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A SYMMETRY RESULT FOR COOPERATIVE
ELLIPTIC SYSTEMS WITH SINGULARITIES

STEFANO Bi1aGI, ENRICO VALDINOCI, AND EUGENIO VECCHI

Abstract: We obtain symmetry results for solutions of an elliptic system of equation
possessing a cooperative structure. The domain in which the problem is set may
possess “holes” or “small vacancies” (measured in terms of capacity) along which the
solution may diverge.

The method of proof relies on the moving plane technique, which needs to be
suitably adapted here to take care of the complications arising from the vacancies in
the domain and the analytic structure of the elliptic system.
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1. Introduction and main results

The moving plane method was introduced in the pioneer works of
Aleksandrov [1, 2] in order to characterize spheres as the only closed,
smooth, and connected surfaces having constant mean curvature. Af-
terwards, starting from the seminal paper of Serrin [29] concerning the
overdetermined torsion problem, Gidas, Ni, and Nirenberg ([22]) and
Berestycki and Nirenberg ([4]) developed further this technique in order
to establish some qualitative properties of solutions of elliptic partial
differential equations such as symmetry and monotonicity. The method
of proof is very elegant, it relies on a beautiful geometric intuition, and
its essential ingredient is the appropriate use of the maximum principle
in comparing the values of the solution of the equation at two different
points after a suitable reflection, which is determined by a hyperplane
which gets moved up to a critical position.

In this paper we exploit the moving plane technique in order to ob-
tain symmetry results in a setting which is not usually comprised by
the classical method, since two difficulties will be taken into account.
First of all, we will consider the case of general cooperative elliptic sys-
tems rather than that of a single equation, for which the moving plane
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technique has been settled by Troy [32]. This setting is also motivated
by equations driven by polyharmonic operators with Navier boundary
conditions (which, up to repeated substitutions, can be framed into ellip-
tic systems of second order equations). Moreover, we take into account
the case in which the domain presents “holes”, or “cuts”, or more gen-
eral vacancies, along which the solution can become singular. This is
an extension of our previous work [5] where we were dealing only with
singularities made out of a single point, as studied in [6, 31] for the case
of a single scalar equation.

Of course, one cannot expect a general treatment of these two situ-
ations without additional assumptions. Indeed, general elliptic systems
do not satisfy the maximum principle and there is no natural order in the
vectorial case, making the classical regularity theories fail in such a sit-
uation. Moreover, if the vacancies in the domain are too large, they can
affect the geometry involved in the reflections and produce singularities
that cannot be treated analytically in any convenient way.

To overcome these difficulties, inspired by the recent works [18, 28],
we will restrict ourselves to the case of cooperative systems, in which
an appropriate use of the maximum principle is possible, and consider
domain vacancies that are “sufficiently small” in terms of capacities.

The precise mathematical formulation in which we work is the follow-
ing. Let m > 2 be a fixed natural number. Throughout the present paper
we shall be concerned with second-order cooperative (elliptic) systems
of the following form

—Au; = fi(ur, ... Uy) in Q\T,
(1.1) u; >0 in Q\T,
u; =0 on 99,
where Q, T, and f1,..., fi, satisfy assumptions (H.1)—(H.3) below:

(H.1) © C R™ is a convex open set of class C'°° which is bounded and
symmetric with respect to the hyperplane IT := {27 = 0}.

(H.2) T' C QN1II is a closed set consisting of a point, if n = 2, or verifying
(1.2) Cap,(I') =0, ifn>3.
(H.3) f1,..., fm € Lip(R™) and, for every i,j € {1,...,m} with i # j,
the map
RSt filts, .ottty tjpt, e tm)

is non-decreasing on (0, co) for every choice of t1,...,t;_1,tj41,...,
t, > 0.
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We refer to Definition 2.2 for the rigorous definition of solution used in
this paper. See also Definition 2.1 for the precise meaning of capacity of
a set and a detailed explanation of the assumption (H.2). We want to
point out that the capacitary assumption (H.2) cannot be removed nor
replaced with the request that £™(T") = 0; see Remark 2.6.

We are ready to state the main result of this paper.

Theorem 1.1. Let Q@ C R” and T' C Q fulfill, respectively, assump-
tions (H.1) and (H.2). Moreover, let f1,..., fm satisfy assumption (H.3)
and let

U= (ug,...,uyn) € HL (Q\T;R™)NC(Q\T;R™)

be a (vector-valued) solution of the elliptic system (1.1).

Then uq, ..., uy, are symmetric with respect to the hyperplane II and
increasing in the xq-direction in QN {xy < 0}. Furthermore, for every
i€{l,...,m} one has

6ui

(1.3) =

() >0 for every x € QN {x; <0}.

The proof of Theorem 1.1 is pretty much inspired by [18, 28]. The
main idea in there relies in proving the symmetry (and monotonicity)
of the solution through a clever use of integral estimates. To be more
precise, given the function u and its reflection across a given hyper-
plane, one considers the positive part of their difference and shows that
its gradient is actually 0. Passing to elliptic systems this technique be-
comes more involved because the presence of more equations naturally
leads to interactions between the solutions which have to be carefully
treated. Indeed, these interactions between the different components of
the (vectorial) solution cause an important loss of information on the
single equations. To overcome this difficulty we will implement a sort
of bootstrap procedure in which an estimate on a single component is
reflected into the next one, thus producing an iterative procedure that
eventually leads to a closed formula valid for all the components of the
solution. We also want to stress that our result extends our previous
result in [5] and it is general enough to cover a bunch of polyharmonic
semilinear problems with Navier boundary conditions, even allowing for
possibly singular terms.

The literature concerning symmetry results for elliptic PDEs is pretty
wide and this makes it hard for us to present here an exhaustive list of
references. We already mentioned the seminal papers [4, 22, 29] for the
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introduction and the use of the moving planes method in the elliptic
PDEs setting. More recently, there has been an increasing interest in
the study of elliptic PDEs (in bounded domains 2 C R™) allowing for
possible singularities, namely PDEs of the form

—Au= L +g(u) inQ,
u=20 on 092,

with v > 0. In this perspective, we want to mention [14], which is one of
the first contributions dealing with singular nonlinearities, and then the
more recent series of papers [7]-[10]. Regarding the analysis of PDEs
with singularities we also highlight the seminal paper [11], where the
authors carry out a qualitative study of the local behavior of a positive
smooth solution near the singular set of the scalar curvature equation.

To the best of our knowledge, one of the first papers dealing with
symmetry of positive solutions of elliptic PDEs in domains with holes
given by a single point dates back to [31], which was then extended to
slightly more general operators and sets in [6]. The same kind of result,
but with a necessary and delicate modification of the technique involved,
can be also obtained in the presence of a bigger hole. In this direction,
we refer to [18, 28] where the authors allow (respectively) for a hole
given by a n — 2-dimensional smooth manifold and a set of null capacity.
Their ideas have also been successfully applied in the non-local setting;
see [25].

Let us now spend a few words concerning the case of (cooperative)
elliptic systems, which can also include the case of higher order polyhar-
monic PDEs with Navier boundary conditions. The first result aiming
at extending the results in [22] to the vectorial case is contained in [32].
Subsequently, there has been an impressive amount of contributions deal-
ing with the validity of maximum principles (see e.g. [16, 30]). It is also
worth mentioning the papers [3, 5, 12, 13, 15, 21] (for symmetry results
for semilinear polyharmonic problems and cooperative elliptic systems
with or without singularities) and the very recent work [19] (where an
analog of Theorem 1.1 is proved in the case of scalar quasilinear prob-
lems).

After the submission of the present manuscript we became aware of
the fact that F. Esposito was about to complete the paper [17], which
contains a result closely related to ours.

Plan of the paper. The present paper is organized as follows. In Sec-
tion 2 we fix the notation used throughout the paper and we recall and
prove a few technical results needed for the proof of Theorem 1.1, which
is the content of the final Section 3.
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2. Notations and auxiliary results

The aim of this section is to introduce the relevant notations we shall
need in the sequel and to state some auxiliary results on which we shall
base the proof of Theorem 1.1. To begin with, we briefly review the
precise meaning of assumption (H.2) (in the meaningful case n > 3).

Definition 2.1. If U C R" isopen and E C U is compact, the 2-capacity
of the condenser (E,U) is defined as

Capy(E,U) := inf{/ [Vul|*dz : uw € C§°(U) and u > 1 on E}
U

We then say that F has vanishing 2-capacity (and we write Cap,(E) = 0)
if

Cap,(ENU,U) =0 for every open set U C R".
We recall that it can be easily proved that a compact set £ C R™ has

vanishing 2-capacity if and only if there exists a bounded open neighbor-
hood Uy of E such that

Capz(E N Uy, Uo) =0.

For a proof of this fact we refer, e.g., to [24, Lemma 2.9].
We now specify what we mean by a solution of the system in (1.1).

Definition 2.2. Under the above assumptions (H.1)—(H.3), we say that
a vector-valued function U = (uq,...,un): 2 — R™ is a solution of the
system in (1.1) if

(1) U e HE (Q\T;R™) N C(Q\T;R™), that is,

u; € HL (Q\T)NC(Q\T) foreveryi=1,...,m;

(2) for every i € {1,...,m} one has

(2.1) /(Vui,V@ dmz/ filug, ... um) pde
Q Q
for every ¢ € C5°(Q2\ I';R);

(3) foreveryi € {1,...,m} one has u; > 0 a.e. on Q and u; = 0 on 9.
In this paper, if U C R" is an arbitrary open set, the space HJ(U)
is intended as the closure of C3°(U,R) (or, equivalently, of Lip(U) N
Co(U,R)) with respect to the norm

1/2
llarsoy = ull oo + ( / ||Vu||2dx) .
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Remark 2.3. We point out that, on account of assumption (H.3), the
right-hand side of any equation of the system in (1.1) is locally bounded.
As a consequence, if U = (uy,...,u,) is a solution of this system of
PDEs, from standard elliptic regularity we infer that

U,y € CEY(Q\T;R)  for every 0 < a < 1.

We are now ready to set the standing notations needed to perform
the moving plane technique. If Q C R™ satisfies assumption (H.1), we
set

ag = 1gf:c1.
Moreover, for every fixed A € R we define
Erxi={x e Q:z1 <A},

and we denote by R) the symmetry with respect to the hyperplane
I, = {xz1 = A}, ie,

R)\ZR7L—>R71, R)\(l‘):x)\ = (2)\—:61,262,...,1'”).

We explicitly notice that, since € is open, then the same is true of ) :=
R (€2). Furthermore, since 2 is convex, we clearly have that Xy is convex
and ¥\ C 2N Q. We collect in Lemma 2.4 some topological facts we
shall need in the sequel.

Lemma 2.4. The following assertions hold true:
(1) if E CR™ is a compact set with vanishing 2-capacity and if U C R™
is a convex open set, then U \ E is (path-)connected;

(2) for every fized A € (aq,0) one has
Capsy(yx) =0,  where vy := QN {x; = A}

Proof: (1) First of all we observe that, since the set E has vanishing 2-ca-
pacity, for every open neighborhood O of E one has (see Definition 2.1)

(2.2) Capy(E,0) = 0.

Let then xg # yo € U \ E be fixed and let Oy C R™ be an open neigh-
borhood of E such that zg,yo ¢ Op. Moreover, let p > 0 be so small
that

(23) Yo ¢ B(mOap)a B(Z‘o,p) - U7 and B(Z’o,p)ﬂ@o = .
We claim that there exists a point © € B(zo, p) C U such that

(2.4) the segment [z, yo] joining = with yo does not intersect E.
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Taking this claim for granted for a moment, we are able to complete
the proof of this assertion: in fact, if z € B(zo,p) is as in (2.4), the
polygonal

c:= [z, ] U [z, yo]

connects oy with yo and is contained in U \ E (this is a straightforward
consequence of (2.3), (2.4), and of the fact that, by assumption, U is
convex).

We now turn to prove the above claim. To this end, we argue by
contradiction and we assume that, for every fixed x € B(xg,p), there
exists t = ¢, € (0,1) such that

(2.5) T+t (yo — ) € E.

If u € C§°(O0p,R) is any smooth function satisfying v > 1 on E, by
combining (2.3) with (2.5) we obtain the following estimate (note that
x ¢ Op D supp(u)):

1< u(x+t(yo — ) = u(@ + T (yo — x)) — u(x)

= /0 m((Vu)(a: +s(yo — 2)),yo — z) ds

(2.6) < llyo - | / " (Vu) (@ + s(yo — )] ds

(by Holder’s inequality, and setting ko := ||yo — Zol|| + p)

1/2

< ko (/ " (Vu) (@ + s(yo —w)>|2ds>

Due to the arbitrariness of © € B(xg,p), we are entitled to integrate
both sides of (2.6) on B(xq, p) with respect to z: this gives (with w,, :=
1B(0,1)])

te
o " < K2 / ( / (V)@ + 5(go — x>>|2ds> dz
B(zo,p) 0

<t [ ([ 1w st - opiPas) as

:Hg/ V2 da.
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Since the function u was arbitrary, the above estimate implies that

inf{/ [Vull>dz : u € C§°(Op,R) and u > 1 on E} > wn2,0 )
R" o

but this is in contradiction with (2.2). Thus, (2.4) holds.

(2) If n =2, from the convexity of Q (and the fact that, by assumption,
A > ag) it readily follows that 7, consists exactly of two points. As a
consequence,

Cap,y(r) = 0.

If, instead, n > 3, we claim that
(2.7) ~x is a smooth (n — 2)-dimensional manifold.

Taking this claim for granted for a moment, we are able to complete the
proof of the statement: indeed, on account of (2.7), it is readily seen
that the Hausdorff dimension of v, is precisely n — 2. As a consequence,
we have (see, e.g., [20])

Capy(ma) = 0.

We then turn to prove (2.7). To this end, let £ € v, be fixed. Since Q2
is an open set of class C™ (see assumption (H.1)), there exist an index
i €{1,...,n}, anumber p > 0, and a map 0 € C>*(B(¢,p),R) (where
€/ = (517 e 7€i—1;€i+17 e 7£n)) such that

N ((& —p.& +p) x B, p))
= {.’E = (xia‘rl) € (51 - P gz + p) X B(f/ap) = a(x/)}
Moreover, since € is convex and A > agq, it is quite easy to see that 6 is
either convex or concave on B(¢', p) and that, setting g(x) = g(x;, ') :=
Ti — 9(%’),
Vg(&) is not parallel to e; = (1,0,...,0).
As a consequence, if we introduce the R2-valued function
a(z) = a(w, @) = (z; — 0(2'), 21 = A) = (g(x), 21 = \)
(with z = (x;,2") = (& — p, & + p) X B(€',p)), we clearly have that

(a) « is smooth on U := (& — p,& + p) x B(E, p);

(b) the Jacobian matrix of « at £ has full rank;

() mnU :={zeld:a(z)=0}
Gathering together all these facts, we conclude that -y, is a smooth
manifold of dimension n — 2 and the proof is finally complete. O
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Remark 2.5. We explicitly observe that, on account of Lemma 2.4(1),
we have that

(2.8) ¥\ RA(T) is connected for every A € (aq,0).
In fact, since IT" fulfills (H.2), we have that Ry (I") is compact and
Capy(RA(I")) =0 for every n > 2.

Moreover, as 2 is convex, the same is true of Xy = QN {x; < A}.
Actually, (2.8) can be proved in a more direct (and simpler) way by
observing that

(2.9) RA(T) C {z1 =2}
In fact, since Ry (") has vanishing 2-capacity, it is well-known that
Haim (RA(T)) < n — 2,

where Haim (RA(T')) stands for the Hausdorff dimension of Ry(I') in R™
(see, e.g., [24]). As a consequence, there necessarily exists (at least) one
point

(2.10) T € XN {x1 = 2A} such that T & R,\(T).
By combining (2.9) with (2.10) it is very easy to recognize that, if

o # yo € X \ RA(T) are arbitrary, the polygonal ¢ = [zg,Z] U [T, yo)
connects o with yo and it lays in 3 \ RA(T).

Let now I' C 2 satisfy assumption (H.2), and let f1,..., fi, be as in
assumption (H.3). If U = (uq,...,un): @ — R™ is any solution of the
elliptic system (1.1) (according to Definition 2.2), we then introduce the
following functions (defined on Qy \ Ry (T")):

(2.11) ug)‘) =wu;o Ry and U, := (ug/\),... uN) = U o Ry,

r'm

On account of Remark 2.3, we clearly have (for every 0 < o < 1)
(2.12) Uy € CH2 () \ RA(T);R™) N C(Qy \ Rx(I'); R™).
Furthermore, since U solves (1.1), we have

—Au™ = [V ulY) i Q) Ra(DD),
(2.13) W™ >0 in 2\ RA(),
u™M =0 on 0€2,.

(2
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We explicitly notice that, since Uy is not of class C?, by saying that

ugA), ul solve the (system of) PDEs in (2.13) we mean precisely
that
(2.14) / (Vuz()‘), V)der = fi(ug)‘), ) de,

Qi Qax

for all p € C§°(2 \ RA(T); R).

Remark 2.6. As already mentioned in the introduction, assumption (H.2)
is somehow sharp. Let us clarify this fact with a couple of examples in
the scalar case.

Example 1. In the Euclidean space R™, let Q := B(0,1) and let T :=
B(0,1/2). Since all the boundary points of the annulus O := Q\ T are
regular for the Dirichlet problem for A, there exists a unique function u €
C*(0O,R)NC(O,R) such that

Au=0 in 0=0Q\T,

u=0 on 01,

u(z) = e*  for every x € 0B(0,1/2).
Owing to the classical weak and strong maximum principles, it is readily
seen that u > 0 on O = Q \ I'. Moreover, since u is continuous up to O

and since = +— €*! is not even in x7, we infer that u cannot be symmetric
with respect to the hyperplane IT = {x; = 0}.

Summing up, the function u is a solution of (1.1) (with m = 1 and
f = 0) which is not symmetric with respect to the hyperplane {z; = 0}.
Notice that both 2 and T are symmetric with respect to {z1 = 0}, but
" has not vanishing 2-capacity (since || > 0).

Example 2. In the Euclidean space R?, let Q := B(0,1) and let ' :=
{0} x [-1/2,1/2]. Moreover, for every fixed n > 2, we consider the
(closed) rectangle
Ry = [~1/n,1/n] x [~1/2,1/2),

and we choose a function ¢,, € Lip(R,,) such that
on=1on {1/n} x[-1/2,1/2] and ¢,=2o0n {-1/n} x[-1/2,1/2].
Finally, we define ,, := Q\ R,. Since ,, is regular for the Dirichlet
problem for A, it is possible to find a unique function u,, € C*°(Q,,R)N
C(92,,R) such that

Au, =0 in Q,,

u, =0 on 0f,

Uy = @, on IR..
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Furthermore, by the classical weak and strong maximum principles we
have

(2.15) 0<wu,<2o0n9, and wu,>0o0n®Q,.

We claim that the sequence {u,}, has a cluster point uy which is a
solution of (1.1) (with m = 1 and f = 0) but which is not symmetric
with respect to the hyperplane {z; = 0}.

To prove the claim we first observe that, if k¥ € N is arbitrarily fixed
and if
O :={z e Q\T :d(z,0Q\T)) > 1/k},
there exists a natural n; > 2 such that Oy C Q,, for every n > ny;. As a
consequence, since {uy }n>n, is a sequence of harmonic functions in Oy
which is uniformly bounded on Oy, there exists a harmonic function ugg
on O such that (up to a sub-sequence)

lim w, = ugx uniformly on every compact set of O.
n—0o0

From this, by exploiting a suitable Cantor diagonal argument, it is then
possible to find a sub-sequence {upn;}; of {u,}, and a harmonic func-
tion ug on Q\ T such that

lim w,, =ug uniformly on every compact set of 2\ I'.
]*)OO -

In particular, since u, = 0 on 92 and u, > 0 on €, for every n € N, we
infer that
up=00on 0 and wy>0on Q\T.

Let now n > 2 be arbitrarily fixed, let P, := (—=1/n,0), and let
B, := B(Pp,1/4)Nn{z1 < —=1/n} C Q,.

Since ¢, is Lipschitz-continuous on R,, and since B,y N {z1 = —1/n}
is a Lipschitz portion of 0B, , it follows from classical results (see, e.g.,
Theorem 4.11 in [23]) that

|tn () = 2] = |up(x) —un(Ppn)| < Clx1+1/n| for any x = (21,0) € B,,,

where C' is a suitable positive constant which is independent of n. From
this, by letting n — oo (and reminding that u,, — uo as j — oo point-
wise on 2\ T') we get

luo(x) — 2| < Clay] for every x = (21,0) € Q\ T with 21 < 0.
As a consequence, we infer that

(2.16) 3 ilg%) uo(x) = 2.
x1<0
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On the other hand, if @, := (1/n,0) and if
B := B(Qn, 1/4) N {21 > 1/n} C Qn,
by arguing exactly as before we get
[t () =1 = |un (2) —un(@Qn)] < C'|lz1—1/n| for any @ = (21,0) € B,

where C’ is another positive constant which is independent of n. From
this, by letting n — oo and by taking the limit as x — 0 with x; > 0,
we obtain
(2.17) 3 ili% uo(x) = 1.

x1>0
Gathering together (2.16) and (2.17) we readily see that ug cannot be
symmetric with respect to the hyperplane {x; = 0}. Moreover, since ug
is harmonic and non-negative on Q\T', by the strong maximum principle
we conclude that ug > 0 on Q\T.

Summing up, ug is a solution of (1.1) (with m = 1 and f = 0) which
is not symmetric with respect to the hyperplane {z; = 0}. Note that,
even if |T'| = 0, the set T cannot have vanishing 2-capacity: in fact, its
Hausdorff dimension is strictly greater than n — 2 = 0.

After these preliminaries, we continue this section by constructing two
sequences of functions which shall play a fundamental role in the proof
of Theorem 1.1. In order to do this, we exploit some ideas contained
in [18] (see, precisely, Section 2).

First of all we observe that, if A\ € (aq,0) is arbitrarily fixed, on
account of Lemma 2.4(2) we have Cap,(Rx(T')) = 0 (both in the case n =
2 and in the case n > 3). As a consequence, if @ C R" is any open
neighborhood of Ry(I"), we have

(2.18) Capy(RA(T),0) = 0.

On account of (2.18), for any k € N it is possible to find a function

Y € CP(R™,R) (also depending on the fixed A) such that
. {/;k > 1 on Ry(T) and supp({/;k) C O, where

O = {m €R": d(z, R\(I)) < 2*’“};

V|2 da < 1/k.

o Jan
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Starting from the sequence {{/;k}ng, we then define

1 if s <0,
(219) W =T oy, where T(s):=41—2s if0<s<1/2,
0 if s> 1/2.
Clearly, {¢;}ren C Lip(R™) and, for every fixed k € N, one has
0 <4y <1,
(2.20) Y =1 on R™\ O, and

x = 0 on a small neighborhood of Ry(T).

Furthermore, since Vi), = (T" o zzk) - Vi, a.e. on R™, we also have
4
(2.21) / |Vepy|> do < % for every k € N.
RTL

Arguing analogously, we construct a second sequence of functions
{én}hen such that, for every h € N, the function ¢y is identically 0
near the set

YA=0QNI\ ={z €I :xz1 = A}.
To this end we first recall that, by Lemma 2.4(2), we have Capy(vyx) = 0.
As a consequence, for every open neighborhood V C R"™ of «y, one has

Capy(7a,V) = 0.

On account of this last fact, in correspondence to every natural h it is
possible to construct a function ¢, € C§°(R"™,R) (also depending on the
fixed A) such that

e ¢, >1on 7, and supp(gzh) C V4, where
Vi = {x eR™ 1 d(z,vy) < 2"‘};
o [0 [Von|>dx < 1/h.

Starting from the sequence {¢p }nen, we define (as above)

(2.22) ¢n =T ooy, whereT isas in (2.19).

Clearly, {¢n}hen C Lip(R™) and, for every fixed h € N, one has
0<¢n<1,

(2.23) ¢n =1o0on R"\ Vy, and

¢p, = 0 on a small neighborhood of ~y.

Furthermore, since V¢, = (7" o %h) . chh a.e. on R™, we also have

4
(2.24) / |Vn|? de < 7 for every h € N.
RTL
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Having defined the sequences {¢p}rneny and {¢k }ren, we conclude this
section by stating some auxiliary results which shall be used to prove
Theorem 1.1. To begin with, we state the following Lemmas 2.7 and 2.8,
which are resemblant of [18, Lemma 3.1].

Lemma 2.7. Let A€ (aq,0) be such that R\(T)NQ=2 and let {¢n}nen
be the sequence defined in (2.22). Moreover, let g € C1(Z5, R)NC(Xy, R)
be such that

g=0o0n0X\NI\ and g <0 ondXy\ ).
Then the sequence of functions {@n}rhen defined by
T(x)p?(x) ifx € Xy,
o) = 9 (x) ¢j, () f >
0 if v € R™\ Xy,

(here, g© = max{g,0} is the positive part of g) satisfies the following
properties:

(1) {@n}nen € Lip(R™);
(2) supplgn) € (A\T) N (@3 \ Ba(D)) N5 (for every fired h € N);
(3) for every h € N, and a.e. on QUQy, one has
(225) v@h = [¢%L(1{g>0} . VQ) + 2¢h g+ : vd)h]lsupp(gph)'
In particular, ¢y, € Lip(Xy) and ¢, =0 on 9%y, so that p;, € HE(X)).
Lemma 2.8. Let A\ € (aq,0) be such that Ry\(I') N Q # & and let

{Vk}ken, {Pntnen be the sequences defined, respectively, in (2.19) and
in (2.22). Moreover, let

g € CH(Ex\ RA(D),R) N C(Ex\ RA(T),R)
be such that
g=0on (08\NIL)\ RA(T) and g <0 on (03, \ 1))\ Rx(T).
Then the (double) sequence of functions {¢n k}nken defined by
onale) = {gﬂw) 9} (2) v}() ;i ‘ ii’\ .

satisfies the following properties:

(1) {#n.k}nen C Lip(R™);
(2) supp(enk) € (Q\D) N (Qx\ RA(D)) N (for every h,k € N);
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(3) for every h,k € N, and a.e. on QU Qy, one has
(2:26)  Veny = [ ¥i(Lg>0y - V) + 29" (¥R dn - Ve,
+ Qb% Py - Vwk)]lsupP(Wh,k)'
In particular, oy €Lip(Xy) and pn =0 on 0%y, so that pp . € HE (X)).

We also have the following regularity result for the solutions of (1.1),
which can be proved by arguing essentially as in the proof of [18, Lem-
ma 3.2].

Lemma 2.9. Let A € (aq,0) and i € {1,...,m} be fized. Then

(2.27) (u; — )t € HL(S)).

Furthermore, if X is such that Ry\(T) N Q = @, then

(2.28) Jim o, = (u; - Wi HE(S)),
— 00

where @y, is as in Lemma 2.7, with g = u; — uEA). If, instead, X is such
that R\(T) N Q # @, then
(2.29) Hm e = (u; — ul™) 7t in H(S)),

h,k—o0

o

9

where @p i s as in Lemma 2.8, with g = u; —u

Finally, we prove a technical lemma which will be used in the proof
of Theorem 1.1.

Lemma 2.10. Let n > 2 and let U C R" be an open and bounded
set with Lipschitz boundary. There exists a real constant © = ©,, > 0,
independent of U, such that

(2.30) lull 2y < @|U\1/"||Vu||Lz(U) for every u € Hol(U).

Proof: We first prove (2.30) for a function v € C§°(U) (not identically
vanishing on U). Since, in particular, we can think of v as a function
belonging to C§°(R™), by applying the Nash inequality (see, e.g., [26])
and Holder’s inequality we get

14+2/n 1+2/n
ol g = lollttas < Ollvllo @ IVoll L2
n 2/n
< U |[vl[7 0 V0] 2w

where © > 0 is a real constant only depending on the dimension n. As
a consequence, since we have assumed that v £ 0 on U, we obtain

V]l 20y < O U™ Vo]l L2 0)-
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The proof of (2.30) for a general u € HZ(U) follows by a density argu-
ment. O

3. Proof of Theorem 1.1
In the present section we give the proof of our Theorem 1.1. In doing

this, we retain all the notations introduced in the preceding sections.

Proof (of Theorem 1.1): For every X € (ag,0), we consider the functions
wg)‘) =u; — uy‘), Wy = (wy‘), cywM) =U —Us.

Taking into account the regularity of U and of Uy (see, respectively,
Definition 2.2 and (2.12)), and reminding that ¥y C QN Ny, it is readily
seen that (for any 0 < o < 1)

(3.1) Wy € CH(2y \ RA(T);R™) N C(Xy \ RA(T);R™).

Furthermore, since U solves (1.1) and Uy solves (2.14) we have (note
that, as 2 is convex, the reflection of 9%y \ IT, with respect to IIy is
entirely contained in )

—Awg)‘) = Zcij (x; )\)w](-A) on Xy \ Rx(T),
j=1

(3.2) w0 on (953 \ 1) \ Ra(T"),

K2

w™ =0 on 90X\ N Iy,

where ¢;1(5A), ..., Cim (55 A) 1 2x \ RA(T') — R are defined as follows:
filU(z)) = fi(Ux(2))

(83)  eylmn) =1 wle) - (@)
0 otherwise.

if () # ul™ (),

As for the case of U and Uy, since W), is not of class C2 on ¥, by saying

that wg/\), e ,wy(,’l\) solve the system of PDEs in (3.2) we mean precisely

that
G [ e vadr=3" [ etneVedn
P3N =172

for all p € C§°(2x \ RA(T),R).
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Moreover, on account of assumption (H.3), we see that
(a) ¢;j(-;A) >0 for every ¢ € {1,...,m} and every j # i;

(b) there exists a real constant ¢y > 0 such that
(3.5) 0<c¢;(-;A\)<cy foreveryi,je{l,...,m} and every A€ (aq,0).

According to the well-established moving planes technique, we now de-
fine

(3.6) T:={) € (an,0): w!” <0 on %\ Ry(I),
for all t€ (ag,A) and for all i€ {1,...,m}} and \g:=supZ.

Our aim is to prove that Z # @& and that A\g = 0. From now on, in order
to ease the readability, we split the proof into different steps.

Step I: In this step we prove that Z # & and that Ay > ag. We fix
to € (aq, 0) such that Ry, (I") C Q°. Necessarily, we have that R;(T") C Q¢
for every ¢t € (aq,tp). Now, for every i« = 1,...,m we consider the
function ¢; 5 : 2 — R defined as

pin = (W) PPy,

where {¢p, }ren is as in (2.22). The next computation is analogous to that
in Step II, where a more complicated test function is involved. However,
we present it in all the details for the sake of completeness. By density,
we can use ; p as a test function in (3.4), finding

/E (vl V(w2 dx

: /gx ) Von)(w?) +¢hdw+Z / cij (5B (w") ") ¢F du

(by using Cauchy—Schwarz’s inequality, (3.5), and (2.23))

<2 / IVl ||V n|(wi”) o dz + ¢ > / (W) F (wi)* da.
bof =175
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we can write

On the other hand, since V(w; () )+ Vw 1{ 50y

: IV (w)* 262 da

[ 19 9ol “’>+¢hdx+cfz / Oy () da

(by Young’s inequality)

1
<5, V@) ol da 2 | |Von )" de
Iy Z / Oy )+ da.
We now observe that, since uy, ..., u,, are non-negative in Q\T', we have

(wgt))+ = (u; — ul(-t))'*' <w; on X

As a consequence, since u; is continuous on ¥y C Q\ T, from (2.24) we
obtain

3 |V( NF2o2 dr < 8l s,) - +cfz/ () (w)t de.

By Fatou’s Lemma, sending h — oo we get

/\V (0)y +|2dx<cf2/ )+ () dg.

By Holder’s inequality on every term on the right hand side, we get
1 m
t t t
SV @) s, do < e D) rae (i) 22,
=1

From this, by using (2.30) (on every term on the right hand side), for
every t € (aq, tp) and every index i € {1,...,m} we get

1
SV @) s, de<es 03(2 va N2 V@) 2,
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where we have introduced the notation (repeatedly used in the sequel)
0,(%) == O |%|Y" (with © > 0 is as in Lemma 2.10).

Now, if \|V(w§t))+|| £2(s,) 7 0, from the above inequality we immediately
get

m

(3.7) ||v< Nz < er02(50) Y IV ) Fllz2(s,)-
j=1

On the other hand, since (3.7) is trivially satisfied when |\V(w£t))+||L2(gt):
0, we conclude that such an inequality holds true for every i € {1,...,m}
and every t € (aq,tp).

We now aim at proving the following assertion: for every fixed k €

{1,...,m—1} there exist t; € (aq,to) and a real constant Cy,=Cy(m,cy) >
0 such that
(3.8) IV i) 2w,y < CrO2(S) Y IV @) 2,

_7>z+1

for all 1 < 4 < k and every t € (aq,tx). To prove (3.8) we argue by
(finite) induction and we start with k = 1. By (3.7) we have

1
(5020 ) IV ) sy < o5 80 T IVl Lo,

7j>2

Since 6, (%) — 0 as t — ag, it is possible to find t; € (aq, ) such that

1
- —Cy 92(2,5) >

5 for every t € (aqg,t1).

=

As a consequence, we obtain

IV (i) F |2,y < deo02(S0) Y IV @)l r2esy),
j>2

which is precisely (3.8) for ¢ = 1 (with C1 = 4cp). Let us now suppose
that (3.8) holds for a certain index k € {1,...,m—2} and, by shrinking ¢,
if necessary, let us also assume that 6,,(3;) < 1 for all ¢t € (aq,tx).
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By (3.7) (with ¢ = k + 1), we then have

1
(3-er 820 IV ey <er 250 Y- 19 G) s,
i#k+1

T (Zv ol + 3 190 s,

i>k+2
(by (3.8), which we are assuming to hold for the index k)

k
3.9
(3.9) Scfei@t)(ckz S V@O e+ 3 ||v<w§“>+|m<zt>)

i=17>i+1 i>k+2

k+1
<ep 02(%0) (kaZIIV SRONITEY
Jj=2

kG Y ||v<w£”>+||m>) (%),

i>k+2

We now perform a backward induction argument to show that, as a
consequence of the validity of (3.8) for the index k, the following fact
holds: for every fized j € {1,...,k}, it is possible to find a real con-
stant C; = Cj(m, k,cy) > 0 such that

(3.10) IV (@) Fll2gs,) < C O3S0 Y V@) s,
r>k+1

for every t € (aq,tx). For j = k, (3.10) follows immediately from (3.8)
by taking i = k (with C := C)). We then suppose the existence of an
index j € {2,...,k} such that (3.10) holds for every j < r < k, and we
exploit once again (3.8) (withi=j7—1<k—1):

IV (w0 ) L2, < Cu62(50) S IV sy

r>j
k
a2 (S IV sy + 3 IV s
r=j r>k+1

(since (3.10) holds for j <r <k, and 6,,(%;) < 1)

2 t)\+
< Ck(mjr%lragk(c r) + 105 ( ;rl IV (@) L2,y
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so that (3.10) holds true also for j — 1. By the Induction Principle, we
then conclude that estimate (3.10) is valid for every j = 1,...,k, as
claimed.

With (3.10) at hand, we now continue the estimate (3.9): reminding
that, by the choice of t;, we have 6,,(3;) < 1 for every t € (agq, tx), we
have

(3.11) (¥) < M 02(2) S V@) 2,
JjZk+1

where M}, = My(m,cy) > 0 is a suitable quantity. As a consequence,
we obtain

1
(5 - st - 30200 ) 19 0l s

S M2 Y V() .
J>k+2
Finally, since 6,,(3;) — 0 as t — aq, we infer the existence of ¢ € (aq, to)
such that
1

1
5 cr02(5)) — My 02(%) > 1 for every ¢ € (aq,1).

From this, we obviously derive the estimate (valid for ¢ € (ag,1))

IV (w0 ) r2emy < 4MR02(Z) D IV (i) | rags,)-
j>k+2

Taking as tr11 := min{tx,t}, and setting Cyy1 = max{Cy, 4M;}, we
then obtain

I9(i”) 22z < Crrn 6350 30 IV @) g,
J>itl
forall 1 <i < k+1 and every ¢ € (aq, tr+1), so that (3.8) holds true also
for k4 1. By the Induction Principle, we conclude that estimate (3.8) is
valid for every k =1,...,m — 2, as claimed.

Now we have established (3.8), we are able to complete the proof
this step. In fact, since said (3.8) holds true for ¥ = m — 1, a (fi-
nite) backward induction argument shows the existence of a real con-
stant C,, = Cin(co) > 0 such that

(3.12) IV @S 125,y < Cn G2 (S IV (i) F 1205,
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forall1 <j <m-—1andevery t € (aq,t;,—1). Gathering together (3.12)
and (3.7) (with ¢ = m), for any ¢ € (aq,t;m—1) we get

1
§||V(w1(7tl))+|\m(zt) < cp 07 (5)(mC 02 (54) + 1)||V(w7(ﬁ))+“1:2(2t)-
Since 6,(X:) — 0 as t — agq, there exists 79 € (aq, t;—1) such that

cr02(2)(mCp 02(2)) +1) < for every t € (aq, 7).

A~ =

As a consequence, we obtain
||V(w§fl))||L2(zt) =0 foreveryt € (aq, o).
On account of (3.8), this proves that
IV (@i r2,y = = IV(@D)] 12z, =0 for every t € (ag, 70).

As a consequence, by Lemma 2.10 (and since W; is continuous on ;)
we get

(3.13) w; — ul(.t) = wgt) <0 on %
(for every i = 1,...,m and every t € (ag,7))-

We finally claim that, by the Strong Maximum Principle for C!-subso-
lutions, we have

(3.14) wu; < ul(-t) on X; foreveryi=1,...,m and every t € (ag, 7).

Indeed, let i € {1,...,m} and t € (aq,79) be arbitrarily fixed. Clearly,
the set ; is (open and) connected. Moreover, since the (vector-valued)
map Wy = U — U, solves (3.2) and ¢;;(-;t) > 0 for every j # i, we have

(t) Z () < i3t wgt) (as u; < u(t))

We explicitly point out that the above inequality has to be intended in
the weak sense of distributions on ;. This means precisely that

/(wat),vwdxg/ cii(gt)wgt)dx,
pa

PP

for all p € C§°(Z¢,R) with ¢ > 0 on %;.
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From this, taking into account (3.5) we get

—Awgt) +(cy — cii(~;t))w£t) < cfwgt) <0,
and ¢y — ¢;(+;t) > 0 on X,. Gathering together all these facts, we can
invoke the Strong Maximum Principle for C''-subsolution (see, e.g., [23]),
ensuring that
(t)

%

<0or w(t) =0on X;.

Since, by (3.2), we know that the function wt(t) is (strictly) negative on
the set 0%, \ II; (notice t < 79 < 0), we then conclude that (3.14) holds
true.

either w

Finally, on account of (3.14) (and taking into account the very def-
inition of Z), we see that (ag,70) € Z, whence Z # &, and that
Ao =supZ > 19 > ag.

Step II: We now turn to prove that Ay = 0. To this end, following [18],
we argue by contradiction and we assume that Ag € (ag,0). Since W,
is continuous on Xy, \ Ry, (T"), from the very definition of Ao we deduce
that, for every i € {1,...,m},

(3.15) w™ <0 on Xy, \ Ry, (I), that is, u; < ux, on Xy, \ Ra, (T).
As a consequence, by the Strong Maximum Principle (for C!-subsolu-
tions) we get

(3.16) wf)“)) <0on Xy, \ Ry(I') foreveryie{l,...,m}.

In fact, taking into account that Wy, solves (3.2) and arguing exactly
as in the last part of the previous step, we have the following family of
inequalities (which has to be intended in the weak sense of distributions
on 2)\0 \ R,\D (F))

(3.17) - Aw?") + (cf — il AO))wEAO) < cfw?‘(}) <0
for every i € {1,...,m}. Moreover, since c; — ¢;i(-;Ag) > 0 on Xy, \
Ry, (I") (see (3.5)) and since, by Lemma 2.4(1), the set £y, \ R, (I") is
open and connected (see also Remark 2.5), we are entitled to apply the
Strong Maximum Principle for C*-subsolution. Hence,

. (Zo) (Ao) _ .
either w;”%’ < 0 or w;"*’ =0 on Xy, \ Ry, (') (for any i € {1,...,m}).

i %



644 S. Biaai, E. VaLpinoci, E. VECCHI

Finally, since we know that the functions wY‘O), ... ,w,(Ti‘O) are (strictly)

negative on the set (93, \ Iy,) \ Rx. (') (as Ay < 0, see (3.2)), we
conclude that (3.16) holds true.

Now we have established (3.16), we then turn to prove the following
assertion: in correspondence to every compact set K C 35, \ Ry, (I") with
Lipschitz boundary 0K, it is possible to find a small e = €(K, ) €
(0,]Xo]/2) such that

(a) K C X\ RaA(T) for every A € [Ag, Ao + €;
(b) (wlo‘))‘* =0on K foreveryi € {1,...,m} and every A € (Ao, Ao+€];
(c) for every i € {1,...,m} and every A € (A\g, Ao + €] we have

m
(318) V(™) 2o < er @\ F) D IV e,
j=1
where 0,,(X, \ K) = ©|X) \ K['/" (see Lemma 2.10).
We explicitly observe that, if € < |\g|/2, we have

[)\0,/\0 =+ 6] - (aQ,O).

Let now K C 3y, \ Ry, (I") be an arbitrarily fixed compact set. Since
both K and Ry,(I") are closed, it is very easy to recognize that there
exists a suitable v = v(K, \g) > 0, which we can assume to be smaller
than |A\g|/2, such that

(3.19) K C Xy \ RA(I') for every A € [N, Ao + 1]

Moreover, on account of (3.16) (and remembering that W, is continuous
on Xy, \ R, (I")), it is possible to find a real constant My < 0 such that

(3.20) wZQO) < My <0on Xy, \ Ry (I') foreveryie{l,...,m}.

Since, for every fixed i € {1,...,m} and every A € [Ao, Ao + V], the
function

(@) = w” (@) = ui(z) — (@)
is (well-defined and) uniformly continuous on K X [Ag, A\g + v] (as it

follows from (3.19)), there exists a real € = €(K,\g) € (0,v) (hence,
€ < |Ao|/2) such that

Mo 5200 My

770 -7 70
+ 2 -2
for all z € K and for all A € [Ag, Ao +€]. Summing up, if A € [Ag, Ao+ €],
we have K C X, \ R\(T') and (ng))*‘ =0on K.

(3.21) wM (z) < w™ (z)

3

<0,
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We then turn to prove (3.18). To this end, let ¢ € {1,...,m} and let
A € (Ao, Ao + €] be arbitrarily fixed. We consider the (double) sequence
of functions defined by

o e JVFERGE on € %y,
0 on R™\ I,

where {¢n}nen is the sequence defined in (2.22) and associated with
va = 0Q N II,, whilst {¢x}ren is the sequence defined in (2.19) and
associated with Ry (T"). Actually, the functions ¢y, i, also depend on the
fixed ¢ and A. However, in order to avoid cumbersome notations, we
prefer to not keep trace of this dependence in the sequel).

By Lemma 2.8, for every h, k € N we have ¢y, i, € Lip(X,) and Ohk =
0 on 9%,. Moreover, by (3.21), there exists an open neighborhood U C
Y\ RA(T) of K such that

(3.22) (wz()‘))+ =0onl, whence pp,=0onU for every h,k € N.
Gathering together all these facts, we deduce that

(3.23) Pk € Hy(Sx\ K).

Furthermore, since ¢j 5 — (’u)g’\))Jr in H} (X)) as h,k — oo (see Lem-
ma 2.9), we also get

(3.24) () € HY(S2\ K).
By (3.23), and by a standard density argument, we are entitled to use

the function ¢y (for every fixed h,k € N) as test function in (3.4),
obtaining (see also (2.26))

/ V(™M) 2gF 92 do + 2 / (W™ 2 g (V™ V) da
A 3
+2 / (W) 67 v (V™ Vi) da
3

:/ (Vw, )Vgohk dx—Z/ cij (- gphkdm
3

=Y [ atin@?)ul 6 v da.
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From this, by (3.22), (3.5), and the fact that ¢;;(-; A) > 0if j # 4, we get

L P vt = [ 9 e e
A

D)\

<2 @) uton [Vul| [Vonldo

ey / (W) (V) 62 u2 da.

We now observe that, since sz(’\) = V(wg)‘))Jr almost everywhere on

the set {wf)‘) > 0}, the above inequality can be re-written as follows:

/2 P e s
A

< / 2w i [Vn]) (Y [V (D)) da
Sa\K
(3.25)
+ / 2w * én [Vabi]) (Do [V () ]) de
NV

A A
vy [ )@ et v,
From this, by using the classical Young’s inequality
1
2ab < 4a® + ZbQ (holding true for every a,b > 0)

on the integrands of the first two integrals in the right-hand side of (3.25),
we get

1
3 [ PRt <a [ )R Ve
SA\K

SA\K

+ 4/ (™) 262 [V da
SA\K

ey / (W) (M) * o2 2 da.
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To proceed further towards the proof of (3.18) we observe that, since

Uy ..., Uy are positive on Q@ \ T’ and Ry(X)) C Q (by convexity), we
have

0< (wg)‘))+ = (u; — ugA))+ <w;, on Xy \ R\().

As a consequence, since u; is continuous on the set ¥ C Q\ T' (recall
that, by assumption A < A\g+ € <0 and I' C {1 = 0}), we get

1 A
3 V)RR e <alulas,, ) [ Ve
SA\K SA\K
-+Mm@mmmﬁxéﬁk¢ﬂku%m

+cf Z / (W)t o2 e? da

(by (2.20), (2.21), (2.23), and (2.24))

A
< 16\\u||iw(zko+e) ( ) +cfz/ \K ]< >)+ dz.
>\

Letting h, k — oo (and using Fatou’s Lemma, see (2.20) and (2.23)), we
then obtain

1 /\ )
3.26 7/ V(w ( dz <c / Tdz
320 5[ v ijAK ()

< Cf||(w +||L2(EA\K) Z [l (w +||L2(Z>\\K)

Now, by exploiting (3.24), we can apply (2.30) (for the Sobolev space
H} (X \ K)) on the right-hand side of (3.26):

1 A A
21 SV = [ V@) P
Sa\K

A “ A
< 62(S\ K)es V(@™ e smam Y IV @) N2z x)-
j=1
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Finally, to complete the proof of assertion (c) we observe that, if
(3.28) IV @)l =0,

then (3.18) is trivially satisfied. If, instead, (3.28) does not hold, by (3.27)
one has

1 A = A
IV @) o < 020N Kep DIV (i) e,
j=1

and this is precisely the desired (3.18).

Now that we have proved (3.18), we are ready to complete the proof
of the present step. To begin with, let o > 0 be a fixed real number such
that

Ks:={x€S\\Rx, (T) :dist (z, d(Er,\ Ry (1)) > 8} £ @, for all € (0, 5]

Moreover, given any § € (0, o], let €5 = €(Ks, Ao) € (0,|Ao|/2) be such
that assertions (a)—(c) hold true for every A € [Ag, Ag + €5] (note that K
has Lipschitz boundary).

Since |Rx(T")| = 0 for every A € R (both in the case n = 2 and in the
case n > 3, see assumption (H.2) and, e.g, [20, Section 4.7]), it is very
easy to recognize that

(3.29) for every n > 0 there exists 6, € (0,d0) such that
0,(3x \ K5) < n for every 0 < § < 6, and every A€ [Ag, Ao + €5).

Starting from (3.18) and performing an induction argument analogous
to that in Step I (in which the information 6, (3;) — 0 as t — agq is
replaced by (3.29)), we infer the existence of a small o € (0,dp) and of a
real Cy, = Cp,(cy) > 0 such that

A A
(3.30) [IV(w ™M) | 2ma\ i) < Cm 02 (EA\Eo) Y IV (w0 p2 gm0
j>i+1
for every i = 1,...,m — 1 and every A € [Ag, Ag + €-|. From this, again

arguing exactly as in Step I, we can use a backward induction argument
to prove that

A
(3.31) V(W™ lr2(maie,) < Co 02(Sx \ EKo) V(@) |l 2220\,

for all j € {1,...,m — 1} and every A € [y, Ao + €. (Here, as usual,
Cm > 0 is a real constant only depending on cy.) By combining (3.30)
with (3.31), and by possibly shrinking o if necessary, we obtain (see
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also (3.13) in the last part of Step I and recall that the vector-valued
map W), is continuous outside of Ry (T"), see (3.1))

(3.32) w™ <0 on %)\ (K, URAT)),

for all 4 € {1,...,m} and for all A € [Ao, Ao + €,]. Gathering together
(3.32) and assertion (b), we then conclude that

wl(’\) <0 on X \R\(T) for every :€{1,...,m} and every A€ [\, \o+e¢o].

From this, a last application of the Strong Maximum Principle gives
(as Ao < 0)

U; — ug)‘) = wlo‘) < 0on Xy \ Rx(T),
foralli € {1,...,m} and for all A\ € [Ag, A\g+€,], but this is contradiction
with the definition of Ag. Hence, Ay = 0.

Step III: In this step we prove that all the functions wuy,...,u,, are
symmetric with respect to the hyperplane I = {x; = 0}. To this end
we first observe that, since we know from Step II that Ay = supZ =0
and since W) is continuous outside of Ry(I"), one has

(333) Ui(x17l'2, . 'azn) S Ui(_$1,$27 e 7xn) = uz(O)(:C17 e 7$n)a

for every i € {1,...,m} and every x € Qp = QN {z; < 0}. By applying
this result to the vector-valued function U: 2 — R™ defined by

Uz) :=U(—21,22,...,2)
(which has the same regularity of U and is a solution (1.1)), we obtain
(3.34) wi(—z1,...,xn) = Gi(x1,22,...,2,)
< Ui(—21,22, o Tn) = ui(T1,. .., T,

forevery i€ {1,...,m} and every x € Qy. By combining (3.33) with (3.34)
we get

Ui(—Z1y oy ) = W (X1, .0, X)),
for all i € {1,...,m} and for all z € QN {z; < 0}, and this proves that
U1, ..., Uy, are symmetric with respect to II.

Step IV: In this last step we prove (1.3), which clearly implies the mono-
tonicity of the functions wuq, ..., u, in the z;-direction on Q N {z; < 0}.
To this end we first observe that, again from the fact that Ay =Z =0
(see Step II), we have

wf)‘) =u; — u™ <0 on Ea\ Ra(D),

i
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for all i € {1,...,m} and for all X € (ag,0). Moreover, le‘) = 0 on the
hyperplane T, = {x; = A} and, by (3.17),

—Awg’\) +(c; — cii(-;)\))wg’\) <0 on X\ R\
(where cy is as in assumption (H.3) and the ¢;;(-; A)’s are defined in
(3.3)). Since, by the choice of ¢y, we have cy—c;;(-; A) > 0 on Xy \ RA(T'),
we are entitled to apply the Hopf’s Lemma for C''-subsolutions in [27]

(see (3.1) and note that Xy \ Rx(T") certainly satisfies the interior ball
condition at any point of ITy NQ):

() _
0< 8521 (x) = ZSgi (), forallie{l,...,m} and every x € I, N Y,
which clearly implies the desired (1.3). Hence, the proof of Theorem 1.1
is complete. O
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