppose that M > 0.

By the continuity of w and w inside €2 and the strict inequality on the third line
of (4.1), there exists a point z; €  at which w(zy) = M. As w < 0 outside of Q,
we infer that

w(xy) =M= max w.

Accordingly,
—Aw(zpy) >0 and (—A)w(xy) >0,

that is,
—Aw(zpr) > —Aw(zy) and (=2 w(zar) > (D) wW(xar).
In view of this and the monotonicity of ®(zyy, ), we obtain that

—Aw(rn) + (xa, (—A) w(wn)) 2 =AW (rn) + 2(zar, (—A) W(20)),
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in contradiction with the first inequality in (4.1). Thus, (4.2) holds true and the
lemma is proved when (4.1) is in force.

Suppose now that w and w satisfy the weaker hypotheses (1.7) and (1.8). Let R >
0 be large enough to have Q0 C By and consider the function u,(z) := (R? — |z]?)%.
By Lemma 3.1, we know that

(4.3) (=A)uy >0 and  — Auy >20NR**72>0 in Bp.

Consequently, letting w, := W + €u, for any small € > 0 and using again the mono-
tonicity of ® with respect to the second variable, we see that

—Aw+®(-, (-A)w) < —Aw, + D(-,(—A)°w.) in Q,

w < W, in RV \ Q,
lim sup w(z) < liminf w,(x) for all zog € O9.
Q3z—x0 Qd3z—x0

By what we established before, w < w, < w+ eR2% in the whole RY. The conclusion
of the lemma now follows by letting € | 0. ]

As applications of Proposition 1.2, we have two results providing upper bounds on
the supremum of subsolutions of (1.1). Of course, from these one may easily deduce
the corresponding lower bounds for supersolutions and two-sided bounds for solutions.

First, we suppose the right-hand side f in (1.1) to be a bounded function. In this
case, it suffices to apply Proposition 1.2 in conjunction with the barrier of Lemma 3.1.

COROLLARY 4.1. Let Q C RY be a bounded open set and ® : Q@ x R — R be
a Carathéodory function with ®(z,-) nondecreasing and ®(z,0) > 0 for a.e. x € Q.
Let f € L®(Q), g € L®(092), h € L (RN \ Q), and w € L*(RY) N C2(Q) N C° ()
be such that

—Aw+®(-,(=N)w) < f inQ,
(4.4) w<g onodf,
w<h inRY\Q.

Then,

supw < sup g4 + sup hy + C diam(Q)? sup fy
Q o2 RN\Q Q

for some constant C > 0 depending only on N and o.

Proof. Write R := diam(f2) and pick xo € RY in such a way that Q C Bg(xo).
Without loss of generality, we may assume that o = 0. Similarly to what we did at
the end of the proof of Proposition 1.2, we consider the function u, (z) := (R*—|z|*)7,
which satisfies (4.3). Hence, the function

R2(1—0)
w(x) :=supgs + sup hy + BT supo fr Ug (), z € RV,

a0 RN\Q 2No

is such that
—AW+ (-, (-A)’w) > f inQ,
(4.5) w>g on 09,
w>h inRY\Q.

The conclusion now follows by Proposition 1.2. a0
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By combining Proposition 1.2 with Lemma 3.2, we may tackle the case when f
is merely in Ly? (€2) and blows up at the boundary of €2 at a strictly slower rate than
the square of the inverse distance function.

COROLLARY 4.2. Let Q C RN be a bounded open set with boundary of class C?
and ® : Q@ x R — R be a Carathéodory function with ®(zx,-) nondecreasing and
®(x,0) > 0 for a.e. ¥ € Q. Let f be such that §*=“f € L*(Q) for some 0 <
a<a<l, ge LX), and h € LR\ Q). Let w € L®(RY)NC%(Q) N CO(Q)
be such that (4.4) holds true. Then,

(4.6) supw < sup g4 + sup hy + Ca~lsup (62_af+)
Q on RN\Q Q

for some constant C > 0 depending only on N, 2, o, and @.

Proof. For M > 0, define the nonnegative function

w(z) == a Slép (52_O‘f+) (Muo(z) + Co(1 — a)_lva(:r)), z € RV,

where vy, vo, and Cy are as in Lemma 3.2. By estimates (3.5)—(3.7), in Q we then
have

—Aw > sup ((52_"‘f+)(5“_27
Q

(=2)7w > a tsup (627 f4) (C5 "M — C3(1 — )~ diam(Q)*)5 27 > 0,
Q

provided M is large enough, in dependence of N, ), o, and @ only. Thus,
—Aw+®(-,(=A)w) > f inQ.

This yields that w := w-+supyq g+ +supgw \a hy satisfies (4.5). From Proposition 1.2
it follows that w < w. Estimate (4.6) is then a consequence of Lemma 3.2. d

5. Existence. Proof of Theorem 1.1. We present here the proof of Theo-
rem 1.1 under the notational conventions explained in subsection 1.2. For readability
purposes, we split the proof into four intermediate steps:

Step (1) First, we reduce (1.1) to an equivalent problem having vanishing boundary
and exterior data.

Step (2) The so-obtained Dirichlet problem will contain singular terms originating
from the lack of smoothness of the fractional Laplacian at the boundary
and we circumvent this issue by solving a family of regularized problems
by cutting the singularities off.

Step (3) We then obtain uniform estimates on the solutions to these regularized
problems; to get stronger estimates, we use the family of weighted Sobolev
spaces introduced in section 2, wherein all necessary notation can be found.

Step (4) Finally, the estimates enable us to conclude that the solutions to the reg-
ularized problems accumulate at a solution of the original one. Its unique-
ness then immediately follows from Proposition 1.2.

5.1. Reduction to homogeneous data. Let g be the harmonic extension of g
inside €, i.e., g € C%(Q) N CY(Q) is the unique solution of the Dirichlet problem

—-Ag=0 inQ,
g=g on 0.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/31/23 to 137.204.24.180 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

AN ELLIPTIC PROBLEM WITH FRACTIONAL NONLINEARITY 3591

We define o
" ~ L g in €,

= Xqd + Xgx\ah = =

ad T ARTL h in RN\ Q.

Notice that ¢ € L= (RY) N C?(Q) N CO(Q).

Letting v := u — 1), it is clear that (1.1) is equivalent to the problem?

51) {—AU+P[U] =f inQ,

v=0 inRY\Q
with

Pl i= {] (=)0 + (=0)7 6 (=0) v+ (=0)7) }| .

Q

Observe that both (—A)?4) and f are locally bounded and Hélder continuous functions
in ). However, they may in general blow up at the boundary of €. Indeed, we have
that

(62)  1-0)0@)] < (gl om + bl e @oy )3() > forall z € 0.

To see this, on the one hand, by the maximum principle and the classical Schauder
theory (e.g., [20, Theorem 4.6]), one gets that

]l ) + 0(2)1D*Gll L By () ja(a)) < CllgllLeon)  for all z € Q.
Consequently, arguing as we did to get estimate (3.6) in Lemma 3.2, we find that

(=2)7 (xq9) (@)] < Cllgll Lo a6 0 () 77
for all x € Q. On the other hand, by computing directly,

Xeaa (@) (y)]

(=2)" (xpah) (@)] < eno / o= gVt

RN\ Bs (q) (2)
< O]l poo vy (%) 7
for all z € Q. The combination of the last two estimates leads to (5.2).
In light of these diverging behaviors, to solve (5.1) it is convenient to consider a

family of suitably regularized problems. This will be the content of the next subsec-
tion.

5.2. Approximating problems. For any large integer j, consider the open set
Qi ={reQ:d(x)>27}.
Then, let n; € C°(RY) be a cut-off function satisfying 0 < n; < 1 in R, supp(n;) C

Qj, m; = 1in Q;_1, and |[Vn;| < C; in RY. We take into account the auxiliary
problem

—Av+ P;jv]=n;f in Q,
(5.3) ol = n;f .
v=20 in RY\

2Let us stress here that RV \ Q = 0Q U (RN \ Q).
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with P;[v] := n;P[v]. To find a solution of (5.3), we will look at it as a fixed-point
problem.

Let 8 € (20,2) \ {1} to be chosen later, in dependence of o and p only, and
consider the Banach space

Am:{wec%wﬁmcﬂﬁyunﬂnnRN\Q}

endowed with the norm [Jwl|x = |[w[|cs g)-
First, we claim that P; : X — L*°(2) is a continuous mapping and that

(5.4) | Pj[w]| oo () < 6j(1 + ||w|\§() for every w € X.

The continuity easily follows from the fact that supp(n;) C ©; and the estimate

(=) w(z)|
_ove| [ B ulets) —uaos),
2 RN || N+20
[wes B, ;-1 () Wl Loe ®3\B,_;_, (x))
SC(/ #dz_i_/ 2—j—1 dz)
By—j-1 |2|N+20-5 RN\B, ;1 |2|NH2e
< Cjllwllx,

which holds true for every w € X and z € ;. From this and (5.2), we also infer that

23060 oy < O(N=2) w0l + =)l )
< G5 (Il + N9l oy + NG i)
which gives (5.4).

Denote now by (—A)~! the inverse of the Dirichlet Laplacian in (, i.e., let
(—A)~LF be the only solution ¢ of the problem

—A¢p=F inQ,
¢=0 on 9.

By the classical Calderén-Zygmund theory and the Sobolev embedding, the opera-
tor (—A)~ maps L®(Q) into W, %(2) N W24(Q) N C7(Q) for every ¢ € (1,+00)
and v € (0,2). Also,

(5.5) I(=2)""Fller @ < CollFllL=(o)-

Pick now any ¢ € [1,+00) and v € (B,2). Then, the standard inclusion ¢ :
C7(Q) — CA(Q) is compact. Hence, the mapping Tj : X — X defined by

(=)t f — Pi[w in Q,
nmm{é( ) "L~ Byfw)) o

for all w € X is also compact. We stress that 7)j[w] defines a continuous function

in RN—and is thus an element of X—since its restriction to Q belongs to Wy 4(Q) N
CP(Q).
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Notice then that v € X N W24(Q) is a solution of (5.3) if and only if it is a fixed
point of the map T}. Since T} is compact, we can show the existence of a fixed point
using the Leray—Schauder theorem (see, e.g., [20, Theorem 11.3]), provided we check
that

(5.6) lvlla < C; for every v € X such that v = AT}[v] for some A € [0, 1].

To see this, note that if v € X satisfies v = ATj[v], then v is a CO(RY) N W?24(Q)

solution of
{—Av + AP;[v] = An;f in Q,

v=0 in RV \ Q.
Then, by standard elliptic regularity, v is actually of class C? in Q, and therefore the
function u := v + 1 is a L=®(RY) N C?(2) N C°(Q) solution of
— A Mgy (=) 7wl TH=A) Tu = Ay £ in 9,
u=g on 012,
u=nh in RV \ Q.

Hence, by the comparison principle of Corollary 4.2, we infer that [jul|ze(q) is uni-
versally bounded, and thus

(5.7) o]l Lo (@) < C.
Knowing this, we may proceed to show the validity of (5.6). First, we remark that

70(1/0(2

1 a1 /o a2 ()
[ellcor @) < Cllell ey ||<P||Cla/2(2§) for all ¢ € C**() and 0 < oy <z < 2.

See, e.g., [25, Proposition 1.1.3(iii)]. Thanks to this, (5.7), (5.5), and (5.4), we compute

. _
loll = lollaq < Cllol e lollghg < OX T I,

< Cyllnf = Piloll22 ) < s (s A7 ) + 1R300 )
< T (1 I0IR).

Notice that, since op < 1, we can choose 5 € (20,2)\ {1} (close to 20) and v € (5, 2)
(close to 2) in a way that Sp/y < 1. By doing this and applying the weighted Young’s
inequality, claim (5.6) easily follows from the above estimate.

Accordingly, we can apply the Leray—Schauder theorem and conclude that there
exists a fixed point v; € X for the map T}, i.e., a solution v; € CO(RY) N C?(Q) of
problem (5.3). Also,

(5.8) lvjll Lo () < C,

as a consequence of (5.7).

5.3. Uniform estimates. We now want to let j T co and show that the limit
of the v;’s is a solution of (5.1). In order to do this, we need estimates for v; that do
not depend on j. Note that we already know that each v; satisfies the uniform L>°
bound (5.8).
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Let ¢ € (1,400). As v; is a solution of (5.3), by Proposition 2.2, Lemma 2.3
(applied here with pg in place of p, r = pq, 6 = N +2q > N + 20pq, and € =
2(1 — op)q > 0), and estimate (5.8), we have

(5.9)
ij||L2'q(Q)
< Cy(Inif = Pilolllzg, o0 + Iosllis, o))
< cq(||<—A>”ij§m2q(m L)1 gy + 1l + I0sllz0ce)

< T (14 0130y )-

Notice that, to get the last inequality, we also took advantage of the fact that, thanks
o (5.2) and (1.4),

=270, o) + I 1Ze ., 0 SCq/ (I=2) v @) + £ @)*) 6(2) da
<C / 2)*10°7) 4 §(2)°1) d < T,

The interpolation inequality of, say, [26 Corollary 2.1.8], along with the representation
of Proposition 2.1(v) for the space L3 "4(€2) and again (5.8) then give that

||UjHLi,°‘*m( < Coyllv '
L

”vj ||2?\}Q(Q) < éq”q}j ||Z?\}Q(Q)'

(1 o)pq

NG (0)

By plugging this into (5.9) and taking advantage of the weighted Young’s inequality,
we conclude that

(5.10) ””j”Lfv’q(Q) <(C, foreveryj€N.

Note that, once again, we used in a crucial way that op < 1.
Next, we claim that, for any small € € (0, 1),

(511)  |o;(x)| < O d(x)minti==2(-op) =52} for every z € Q and every j € N.

To check this, let ¢ > N and notice that, using (5.10) and the standard Morrey’s
inequality,

=

— q 2 q q
[Wj]cl*%(sw/m)) SC‘I(W) IVl e + 1203l o)

(/|wj )9a(y qdy+/|D2 y)|75( )Z‘de>q

< 80215 00y < T
Hence, from this and (5.8), it easily follows that

C(/ [ij]clfzv/q(Bé(z)/Q(m)) dz+/ ”%”L‘X’(Q)d>
Bs(z)y/2 |2|N+20=2+N/q RN\ Bj(z) /2 |z|N+20

< Cyd(x)~2Na

IN

|(=2)%v;(x))|
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for every x € Q and ¢ large enough. Estimate (5.11) is then a consequence of this
inequality, (5.2), and Lemma 3.3, recalling that v; is a solution of (5.3) and taking ¢ =
Np/e, with € > 0 sufficiently small.

Thanks to the uniform bounds (5.10) and (5.11), we are now able to get a limit
for v; as j 1 oo and obtain a solution of (5.1). Bear in mind that estimate (5.10) gives
in particular that

lvsllw2an) < Cok

for any ¢ > N. To see this, it is convenient to recall the equivalent representation
for L?\}q(Q) given in Proposition 2.1(iv). Thus, by Morrey’s inequality,

(5.12) HUchv(ng) < Cyk

for any fixed v € (max{20,1},2) and every large integer j and k.

5.4. Passage to the limit. By the compact embedding of Holder spaces, bound
(5.12), and a standard diagonal procedure, (v;);cy converges (up to a subsequence)
to a function v in C|/ (). Letting j 1 oo in (5.11), we obtain that the extension of v
to 0 outside 2 (that we still call v) defines a continuous function on the whole RY. By
the dominated convergence theorem and the uniform L bound (5.8), we also have
that v; — v in LY(RY).

Passing (5.3) to the limit, one easily obtains that v is a weak solution of —Awv +
P[v] = f in every open set compactly contained in 2, that is,

/ (Vv Ve + Pllp) = / fo forall p € C°(Q).
Q Q

Notice that this can be done since P;[v;] converges to P[v] in LS (), as a consequence
of the convergence of v; to v in C] (2) and L*(RY). Now, since f and P[v] are both
locally Holder continuous functions in © (as v € C{_(Q) with v > 20), by elliptic

regularity we conclude that v belongs to C°(R™Y) N C2(Q) and solves (5.1) pointwise.
The proof of Theorem 1.1 is then complete.

6. Nonexistence. Proofs of Theorems 1.3 and 1.4. In this section, we
establish our two nonexistence results, which are valid, respectively, when op > 1 or
when the right-hand side f blows up too rapidly at the boundary of 2.

First, we deal with the case of vanishing right-hand side and critical or supercrit-
ical regime.

Proof of Theorem 1.3. Letting a,e > 0, m := maxgn g > 0, vo = Xq, and v, be
as in Lemma 3.2, we consider the function

We,e :=m(Vy — EVq).
We claim that there exists an ¢y € (0, 1) small enough such that @, . is a supersolution
to problem (1.1) for any a € (0,0) and € € (0, o).
Clearly, W, . € L=(RY) N C?(2) N C°(Q). Moreover,

Wae > gon d) and Wee > hin RY \ Q,

thanks to the definition of m and the fact that h is nonpositive. Therefore, in order
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to prove that W, . is a supersolution to (1.9), we only need to check that
(6.1) — Ao+ |(=0) o'~ (=A) Wae >0 inQ,

provided ¢ is sufficiently small, uniformly with respect to « € (0, o).
To do this, we take into account formulas (3.5)—(3.7) of Lemma 3.2, which give

—Avy <072 and  (=A)7vq < C6TF in Q

and
—Avg=0 and (=A)vy>C7167% inQ

for some constant C, > 1 depending only on N, o, and 2. In particular,
— AWy e =emAv, > —Cymed* 2 in Q
and

() Wae = m((—A)"vo - 5(—A)%a) >m(C7 = Ce)d > > % 5% i Q,

provided € < (202)~L. In light of these two relations, we obtain that, in €,

— AWe + (=) B e |" ™ (~ 1) W e

> —Cume 2 + (55-) 672

( m )p672gp 1— 2pc’f+1diam(9)2(ap71)+a AR
20* mP—l >

if £ is small enough, depending on N, o, p, 2, and m only. Note that the second
inequality holds since, by assumption, op > 1.

We have, therefore, proved the validity of (6.1), and thus that @, . is a supersolu-
tion to problem (1.9) for any a € (0, ¢) and any ¢ € (0, g9] with &g € (0, 1) independent
of a. Suppose now that there exists a solution u € L= (RYN)NC?(Q)NC°(Q) of (1.9).
By the weak comparison principle of Lemma 1.2, we then deduce that

u(r) < Wye(r) forany xz € Q, a€ (0,0), and € € (0,e0].
By taking the limit as « | 0, this in turn implies that
u(z) <m(l—eg) foranyz e Q.
In particular, since m > 0, we infer that

stgllpu <m(l—gp)=(1- 50)1%%xg < maxg,

which contradicts the fact that u attains continuously the boundary datum g. 0

Next, we establish the nonexistence of solutions also in the case when the right-
hand side is too singular at the boundary.

Proof of Theorem 1.4. For « € (0,0), let v, be as in Lemma 3.2, and define

W e i= EVq
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for any € € (0,1). With the help of (3.5), (3.6), and the fact that op < 1, we compute

~Dw g A (D) W [TTHL) T

Lae

< 0602 4 CFePdiam(Q)*P5 2P
<eC¥ (diam(Q)o‘ + diam(Q)“’""Q(l_‘”’))(5_2 <kOT2<L S,

provided € is chosen small enough, depending on N, o, p, €2, and x only. Note
that ¢ can be chosen uniformly with respect to a € (0,0). Accordingly, w, . is
a subsolution of problem (1.11) for any « € (0,0). By the comparison principle of
Proposition 1.2, we then have that any solution v € L= (RV)NC?(Q)NC%(Q) of (1.11)
must satisfy u > w, . = €v, in 2. Hence,

u(z) > Eli% T(x)* =¢ for any z € Q,

in contradiction with the fact that « € C°(Q) and the homogeneous boundary condi-
tion in (1.11). |

7. Boundary blow-up solutions. Proof of Theorem 1.5. Here, we con-
struct solutions of problem (1.12) which blow up at the boundary of €, thus estab-
lishing Theorem 1.5. We will do this by first solving approximating Dirichlet problems
with larger and larger data on 02 and then passing to the limit. This last step will
be possible thanks to the barriers provided by the following preliminary result.

LEMMA 7.1. Let Q C RN be a bounded domain with boundary of class C%. For
c 3—o0 1
p 1 + 0_7 o )

2(1 —op)
p—1
and V, be defined as in (3.13). Then, there exist two constants A, B > 1, depending

only on N, Q, o, and p, such that the L*(RN) N C?(Q) function

let

(7.1) v =~(o,p) :i=— €(-14+0,0)

u(z) := AV, (z) + Bxa(z), z€RY,
satisfies
—Au + |(—A)"ﬂ|”*1(—A)"ﬂ >0 in .

Proof. In light of estimates (3.14)—(3.15) of Lemma 3.4 and (3.7) of Lemma 3.2
(recall that vy = xq a.e. in RY), we have that

— AT > —CyAS 2
and
(—2)7u> C A7 + C 1B > O TAST? in T ={z € Q:d(z) <1}
Since, by (7.1), we have v — 2 = (y — 20)p, the above two inequalities give that

— AT+ |(=0)7a[" T (~ )7 > Oy P AP (1 - c;’“Alfp) >0 inT,
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provided A is large enough. The fact that, for B large, the same inequality also holds
in Q\ T is a simple consequence of the left-hand bound in (3.7) and of the C2(2) N
LY(RY) regularity of V,—which yields in particular that —AV, and (=A)°V, are
both bounded in Q\T. 0

Proof of Theorem 1.5. For any j € N, consider the solution u; € L>®(RY) N
C?(2) N CY%Q) of problem (1.1) associated to g = j on 9, f =0 in , and h = 0
in RV \ Q—its existence and uniqueness is guaranteed by Theorem 1.1. By the
comparison principle of Proposition 1.2, (uj)j cn 18 a nondecreasing sequence bounded
above by the function @ of Lemma 7.1. Let now j T oo to get that (uj)jeN converges
monotonically to some v < u. We will show that this pointwise limit is the sought
solution.

Our argument is similar to the one displayed in subsections 5.3-5.4. Let ¢ > 1
and € > Npq be chosen later. By Proposition 2.2 and Lemma 2.3 (applied with pg in
place of p, 8 4+ 2¢q in place of 6, r =1, and € = 2(1 — op)q > 0), we have

il gy < CI=2) w3l g + luillzg))

2q
< O (512 + s 0y + sl

for some constant C' > 0 depending only on N, p, ¢, 0, o, and 2. In view of Proposi-
tion 2.1(v) and [26, Corollary 2.1.8], we estimate

o 1—
il 20y < Cllusli g gy sl 520
Ly, 777 ()
Thus, using the weighted Young’s inequality along with the facts that op <1, p > 1,
and 0 < u; <,

(d-o)p

|why®§00wlzﬁﬁ +mw$@+wmmmg
Ly, 77 (Q)

(A—o)p
<o, Il +1).
Le 1—op (Q)

Notice that the first term involving @ on the right-hand side is finite, provided 6 is
taken sufficiently large in dependence of N, p, ¢, and ¢ only, whereas the second term
is always finite, as u € L*(2).

As the last estimate holds for every ¢ > 1, by compactness we deduce that (u]-)j eN
actually converges to u in C’llof(Q) for every o € (0,1). Using this, it is easy to see
that u satisfies

Vu-Vo+ (|(=A)ulPH(=L) u)p) =0 for all p € C(1).
A )

By standard elliptic regularity, we then get that u € C?(Q) and solves the equation
in the pointwise sense.

Estimate (1.13) is an immediate consequence of the pointwise inequalities 0 <
u < u. The fact that w > 0 in 2 follows from a simple strong maximum principle.
Finally, for all ¢y € 02 we have

liminf u(z) >sup lim w;(z) =supj = +oo,
Q3z—x0 jEN Q35— x0 jEN

and the proof is complete. 0
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Comments, open questions, and motivations. We conclude the paper

with a few remarks on possible extensions of our results, points left open by our
analysis, and possible applications.

(i)

(i)

(iii)

(iv)

g

Though stated for the specific operator u — —Au + [(=A)7uP~H(=A)u,
the main results of this paper can be extended to a larger class of operators
having p-growth in (—=A)7u and satisfying the comparison principle of Propo-
sition 1.2. For instance, Theorem 1.1 is also valid for operators of the form

u — —Au+ (-, (=A)u),

where ® : Q2 x R — R is a uniformly Holder continuous function satisfying
®(-,0) > 0 in Q and the growth condition

|®(z,t)| < C(1+[t|P’) forallzeQ, teR

for some constant C' > 0, in addition to the assumptions of Proposition 1.2.
While, in light of the existence/nonexistence dichotomy provided by Theo-
rems 1.1 and 1.3, the p-growth structure clearly cannot be fully abandoned,
it would be nice to understand whether our results could be extended to op-
erators which do not satisfy the hypotheses of Proposition 1.2, such as u
—Au+[(=A)ulP or u s —Au— (=) u|P~H(=A)u. Indeed, in these cases
the absence of comparison principles prevents one from using barrier argu-
ments: these are at the core of a priori estimates (see Corollary 4.2), which are
in turn essential to deduce uniform estimates (see subsection 5.3) making our
approximating strategy feasible (see subsection 5.4).

For some more details regarding this issue in the case p = 1, see also [10,
Appendix A].

Theorem 1.5 gives the existence of a solution to —Au+ | (—A)Uu|p71(—A)au =
0 in © which vanishes a.e. outside of {2 and blows up at its boundary, from the
inside. As a byproduct of the method of construction, we obtain the upper
bound (1.13) on its blow-up rate. Unfortunately, we are not able to determine
either a corresponding lower bound or the uniqueness of the solution. We
believe it would be interesting to investigate both these issues.

As a matter of fact, (1.1) is related to the fractional Lane-Emden equation
(with sign-changing nonlinearity)

(AN o+ P lo=f inQ s=1-0¢€(0,1).

The two can be bridged by simply relabeling, at least formally, (—=A)%u = v
in RY. In doing so, one has to pay attention to what happens to the boundary
conditions.

For example, if we perform this change of variable on a nonnegative solution u
of (1.1) with g > 0 and h < 0, then v solves

(=AY v+ P lo=f inQ,
v<0 inRY\Q

and may therefore act as a subsolution to the fractional problem. We believe
that this could contribute to the study of very large solutions of the fractional
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Laplacian, i.e., solutions of
(=D v+ P o= in Q,
53% =400 on 01,
v=20 in RV \ Q

for which there are still a number open problems, such as uniqueness and clear
boundary asymptotics (see [2, 11]).

For p = 1, the operator —A + (=A)?, o € (0,1), is the infinitesimal gen-
erator of a discontinuous Markov process which has both diffusion and jump
components: roughly, this means that trajectories look like disconnected por-
tions of Brownian motions. This process belongs to the class of Lévy processes
(stochastic processes with stationary and independent increments): these are,
in particular, uniquely characterized by their characteristic function via the
Lévy-Khintchine formula; see, for example, [6]. The interested reader can also
check the self-contained presentation in [16, Appendix B] on how to recover
this process as a limit of discrete random walks.

Lévy processes are widely used in models from mathematical finance [14],
especially dealing with option pricing, and are related to optimization [9]
and stochastic control [28] problems described by a Hamilton-Jacobi-Bellman
fully nonlinear integro-differential equation. The classical theory of Hamilton—
Jacobi—Bellman equations, which is making use only of the continuous diffu-
sion entailed by the Laplacian, gives rise to boundary value problems of the
form (1.10)—possibly with g = 4o00; see [22]—for the optimal cost function.
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