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Optimal control of infinite-dimensional
Piecewise Deterministic Markov Processes: a BSDE approach.
Application to the control of an excitable cell membrane.

Elena BANDINI* Michele THIEULLEN T

Abstract

In this paper we consider the optimal control of Hilbert space-valued infinite-dimensional
Piecewise Deterministic Markov Processes (PDMP) and we prove that the corresponding value
function can be represented via a Feynman-Kac type formula through the solution of a con-
strained Backward Stochastic Differential Equation. A fundamental step consists in showing
that the corresponding integro-differential Hamilton-Jacobi-Bellman equation has a unique vis-
cosity solution, by proving a suitable comparison theorem. We apply our results to the control
of a PDMP Hodgkin-Huxley model with spatial component, previously studied in [23], [22] and
inspired by optogenetics.

Keywords: infinite-dimensional PDMPs, constrained backward stochastic differential equations, integro-
differential Hamilton-Jacobi-Bellman equation, viscosity solutions in infinite dimensions, spatio-temporal
Hodgkin-Huxley models.

MSC 2010: 93E20, 60H10, 60J25.

1 Introduction

In this paper we consider optimal control problems for Hilbert space-valued infinite-dimensional
Piecewise Deterministic Markov Processes, and we prove that the corresponding value function
can be represented through a Feynman-Kac formula by means of the solution of a constrained
Backward Stochastic Differential Equation (BSDE). As an intermediate step, we also show that
the corresponding Hamilton-Jacobi-Bellmann (HJB) has a unique viscosity solution by providing a
comparison theorem for suitable Integro Partial Differential Equations (IPDE). We apply our theo-
retical results to the control of a PDMP Hodgkin-Huxley model with spatial component, previously

considered in [23], [22] and inspired by optogenetics.
The Feynman-Kac type representation for the value function is obtained by implementing the
randomization procedure introduced in [20] for jump-diffusions, later extended in [5] and [4] re-

spectively to the case of finite-dimensional pure jump Markov processes and of finite-dimensional
PDMPs. The control randomization method is particularly useful to probabilistically represent the
value function associated to stochastic control problems, where the laws of the family of controlled
processes are not dominated by a common measure. Roughly speaking, the randomization principle
consists in enlarging the state space by an additional independent piecewise constant component
corresponding to the control, and in subsequently generating a family of dominated laws and an
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auxiliary control problem, where the cost is optimized with respect to the intensity of the extended
pure jump component. The value function of this latter (randomized) control problem can be rep-
resented by means of the solution of a constrained BSDE, namely a backward equation driven by
a random measure with a sign constraint on its martingale part. In order to be able to relate this
backward equation to the HJB equation associated to the primal problem, one has to show that
the randomized value function does not depend on the additional component, and that it provides
a solution to the above-mentioned HJB equation. Afterwards, the Feynman-Kac representation
formula for the original value function comes from the uniqueness of the viscosity solution to the
corresponding HJB equation. We refer the reader to the introduction of [20] for an extended expo-
sition of the issues involved. Note that the randomization procedure is a very general methodology
which applies even if the laws of the controlled processes are dominated. The Feynman-Kac rep-
resentation formula can be used to design algorithms based on the numerical approximation of
the solution to the corresponding constrained BSDE, and therefore to get probabilistic numerical
approximations for the value function of the addressed optimal control problem, see e.g. [21].

In our infinite-dimensional setting, we provide existence and uniqueness (in a suitable sense) of
the solution of such a constrained BSDE and its independence with respect to the additional com-
ponent. We also prove a randomized dynamic principle which enables us to establish that the value
function of the randomized problem is a viscosity solution of the HJB-IPDE on the Hilbert space.
Viscosity solutions for partial differential equations in infinite dimension with unbounded linear

terms have been first studied in [10] and[l1], where the notions of B-upper/lower-semicontinuity
are introduced, and subsequently considered by many other authors, see e.g. [14] for a modern and
detailed exposition on this topic. Recently the papers [27] and [28] have addressed respectively

existence and uniqueness for an HJB-IPDE resulting from the control of an Hilbert space-valued
SDE driven by a Lévy process. Notice that in our framework we do not ask that our PDMP is a
strong solution to some SDE. Our approach is instead based on the study of the local characteristics
of the PDMP in the spirit of the theory developed in [12]. We prove a comparison theorem which
implies the uniqueness of the viscosity solution of our HJB-IPDE. The appropriate definition of
viscosity solution, on which the comparison theorem relies, is derived suitably extending the one
provided in [28].

Our theoretical results are applied to the control of a PDMP Hodgkin-Huxley model with
spatial component. Hilbert space-valued PDMP models describing the spatio-temporal evolution
of a neuron with a finite number of ion channels (or more general excitable membranes) have been
rigorously settled in [7]. In particular it was proved in [24] that such PDMP converge to the spatio-
temporal Hodgkin-Huxley model proposed in [15] when the number of channels goes to infinity,
see also [2]. Inspired by optogenetics, optimal control of general infinite-dimensional PDMP has
been previously considered in [23], [22]. In particular the results in [23] were applied to a tracking
problem for a Hilbert space-valued Hodgkin-Huxley type PDMP. In that paper, as in the present
one, piecewise open loop controls (see e.g. [29]) were considered, and the control acted on the
three characteristics of the PDMP. However, the main tools were relaxed controls and the optimal
control theory of Markov Decision Processes, see [(]. Moreover, even if an HIB-IPDE were written
down in that paper, no study was conducted about existence or uniqueness of its solutions. We also
mention the more recent paper [8], which exploits Markov Decision Processes in infinite dimension
in the framework of stochastic filtering.

Many generalizations of the present work may be possible. For instance, it would be interesting
to treat the general case with infinite-dimensional PDMPs on a state space with boundary, from
which additional instantaneous jumps into the interior of the domain may occur (in the finite-
dimensional case, this feature has been recently considered in [3]). Moreover, in our application
section we have considered the classical case of a Laplacian operator, but other operators could be
addressed as well. Finally, a challenging future development would consists in applying our results



to the infinite-dimensional PDMP that naturally arise in filtering problems.

The paper is organized as follows. In Section 2 we construct our infinite-dimensional controlled
PDMP and we define the related optimal control problem. In particular, inspired by [158], we provide
a canonical construction of the PDMP state process in infinite dimension, by suitably extending the
finite-dimensional construction implemented in [1], [5]. We then set the associated control problem,
and we establish in Theorem 2.11 that the corresponding value function is a viscosity solution of
the HJB equation (2.19)-(2.20). In Section 3 we describe the control randomization method in
our setting, and we introduce the randomized optimal control problem. Then in Section 4 we
define and study the related constrained BSDE, and we address the Feynman-Kac representation.
As described above, the first step of the randomization approach consists in proving that the
randomized value function does not depend on the additional component, and that satisfies a
suitable randomized dynamic programming principle, see respectively Proposition 4.2 and Theorem
4.3. Then in Theorem 4.4 we show that also the randomized value function is a viscosity solution
to the HJB equation. The last step towards the Feynman-Kac representation consists in the
comparison Theorem 4.5, which provides uniqueness of the viscosity solutions to our HJB-IPDE
equation. Section 5 is devoted to the application of our results to the control of a spatio-temporal
Hodgkin-Huxley type model. Finally, Sections 6 and 7 are devoted to the proofs of the results
provided respectively in Sections 2 and 4.

2 Optimal control of infinite-dimensional PDMPs

In the present section we are going to formulate an optimal control problem for infinite-dimensional
piecewise deterministic Markov processes, and to discuss its solvability. The PDMP state space F
is a real separable Hilbert space, equipped with the norm || - || and the inner product (-,-), with
corresponding Borel o-field €. In addition, we introduce a compact Polish space A, endowed with
its Borel o-field A, called the space of control actions. The other data of the problem consist in
four functions f, b, A on E x A, g on E, a probability transition kernel @ from (E x A,€& ® A) to
(E,E), and an operator L satisfying the following conditions.

(HL)
(i) L is a linear, densely defined, maximal monotone operator in E. Moreover, there exists an

operator B on E bounded, linear, positive (i.e., (Bx, ) > 0 for every x € E, x # 0) and self-
adjoint, such that L*B is bounded on F, and, for some ¢g > 0,

(L*B4¢yB)z,xz) >0 VrxeE. (2.1)

We define the space F_; to be the completion of E under the norm ||z||_; = ||B'/2z||. E_; is an
Hilbert space equipped with the inner product (z,z)_; = (BY/2z, B/2z). Moreover,

|-y < [|B2||]|zl, z € E. (2.2)

(ii) —L generates a strongly continuous semigroup (S(u)),>o such that, for any v > 0, S(u) is a
contraction on E with respect to || - ||—1.

Remark 2.1. —L is the generator of a strongly continuous semigroup of contractions (S(u))y>0
on E, see e.q. Theorem B.45 in [1/].

Definition 2.2. We say that a function uw : W — R is B-upper-semicontinuous (resp., B-lower-
semicontinuous) on W C [0, T| x E if, whenever t, — t, x, — x, Bz, — Bz, (t,z) € W,
then imsup,, _, o u(ty, xn) < u(t,z) (resp. Uminf, o u(t,,x,) > u(t,z)). The function u is B-
continuous on W if it is B-upper-semicontinuous and B-lower-semicontinuous on W.



In the assumptions below C' is a generic constant which may vary from line to line.
(HbAQ)

(i)b: Ex A~ E, \: Ex A~ R, are bounded continuous functions such that

[|b(z,a) —b(a',a)|| < Cllz —2'||=1, z,2/ € E,ac A
IAz,a) = A(2',a)| < Cllx —2||-1, =z,2 € E,a€ A.

(ii) @ maps E x A into the set of probability measures on (F, £), and is a continuous stochastic kernel
(see e.g. Proposition 7.30 in [6]). Moreover, for any real function ¢ continuous on (¢, T —¢) X E
for any € > 0 and bounded, and for every R > 0, we have, for all s,s" € (¢, T — ¢),

/E o(5.1)Q(z a, dy) — /E so(s,mcz(z',a,dy)]scw<||z—z'|r1>, s eBacA (23

/E[sO(s,y) — (s, )] Q= a, dy)‘ <Cop(ls—+]), z€E:|2l|<R, acA (2.4)

where w is a modulus of continuity, and og(-) is a modulus of continuity depending on R.

(Hfg) f:ExAw— Ry, g: E~ Ry are continuous and bounded functions, such that
f(z,a) = f(2',a)| +|9(z) — g(2')] < Cw(||lz —2'[|-1), a€ A,

for all z, ' € E, where w is a modulus of continuity.

2.1 The optimal control problem

We construct the controlled process X in a canonical way. We start by fixing (¢,z) € [0, T] x E,
and we set Qf = [0, T] x E x Qf, where w = (¢, z,0), Qf being the set of sequences @ = (¢, €n)n>1
contained in ((¢,00) x E U {(c0,A)}), where A ¢ E is an isolated point adjoined to E, such that
tn < tpi1, and t, < t,u1 if t, < co. On the sample space Q! we define the canonical functions
To : Q8 = [0,0), By : Q' — E and, for n > 1, T} : QF — (¢, 00], E, : Q' — EU{A}, as
follows: Tp(w) = t, Fo(w) = x, TL(w) = t,, E,(w) = ey, with T (w) = lim, 0 t,. We also
introduce the associated integer-valued counting measure on (t, o0) x E given by p(t;dsdy) =
ZnEN 5(T7tmEn) (dS, dy)

The class of admissible control laws AZd is the set of all predictable processes o with values in
A of the form

as(w) = ao(s — £, 2) Ly 110y (5) + Y an(s — T (w), En(w)) Lrt), 1, @)(8), s€lt, T], (2.5)
n=1

where (a)n, an : Ry x E — A, is a sequence of Borel-measurable functions, see for instance [12],
[9], [1]. In other words, at each jump time T}, we choose an open loop control a;, depending on the
initial condition E, and on the time elapsed up to T, to be used until the next jump time. We
define the controlled process X : Q! x [t, 0c0) — E U {A} setting

¢*(s —t,x) if s € [t, T7}),
X,={ ¢ (s— Tt E,) ifse[l, T,,), neN, (2.6)
A if s > T,

where ¢ (s,z) is the unique mild solution to the parabolic partial differential equation

x(s) = —Lz(s) + b(x(s), 5(s)), z(0)==xz€ E, (2.7)



with B(s) an A-measurable function, namely

(s, x) = S(s)x + /0 ’ S(s —r)b(¢P (r,x), B(r))dr. (2.8)

One can easily prove the following result, see e.g. Lemma 3.5 in [23].

Proposition 2.3. Let (HL) and (HbAQ) hold. Then, for every R > 0,t € [0, T], t < s’ < s,
a € .Afld, there exists a constant C, only depending on T, such that

l[p%(s —t,x) — ¢*(s — t,2))|| < Cw(||x — 2'||), =2’ € E, (2.9)
l|p%(s —t,x) — ¢*(s' — t,2)|| < Cogr(s—5'), xze€FE:|z|| <R, (2.10)
16°(s — t, )] < C(1+ |fell), z € B, (2.11)
16%(s = t,2) = %(s = t,2)||-1 < Cw(||lz = 2l|1) x,2" € E, (2.12)
[|p%(s — t,x) — (s —t,2)||-1 < Cogr(s—5), xe€FE:|z|<R. (2.13)

where w is a modulus of continuity, and o is a modulus of continuity depending on R.

Set Fo = B([0, T)) ® € @ {0,'} and, for all s > t, Gt = o(p((t,r] x B) : v € (t,s],B € &).
For all s > t, let F. be the o-algebra generated by Fo and G.. In the following all the concepts
of measurability for stochastic processes will refer to the right-continuous, natural filtration F! =
(FL)s>¢. By the symbol P! we will denote the o algebra of F'-predictable subsets of [t, c0) x Q.

For every initial time and starting point (¢,z) € [0, T] x E and for each o € .Aad, by Theorem
3.6 in [18] there exists a unique probability measure on (Qf, FL ), denoted by P4, such that its
restriction to Ff is d,, and the F'-compensator under P5” of the measure p(t; ds dy) is

°(t; ds dy) = Zlm 7t ) () AN Xy an(s = Tp, En)) Q(Xs, an(s — Ty, En), dy) ds.

We will denote by E%* the expectation under P5*. The following proposition can be obtained by
suitably extending the analogous finite-dimensional result, see Theorem 1.2 in [23].

Proposition 2.4. Assume that Hypotheses (HL) and (HbAQ) hold. For any (t,x) € [0, T] x E
and ac A, lets »—> »“(s,x) be the unique mild solution to (2.7) with B = «, and X be the process
n (2.6) with law PL®. Then X is an homogeneous strong Markov process.
Moreover, let D be the set of all measurable functions ¢ : Ry x E — R which are absolutely
continuous on Ry as maps s — (s, p*(s —t,x)), for all x € E, and such that the map (z,s,w)
Y(s,y) — (s, Xs—) is a valid integrand for the random measure QQ, and set

D:={YeD,pcC(RxE):

Di(s,x) € Eif x € E, Dy (s, x), i

s,x) bounded if x bounded},
0s

where D is the unique element of E such that ° = Y(s,z](y) = (y, DY(s,z)), y € E, where & [5 x]
denotes the Fréchet-derivative of ¥ w.r.t. © € E evaluated at (s,x) € [0, T] x E. Let t < T <T,
7 be a stopping time such that 7 € [t, T, let Tg be the exit time of X from {y: |ly|| < R}, R >0,
and set T =7 A Tp. Then, for every i € D,

B (X)) = vl + B3 | [ (G000 + 00X, DU X)) (2.14)
—ut | [ @, putn x| v | [ [ 000 - 0 X0 A0 QU ) dr

5



At this point, we define for any (¢,z) € [0, T] x E and « € A’ ,, the cost functional

T
J(t,z,a) = EL* [/ f(Xs, ) ds + g(X7) (2.15)
t
and the value function of the control problem
V(t,z) = inf J(t, z,a). (2.16)
acAt ,

Proposition 2.5. Assume that Hypotheses (HL), (HbAQ) and (Hfg) hold. Then the value
function V in (2.16) is bounded and uniformly continuous in the |- | X || - || =1 norm. Moreover, V
satisfies the following dynamic programming principle (DPP):

V(t,r) = inf EL*

TEAT
nf / f(Xsyas)ds +V(T{ AT, Xpepp) | t€[0,T], 2 € E. (2.17)
acA, t

Proof. See Section 6.1. a
One can prove that formula (2.17) also holds with h AT AT}, for any deterministic time h > ¢,
in place of T'A T}. More generally, the previous result can be extended as follows.

Proposition 2.6. Under the same hypotheses of Proposition 2.5, the (DPP) (2.17) can be extended
to the form

0
V(t,x) = inf E.L® [/ [(Xs,a5)ds +V(0,Xg)| te€[0,T],z€E, (2.18)
t

t
acAl

with
=7 ANTIAT, T:=inf{s>1t:(s,Xs) ¢ B((t,x);p)},

where B((t,2); p) == {(s,9) € (. T) x B+ [y —al| < p.|s —t] < p}. (t,2) € [0, T] x E, p > 0.

Proof. See Section 6.2. m]

2.2 The related HJB equation

Let us now consider the HJB-IPDE associated to the optimal control problem: this is the following
parabolic nonlinear equation on [0, 7] x E:

gj(t,x) — (L, Dv(t,x)) + ggg{ﬁav(t, z)+ f(z,a)} =0, (2.19)
o(T, z) = g(z), (2.20)
where L% is the time-homogeneous operator depending on a € A defined as
£20(t0) = (ba,0). DUt a)) + Mw.a) [ (Wlt) = w(t.) Qnady). (221)
Remark 2.7. The HJB equation (2.19)-(2.20) can be rewritten as
HY(z,v,Dv) =0 (2.22)
(T, z) = g(z), (2.23)

where

(o) = 5o = (L) + int (b o+ [ (600 = 00 N6 0) Qevand) + )}

6



Definition 2.8. We say that a function 1) is a test function if Y(t,z) = o(t,x) + 6(t,x) h(||z||),
where

(i) 9, %—f, Dy, L*Dy, %, D¢, L*D§ are uniformly continuous on (e, T —e) x E for every e > 0,
0 > 0 is B-continuous and bounded, ¢ is B-lower semicontinuous and bounded.
(i) h € C?(R) with k', h" uniformly continuous, h is even and bounded, h'(r) > 0 forr € (0, +00).
Definition 2.9. Viscosity solution to (2.19)-(2.20).

(i) A bounded B-upper-semicontinuous function u : (0, T') x E — R is a viscosity subsolution of
(2.19) if, whenever u — v has a global maximum at a point (t,xz) for a test function 1), then

9y

E(t,x) —(x, L" Dp(t,x) + h(||z||) L*Di(t, x))
+ inf {<b<x, a), Dy(t, z)) + /E ((t,y) — (t,2)) A, 0) Q(a, a, dy) + f<x,a>} > 0.

(i) A bounded B-lower-semicontinuous function w : (0, T') x E — R is a viscosity supersolution
of (2.19) if, whenever w + ¢ has a global minimum at a point (t,z) for a test function 1,

then
- %(’W + (z, L* Dg(t,z) + h(||||) L*Dd(t, )
+ inf {(b(x,a% —Dij(t,x)) — /E(w(t,y) —Y(t, ) Mz, a) Q(z, a, dy) + f(m,a)} <0

(#1i) A viscosity solution of (2.19)-(2.20) is a function which is both a viscosity subsolution and a
viscosity supersolution.

The following lemma will play a fundamental role in the following.
Lemma 2.10. Let ¢(s,y) = ¢(s,y) + d(s,y) h(||x||) be a test function of the type introduced in
Definition 2.8. For any a € A, define

GY (s,2) == —(Z—f(s, 2) 4+ {z, L* Dp(s,2) + h(||z|]) L*Dd(s, 2)) + f(z,a) — L%Y(s, 2) (2.24)

where L% is defined in (2.21). Then, for any t € (¢, T —¢), € > 0, x € E, and any measurable
function oy : Ry x E — A, the map

T Gf (T7 d)ao(r - t7$))

is continuous on [t, T — €), € > 0, uniformly in a and ag. In particular, for any t € (e, T — ¢),
€>0, x € E, and any measurable function ag: Ry x E — A, the map

ap e P o0 (1 _
T g (7’) T ;ggGa (T7¢ (T t,l’))

is continuous on [t, T —¢), e > 0, uniformly in ag, and uniformly on Br(z) :={z € E : ||z|| < R},
R>0.

Proof. See Section 6.3. O

We end this section with the following important result. We recall that, by Proposition 2.5, the
value function V is bounded and B-continuous.
Theorem 2.11. Let (HL), (HbAQ) and (Hfg) hold. Then the value function V provides a
viscosity solution to (2.19)-(2.20).

Proof. See Section 6.4. m]



3 Control randomization

In this section we start to implement the control randomization method. As a first step, for an
initial time ¢ > 0 and a starting point x € E, we construct an (uncontrolled) PDMP (X, I) with
values in F x A by specifying its local characteristics, see (3.3)-(3.4)-(3.5) below. Next we formulate
an auxiliary optimal control problem where, roughly speaking, we optimize a cost functional by
modifying the intensity of the process I over a suitable family of probability measures.

3.1 Construction of randomized state systems

Let E still denote a real separable Hilbert space Borel o-field £, and A be a Polish space with
corresponding Borel o-field A. Let moreover b, A and @) be respectively two real functions on F x A
and a probability transition from (E x A,€ ® A), satisfying (HbAQ) as before. We denote by
@(s,x,a) the unique mild solution to the parabolic partial differential equation

#(s) = —Lx(s) + b(z(s),a), z(0)=x€kFE, ac A (3.1)

In particular, ¢(s,z,a) corresponds to the function ¢°(s,z) introduced in Section 2 when §(s) = a
and, for every z,2' € E,0< s <s<T, a € A, satisfies

16(s,2,0) = (s, 2", a)|| -1 < Cw(llz — || 1 + (s = &) (3.2)

with C' a constant only depending on 7', and w some modulus of continuity by Proposition 2.3.
This fact will be of great use in the sequel.
Let us now introduce another finite measure A\g on (A, .A) satisfying the following assumption:

(HXg) o is a finite measure on (A, .A) with full topological support.

The existence of such a measure is guaranteed by the fact that A is a separable space with metrizable
topology. We define

é(f,x, a) = (¢(t,z,a), a), (3.3)
AMz,a) = Aax,a) + Ao(A), (3.4)
Olw, a,dydb) = Az, a) Q(w,a,dy;\?;(f;) + Ao(db) 32 (dy) (3.5)

We wish to construct a PDMP (X, ) with enlarged state space E' x A and local characteristics
(<Z~>, :\, Q) Firstly, we need to introduce a suitable sample space to describe the jump mechanism of
the process (X, 1) on E x A. Accordingly, we fix (¢t,x,a) € [0, T] x E x A, and, proceeding as in
Section 2.1, we set Qf as the set of sequences @ = (t,, €, an)n>1 contained in ((¢, 00) x E x A) U
{(c0, A, A"}, where A ¢ E (resp. A’ ¢ A) is adjoined to E (resp. to A) as an isolated point. In
the sample space Qf = [0,7] x E x A x Qf we define the random variables Ty(w) = ¢, Ep(w) = =,
Ao(w) = a, and, for n > 1, TL : QY — (t, 00, E, : Q' = EU{A}, A, : Q' - AU{A'}, as follows:
writing w = (¢, z, a,®) in the form w = (t,x,a,t1,e1,a1,ta, €2,a9,...), we set for n > 1,

TrtL(w) =tp, Téo<w) = nh_{go tn, En(w) = en, Ap(w) = an.

We define the process (X, 1) on (E x A)U{A, A’} setting
(p(s —t,z,a),a) if s € [t,T}),
(X, 1)s =4 (o(s— Tt yEny Ap), An) if s e [T, TE,,), forn €N, (3.6)
(Av ) if s 2 Tt



In Q! we introduce for all s > t the o-algebras G! = o(N(s,G) : s € (t,7],G € £ ® A) generated
by the counting processes N(s,G) = > -y1lrt<sl(g, a,)eq, and the o-algebra F! generated by
Fo and GL, where Fo = B([0, T]) ® £ @ A® {0,Q'}. We still denote by F! = (F!)s>; and P!
the corresponding filtration and predictable o-algebra. The random measure p is now defined on
(t,00) X E'x A as

p(t;dsdydb) = 671 g, a,)(ds dy db). (3.7)
neN
Given any starting point (¢,z,a) € E x A, by Theorem 3.6 in [13], there exists a unique prob-

ability measure on (Q, F. ), denoted by P“*¢ such that its restriction to Fy is d(z,a) and the
Ft-compensator of the measure p(t; ds dy db) under P%®® is the random measure

pt;dsdydb) = L o y(5) AlS(s — T, Eny An), An, dy db) ds, (3.8)
neN

where

Az, a,dydb) = Nz, a) Q(x, a,dy) 6a(db) + Ao(db) d5(dy), V(z,a) € E x A.

We denote by ¢ = p — p the compensated martingale measure associated to p.

The sample path of a process (X, I) with values in E x A, starting from a fixed initial point
(z,a) € E x A at time ¢, can be defined iteratively by means of its local characteristics (¢, A, Q) in
the following way. Set F(t,x,a;s) = e~ JE Mo(r=twa),a)+do(A)) dr - Fop any B € &£, C € A, we have

PLo(TE > 8) = F(t,x,a;8), s>t (3.9)
P45 (Xqe € B, Igy € C|T}) = Q(x, B x O), (3.10)

on {1} < oo}, and, for every n > 1, on {T} < oo},

Ptma(Tt+1 > s th) = exp ( / (Mop(r — T,i,XTﬁ)?ITﬁ) + Ao(4)) dr) , s>T, (3.11)
Tt

Pt7x7a(XT£+1 € B,ITt € C|.7:Tt n-l—l) Q(¢(T7€+1 _TéaXTntTfL)aITfL?B X C) (312)

We recall the following result, that is a direct consequence of Theorem 4 in [7].

Proposition 3.1. For any (t,xz,a) € [0, T| x E x A, let ¢(t,xz,a) be the unique mild solution to
(3.1), and (X, I) be the process defined in (3.6) with law P“®. Then (X,I) is an homogeneous
strong Markov process.

Moreover, denote by D the set of all measurable functions p : E X A — R which are absolutely
continuous on Ry as maps s — p(é(s,x,a),a), for all (r,a) € E x A, and such that the map
(x,a,s,w) — o(y,b) — o(Xs—, Is_) is a valid integrand for the random measure (3.8), and set

D:={pe DKL), pcCYExA), Do(z,a) € E if x € E, Do(x,a) bounded if  bounded},

where Dy is the unique element of E such that Z—‘;[x,a](y) = (y,Dp(z,a)), y € E, where Z—ﬁ[m,a]
denotes the Fréchet-derivative of ¢ w.r.t. © € E evaluated at (x,a) € E x A. Then the extended
generator of (X, 1) is given by

Lo(z,a) :=(=Lx + bz, a), Dp(x,a)) + /E(sO(y, a) = ¢(z,a)) Az, a) Q(z, a, dy)

+ / (o(z,b) — @(x,a)) Ao(db),  for every ¢ € D.
A



3.2 The randomized optimal control problem

We now introduce a randomized optimal control problem associated to the process (X, ), and
formulated in a weak form. For fixed (¢,z,a), we consider a family of probability measures
{Pf}m’a, v € V} in the space (Q, F.), whose effect is to change the stochastic intensity of the
process (X, ).

Let us proceed with precise definitions. We still assume that (HbAQ), (H)o) and (Hfg) hold.
We recall that F! = (F!)s>¢ is the augmentation of the natural filtration generated by p in (3.7),
and that P! denotes the o-field of F'-predictable subsets of [t, 0o) x Q. We define

V={r:Qx[0,00) x A— (0, ) P’® A-measurable and bounded}.
For every v € V, we consider the predictable random measure
p”(t; ds dy db) := vs(b) Mo(db) 6y x, 1(dy) ds + N Xs—, Is—) Q(Xs—, Is—, dy) dg7,_1(db) ds. (3.13)
In particular, for any ¢ € [0, T], by the Radon Nikodym theorem one can find two nonnegative
functions dj, do defined on Q X [t, 00) X E x A, P ® £ ® A, such that
No(db) b(x, y(dy)ds = di(s,y,b) p(ds dy db)
)\(—XS—7 I, dy) 5{13_}(db) ds = d2<37 Y, b) ﬁ(ds dy db),
d1(37y7 b) + d2(87y7b) = 17 ﬁ(ds dy db)_a"e'

and we have dp¥ = (vdy + dg)dp. For any t € [0, T], v € V, consider then the Doléans-Dade
exponential local martingale L% defined

r = ([ [ toutws ) i) + datrnptar dyas) ~ [ [ 0 = Dol

— oIS A Q=vr(®)Ao(db) dr H (vt (An) di(T), En,y Ap) + do(T;, En, Ay)), (3.14)

n>1:4<Tt<s

for s > t. When (Li’y>szt is a true martingale on [t, T], we can define a probability measure P,
equivalent to P»*® on (2, FL) by

PL™% (dw) = L5 (w) P (dw). (3.15)

By the Girsanov theorem for point processes (see Theorem 4.5 in [18]), the restriction of the
random measure p to (t,7] x E' x A admits p* = (v d; + d2) p as compensator under PL™*. We set
¢ = p—7p”, and we denote by E5™? the expectation operator under P5™®. Previous considerations
are formalized in the following lemma, for a proof see Lemma 3.2 in [5].

Lemma 3.2. Let Hypotheses (HbAQ) and (HXo) hold. Then, for every (t,x,a) € [0, T] x E x A
and v € V, under the probability PH*®, the process (LZ’V)SZt is a martingale. Moreover, Lél” 18
square integrable, and, for every Ph ® & ® A-measurable function H : @ x [0,T] x E x A — R

such that EH*@ [ftT Jia | Hs(y,b)|? B(ds dy db)] < 00, the process [ [, 4 Hr(y,b) ¢”(drdydb) is a
PL martingale on [t,T).

Finally, for every (¢t,z) € [0, T] x E, a € A and v € V, we introduce the randomized cost
functional

T
J(t,x,a,v) = Eff”’“ [/ f(Xs, Is)ds + g(X7) |, (3.16)
t
and the randomized value function
V*(t, z,a) = in£ J(t,x,a,v). (3.17)
ve
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4 A constrained BSDEs representation for the value function

In the present section we introduce a BSDE with a sign constraint on its martingale part for which
we give existence and uniqueness of a maximal solution in an appropriate sense. This constrained
BSDE will provide a probabilistic representation formula for the dual value function introduced in
(3.17).

Throughout the section we still assume that (HbAQ), (H)\p) and (Hfg) hold. For any (t,z,a) €
[0, T] x E x A, we consider the random measures p, p and ¢, as well as the dual control setting
O Ft (X, I),PHb%4) defined in Section 3.1. We introduce the following notation.

° Lix,a(}"i), the set of Fl-measurable random variables ¢ such that EH®¢ Uf |2] < oo; here
7 > 0 is an Fl-stopping time.

e S the set of real-valued cadlag adapted processes Y = (Y;);>0 which are uniformly bounded.

o L7, a(q), the set of Pp ® B(E) ® A-measurable maps Z : Q x [0, T] x E x A — R such that

T
HZHif’x’a(q) ;= Eb®e {/t /E 1 Zs(y, IS)P M X, Is) Q(Xs, Is, dy) ds

T
+Et’x’“[/ / | Z, (X, b)) Ao(db) ds} < .
t A

. Ktz’x’a, the set of nondecreasing cadlag predictable processes K = (K)i<s<r such that K; =0
and B [|K7|?] < oo

We consider the following family of BSDEs with partially nonnegative jumps over a finite horizon
T, parametrized by (t,z,a): Pb%%a.s.,

Yot = g(X7) + /fXT,I)d — (K55 — Ko (4.1)

//Zt“XT,b Xo(db) dr—// Zym(y, b)a(drdydb), t<s<T,
ExA

with
Z55 (X b) =0, ds @ dP"** @ \g(db) -a.e. on [0, T] x  x A. (4.2)
4.

2
We are interested in the mazimal solution (YH%e Zt@a Khta) ¢ % x Ltz,x,a(q) X Kf,x’a to (4.1)-
(4.2), in the sense that for any other solution (Y, Z, K) € S® x Ltz,x’a(q) X Kf,x,a to (4.1)-(4.2)
we have Y™ > Y,, Ph®oa.s., for all s > t.

Let us introduce the following penalized BSDE, associated to (4.1)-(4.2), parametrized by the
integer n > 1:

Yn,t,xa _ g XT / f XT,I )dT‘ _ (Knta:a Kn,t,az a) (43)

/ /Z"’tvxaxr,b ) Ao(db) dr—/ / Z(y, b) g(drdydd), t<s<T,
ExA

where K" .= n [ [, [ZY5(X, b)) Xo(db) dr, s € [t, T).

11



Theorem 4.1. Let Hypotheses (HbAQ), (HXy) and (Hfg) hold. Then, for every (t,z,a) €
[0, T x E x A, there exists a unique mazimal solution (Y4 Zb%:a K630y € §%° x Lf’m,a(q) X Kf’m,a
to the BSDE with partially nonnegative jumps (4.1)-(4.2), where Y4%% is the nonincreasing limit
of (Ynbma) = ZbTa s the weak limit of (Z™H%®), in L? (q) and KY™® is the weak limit of

t,z,a,loc
t . L. .
(K", in Lf,m’a(.i’-"s), for any s > 0. Moreover, Y% has the explicit representation:

T
Yst,a:,a — eSSeiBfEtV,xﬂ |:/ f(X,, L) dr + g(XT)‘}-S] , Vselt,T]. (4.4)

In particular, setting s = t in (4.4), we have the following representation formula for the value
function of the randomized control problem:

V*(t,z,a) =Y (t,z,a) € [0, T] x E x A. (4.5)

Proof. The proof of this result is analogous to the one for the BSDE (4.1) with underlying finite-
dimensional process X, see Theorem 4.7 in [1], and we do not report it for sake of brevity. O

Our main purpose is to show how maximal solutions to BSDEs with nonnegative jumps of the
form (4.1)-(4.2) provide actually a Feynman-Kac representation to the value function V' associated
to our optimal control problem for infinite-dimensional PDMPs. Let us introduce a deterministic
function v : [0, T]| x E x A — R as

v(t,z,a) =Y (t,z,a) € [0, T] x E x A. (4.6)

Proposition 4.2. Assume that Hypotheses (HL), (HbAQ), (H)\y), and (Hfg) hold. Then the
function v in (4.6) does not depend on the variable a:

v(t,z,a) =v(t,z,a'), te€0,T],z€E,ad €A (4.7)

Defining, by abuse of notation, the function v on [0, T] x E by v(-,-) = v(-,-,a), for any a € A, we
get that v admits the representation formula: PH%%-a.s.

v(s, Xg) = Y5 s>t (4.8)

Proof. By Lemma 5.3 and Remark 5.5 in [!], we have that for any (¢,z,a) € [0, T] x E x A,
PhTa_g s,
v(s, X, Is) = Y5 s>0. (4.9)

Now we recall that, by (4.5) and (4.6), v coincides with the value function V* of the dual control
problem introduced in Section 3.2. Therefore, identity (4.7) corresponds to the fact that V*(¢, z, a)
does not depend on a. Proceeding as in the finite-dimensional case (see the proof of Proposition
5.6 in [1]), one can prove that:

for any t € [0, T], * € E, a,a’ € A, v €V, there exists (v°). € V :
lim J(t,z,d,v°) = J(t,z,a,v). (4.10)
e—0t
Property (4.10) implies that V*(¢,z,a’) < J(t,z,a,v) forall t € [0, T], x € E, a,a’ € A, and by the
arbitrariness of v we can conclude that V*(t,z,a") < V*(t,z,a) for all t € [0, T], z € E, a,d’ € A.
In other words V*(t,z,a) = v(t,x,a) does not depend on a, and (4.7) holds. O
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Theorem 4.3. Assume that Hypotheses (HL), (HbAQ), (HX\y), and (Hfg) hold. Then v is
bounded and uniformly continuous in the | -| X || - ||-1 norm. Moreover, v satisfies the so called
randomized dynamic programming principle:

u(t,z) = ;Iel]f}E,tjma

TAT}
/ F(Xo, L) dr + o(T AT, Xppge) | - (4.11)
t

Proof. See Section 7.1. m]

We can now give the following important result.

Theorem 4.4. Assume that Hypotheses (HL), (HbAQ), (HXo) and (Hfg) hold. Then the func-
tion v in (4.6) is a viscosity solution to (2.19)-(2.20).

Proof. See Section 7.2. O

Finally, we provide a comparison theorem for viscosity sub and supersolutions to the first order
IPDE of HJB type (2.19)-(2.20) on Hilbert spaces. To this end, we will need the following additional
hypothesis on the transition measure Q:

(HQ’) For any z,z. € E, S C E, such that . — 2 and N.S: = 0,

sup Qe a,52) = 0.

acA
Theorem 4.5. Let (HL), (HbAQ), (Hfg) and (HQ’) hold. Let u : [0,T] x E — R (resp.
v: [0, T] x E— R) be a bounded and uniformly continuous function in the |- | x || - ||—1 norm,

providing a viscosity subsolution (resp. wviscosity supersolution) to (2.19)-(2.20). Suppose that
w(T,xz) <v(T,z) for allz € E. Then u < v.

Proof. See Section 7.3. O

By means of Theorems 2.11, 4.3, 4.4, together with the comparison Theorem 4.5, we can finally
obtain the following probabilistic representation formula for the value function V.

Theorem 4.6. Let (HL), (HbAQ), (H)\y), (Hfg), and (HQ’) hold. Then the function v in
(4.6) coincides with the value function V', and the following Feynman-Kac representation formula
holds:

V(t,z)=Y"" (t,z,a) €[0, T] x E x A. (4.12)

5 Application to a Hodgkin-Huxley model of neuronal dynamics

In the present section we apply our theory to an infinite-dimensional stochastic Hodgkin-Huxley
model of neuronal dynamics. The deterministic Hodgkin-Huxley system was first introduced in
[15], while stochastic versions as Hilbert space valued PDMP have been studied in e.g. [2], [7],[10]
and [24], [23].

We focus on the model considered in [23]. The axon is modeled by the interval [0,1]. We
consider ion channels of type Na (sodium) or K (potassium), and we assume that they are located
along the axon at positions in Iy = & (Z N N(0,1)) for some fixed N € N*, that we will denote
or z;. The set of possible states of K and Na channels are denoted respectively by D; and D, and
are given by

Dy := {ng,n1,n2,n3,n4}, Do := {mohy1, mihi,mah1, m3hi, moho, mi1hg, mahg, mzho}.

13



In the control problem new (rhodopsin) channels that are sensitive to light are inserted in the neu-
ron. Such a rhodopsin channel (denoted by ChR2) can have the four possible states O1, Oz, C1, Cs,
among which O; and Os are conductive. Experimentally, the channel is illuminated and the effect of
the illumination is to put the channel in one of its conductive states. We set D := D1 U DU Dcpro
with DChR2 = {01, 02, Cl, CQ}, and EN = EIN.

We consider the Hilbert space E := L?(0,1) and the operator L := —A. The controlled PDMP
consists in a set of PDEs written as ODEs in the Hilbert space E indexed by d € Dy,

1
v(0) = v, (5.1)
v(t)(0) =v(t)(1) =0, Vt>0,
where the membrane capacitance C,, > 0 is constant and, for each (v,d) € E x Dy,
1 _ _ B _ o
bd(v) = N Z {gKl{di=n4}(VK - (192(1))) + gNal{di=m3h1}(VNa - (I)Z(U)) + gl(vl - (I)l(v)))
ieln
+ Jonre(L{d,=01} + PLid,=051)(Vonre — ‘I%(U))} bz, (5.2)
with
®i(v) = (v, ¢z), 2 € In, (5.3)

where ¢,, is a mollifier function supported on a neighborhood of z;. For a channel of type K,
G > 0 is the normalized conductance and Vi € R is the reversal potential; the same notation
holds for Na,l,ChR2 (V; and g, denote respectively the leaky reversal potential and conductance).
The conductance depends on the number of channels in the conductive state: for K (resp. Na)
such a state is unique, and it is ny4 (resp. msh;). The leaky conductance g, remains constant.
Formula (5.3) models the mean value of the membrane potential on a neighborhood of z;.

For any = (v,d) € E x Dy, we denote by v; = ¢¢(v) the corresponding unique mild solution
to the PDE (5.1), that models the membrane potential evolution between two successive changes
in the channels configuration. The transitions take place inside the discrete domain Dy, and
correspond to a continuous-time Markov chain d;. Denoting by (7),,dr,) the jump times and
post-jump location, the controlled PDMP starting from z = (v,d) € E x Dy is
(¢?_,(v),d) if s e [t, T),

X = (U57ds) = { fl;t .
(s (v),dr,) if s € [T, Tht1), n € N\ {0}.

The control process oy is proportional to the intensity of light (which is necessarily bounded),
so that we take as control space A := [0, amax] With amax > 0. Introducing a family of smooth
functions o¢ ¢ : R — R% depending on (¢,£) € D x D for all z = (v,d) € Ex Dy, a € A, we define
the jump rate function A : E x Dy x A — R, by

AM(v,d),a) == > 0q,¢(Pi(v),a). (5.4)
iEIN é‘eﬁ’
§#£d;

The transition measure Q : Ex Dy x A — P(Dy) is such that, for any z = (v,d) € Ex Dy, a € A,

the measure Q((v,d),a,-) is supported by the set S of y = (9, d) such that o = v (the trajectories
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of (v;) are continuous) and d differs from d only by one component. For y = (#,d) € S such that d
differs from d only by its component 4,

Qv d),ay) = 3 TP D 5 453, (55)
&,

ify ¢S, Q(z,a;dy) := 0. The transition functions o from Cj to O; and from Cs to Oy are assumed
to be proportional to the control a while the other ones are uncontrolled functions. More precisely

(see [15], [23]):

Ocy,01 (U ) =&1a, Oopy,c1 (U) a) = K1, 001,09 (Ua a) = €12, Oos,01 (7}7 a) = €21,

0'02702( ) Kz, Ocy,02 (Uv a’) =20, Oc¢y0q (U7 a) = K,

and
Ong,n1 (z) = 4ozn(z), Um,m(z) = 3an(z)> Ona,n3 (z) = 20én(2), Uns,m(z) = (Z)a
Ony 3 (Z) = 4571(2)7 Ongz,na (Z) = 3Bn('z)v Onga,ny (Z) = 2ﬁn(z)7 Ony,ng (Z) = Bn(z)
Omghi,mih; (Z) = Omgohg,m1hg (Z) = 3O‘m(z)a Omih1,mah1 (Z) = Omyho,maho (Z) = (Z)
Omahy,mshy (2) = Tmahomsho (2) = @m(2),  Tmghy mahy (2) = Omzhg,maho (2) = 3Bm(2),
Omahi,mihy (Z) = Omgahg,m1hg (Z) = ZBm(Z)v Omihi,mohi (Z) = Omyho,moho (Z) = Bm( )v
where
01—0012 _z 25—012’ _z
Ckn(Z) = eloT’ Bn( ) = 0.125e 80, am(z) = m, /Bm(z) = 4e 18,
_z 1
ah(Z) =0.07e 20, Bh(Z) == m

The optimal control problem consists in mimicking a desired output reference potential V..,
that encodes a given biological behavior while minimizing the intensity of the light applied to the
neuron. This corresponds to setting, for any = = (v,d) € E X Dy,

f(x’a) = f((’U,d),CL) :’{HU_‘/TEJC‘F—'_CL? g($) =0, (56)

so that the cost functional and the value function of the control problem are

T
J(t,x,a) = EL* [/ (l|vs — Vief||” + (X)) ds|, V(t,x)= inf J(t,z,a).
t

t
acAl,

The reference signal V.. (that we assume not depending on time) may correspond to a healthy
behavior that we want the system to recover thanks to the light stimulation. The intensity of
the light is modeled by the control as = a(X;). Getting the intensity minimal is crucial for the
feasability of the experiment in relation to the technical characteristics of the devices that are used.

Remark 5.1. The control of general infinite-dimensional PDMP is considered in [25], [22]. As
in the present paper, in [25] the authors deal with piecewise open loop controls (see [29]), and the
control may act on the three characteristics of the PDMP; however, the main tools were relazed
controls and the optimal control of Markov Decision Processes, see e.g. [0]. As an application,
other types of models can also be considered: the PDEs in (5.1) may depend on the control variable
corresponding to the case where by depends on the control, ¢, may be replaced by d,, or finally the
set Doppro may have three elements, in which case a ChR2 channel has a unique conductive state.
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The rest of this section is devoted to check that the Hodgkin-Huxley stochastic model described
above can be put into the framework of the theory developped in the previous sections.

Proposition 5.2. (i) The operator L := —A ‘is densely defined, mazimal monotone and self-
adjoint. Moreover, B := (I — A)~! satisfies the strong B-condition with co = 1, namely
—AB + B > I which implies the weak B-condition (2.1).

(i) The semigroup (S(r))r>0 := (e7™)>0 = (e"®),>0 generated by L := —A is strongly continu-
ous, and for all r > 0, and S(r) is a contraction with respect to || - || and also with respect to

IRIE

Proof. (i) From [14], example 3.14 at page 155 (see also [22]) B := (I — A)~! satifies the strong
B-condition with ¢g = 1 namely —AB + B > I, which implies in particular the weak B-condition
(2.1).

(ii) For any k € N, let us define

fr = V2 sin(km). (5.7)
(fe)k>1 is an orthonormal basis of E, Afy = —k*1? f, and, for any v € E,
1
2 _ 2 2 _ (] A)] _ 2
ol = 3D 0% Il = (1= 80 0v0d = 3y )

Moreover S(r) = e™ is such that S(r)v € D(A) for all r > 0, v € F, and satisfies

Sy =>"e ™" (0, fi) fr, >0, veEE,

k>1
1 1 2.2
2 _ 2 __ —2rk*m 2
HS(T’)UH—l—Z m(s(r)%fk) —Z me (v, fr)*, r=>0.
E>1 E>1
We have [|S(r)v||? < e=2|Ju||2. Moreover, ||S(r)v||2, < e 27 [|v]|2,. O

Lemma 5.3. For any i € Iy, let ®; be the function in (5.3). Then there exists a positive constant
C; such that, for all v,v" in E,

|@i(v") = @i(v)] < Ci[]o" = vl]1. (5-8)
Proof. We have ®;(v) — ®;(v) = (v/ — v, ¢s,), 80 taking the basis (fx)r>1 in (5.7),

(0 =0, ¢z) =D (=2, fi)( bz, i) = (v =2, f1) V14 k272(2,, fi)-

Y.
k>1 > V1R

By the Cauchy-Schwarz inequality,

NG
NG

|(U - Ulv ¢Z7,)| < Z (1‘|‘§{727T2)(U - Ulv fk)2 Z(l + k2ﬂ-2)(¢zi7 fk)2

k>1 k>1
= |0 = ||=1 [(I = Ay, 62)]7.

It remains to prove that ((I—A)¢.,, ¢.,) < 400, so that (5.8) holds with C; = [(I-A)¢.,, ¢zi)]%_ To
this end, we take ¢, (2) := %M(z 2 with M(z) = 1(_1,1)(2) e 1-22. We have ¢/, (z) := %M/(%)
and ¢7 (2) := 713M == ,YZZ) Moreover

2¢

4¢2 5 1+3¢
(1—¢2)?

1-¢)* “(1-¢»)3

16

2(3¢* - 1)
11—t

M(Q) = =53 M(Q),  M"(¢) = M(() = M(¢)



Therefore, setting ( = %,
(I—A) (Z)_1M<z—zi>_1M,,<z—zi)_¢ (z)< 2<3<4_1)> (5.9)
- Y y 7 Y - 2(1-¢) '
[l
Proposition 5.4. Let d € Dy, v,v' € E. Then
(v, d) — b, )| 1 < Cllo — /]| 1. (5.10)
Moreover, for all R > 0, there exists a positive constant Cr such that, for all a € A,
IA(v,d),a) = AN((V',d),a)| < Crllv—"]|-1, v, v € Est. ||| V]| <R. (5.11)

Proof. Let d € Dy and v,v’ € E. By (5.2) we have

d) = Z Yi ¢zl Z ¢ ® z (bzl (512)

i€ln i€l

Therefore

1B, d) = b(v,d)||-1 < Y e |®i(v) = Li(V)] |0z ]|-1- (5.13)

ieln
Since ||¢,;]|—1 < Ci||¢2,|| and Iy is a finite set, (5.10) follows from (5.13) and Lemma 5.3.

Let us finally prove (5.11). We assume that ||v]| V [|[v/|| < R. By definition (5.4), it is sufficient
to check that, for any 7 € Iy,

’adi,ﬁ(q)i(v)7a) - Udi,ﬁ(q)i(vl)ﬂ a)‘ < Cgr HU - U,H—h

which in turn corresponds to prove the same property for the functions aq(®;(v)), By(®i(v)),
q = n,m, h. Recalling (5.3) and applying the Cauchy-Scwartz inequality, we see that ®;(v), ®;(v’)
belong to a bounded interval Jr depending on R. Then, denoting by K, g the Lipschitz constant
of ay on Jpg, from Lemma 5.3

|0rq (D3 (v)) — g (Pi(v))] < Ky, |®i(v) — (V)] < Kg,r Cs||[v — 0|1,

where C; is the positive constant in (5.8). The conclusion follows recalling that I is a finite set.
O

Lemma 5.5. For any d € Dy, and s,s" € [t, T},

(i) llo¢ Il < CA+ ], veE,

(it) ||¢d_(v) — ¢§ Il <Cor(ls=51), veE: ||| <R,
(iii) ||¢g_o(v) — ¢L (V)| < Cw(llv =v']l), v, € E,

(iv) ||¢d_(v) — ¢>§/ (W1 <Cor(ls=5), veE:|[jv|| <R,
(v) ||¢3_i(v) = ¢1_,(V)]|-1 < Cw(l[o = 2'[|-1), v, 0" € E.
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Proof. We first prove (i) and (iii). Setting S(r) = e™"%, the equation for the mild solution to (5.1)
starting from x = (v,d) € E x Dy reads

B0 (v) = S(s— thu + / TS — b6y (0))dr.

Concerning (i), using the contraction property of S(u) with respect to || - || given in Proposition
5.2-(ii), we obtain

6@l < ol + [ b)) ldr-

On the other hand, recalling (5.12),

o5 )l < lloll + /ts(lwl +leil [Di(df_o(0)]) dr [[¢2,]].

i€lN

Using Lemma 5.3 we get

162 )| < (llel + CT) + T / 16 (v)ldr.

and item (i) follows by Gronwall’s Lemma.
Let us now turn to (iii). For any d € Dy, v,v" € E, we have

i(v) = ol (v) = S(s =) (v —v) + /ts S(s = 1) (ba(97_4(v)) = ba(ey_4(v"))) dr.

Taking the norm || - ||, and applying Proposition 5.2-(ii) together with (5.10), we obtain

[169-1(0) = & (0)l-1 <[]0 = wl|-1 + C/OS l67_(v) — &7y (v")]| -1 dr.

The conclusion follows again from the Gronwall Lemma.
Properties (iv) and (v) can be proved analogously, using the contraction property of S(u) with
respect to || - ||—1 given in Proposition 5.2-(ii). O

Additional results on V = H}(I). The space V = H}(I) is continuously embedded in the set
of continuous functions on I. For any k € N, let us set

e
SV =

Then (ey)r>1 is an orthonormal basis of V' = H&(I), and Ae, = —k?m2e;,. For all v € V, we set
(v, ex)y = fol v(2)er(z)dz + fol v'(2)e(2)dz. We have

sin(km). (5.14)

_ 1
HUH%/ = Z (Mek)%/a HUH%LV = (I -A4) lv,v)v = Z m (Uaek)%/a
k=1 k>1
1 1 ork2n2
[EGOIETEDY A5 k22 (S(ryv,en)y = At &)y © 2R (v,e)y VP> 0.
k>1 k>1

Remark 5.6. Lemma 5.3 and Propositions 5.4. hold true with V = HZ(I) in place of E = L*(0,1).
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The following result for the PDEs (5.1), given in Lemma 4.1 in [23], plays a fundamental role.

Lemma 5.7. Set V_ = min(VNa,VK,VL,VChRQ), V+ = max(VNa,VK,VL,VChRQ), and let
d € Dy. Ifve HY(I) is continuous in I = [0,1], and v(z) € [V_, V4] for all z € I, then, for every
de DN,

o) (z) € [V_, V4], rel0,T)], zel. (5.15)

Physiologically speaking, we are only interested in the domain [V_, V. ]. Since Lemma 5.7 shows
that this domain is invariant for the controlled PDMP, we can modify the local characteristics of
the PDMP outside the domain [V_, V| without changing its dynamics inside of [V_, Vi ]. We will
do so for the rate functions o4, ¢. From now on, consider a compact set K containing the closed
ball of E, centered in 0 with radius max{V_,V,}. We will rewrite o4, ¢ outside K such that they
all become Lipschitz and bounded functions. We also take Vi taking values in K and f bounded
and globally Lipschitz such that

f) =|lv=Vieg| |2, Vv eK. (5.16)

Since the control set A = [0, amax] is bounded, the corresponding value function and cost

J(t,xz,a) =EL® [ /tT (/@f(vs)—i—oz(Xs)) ds], V(t,z) = inf J(tz a),

t
acAl

are bounded as well.

The next two results show that the case of the stochastic controlled infinite-dimensional Hodgkin-
Huxley model can be actually covered by the theory on controlled infinite-dimensional PDMPs
developed in the present paper.

Proposition 5.8. Let v,v' € V' such that v(z) and v'(z) belong to [V_, V4] for all z € [0,1]. The
following hold.

(i) There exist a positive constants Cy such that, for all d € Dy, and a € A,

IA(¢£(v), d),a) = A(¢5(V),d),a) < Cillv =o'l -1y, € [0,T]. (5.17)

(it) If in addition ||(I — A)V,er|| < 400, there exists a positive constant Co such that, for all
d € Dy, a € A, the function f in (5.6) satisfies

[£(#5(v), @) = F(65(v),0)| < Callv =[] 1y, 7 €00,T). (5.18)
Proof. Let us prove item (i). Recalling (5.3) and using the Cauchy-Schwarz inequality we have

|2:(65(0))] < 165 )] |6l (5.19)

Since

¢l < 1168 (v)lloo < mas{|V-, [V}, (5.20)

and the same inequalities hold for ¢%(v’), we have

g (@i(64(0))) — aq(i(D5 (W) < Ko r|i(95(v)) — RilS ()], (5.21)

with R = max{|V_|,|Vy|} and K, r the Lipschitz constant of o, depending on R. Taking into
account Remark 5.6, we conclude by applying the V-versions of Lemmas 5.3 and 5.4.

19



Let us now consider item (ii). Using the basis (ej) introduced in (5.14), and applying the
Cauchy-Schwarz inequality,

F(¢2(v), a) = F($L(v"), )] ZR)Z((éd( ) = Vierser)? = (62(0) = Vi, ex)?) (5.22)
k>1
Z (¢(vo) ("), e 1(93(v) + ¢3(V) = 2Vrep, ex)| < 5 [[¢2(v) — G2 )| 1w T,
where

T =Y (L4 K7)(¢4(0) + ¢L(0)) = ey, e)® = |I(T = A)((0) + ¢L(0)) = 2Vies)IIF-
k>1
By Proposition 5.4 and Remark 5.6, it remains to study the boundedness properties of 7. Since
by assumption |[(I — A)V,er|| < +o0,
T <O = 8)dL)IIF + (T = D)L + 11T = A)Vies ) (5.23)

Let us thus consider the term ||(I — A)pg(s,v)||y. Being (I — A) linear, we can write
(1= 2)60) = (I = )S(s)uo+ [ (1= A)S(s — bu(ei). )
0

Moreover, since (I — A) and S(r) commute,

1(1 = A)gS(w)llv < [I(1 — A) ||v+/ Y (il +leal [@i( (@)D 1 = A)z,llv dr,  (5.24)

i€l

where we have used that (recall formula (5.12))

(I = A)ba(¢f(vo),a) = D 7i(I=DN)ps, — > i ®i(d(vo)) (I — A)gs,.

i€ln ieln

Recalling (5.19) and (5.20), (5.24) yields

1(1 = A)gS(w)llv < II(1 — A) |v+/ > (il + leal maxc{[V_], Vi Mgz ) 11( = A)g v

i€ln

Recalling (5.9) we see that, for any i € Iy, |[(I — A)¢s,||lv < Ci. Since Iy is finite, we conclude
from the above inequality that there exists some constant I' such that

1T = A)a(s, 0)llv < 11(T = A)olly + T T (5.25)

analogous inequalities holds true for ¢Z(v') and v’. Then (5.23), together with (5.25), yields
T <2/|(I = A)lly + 2T T +4||(I = A)Veep)l3- (5.26)
and the conclusion follows. |

Proposition 5.9. Let vg € V' such that vo(z) € [V_, V4] for all z € [0,1]. Then there exist two
positive constants C1,Ca, only depending on T, N, max{|V_|, |Vi|}), such that, for alld € D, a € A,

[¢2(vo)llv < C1, s €0,T], (5.27)
[ ((¢5(v0), d), a)| + [A(¢4(v0), d), a)| + |[b(65 (vo), )|y < Ca, s € [0,T]. (5.28)
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Proof. Estimate (5.27) is obtained arguing as in Lemma 5.5-(i). The boundedness of f(¢%(vo),a)
follows from (5.27), recalling that

F(@200), )l = 1 | S ((@2(00) = Veegse)?] < sl o) + V27 = 2Viegl162(w0) Iv)-
k>1

On the other hand, recalling (5.12) and (5.19),

1Ba(@5o))llv < Y bl llé=llv + Y leil 165 (wo)ll 1@zl 16=]1v

icly icly
and we obtain the bound from Lemma 5.5-(i) and the fact that || - || < || ||v.
The boundedness of A\y(¢%(vp),a) follows from the form of the functions g, ,, together with
(5.19) and the fact that || - || < || - ||v. O

6 Proofs of the results in Section 2

6.1 Proof of Proposition 2.5

The boundedness of V' directly comes from (2.16) and the boundedness of f and g. Let Cy([0, T x E)
be the set of bounded functions, continuous on [0, T] x E with the |- | x || - ||-1 norm. For any
bounded Borel-measurable function ¢ : [0, T] x E — R we set

TEAT
Ty(t,z) = inf Eg [/t f(Xs, as) ds + g(Xr)1p<r + (11, Xpp)1psps

t
acAl

We aim at proving that
(i) Ty € Cyp([0, T] x E) for any 1 € Cy([0, T| x E);

(ii) 7 is a contracting map in Cy([0, T] x E) and V is its unique fixed point. In particular, V
satisfies the DPP (2.17);

(iii) V is uniformly continuous in the |- | x || - ||-1 norm.

Proof of item (i). Set U = {u : [0, +00) — A measurable}. One can show that

T(t,x) = inf J(t,z,u) (6.1)
ueU

with

- T—t

T(t,2,u) = /0 (5, 2) (f"(s,) + L5 (5,2)) ds + X"(T — £, 2)g(¢"(T — t,),
where x"(s, ) = e~ Jo M@ (o)) dr | pu(s gy — f(¢¥(s, x), us), and

L (sv) = [ 00+ ) M@ (5,2), ) QU (5 0). s, ).

In the sequel C will denote a generic constant, that may vary from line to line, and that may

depend on T. Let t,t',s € [0, T], ¢’ <t <s,z,2' € E,u€U. Let v € Cp([0,T] X E). Recalling
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hypotheses (HbAQ)-(i), (Hfg) and (2.12)-(2.13), we have |x“(s,z)| < 1, |f%(s,z)| < C, and, for
any s’ < s,

(' x) = x"(s,a))| < (1= e Clmellon) 4 (1 emC6m), (6.2)
|[f*(s,2) = f(s,2)] < Cllz = 2|1,
9((T — t,2)) — g(&(T —t',2"))| < w(||z — 2'||-1). (6.4)

On the other hand, by (HbAQ)-(i)-(ii), together with the boundedness and continuity of ¢, we
have |L2’}u(s,x)| < C and, for s <T —1t,

Ly (s, ) = Ly (s,@)] < [A(8"(s,2), 1) = M6 (5,2), ws)| [ 1] oo
| 00 4100 QO () ) = Q6 (5.2, )]
< Co(|l¢"(s,x) — ¢"(s,2")||-1) < Cw(l|z — 2'[|-1), (6.5)
where the latter inequality follows from (2.13). Then, for any ¢,t' € [0, T|, z,2' € E, u € U,
|J(t,z,u) — J(t, 2 u)l

T—t T—t'
/ X“(s,x)f“(s,z)ds —/ X“(s,2") f4(s,2") ds
0 0

<

T— T—t'
+ /0 tx“(s, x)LfLu(s, x)ds — /0 t XU(S,ZE/)LZU(S,JJI) ds
+ IX(T = t,2)g(¢"(T — t,2)) = X"(T — t',2")g(¢"(T — ¥, 2"))|

T—t
<[ R ) - X s o) ds
0

T—t
[ N L (5 0) = (o0 L s ds + Cle— ]
0

+ C‘g((bu(T -1, .73)) - g<¢u(T - tlv 2?’))‘ + C|Xu(T -1, JZ) - XU<T - t/7 .’L'/)‘

= T—t
SC(/O X (s,x))—x(s,x)|ds+/0 |F4(s, @) — f(s,2")| ds
T—t
+/0 L (s, x) — L5"(s,a")| ds + [g(¢*(T — t,x)) — g(¢*(T —t',a"))|

+ T — tya) — (T — )] + ]t —t/r>

< Clw(t =) +w'([lz — 2']]-1)), (6.6)

for some modulus of continuity w, w’, where the latter inequality follows from (6.2), (6.3), (6.4),
(6.5).

Proof of item (ii). Denote by P(A) the set of Borel probability measures on A, set M = {u :
[0, +00) — P(A) measurable}, and introduce the auxiliary map 7" : Cy([0, T|x E) — Cy([0, T|x E)
defined by

T'¥(t, )
T—t
:= inf { /0 X" (s, x) /A(fm(s, z,u) + Lfb’m(s, xz,u))m(s,du)ds + x" (T —t,x)g(¢™(T —t, x))}

meM
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Here ¢™ (s, x) is the unique mild solution to the parabolic partial differential equation
#(s) = —La(s) + /A b((s), u) m(s, du), 2(0) =z € E.
Moreover, X™(s,z) = e~ Jo M@T(ra)uw)m(rduydr - gm (g g ) = f(¢™ (s, x),u), and
L") = [ (s 6 A (5,),0) QO (5,2). ).

Set AZ’;Q ={v:Q x [t,00) = P(A) predictable}. It can be proved that 7" is a contracting map in
Cy([0, T] x E) and that

T
Vi(te) = inf B [ | s duyds + g(xr)
’YE‘Aa’d t

is its unique fixed point, see e.g. Theorem 3.3 and Lemma 3.4 in [23]. Tt is clear that V' = T'V’ <
TV'. The reverse inequality follows from the density of the set I/ in M with respect to the Young
topology, see Theorem 3.6 in [38] for more details. Analogously, one proves that V' = V', and
concludes that V' is also the unique fixed point of 7 in Cy([0, T x E).

Proof of item (iii). It directly follows from item (ii) and estimate (6.6). O

6.2 Proof of Proposition 2.6
By Proposition 2.5,

t
acAl

TINT
V(t,z) = inf EL° [/t f(Xs, as) ds + g(X7)lpeqs + V(T X)) psge | - (6.7)

Setting U = {u : [0, +00) — A measurable} and arguing as in the proof of Proposition 2.5, formula
(6.7) gives

ueU

T
s ot,x, ~
/ e_ft )\(X’I‘wu7u7‘)drf(X§7xvu’us)ds
t

V(t,x) = inf {
T s t,x,u lnd -
+/ e e A ’uT)dr/ V(s,5) MXE™", ug) QX ™", us, dy) ds
t E

where we have set X" = ¢"(r —t,z), r € [t, T]. We aim at proving that

V(t,z) = A(t,x) := inf {

C s vi,z,u ~
et e s
ueU

t

C s vi,x,u ~ ~
+ / e Ji AX7 ’“T)d’”/ V(s,y) )\(X?x’“, Us) Q(Xﬁ’“‘, us, dy) ds
t E

+ 6_ ff )\(X,ﬁvz,uﬂha) d'f’V(C’ Xé,x,u)}, C = [t’ T] (68)
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It is easy to see that

(AT
A(t,z) = inf E.L® [/ f(Xs,a5)ds + V(CANT], Xepry) | C €L, T
t

t
acAl

On the other hand, for any o € Af |
TATIANT =14 ANTENT, Phr-as.

with 74 :=1inf {s >t : (s, ¢ (s — t,z)) ¢ B ((t,z); p)}. Therefore, formula (2.18) would follow from
identity (6.8) by choosing ¢ =T A 74.

Let us thus prove (6.8). We first prove that A(t,z) < V(t,x). Let us fix ( € [t, T] and 5 € U. We
have

¢ Xt,z,u

~ T s CAS TS sU ~ 7X¢t,x,u7
V(C,Xé’x’ﬂ) = inf {/ e oA ’ur)de(Xg < ug)ds
¢

ueld

T s .,C,Xz’z’u,u ¢ Xt,ac,u ¢ Xt,x,u
+/ effg A X ,m)dr/ V(s,y) MXs ¢ u,us) Q(X, ¢ u,us,dy) ds
¢ E

- ~C‘)-(t,cv,u’u ~
+e Jo MKy un)drys Xé’ <

T _¢,.xbB g ey
s ¢ ~ X0
< / e~ fg Xy Br) drf(XSC’ ¢ ”8,,85)615
¢

T s ~C1Xéyw’ﬁvﬁ ~<—Xt,937ﬂ B ~<Xtazvﬁ /B
+ / eI A / V(s MESC 7)) QRS By dy) ds
¢ E
T S OXEP s X g
4+ e Je AMXr 7ﬁr)d7‘v(T7 X000, (6.9)
Recalling the flow property
ad Cv)z?zﬁvﬁ t.x /3
Xr :Xr’ 7 (S [C7T]7
inequality (6.9) yields
~ T s ot,xz,B ~
V(¢ XM < / e J ARSI dr g (Xt 6 yds
¢
T s t,x,B ~ ~
+/ e I¢ (X7 ﬁr)dr/ V(s,y) )\(X?x’ﬁ,ﬂs) Q(X?‘E’B, Bs,dy) ds
¢ E
T ot,z,B ~
+ e~ fg X7 ,Br) dTV(T, X;zm’ﬁ) (610)

Multiplying by e~ JENEEPBr)dr both sides of (6.10) we get

- T -
e~ P XX By dry (¢ X?x,ﬂ) < / e JINEETP B dr pfteB gy
¢

T t,T, ~ ~
[ [ (s NRE, ) QUELP, 8, dy) ds

+ e~ I MK B dry (gl (6.11)
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Adding to both sides of (6.11) the quantity
AL 8 dr g
[ AR s 5)as
t

C s ot,xz,B ~ ~
+ [T A /E V(s, ) X8, 8,) QX2 B, dy) ds
t
we obtain

T ot .
Alt,z) < / e~ MK By dr p( Rt g g
t

T

—|—/ e f (Xt ,Br)d?‘/ V(87y) )\(Xz,%ﬁ’ﬂs) Q(Xé’x’ﬁ,ﬂs,dy) ds
t E

+ 6_ ftT A(Xﬁ’zaﬁ’ﬂr)dTV(T7 X;lai,ﬁ)

We conclude by the arbitrariness of 5 € U.
Let us now prove that A(t,x) > V (¢, z). Let us fix ( € [¢, T|. For any € > 0, let u® € U such that

C s vi,z,u
A(t,x)Z/ e JOAEKTT iy dr g Rt ey g (6.12)
t

? S

C s ot o -
+/ e ft A(th» JU) dr/ V(S,y) )\(Xﬁvf,u ’ui) Q(Xﬁ,x,u ,ui,dy) ds
t E
+e” ftg )\(Xﬁ’z’usvui)dTVw’Xgmua) .

From the definition of V (¢, X é’x’us), there exists ¢ € U such that

V(¢ X

T ¢, X C B¢ . ~ Xt,I,uE 5
> / e A B (%X ey g
¢

T s ~ ¢ ~2’I’u6,55 - ¢ X‘vt,x,u & C Xt u® ge
- / e Je ALK ) dr / Visy A T g s gsdy) ds
¢ E

- e
~<7Xt,ac,u £
¢
T

t,z u e
+e ch AX X B

By (T, XS ) —e. (6.13)

We set
7=l + Bl
We have v¢ € U. Moreover, the flow property gives

- ’)"(t,ac,us7 5 - -
XX Z e e o1,
Therefore (6.13) reads
t:ﬂu r -z )\(Xﬁ’z’“’s NE)dr oty e
V(GXT) 2 Lo T AXSTT g)ds

T s ot,x, € 5 ~ £ ~ £
[T AT [y ) AR ) QUEET )
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_ T Stz e e ~ €
4o METT R dry o gheaty

and (6.12) gives
T s ~t,z,’ys £ ~ <
Alt,z) > / e~ Jr A 7’Yr)drf(szzv'7 ,~5)ds
t

T tmnt . S
b [ /EV<s,y> AR 42) Q(RL" 47, dy) ds
t

te I A(th"z”s,vﬁ)dTV(T, X%z,ys) 9
> V(t,x) — 2e.

The conclusion follows from the arbitrariness of €. O

6.3 Proof of Lemma 2.10
Let us fix t € (e, T —¢), e > 0. We first prove that the map

T = Zf(n (ZSQO(T - t)dj)) + <¢a0(r - twr)? L DQJO(T’ ¢ao(r - t’x)»

+ (0% (r — t,2), h([|9™° (r — t,2))|[) L*D6(r, ¢°°(r — £, 2)))

is continuous on [t, T — ¢), uniformly in ag, and on Bg(z) := {x € E : ||z|]| < R}, R > 0. To
this end, let r,7’ € [t, T — ¢). Since v satisfies Definition 2.8, in particular %—’f, L* Dy, L* D§ are
bounded on bounded sets of E. In the following C will denote a generic constant that may depend
on T and z, and that may vary from line to line. For any z € E : ||z|| < R, R > 0, we have

a 8 / (o7 /
6% = ,2)) — e, 70— 1,2)

< Cullr = ']+ 160 — t.2)) = 60" — t,2))II) < Con(lr =),

where in the latter inequality we have used (2.10). Using again the properties of the test functions,
together with (2.10)-(2.11), we get

(¢ (r — t,x), L* Dp(r, o™ (r — t,x))) — (¢ (' —t,x), L* Dp(r', ¢ (' —t,x)))|
< ‘<¢Oto(r - t,(I}) - ¢ao(rl - t,l‘), L D(p(?",, ¢o¢o(rl - t,l‘))>|
+ (¢ (r —t,x), L* Dp(r,¢*°(r —t,x)) — L* Dp(r', ¢ (r' — t,x)))|.
< Cop(lr —7')) + C(L+ [[z]) w(|r — 7| + [[¢™(r — t,2) — ¢ (r' —t,z)|])
< Cog(lr —7'|).
Analogously,
(% (r — t, ), h(||¢° (r — t,2))|) L*Dé(r, ™ (r — t, x)))
— (@™ (r" = t,2), h(||¢® (r' —t,x))|[) L*Dé(r", 6™ (r" — ¢, 2)))]
< Cog(lr —1'|).

Moreover, for any € E, a € A, and any measurable function ag : Ry x £ — A, the map

r— f(¢%(r —t,x),a)
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is continuous on [t, T' — ¢), uniformly in ap and in a. Indeed, from (Hfg) and (2.13), for any
reft,T—e),zeE:|fz]| <R, R>0,
[f(¢™(r' —t,2),a) = [(6™(r — t,2),a)]
< Cw([|p™(r —t,2),a) — ¢ (r" —t,2),a)l|-1) < Cog(|r —1')).
Let us finally study the continuity of the maps

r—= LOY(r, ¢ (r — t,x),a))
= (b(¢™(r — t,2),a), D(r, ™ (r — t,2)))

@™ (r —t,2),a) /E () — 0, 6°°(r — £, 2))) Q6% (r — 1, 7)., dy).

Since by Definition 2.8 D is bounded on bounded sets of E, and using assumption (HbAQ) for
b, for any x € E : ||z]|| < R, R > 0 we get

[(b(¢™°(r — t,x),a), DY(t, 9™ (r — t,2))) = (b(¢™(r" — t,2),a), Dp(r, ™ (1" — L, 2)))]
< [(b(¢™ (r — t,2),a) — (b(¢™(r' — t,2),a), DY(r, 6™ (r' —t,2)))|
+[(b(6™ (r = t,2),a), Dp(t, ¢ (r — t,2))) — DY(r, ™ (r' — ¢ x))
< Cop(|r —r'|) + Cw(lr —r'[ +[|¢"(r — t,2),a) — ™ (1" — ¢, 2)|
< Cog(lr—1']).

)|
)
On the other hand, by assumption (HbAQ) for A and @, recalling that 1 is uniformly continuous
on (¢,T —¢) x E, for any z € E: ||z|| < R, R > 0 we have

(@ (r — 1,2), a) /E ((r, ) — 0, 6°°(r — t,2))) Q(6° (r — 1, z), a, dy)
- )‘<¢a0 (T, - ta w)v a) /E(iﬂ(rl, Z/) - w(rl, ¢a0 (r/ - tv x))) Q(¢a0 (T, - ta w)v a, dy)

<IN (= ta),0) = M@0 =t )| [ (079) = 007,670~ ,0)) QU b))
FING( — £,2),0) [0, 6°0 (7 — ,2)) = (1, 6% — 1,2)
NG =t | [ 000 Q™ =t andy) = [ 007) QU b))

< Cllg®(r —t,z) = ¢*(r' = t,2)||-1 + Cw(lr — 1| + ||¢™(r" — t,2) — $°(r — t,2)|[)
+ Cog(|r —1']) + Cw(||¢™(r — t,2),a) — ¢°°(r' — t,3),a)[|-1)
< Cog(|r —r')),

where the latter inequality follows from (2.10)-(2.11)-(2.12). O

6.4 Proof of Theorem 2.11
We start by giving the following preliminary result.

Lemma 6.1. Assume that Hypotheses (HL) and (HbAQ) hold. Let 0 < t < T <T, 7 bea
stopping time such that 7 € [t, T|, v € E, a € A%, and X be the process in (2.6) under PL*. For

R >0, let Tr be the exit time of X from {y: |ly|| < R}, and set T =7 A1R. Let =@+ h(||-|]) 0
be a test function. Then,

B 0l X0 < w(ta) + 85 | [ (5000 + 00600, Dot ) ) o]
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~ 8| [ X 17Dt X0) + (L 2D, ) |

v [ [ [ )~ 60 X0 AX ) Qe i) (619

Proof of Lemma 6.1. The result follows from the Dynkin formula (2.14) and the properties of the
test functions ¢ in Definition 2.8. In particular, Dy(r, X;) = Deo(r, X;) + h(|| X,||) Dé(r, X,) +

o(r, Xr) h/ﬁ')'gfﬂ”)Xr, and (LX,,d(r, X;) h/|(||)‘§|r|”)Xr) > 0, being L monotone. O

Proof of Theorem 2.11. Viscosity subsolution property. Let ¢(s,y) = ¢(s,y)+d(s, y) h(||yl])
be a test function of the type introduced in Definition 2.8, such that V — 4 has a global maximum
at (t,x) €]0, T[xE. We also assume that

V(t7x) - w(tﬂ x)u (6.15)

and consequently
Vi(s,y) <¥(s,y), Y(s,9) (6.16)

Remember that T} denotes the first jump time of X. We apply the dynamic programming principle
(2.18) to 0 := (t +n) A Tf, where > 0 is such that (¢ +n) < T. By (6.16) we have

0
U(t,x) <EL” [zp(ﬁ,Xg) +/ f(Xr,ar)dr} , Yae A, (6.17)
t

All elements of A’ ; have the form (2.5). Let us fix a € A, and let us take o € A, such that o = a.
Notice that, Pi*-a.s., X, = ¢*(r —t,z) for r € [t, 0). In particular, by (2.11),

1 Xsl < O+ [lz]]) =: Re.

Denoting by 7g, for any R > 0, the exit time of X from {y : ||y|| < R}, it follows that § =
(t +h) ATE A TR,. As a matter of fact, if (t + h) < T}, then (t + h) AT} ATg, = t+ h. On the
other hand, if (¢ + h) > T}, we have two cases: if Xqt ¢ Br,, then (¢t + h) A Tt N1R, = TR, = T},
if Xrt € Bg,, then (t+h)ANTE A TR, = TY. Then (6.17) for such an «, together with Lemma 6.1,
implies that

B { /t ' [%‘f(r, X,) + L%(r, X,) + F(X, a)] dr]

0
—EL® [/ (X,, L*D(r, X,) + h(|| X, ||) L* D8 (r, X,.)) dr} >0, (6.18)
t
with X, = ¢%(r — t,x). Moreover, by Lemma 2.10, the (deterministic) map

r Haé)lf(r, ¢ (r —t,x)) + LY (r, ¢ (r — t,x)) + f(¢%(r — t,z),a)
—(¢%(r —t,x), L"Di(r, ¢ (r — t,2)) + h([|¢*(r — ¢, 2)|[) L*Dé(r, ¢"(r — 1, x)))

is continuous at ¢, uniformly in a. Therefore, for any ¢ > 0 there exists n > 0 such that (6.18) with
# associated to n becomes

(8 + %f(t, z) 4+ L%(t, ) + f(z,a) — (z, L*Dy(t,z) + h(||z||) L*Dd(t, x)>> EL® [0 — ] > 0,
(6.19)
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valid for any a € A. Now we observe that E5” [§ — ] > 0 by definition of §. Then (6.19) implies
arl/} a * *
e+ E(t, z) + Lt z) + f(z,a) — (x, L*DY(t,x) + h(||z||) L*Dé(t, x)) | >0,

for any € > 0 and a € A. The conclusion follows by the arbitrariness of ¢ and a.

Viscosity supersolution property. Let ¢(s,y) = ¢(s,y) + 0(s,y) h(||z||) be a test function of
the type introduced in Definition 2.8, such that V' + ¢ has a global minimum at (¢,z) €]0, T[xE.

We also assume that
V(t,z) +¥(t,x) =0, (6.20)

so we have
V(Say) 2 —1/1(37y)7 V(S,y) (621)
We will show that V is a viscosity supersolution by contradiction. Let us use the notations of
Lemma 2.10. Assume that
inf GY(t,z) = pu > 0. (6.22)
acA
By Lemma 2.10, there exists n > 0, independent from «g, such that

Ggeo(r) = g >0, Vreltt+n), (6.23)

Let us now set 6 := (t + n) AT} where n satisfies (t + ) < T. By the dynamic programming
principle (2.18), for all v > 0 there exists o € Al ; such that

0
Vi) + 2B | [ 500 a) e v6,X0)|.
t
and therefore, recalling (6.20) and (6.21),

—p(t2) + 7 > Bl [ / " (X an) dr— (6 Xe>] . (6.21)

As in the proof of the viscosity subsolution property, we set R, to the the bound in (2.11), and
we notice that § = (¢t + h) A T{ A 7g,, where Tr denotes the exit time of X from {y : ||y|| < R}.
Applying Lemma 6.1 to ¢ between t and 0, we get

vt [ [ e B [ [ [0 X0 + 006 00), DY )] ]
—EY [ / 9 [ 060) = 60 X)) MXr00) QX ) dr]
+ | (X0, LD, X,) 1 h(1X,11) L DS(r, X)) .
Then
veEr| [ 9 (5200 + O, LD, X,) LX) D50 X,) )

0
8| [t (L0000 + £ @) v
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0
= EL° [ / inf G¥(r, X,) dr} . (6.25)
t acA

By the definition of 6, together with (2.5) and (2.6), for all r € [t,0), . = ap(r — t, ), with ag as
in (2.5) and X, = ¢*°(r —t,x). Thus (6.23) yields

0
v2u | [ ooy 2 G0 (6.26)
t
Now we notice that
ELP (0 —t) = nEL(Ansen) +ES((Ty — t) 11 <i4)

Z 0 ]P)to;x (1n, >t+77)

= ne (@20 (s,2),00(s,2)) dr

> pe ™,

where in the latter inequality we have used that by assumption A is bounded by some constant M.
By letting v go to zero we obtain the contradiction.

7 Proofs of the results in Section 4

7.1 Proof of Theorem 4.3

The boundedness of v follows from (4.9), (4.5), together with the definition of V* in (3.17) and the
assumption (Hfg).

Let us now turn to the continuity properties. We argue as in the proof of Proposition 2.5. For
any a € A, for any bounded Borel-measurable functions ¢ on [0, T] x E, we define the map

Tatb(t, ) := inf EL™C

TiNT
/ f(Xs, Is) ds 4+ g(Xp)Lpeqe + (T1, Xt ) dps
VEV ¢ 1 1 1

We have T, (¢, z) = inf, o J(t, 2, a,v), with

T—
J(t,2,a,v) = / X (5,0,0) (5,0, ) £ Ty (5,0, 0) ds + X (T — 1,2, a)g($(T — 1,00,
0

s

where XV(S, xZ, (I) =e fO (A(¢(r,x,a),a)+fA us(b))\o(db)) dr’ f(sa x, (1) = f(¢(5a Z, a)’ CL), and
Li(s,2,0) = /E B(s + t,y) Mo(s, 2, a), a) Q(b(s, z, a), a, dy),

and V = {v: [0, o0) x A — (0, co) measurable and bounded}. Let us denote by Cy([0,T] x E) the
set of bounded functions, continuous on [0, 7] x E with the || x || - || -1 norm.

We aim at proving that, for any ¢ € Cy([0, T] x E), for any a € A one has T,1p € Cy([0, T| x E).
Once this is achieved, proceeding along the same lines of the proof of Proposition 2.5, item (ii),
one can get that, for any a € A, 7T, is a contracting map in C([0, 7] x E) and v is its unique fixed
point. In particular, v satisfies the randomized dynamic programming principle (4.11).

Let thus ¢ € Cy([0, T] x E). In what follows C' will denote a generic constant, that may vary
from line to line, and that may depend on T'. Let t,t',s € [0, T], ¢/ <t < s,z,2’ € E,a € A, v € V.
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Recalling hypotheses (HbAQ)-(i), (Hfg) and (3.2), we have |x”(s,z,a)| <1, |f(s,z,a)] < C, and,
for any s’ < s,

IXY(s',2,a) — x"(s,2",a)| < (1 — e_C“x_‘”/H*l) +(1- e_c(s_sl)), (7.1)
|f(S,CC,CL) - f(S,(L‘,,CL)’ < CHx - x/H*la
l9(a(T —t,x,a)) = g((T —t', 2", a))| < w(||z — 2| -1).

On the other hand, by (HbAQ)-(i)-(ii), together with the boundedness and continuity of 1, we
have |Ly(s,z,a) < C and, for s <T —t,

’LZ}(S,IE, a) - Lfﬁ(svx/ﬂa)‘ < ’)\((Zﬁ(S,CC,CL),CL) - )\(q&(s,x’,a),aﬂ HwHOO
[0+ ) Q066,00 ~ QoL ), )
< Col(llg(s,z,a) = ¢(s, 2, a)||-1) < Cw([lz = 2"[|-1), (7.4)

+ Ao

where the latter inequality follows from (3.2). Then, for any ¢,¢' € [0, T|, z,2’ € E,a € A, v €V,
|J(t,z,a,v) — J(t' 2 a,v)]|

T—t T—t'
/ X (s,z,a)f(s,x,a)ds — / X' (s, 7' a)f(s,2",a)ds
0 0

<

_l’_

T—t Tt
/0 X" (s, x, a)Lib(s, x,a)ds — /0 x“(s, x/)LfJ)(s, 2 a)dr
+ IX(T = t,2)g(d(T — t,x,a)) — X" (T —t',2")g(d(T —t', 2, a))|

T—t
s/ X" (5, 2, 0) (s, 7,0) — x* (5,2, a) f (5, 2", )| ds
0

T—t
+A X (5,2, @) LYy (5,2) — X (s, @) Ly (s, a)| ds + Clt — £

+ C|g(¢(T - t7 xz, CL)) - g(¢(T - t/) J;,? a))| + C|XV(T - t7 xz, CL) - XU(T - t/a wl)’

T—t T—t
< C(/ X" (s,2,0)) = x"(s,2",a) | ds +/ |[f(s,2,a) — f(s,2",a)| ds
0 0
T—t
+ /[) |pr($, €L, (I) - pr(& 1,17 a)‘ ds + |g(¢)(T - ta Zz, CL)) - g(gb(T - tla .CU/, Cl))‘

+ IX(T —t,z,0) — XV (T =t 2/ a)| + \t—t’])
< Clw(t =) +w'([[x = 2'[]-1))

for some modulus of continuity w, w’, where the latter inequality follows from (7.1), (7.2), (7.3),
(7.4). This also allows to conclude that v is uniformly continuous in the |- | X || - ||=1 norm.

7.2 Proof of Theorem 4.4
We first give the following preliminary result.

Lemma 7.1. Let 0 <t <T < T, 7 be a stopping time such that + € [t, T], x € E,a € A, v €V,
and (X,I) be the PDMP constructed in Section 3.1 under the probability PL™*. For R > 0, let T
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be the exit time of X from {y : ||y|| < R}, and set T =7 A 7. Let » = @+ h(||-]])J be a test
function. Then,

B 0 X) < vt + B3 | [ (G0 X0 + (00X 1), DUt ) )

R U (X, L*Dy(r, X;) + h(||X,]|) L* Dé(r, X)) dr}
t

v | [ )~ v XA 1) QUG I i) (19

Proof of Lemma 7.1. By Proposition 3.1, applying the Dynkin formula to (s, Xs) between ¢ and
7 and taking the expectation under PL™%, we get

B 0 X)) = ol + 85 | [ (G000 + 00X 1), Dot X)) v

w1 (=X Do) + [ @) - 0 XA 1) QU T )] ]

We conclude noticing that Dy (r, X;) = Do(r, X;) + h(|| X+ ||) Do(r, X;) + 6(r, X;) MIXAD X, | and

(1]
that (LX,.,d(r, X,) h ﬁl)'?iﬂH)Xﬁ > 0, being L is monotone.

Proof of Theorem 4.4. Viscosity subsolution property. Let 1(s,y) = ¢(s,y)+d(s,y) h(]|x|])
be a test function of the type introduced in Definition 2.8, such that v — 1) has a global maximum
at (t,z) € [0, T] x E. We also assume that

v(t,x) = w(tax)7 (76)

so we have
v(s,y) <P(sy), V(s,9) (7.7)

Fix (t,z,a) and v € V. Let n > 0 and define § = (¢t + n) A T}, where T} denotes the first jump
time of (X, I). Using the identification property (4.9), from the randomized dynamic programming
principle (4.11), together with (7.7), we get

7]
U(t,x) < EL™® [¢(6,X9) +/t f(Xr,Ir)dr] )

Applying Lemma 7.1, we obtain

0
]Ef;x’a |:/ |:811}(T7 Xr) + ['IT¢(Ta XT) + f(XT’ IT):| dT:|
t

ot
0
_gtre [ /t (X,, L*D(r, X,) + h(|| X.||) L* Do (r, X)) dr} >0, (7.8)
where
Lry(r, X,) = (X, 1), D(r, X,.)) + /EW(?“, y) —(r, X)) M X, 1) Q(Xo, Iy dy). (7.9)

Now we notice that P4»*%-a.s., for all r € (t,0), (X,,I,) = (¢(r —t,x,a),a). Moreover, by Lemma
2.10, the map

T H%f(rv o(r —t,2,a)) + LYY (r, ¢(r = t,x,0)) + f(o(r — ¢, 7,0),a)
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—(¢(r — t,z,a) L*DY(r, ¢(r — t,z,a)) + h(||p(r — t,x,a)|]) L*Dé(r, p(r — t,z,a)))

is continuous, uniformly with respect to a € A. We can proceed as in the proof of Theorem 2.11.
By the latter continuity property, for any € > 0, we can find 1 > 0 independent of a such that (7.8)
holds true for 6 corresponding to 7. Since E4” [0 —t] > 0 by definition of #, then identity (7.8)
implies

(5 + (?f(t’ x) + LYYt z) + f(z,a) — (x, L"DyY(t,x) + h(||z||) L*Dé(t,az)>> >0,

for any € > 0 and a € A. As in the proof of Theorem 2.11, we conclude by the arbitrariness of &
and a.

Viscosity supersolution property. Let ¢(s,y) = ¢(s,y) + 0(s,y) h(||z||) be a test function of
the type introduced in Definition 2.8, such that v 4 1 has a global minimum at (¢,z) € [0, T] x E.
We also assume that

v(t,z) +(t,z) =0, (7.10)

so we have
’U(S,y) Z —¢(57y)7 V(s,y) (711)

We will show that v is a viscosity supersolution by contradiction. Let us use the notations of
Lemma 2.10. Assume that
GY (t,z,v,Dp, D) = 1 > 0. (7.12)

By Lemma 2.10 that we apply for ag = a, a € A arbitrary, there exists n > 0, independent from a,
such that
Ge(r) > % >0 Vreltt+n). (7.13)

Let us set 6 = (t +n) AT} and fix a € A. By the dynamic programming principle (4.11) toghether
with the identification property (4.9), we see that, for all v > 0, it exists a strictly positive,
predictable and bounded function v such that

v(t,x) +v > EL™® [/te f(X,, L) dr + ’U(@,X@)] :

Recalling (7.10) and (7.11), we get

—p(t,x) + 7 > B [ / L) dr — (6. X0) + B(n) 1TAT1<T] . (7.14)
Applying Lemma 7.1, inequality (7.14) yields

vz Epe (X0 dr — / 9 (50 + 006, 1), DU 1))

~E;™ [/tQ/Ewo: y) —¥(r, Xp)) MXo, I) Q(Xy, I, dy) d?“]

+ EL™° [/tgofr, L*Dip(r, X;) + h([| X:|[) L*Do(r, X)) dr} : (7.15)
Noticing that

—Llrp(r, X)) + f(X,, 1) = UY(r, X, I, Dip) > in£ U¥(r, X,,a, D),
ac

33



with £ is the operator in (7.9), previous inequality gives

t,x,a ’ 81/1 * *
vz B | [ (=500.20) + 060, LDl X) + MK D D60, 1) )

0
+ Eb®a [/ inf Uw(r, Xy, a, DY) dr]
t IIGA
[%
=E;™° [/ GY (r, X, 1, Dy, D, D§) dr] : (7.16)
t

By the definition of 6, together with (3.6), for all r € [t,0), X, = ¢(r—t,z,a). Thus, (7.16) together
with (7.13) yields

0
) > B U G (r, 6°°(r — 1, 2), 10, Dp, Dip, DY) dr}z Efe(0— 0], (7.7)
t

N =

We conclude as in the proof of Theorem 2.11 using that

Ee"(0—t) = nES"(Iry>ten) + Eg"(T1 — ) 1ny<tt)
> npgx<1Tl>t+n)
= ne” fttJr")\(¢“(s,x),a0(s,m))dr
> ne M,
where M is an upper bound of A\. We obtain the contradiction by letting v go to zero. ]

7.3 Proof of the comparison Theorem 4.5

We begin recalling the following result concerning an equivalent definition of viscosity super and
subsolution to (2.19)-(2.20).

Definition 7.2. Let assumptions (HL), (HbAQ) and (Hfg) be satisfied. We will say that a
function 1 is a test function in the sense of Definition 7.2 if (s,y) = ¢(s,y) + h(||y||), where o, h
are as in Definition 2.8 without being bounded, however ¢ is bounded on every set (e, T —¢e) x {x €
E:||z|| <R}, € (0,T), R>0.

(i) A bounded B-upper-semicontinuous function u : (0, T] x E — R is a viscosity subsolution in
the sense of Definition 7.2 of (2.19)-(2.20) if u(T,x) < g(x) on E, and, whenever u — 1) has
a global mazximum at a point (t,x) for a test function ¥ (s,y) = o(s,y) + h(||y||), then

%—f(t,x) — (z, L* Dp(t,x))
+ 1t {0, Du) + [ (0lt9) = .2 M) Qo o) + )} > 0.

(i) A bounded B-lower-semicontinuous function w : (0, T| x E — R is a viscosity supersolution
in the sense of Definition 7.2 of (2.19)-(2.20) if w(T,x) > g(x) on E, and, whenever w +
has a global minimum at a point (t,z) for a test function ¥ (s,y) = ©(s,y) + h(||y|]), then

_%
ot

+ ;gg {(b(x,a), —Dy(t,x)) + /E(w(t,y) —w(t,z)) Mz, a) Q(z,a,dy) + f(x,a)} < 0.

(t,z) + (x, L Dop(t,z))
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(71i) A viscosity solution of (2.19)-(2.20) in the sense of Definition 7.2 is a function which is both
a viscosity subsolution and a viscosity supersolution.

Lemma 7.3. Let assumptions (HL), (HbAQ) and (Hfg) be satisfied. If a function u : (0, T') X
E — R (resp. w:(0,T) x E— R) is bounded and uniformly continuous in the |- | x || -||—1 norm,
and is a viscosity subsolution (resp. supersolution) of equation (2.19)-(2.20), then it is a viscosity
subsolution (resp. supersolution) of equation (2.19)-(2.20) in the sense of Definition 7.2.

Proof of Lemma 7.3. This lemma extends to the infinite-dimensional framework a well known result
in the finite-dimensional case, see e.g. Lemma 2.1 in [20].

We consider the subsolution case, the supersolution case can be proved analogously. Let thus
u: (0, T) x E — R be bounded and uniformly continuous function in the |- | x || - ||-1 norm,
providing a viscosity subsolution to (2.19)-(2.20). Let u — 1 has a global maximum at (¢, x) for a
test function (s, y) = ¢(s,y)+ h(||y||), where without loss of generality we can assume that ¢ and
h(|| - ||) are bounded and that u(t,z) = (¢, x). By assumption, it exists a modulus o, such that

lu(s,y) —u(s, 2)| < ou(lly — 2||=1) s€(0,T), y,z € E. (7.18)
For any € > 0, let 4 be the sup-inf convolution of u (see e.g. Definition D.24 in [14]), namely
_ : |z —wl2y ]z =22,
€ = inf — .
o) = inf up (utw) = E5E
Then, according to Proposition D.26 in [11], a®, aa—a:, Duf are uniformly continuous in the || x||-||-1
norm and bounded, and for any s € [0, T, y € E,
U(87 y) S aé‘(s7 y)) (719)
u(s,y) — u(s,y)| < oulte), (7.20)

where % — 0 as ¢ — 0. This implies in particular that u®, aa—is, Duf and A*Duf are uniformly
continuous with respect in the | - | X || - || norm.

Let n be a smooth function, such that n(7) = 1 for 7 < 1, n(r) = 0 for 7 > 2, and which is
strictly decreasing on [1,2]. We define

o) = vl (L) o o (L=t

9 9

By definition u(t, z) — 1°(¢,z) = 0. Moreover

u(s,y) =97 (s,y) = uls,y)n (W) +u(s,y) [1 —7 (Hy—xH_lﬂ

3

A (T ISR M (T

= (utev) = vl (=25 ) o (uto) = af (o) |1 (2212

9 9

For all (s,y) € [0, T] x E, u(s,y) < u°(s,y) by (7.19), and u(s,y) — ¥(s,y) < 0 by assumption.
It follows that u — ¢ has a global maximum at (¢,2). Therefore, we apply Definition 2.9 with
VE(s,y) = ¢°(s,y) + h([lyl]) 6°(s,y), where

¢ (s,y) = (s, ) (Hy_:”_l) +°(s,y) [1 =1 (Hy—x\l_1>] :

3
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3

o = (=21,

Notice that 9°(t,z) = ¥(t, ) = u(t,z), 2= (t,x) = 22(t,x), DY=(t,x) = D(t,x). We get

0< %—Qf(t,x) — (z, L* Dp(t,x))
# int { o)+ 00 Ditta)) + [ () =t ) M) Q)|
= %Qf(t,x) — (z, L* Dp(t,x))
# it { )+ o) D)+ [ (ulton) 2 Mo ) Qo)

+ [ @)~ utt ) Mo 0) Qi )}
At this point we notice that
) = )] =it — ey (T2 ) - i)
< wte) — el () 4 e - i)
< wtta) —utto )l () ) el 14 0 (12
< ot — (el (=25 ) o [ (120

where in the latter inequality we have used (7.20). The conclusion follows by the Lebesgue domi-
nated convergence theorem.

Proof of Theorem 4.5. We will show the result by contradiction. Assume therefore that u £ v.

Step 1. Set u(t,z) = u(t,z) — 1, v"(s,y) = v(s,y) + L, n > 0, and, for €,5,5 > 0, define the
function

Iz — yl? (t— sy
D201, 5,,y) i= u(t,2) — 0"(5,) — P = (o + glf?) -
2e 253
By perturbed optimization (see, e.g. Corollary 3.26 in [14]) there exist sequences ay,b, € R,
D, qn € E such that
1
[@nl + [bal + lgn| + |pa| < —, 16 — oo, (7.21)

and
(I)a,ﬁ,,@(t’ s,z y) + anpt +bys + <Bpn, 1‘) + <BQm y>

attains a strict maximum at some point (¢, 35, %, 7) € (0, T]x (0, T] x E x E. Standard considerations
yield (see e.g. [14], page 209)

|2

f—
lim lim sup =57 o weeso, (7.22)
B—0 n—oo 2
lim lim sup limsup &(||Z]|? + ||7]|*) =0, Ve >0, (7.23)

0—0 B—0 n—o0
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1
lim lim sup lim sup lim sup —||x — g%, =o. (7.24)
e=20 550  B—0  n—ooo

Then, recalling that by assumption v £ v, it follows from (7.22)-(7.23)-(7.24) and the uniform
continuity of u, v, that for sufficiently small €,7,d, 3 > 0 and n large enough, t,5 < T

Step 2. From Step 1 we deduce that

u(t, ) — (o(t,z) + h(||z]])) has a global maximum over (0,7) x E at (t,T),
v(s,y) + (¥(s,y) + h(||ly]|)) has a global minimum over (0,7) x E at (5, 7)
where h(||z|]) := 6]|2||?, and

=1 _ r—yY|Z t—5
o(t,x) : ? ant — (Bpy, ©) lz =gl ( )

2e 28
_n 12—yl (F—s)?
V(sy) = L= bns = (B y) + T+ o
In particular, Vh(||z||) = 20z, and

0p - n t—s5 Oy n t—5
t T Un y - — bn — s

b= mE et 5=, 3
B 'Dp(t,7) = —pa+ 2. BDU(ED) = —gu - —.

Step 3. Viscosity inequalities. By Lemma 7.3, u is a viscosity subsolution of equation (2.19)-(2.20)
in the sense of Definition 7.2. Therefore, using Step 2, we have

3 —TQ—an—<:f, L <B(x€_y)—Bpn>>+ggg{<b(£,a),B(i_y)—Bpn+255:>

—l—/(u(t, y) —u(t,z)) AM(Z,a) Q(T, a, dy) +f(;1_c,a)} > 0.
E

(7.25)

Similarly, being v is a viscosity supersolution of equation (2.19)-(2.20) in the sense of Definition 7.2
by Lemma 7.3, proceeding as before one gets

_|_12+b —( 7, L* M+Bqn + inf b(g7a)7M+Bqn_25g
T € acA €

+/(v(s,y)—v(s,y))k(yva)Q(y,a,dy)+f(y,a)} < 0.
E

'E —

(7.26)
Subtracting (7.26) from (7.25) we obtain
2 1 * _ _ _ * — *
TiT; < _(an + bn) - g <(i' - @), L (B<$ - y))> + <.%', L Bpn> + <y7 L BQn> (7'27)
( —¥

) — Bp,, + 2593> — <b(y, a), B(‘Z_g) + Bqp, — 26y>

" / (ulf, y) — u(F, 1)) A(E, 0) Q(&, a, dy)
E
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- /E(v<§’ y) - 1)(5, g)) A(?%a) Q(g7a7dy) + f('f?a) - f(g7a)}a

where we have used that inf A; —inf Ay < sup(A; — Az)). Using condition (2.1), together with the
assumptions on the functions b and f, (7.27) yields

;Z + an + by, < (Z, L* Bpy) + (g, L™ Bqy)
+ ilelg {i(b(m,a) - b(gv a’)v B(j - §)> - <b(§77 a)7 Bpn) + <b(£7 a’)v 2557)

< (z, L" Bpn) + (y, L* Bqn)

Iz - gl1% e
“’( go+ (1Bpal 4 1Baal) +w(llz = gll-1) + 601 + [l2]* + [1y]I°)

+sup{[EU(ﬂy) /\(f7a)Q(rE,a,dy)—/EU(ﬂy)A(y,a)Q(zj,a,dy)}

a€A

+ sup { [E(U(ﬂ y) —u(t, ) —v(5,y) + v(5,9)) A7, @) Q¥ a, dy)}- (7.28)

a€A

At this point, by Hypothesis (HbAQ)-(i)-(ii), we get

sup { /Eu(f, y) AT, a) Q(Z, a,dy) — /Eu(f, y) /\(?j,a)Q(g,a,dy)} < Cw(||Z — gl|-1)-

a€A

Therefore it remains to prove that

sup { / (u(t,y) —u(t, 2) —v($,y) + v(5,9) M7, @) Q(F; a, dy)} (7.29)
E

a€A

converges to 0 when the parameters go to their respective limits.

Step 4. Proof of the convergence of (7.29) to 0. Set m := 2(]|u|| V ||?||s0) and
M := ®5%8(1, 5,2, ) + ant + by5 + (Bpn, Z) + (Bgn, 7).
By Step 1, we know that M is a strict maximum on (0, 7] x (0, T] x E x E of the function
OSOP (L, s,2,9) + ant + bps + (Bpn, ) + (Bgn, y).

The definition of ®%8 implies that

_or a1 77_2_"3?—?3”2—1_ =12 72_(5 5)? .
M = u(f.®) — § = o(59) = L~ gt =S 4 1) — g+ and £ bus o+ (Bpw, @) + (Ba, 7)
_or = 77_Q_(£_§)2_|’:E_QH2—1_ 7_Bpn 2 Slls BQn2
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N || Bpa||? N | Bgy||?

i 16 + ant + by, 5, (7.30)
which in turn implies that
n o, E—8% llz-gl* — Bpa,a, q1. Banpo
ittt o T Iz = =5 17+ dlly — <5l
_ Bp,,||? Ba,||? _
:u(t,fc)—v(g,g)—MJrH ng +H fg” + ant + by5.

Moreover u(,z) — v(5,7) < m and a,t + b,5 < T for all n > 2, since |a,| + |by| < 1 for n > 2.
Therefore

~_Bpnop oo Ban o 1Bpnl® | [|Banll?
ol|lx — Ng— ——=|I"<m-M T 7.31
[ Bpnll* |1 Banll?
M < T. .32
<m+ 5 + o + (7.32)
Let us take K € N satisfying

Bp,|I? Ba. |2
ok M > m 4T+ Benll”  NIBanll”

M .
15 + 15 ; (7.33)
and define the set
Bpn 9 Bqp 9  2KM
Ig:= Ex E; - - < : 34
= { @) € Ex B flo— P+ lly - G2 < 25 (7.34)
Notice that from (7.31) we have (Z,g) € I'1 4. Let also & > 0 be such that
1Bpnl® | ||Banll?
T —2KM M 7.35
m+1 + 15 + 15 +a< ( )
and D be a smooth function on E x F satisfying
Bp Bq
D(x,y):—(S(Hx— 25n|‘2+‘|y_ 25””2>? \V/(.'E,y) erl,d? (736)

—2KM < D(z,y) < —2KM + a,

\V/(l',y) € Fi,d'
Then the function

2 2 2 2
T —y||Z t—s B B
admits a strict maximum at (¢, 5, Z, 7). Indeed, if (x,y) € I'y 4 the expression (7.37) coincides with

®=0B(t, 5,2, y) + ant + bps + (Bpp, ) + (Bqyn,y), and if (z,y) ¢ I'y 4, by the definition of D(z,y)
the expression (7.37) is smaller or equal to

u'(t, ) —v"(s,y) — Iz —y|[2, B (t— )2

|| Bpn||?> | ||Banl|?
t+bos — 2K M

2% o5 | 0nt T bns tet Tt

Bpall?  ||Bgall?
Su"(t,:v)—UU($7Q)+ant+bns_2KM+a+H ng +H ng
|Bpnll? | ||Banl|?

< T —2KM
<m+ tat T Ty
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the latter being strictly smaller than M by the choice of «v (cf. (7.35)). Using Step 1 with z =y
we obtain that, for all y € F,

O=OP(L,5,y,y) + apt + bp5 + (Bpn,y) + (Ban,y) < 8°°P(4,5,2,9) + anl + by + (Bpn, ) + (Ban, §),
which implies

u(fay) - u(ﬂf) - U(§7 y) + U(§7 Zj)

_ gl
- 2e

Bpn,

2_ __
12 =gl — =2

Ban BqTL||2
26 26

Bp, Bq,
< a(\y— 2+ lly - 25\!2) (7.38)

Bp, _
+5!|y—75||2+5||y— I1” = dllg —

Let us set

Bp
E“:{yEE: lly — =222 4 ||y —

By, P < 9K M
26

20" T V6
For any y € ¥; we obtain by (7.38) that

u(t,y) — u(t, ) — v(5,y) + v(5,7) < 2KM V6. (7.39)

2KM < 2KM)

Let us now set (since we are interested in ¢ € (0,1) we have 5 5

M Bp
Vs T s

I1”+ lly —

Ban,,  2KM
= : < .
S {yer e < 2

Inequality (7.38) yields

u(t,y) —u(t,z) —v(s5,y) +v(s5,y) <2KM, Vye X,. (7.40)

Finally set
17+ ly —

B B 2KM
Bi={ye £ - o2 b

20 20 4]

Let us now take y € X3. Then (y,y) belongs to I'{ 4- From the previous arguments

- . n_n_ (-35)7° 1Bpnll® | ||Banll?

t,y) — —=—==- nt + bp5 + D(y, < M,
which together with (7.30) implies
. . - o lZ—3l2 o Bpas o Bane
— _ <2 sz - —8||lj— — D(y,y).
u(t,y) —u(t, ) —v(5,y) +v(s,9) < 5 ol — =117 = dllg — <5 (v,9)
Thus we obtain
u(t,y) —u(t,z) —v(s,y) + v(5,9) <2KM, VyeE Xs. (7.41)

At this point, let us go back to (7.29). Using the partitioning £ = 31 U 39 U X3, in (7.29) we split
the integral on E in the integrals over the sets ¥;. From (7.39) together with (HbAQ), we get

sup/ (u(t,y) - u(fv'f) - U(gv y) + U(E, g)) )‘(ya a) Q(ya a7dy) < H)‘HOO 2KM \/57
ac€AJ¥,
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which obviously converges to zero. On the other hand, by (7.40) and (7.41), we obtain

sup / (ult, y) — u(E, &) — v(5,y) +v(5.9)) A7 a) Q7 a, dy)
a€A Yo

n / (ult, ) — ul(f, 7) — v(5,) + v(5.9)) X7, @) Q7. a, dy)
pIES

<[ Alloo 2KM sug (Q(Z,a,32) + Q(Z,a,X3)).
ac

Since we have chosen the parameters according to (7.21), in particular HB%?"” < % converges to 0.
This completes the proof recalling assumption (HQ’) (see Section 4) and the respective definitions
of 22, 23. O
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