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ASYMPTOTIC BEHAVIOURS IN FRACTIONAL
ORLICZ-SOBOLEV SPACES ON CARNOT GROUPS

M. CAPOLLI, A. MAIONE, A. M. SALORT, AND E. VECCHI

ABSTRACT. In this article we define a class of fractional Orlicz-Sobolev spaces
on Carnot groups and, in the spirit of the celebrated results of Bourgain-Brezis-
Mironescu and of Maz’ya-Shaposhnikova, we study the asymptotic behavior
of the Orlicz functionals when the fractional parameter goes to 1 and 0.

1. INTRODUCTION

In the seminal paper [3], Bourgain, Brezis and Mironescu proved that for any
smooth bounded domain Q@ C R*, u € W'P(Q), 1 < p < oo, the well-known
fractional Gagliardo seminorm recovers its local counterpart as s goes to 1, in the
sense that

u(y)|? /
1 lim(1 drdy =K Vul? d
(1) sln 8)//QXQ ‘x_ywsp zdy (n,p) Q| ul? dz,

where the constant K (n,p) is defined as

1
K(n,p) = 1;/8 » |w - h|P dH" 1 (R).

Here S"~1 C R™ denotes the unit sphere, H" ! is the (n — 1)-dimensional Hausdorff
measure and w is an arbitrary unit vector of R”. See [4] for a survey on this and
related results.

In the recent years, there has been an increasing interest towards this kind of results,
aiming at extending it in different directions. Despite the literature concerning the
generalizations of such kind of results is now pretty vast, let us try to give a brief
account of it. The case of BV-functions, originally only partially answered in
[3], has been considered independently in [I5] and [44]. In [26] 27], the authors
covered the case of general open sets 0 C R™, both for Sobolev and BV -functions.
More recently, starting with [34], Nguyen obtained new characterizations of the
classical Sobolev space by means of more general nonlocal functionals, providing
also Poincaré-type inequalities and several other results, see [35,[36] [37]. The nature
of the nonlocal functionals, there considered, differs from the classical Gagliardo
seminorm and it has recently found applications in the field of image processing,
see [0}, [@] [7, §].

The above mentioned results have also been proved to hold in the case of magnetic
Sobolev spaces. Roughly speaking, these spaces are the natural functional setting
in electromagnetism when dealing with particles interacting with a magnetic field.
We refer to [45] for the analogous of when p = 2, and to [43] for the general
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case and for magnetic BV functions. We finally refer to [38, [39] for similar results
for more general nonlocal functionals akin to those considered in [34].

A complementary and natural question is what happens when considering the limit
as s goes to 0. Tho answer is contained in [32], where it is proved that for any
n>1andp € [l,00)

: |u(z) —u(y) |S|"_1/
2 lim s dedy =2— ulP dzx,
) it //R To—gpee FW=ET L

whenever u € ;¢ (o) Wy (R™). We refer to [42] for the magnetic version of (2).

The asymptotic theory described so far concerns always the classical Euclidean
setting. Nevertheless, recent contributions started to attack Bourgain-Brezis-Mironescu-
type results even in the case where non—Euclidean geometries appear. We refer, for
instance, to [25] for the case of compact Riemannian manifolds.

As for many other problems, one of the non—Euclidean setting where to look for
extensions is provided by Carnot groups, that are connected, simply connected and
nilpotent Lie groups whose associated Lie algebra is stratified (see Section 2 for
more details). These spaces are usually the easiest examples of sub-Riemannian
manifolds and they are an environment of particular interest for analysis, see e.g.
[33]. Fractional Sobolev spaces are now a well established notion even in Carnot
groups, see [19] 20] for more details. In this setting, in [2, BI], it was studied the
validity of a Bourgain-Brezis-Mironescu-type formula to treat the asymptotic be-
havior of the corresponding fractional Sobolev seminorm as s goes to 1. We also
refer to [I3] for the case of more general nonlocal functionals in the spirit of Nguyen.

Following this line of research, one of the most recent contributions, due to
Fernandez Bonder and Salort, deals with Bourgain-Brezis-Mironescu-type results
for the class of Orlicz-Sobolev spaces, see also [I1] for similar results in the magnetic
setting. The paper [10] is actually one of our motivations in this work.

Indeed, this manuscript aims at extending the validity of Bourgain-Brezis-Mironescu-
type formulas in Carnot groups, when behaviors more general than powers are taken
into account. In this context, Young functions play a preponderant role and Orlicz-
Sobolev spaces become the natural framework to deal with. To fix ideas, when
speaking of a Young function, we will refer to a continuous, non-negative, strictly
increasing and convex function on [0, c0) vanishing at the origin, which, in order to
give a well-posed space of definition, will be asked to fulfill the following structural
growth condition

to'(t)
o(t)

We refer the interested reader to the books [16] 24, 1] for a comprehensive intro-
duction to Young functions and Orlicz spaces. Having these definitions in mind,
following [20], we define the natural generalization of the fractional Sobolev spaces
for Carnot groups in the Orlicz setting. More precisely, given a Carnot group
G of homogeneous dimension @, a Young function ¢ and a fractional parameter
0 < s < 1, we consider the space

(L) 1<p < <pt <oo Vt>0.

W##(G) := {u : G — R measurable such that ®,(u) + P ,(u) < co}
2



where

Py () 1= /G el|u(@)]) dz, //GG ( Iy~ _zﬁ?'> ||ydfflg||8'

It turns out that W*¥(G) is a reflexive Banach space endowed with the correspon-
dent Luxembourg norm (see Theorem for more details).

We are now ready to state our first main result, that is a Bourgain-Brezis-
Mironescu-type formula in the case of Orlicz-Sobolev spaces in Carnot groups. We
refer to Section 2] for a detailed account of all the definitions needed in the following

Theorem 1.1. Let ¢ be an Orlicz function such that the following limit exists

o0 =t - o) [ 1 ( [ ot st )da<z>> dar

Then, for any u € L¥(G) and 0 < s < 1 it holds that
lim(1 — 5)a,p (u) = S([[Vour).

Let us spend a few words about the proof of Theorem Roughly speaking,
the main technical point concerns a regularization argument in terms of truncations
and convolutions (see Lemma and Lemma , combined with a compactness
argument derived from a Rellich-Kondrachov-type result (see Theorem [2.4)).

Let us remark that, even in the prototype case ¢(t) = t?, we can prove Thorem
only in the case of homogeneous norms that are invariant under horizontal
rotations. See Section [2] for more details.

In the second part of the paper we study the extension of in the case of
fractional Orlicz-Sobolev spaces on Carnot groups. Our main result in this context
is provided by the following

Theorem 1.2. If u € U, g1y Wo ¥(G), then

4 QC o
6%%’(“) = h%%nf §Ps,p(u) < 11H;lisoup 5P p(u) < Cci) D, (u).
In particular, if lim, o s®s ,(u) exists, then
4
C Cifb O, (u) < lglﬁ)l 5@, o (u) < CQCb D, (u).

Here p—,p™ are given in ([J), Cy is the Lebesgue measure of the unit ball and
2<C<2w’ (see Definition for details). We remind that, even if p~ = p™,
which actually corresponds to the classical fractional Sobolev space, Theorem
would not provide a complete generalization of , see Remark Due to this
reason, we are interested in providing a better estimate on the limit, paying the
price of a more restrictive assumption on the Orlicz function .

Theorem 1.3. Let us assume that the Orlicz function ¢ satisfies the following
Minkowski-type inequality
(M)

o ([etmwor+ b ar) <o ([ otuona) +o ([ eloona)
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1

for any u,v € L?(G), where o~ is the inverse map of ¢. Then, for any u €

Useo.ny Wo*(G)
C
2&43@(14) < liminf s®; ,(u) < limsup sP; ,(u) < 2@<I> o(u).
pt 510 510 P~

In particular, if limg o s®s ,(u) exists, then

2%@ o(u) < liilg 5P, o (u) < QQCb
s P

D (u).

We stress that the prototype ¢(t) = t¥ trivially satisfies .
As an immediate consequence, we obtain the following generalization of in the
framework of Carnot groups

Corollary 1.1. Ifu € Use(o.1) Wo'*(G) with ¢(t) =17, then limy o s®s ,(u) exists
and it holds that

_ P
B Lo IIy ly=t- @7 b Je

We want to stress another interesting aspect: we are able to prove Theorem
Theorems and Theorem if we work with an homogeneous norm which
satisfies the classical triangular inequality

1

lylle = llzlle| < lly™ - 2lle < llzlle + llylls,

which is not in general true by a homogeneous norm. See Section [2] for more details
and examples.

Finally, we want to recall that the asymptotic behavior of the perimeter func-
tional has also been addressed, either in Euclidean contexts as well as in Carnot
settings, see e.g. [II, [12} [17), 18] 28] [29].

The structure of the paper is the following: in Section 2, we provide the basic
necessary notions of Carnot groups, Young functions and Orlicz spaces. In Section
3, the proof of Theorem is given and, finally, in Section 4, we conclude by
proving Theorem and Theorem

2. PRELIMINARIES

1. Carnot groups. We start this section recalling the basic notions of Carnot
groups.

A Carnot group G = (R™,-) is a connected, simply connected and nilpotent
Lie group, whose Lie algebra g admits a stratification. Namely, there exist linear
subspaces, usually called layers, such that

g=Vi®o.aVy, [WV,Vi]=Vig, Vi#{0}, Vi={0}ifi>k,
where k is usually called the step of the group (G, -) and
Vi, V;] ==span{[X,Y]: X € V},Y € V}}.

The explicit expression of the group law - can be deduced from the Hausdorff-
Campbell formula, see e.g. [9]. The group law can be used to define a diffeomor-
phism, usually called left-translation vy, : G — G for every y € G, defined as

v(@) ==y -z forevery x € G.
4



A Carnot group G is also endowed with a family of automorphisms of the group
3y : G — G, A € RT, called dilations, given by

Oa(xe, ... xp) = Az, ., Aa,),
where (21,...,2,) are the exponential coordinates of v € G, d; € N for every
j=1...onand1=dy=... =dp < dmy1 < ... < d, for m := dim(V7). Here the

group G and the algebra g are identified through the exponential mapping. The
n-dimensional Lebesgue measure L™ of R™ provides the Haar measure on G, see
e.g. [9, Proposition 1.3.21].

It is customary to denote with Q := Zlei dim(V;) the homogeneous dimension
of G which corresponds to the Hausdorff dimension of G (w.r.t. an appropriate
sub—Riemannian distance, see below). This is generally greater than (or equal to)
the topological dimension of G and it coincides with it only when G is the Euclidean
group (R™, +), which is the only Abelian Carnot group.

Carnot groups are also naturally endowed with sub-Riemannian distances which
make them interesting examples of metric spaces. A first well-known example of
such metrics is provided by the Carnot-Carathéodory distance d.., see e.g. [9, Def-
inition 5.2.2], which is a path—metric resembling the classical Riemannian distance.
In our case, we will work with metrics induced by homogeneous norms.

Definition 2.1. A homogeneous norm || - ||c : G — R{ is a continuous function
with the following properties:
(1) |lzlle =0 if and only if x =0 for every x € G;
(i) llz2" e = l|zlle for every x € G;
(i13) ||0xz]l = Al|z|lg for every A € RY and for every x € G.

We remind that any homogeneous norm induces a left-invariant homogeneous

distance by

. z|lg for every z,y € G.

d(z,y) == lly~
A concrete example of such kind of homogeneous distance is given by the Koranyi
distance, see e.g. [I4]. From now on, we will write B(z,¢) to denote the ball of

center x € G and radius € > 0 w.r.t the distances d.
In the proceeding of the paper, however, we will ask for the following stronger
hypotheses on the norm || - ||g:

(#v) invariance under horizontal rotations;
(v) the validity of the classical triangular inequality

1

lylle = llzlle| < lly™" - zlle <zl + lylle-

An example of such kind of norm, whose induced distance is equivalent to the
well-known Carnot-Carathéodory distance, is given in [21], 22].

Proposition 2.1. Let G be a Carnot group and f € L*(G). Then the Haar measure
on G

(1) is invariant under left and right translations:

/Gf(w)dw:/Gf(x-y)dx:/gf(y-x)dw Ve G;



(ii) scales under group dilations by the homogeneous dimension of G:

/f(éw) dx = AQ/ f(x)dz YA >0.
G G

It trivially follows that |B(z,7)| = r@|B| = r?C), for all z € G and r > 0, where
B = B(0,1) and C), denotes its Lebesgue measure.

The following three Propositions will be very useful in the sequel.

Proposition 2.2. [20, Proposition 1.13] Let f € L. (G \ {0}) be an homogeneous

loc

function of degree —Q, i.e., f(dxx) = \"9f(x). Then, there exists a constant My,
mean value of f, such that

+oo r
[ s@alale)dz=a1s [ g0

for any g € L*(R*, 40,

As a consequence of the previous result, we are able to compute explicitly inte-
grals on balls, of functions depending only on the distance from the center of the
ball, in terms of integrals on the real line.

Proposition 2.3. Let f € L'(RT) and R > 0. Then

R
/ flly™ -xllc,)dm:/ f(l\wlla)dFQCb/ r@f(r)dr
B(y,R) B(0,R) 0

and

“+o00
/ Flly - zlg) de = / f(lz]le) dz = QCy / rQ1£(r) dr.
G\B(y,R) G\B(O,R) R

Proof. At first, let us compute the constant A for the function f(z) = ||1:||(_;Q
By Proposition [2.2} taking g(|lz]lc) = ||z x(o,n(|lz]l), we get

llllg

Q@ '

- -1

Cb:/ dl’:/ Izllg Hx”GX[O,l](HzHG)d‘T:MHzHTQ/ rOlar = 5
B G ¢ Jo Q

i.e., MHIHEQ = QCb
Therefore, still by Proposition we have

| fleleyda = [ 1ell5lelxom lele)f(lele) da
B(0,R) G

R R
and

/ f(HxIIG)dw=/ I2llg 2 Izl X (R, cof(Izllc) £ (2]iG) dz
G\B(0,R) G

— QC, / ey ar,

R



Proposition 2.4. [20, Proposition 1.15] There exists a unique Radon measure o
on S such that for all u € L*(G)

/Gu(x)dx = /0+OO </S u(8,2)r9 1 do(z)) dr

where S is the unit sphere in G.

We conclude this part recalling the notion of Pansu differentiability, given by
Pansu in [40]. We remind that, for any v : G — R sufficiently smooth, given
(X1,..,Xm) a basis of the horizontal layer V1, of left-invariant vector fields, then
the horizontal gradient of u: G — R is defined as

m
Veu:=» (X;u)X; = (X1u, .., Xpu).
j=1
Definition 2.2. A function f: G — R is said to be Pansu differentiable at x € G
if there exists a G—linear map LI : G — R, named Pansu differential, such that

fla-h) = f(z) — LL(I)

l[hlc—0 IAllc

=0.

We will say that f is Pansu differentiable in G if it is Pansu differentiable at any
zeG.

Remark 2.1. Let us notice that the Pansu differential L] does not depend on the

basis of the Lie algebra g. In the sequel, we will use the notation
LI(W)=Vgf-H.

As noted in [211, Section 5] every function in C1(G) is also Pansu differentiable and

the inclusion is actually strict.

2.2. Orlicz functions.

Definition 2.3. Let ¢ : Rj — Ry be a real valued function such that:
(7) ¢(0) =0, and ¢(t) >0 for any t > 0;
(ii) ¢ is nondecreasing on RY ;
(iii) ¢ is right-continuous in Ry and lim;_, 4 G(t) = +00.
Then, the real valued function defined on Rf by

t
o) = [ otods
is called Orlicz function (or Nice Young function).

It is easy to show that hypotheses (i) — (i4i) imply that ¢ is continuous, Locally
Lipschitz continuous, strictly increasing and convex on ]Rg . Moreover, ¢(0) = 0
and ¢ is superlinear at zero and at infinity, i.e.,

(1)

t
lim 7(,0( ) =0 lim —= = +o0.
t—0t 1 t—too ¢
Up to normalization, we can assume (1) = 1. Hypotheses (i) — (ii7) also guar-
antee the existence of ! : RT — R{, which is continuous, concave and strictly
increasing, with ¢=1(0) =0 and ¢~ !(1) = 1.
7



From now on, the following growth condition will be required on (:

__to()
L p- < —+ <p" Vt>0,
) (1)
where p~ < pT are positive constants grater than 1. It holds that
(1) sPp(t) < p(st) < sPo(t),
2"
(p2) (s +1) < == (p(s) +o(1))-

for any s,t € R, where s? := max{s? , sP"} and sP ;= min{s? ,sP" }.
Let us notice that p~ = p* if and only if ¢(t) = ¢, being ¢(1) = 1.
We remind that the conjugate function of ¢, defined as its Legendre’s transform, is

@*(s) == ?ﬂ%’{“ —e(t)}.

Definition 2.4. The smallest C € R such that the following As-condition holds
©0(2t) < Cp(t) VYt e R,

is called the Ag-constant and it is denoted by C. By , we have that

(4) 2<C<2.

It is not difficult to show that is equivalent to require the Ag-condition both on

¢ and ¢* (see for instance [4Il, Chapter 4]).

The following Lemma can be seen as an improvement of (2.

Lemma 2.1. [I0, Lemma 2.6] Let ¢ be an Orlicz function and let s,t € R} . Then,
for any § > 0, there exists a positive constant Cs such that

o(s +1) < Csp(s) + (L +8)7" (t).

We conclude this section recalling a fundamental definition which is the natural
counterpart of [I0, Remark 2.15] in the context of Carnot groups. From now on,
when necessary, a generic z € G will be denoted as z = (2/, 2”) where 2’ = (21, .., 2m)
is the horizontal part and z” = (241, .., 2n) is the vertical one.

Definition 2.5. For an Orlicz function ¢ and t € R, we define the bounded
function

5 () = timsun(1 =) | 1 ( / so<t||z'||w“>da<z>) a

A similar definition with lim inf instead of lim sup is used to define p~. When they
coincide, we will define

(5) o0 =tm(1—) | 1 ( / so(t||z'||mmr“>do<z>) a

Proposition 2.5. The functions $* are still Orlicz functions, both of them equiv-
alent to ¢, i.e., there exist c1,co > 0 such that

crp(t) < @5(t) < cap(t)
for any t € RT.



Proof. $* are Orlicz functions by similar arguments of [I0, Proposition 2.16]. More-
over, by , we can notice that

[ ([ ettt a) % < [ 121

1
- _gdar
ﬁmda(z)/o o(trt=)—

r

1
—s)p— QG
< QCyp(t / pA=sp™=lgp — 20 (¢t
Q b@() 0 (178)])780()
and
' / 1—s dr na ! N
et lemr ") do(2) | — = [ ||Z'lgmdo(2) | @(tr =) —
0 s r s 0 r
1
et Cy
> 0C,o(t (A=s)p*=1g. _ Qi 1.
> QCiet) [+ = el
Thus, taking c¢; := ("—1{9’ and ¢y 1= %gb, we get the thesis. O

Remark 2.2. Let us notice that ¢; = cg = % if and only if o(t) = t?. We also

remind that explicit examples of @, in the Fuclidean case, are given in [10, Example
2.17].

2.3. The functional setting.

Definition 2.6. Let G be a Carnot group, let ¢ be an Orlicz function and let
0 < s <1. We define, with a little abuse of notation, the Orlicz-Lebesgue space and
the Fractional Orlicz-Sobolev spaces, respectively, as

L?(G) == {u : G — R measurables such that ,(u) < oo}
W#(G) == {u € L¥(G) such that ®, ,(u) < oo},

where

D, (u) i= /G o(Ju(z)]) dz,

// @(lu(x)l_u(€)> do dy 5 fo<s<1
GXG ly=*-2llg / |yt 2| :
P, ([[Vaul|lrm) ifs=1

These spaces are usually endowed with the so-called Luxemburg norms, studied
by Luxemburg in [30], and defined as

D, () :

) U
[lully = inf{\ > 0: @, (X) <1}
llulls,o = llully + [u]s,p
where y
[U)s.p = inf{A>0: D, (7

SER
is the (s, ¢)—Gagliardo seminorm.
By well-known results given in [I6] 23] for the Euclidean case, it is easy to
characterize these spaces as follows

Theorem 2.1. Let ¢ be an Orlicz function, then L?(G) and W1#(G) are separable
Banach spaces. Moreover, if both ¢ and p* satisfy the Ao-condition, then the spaces
L?(G) and WH%(G) are also reflezive and the dual space of L¥(G) can be identified
with L¥" (G). Finally, C>°(G) is dense in both L¥(G) and WH#(G).

9



The proof of Theorem [2.1] trivially follows from the Euclidean case. The reader
can see for instance [16, Theorem 2.3.13, Theorem 2.5.10] and [23] Theorem 5.3,
Theorem 5.5, Corollary 3.7, Corollary 3.9], where a more general theory is treated.

Following the same technique of [10, Proposition 2.11], we can also state the
following Theorem.

Theorem 2.2. Let us assume the same hypotheses of the previous Theorem. Then,
for each s € (0,1), the space W% (G) is a reflexive and separable Banach space.
Moreover, C°(G) is dense in W*?(G).

As in the Euclidean case, the immersion of the space W*¥(G) into L¥(G) is
compact, as a consequence of the following

Theorem 2.3. [24] Theorem 11.4] Any sequence of functions {vi}r C L?(G) is
compact if and only if the following two conditions are satisfied:

(1) ®,(vk) is bounded;

(1) for any e > 0 there exists § > 0 such that D, (Thvr, —vg) < € for any h € G
such that ||h||lc < d, where Thu(x) = u(x - h) for any z € G.

Theorem 2.4. Let 0 < s < 1 and ¢ be an Orlicz function. Then, from every
bounded sequence {un}n, C W*?(G), there exist u € W*?(G) and {un, }x C {un}tn
such that u,, — u in L?(G).

Proof. Let us fix u € W*?(G). In order to apply Theorem we want to show
the existence of a constant M > 0 such that

(6) Dy (Thu — u) < M||h||§f;p_ Py, (u)
for every h € G such that ||hllg < 3.

For any y € B(z,||h||g), by the monotonicity of ¢, the As-condition and being
|B(z,7)| = r?|B| = r%C}, we have

B, (Thu — ) = /G o(u( - h) — uly) + u(y) — u(@)]) da

<5 | [ etta 1) - uds+ [ outn) - ua)) de]

G
C
" 26,2 /Bth) (/«; plu(z - h) —u(y))) dw) dy
C
’ 26, [RIE /Bu,nh(;) (/G Plluly) — u(z)]) dx) dy
C

Let us notice that, by the triangular inequality,

ly™ -z hlle < lly™" - zle + IIlle < 2]Alc.
10



Therefore, by (1)), the monotonicity of ¢ and a change of variables, we have

. — 1. ... p9Q
L =/ /w(lel-x-hna) ™z hlig 4} 4
Bz nle) \Jo \ [ly~t-z- Rl ly=" -2 )@
h) —u(y)| dx
SQQHhHQ/ /w('u(x.@llhllc,)s — | dy
 Jinie \Jo [y=t -z hllg ly=t -z h|9

- sp— uw(z) —u dz
< 2% FQ|p||P +Q/ /w(' (,)1 @) ——75 | W
B nle) \Je  \ Iy~ -2lg / ly=1- 2|8

< 27 FQYRJE Oy (u).

Similarly

L < || 90, (w).
Thus, by , we finally have

C sp— sp~ sp~
Py (Thu —u) < 2—%(2 PR L DR @sp(u) = M||B|E @5 (u).

Let now {uy}, C W*%(G) be a bounded sequence in W*%#(G). In particular,
{un}n is bounded in L?(G). Therefore, by (6]
sug Do, (Thtn — up) < sug(@s,w(un) + @ip(un))MHhHépi.
ne ne

Thus, by Theorem there exist u € LY(G) and {un, }x C {un}, such that
Up, — u in L?(G). In order to conclude the proof, we show that u € W*¥(G).
By the Fatou’s Lemma and the continuity of ¢, we have

B lu(z) — u(y)| dz dy
Posplu) = //M,‘O < ly=" - allz ) Iy~ - 2l

<t /[ go('“nk(w)—unk(yn) da dy
N e

< sup @ o (Un,,) < 00.
neN

O

Taking into account [9, Definition 5.3.6], we state below the notions of convolu-
tion and truncation on Carnot groups.

Definition 2.7. Let p € C°(G;Ry) be the standard mollifier, that is, supp(p) C
B(0,1) and [, p(x)dx = 1. Then, for any u € L¥(G) and x € G, considering the
sequence of mollifiers

pe(z) =" 9p(6,-12) e >0,
we define the regularized functions of u, {u:}. C L?(G)NC>(G), as
w@) = (e p)@) = [upctey ™y = [ ulr o)y

(0,¢)
- / w(8e2) ™ 2)p(2) d
B(0,1)

for any e > 0.
11



Definition 2.8. Given n € C*(G) such that 0 < n < 1, n = 1 in B(0,1),
supp(n) C B(0,2) and ||Vgn|rm < 2, we define the cut-off functions

() = n(6-1)
forany k € N. Let us notice that 0 < np, < 1, n, = 1 in B(0, k), supp(nr) C B(0, 2k)
and |Vene|rm < 2.
For any u € L¥(G) we define the truncated functions of u, {ux}i, as
U = NU
for any k € N. We remind that supp(uy) C B(0,2k).

The two following Lemmas will be useful in the next section.

Lemma 2.2. Let u € L¥(G) and let {uc}. be a sequence of reqularized functions
of u, in the sense of Definition 2.7, Then

(I)S»w(us) < stw(u)
foranye >0 and 0 <s < 1.

Proof. Let z,y € G and let h = y~! - z. Then, by the Jensen’s inequality and the
monotonicity of ¢, we have

|ue(z - h) — us ()| (=t -z h) —u(y=" - z)|
“"( Tl ) = ( /3(075) T p-(v) dy>

Therefore, by the invariance of the norm under translations, we have

Lo () e
< /G (/B(Oﬁfp (u(yl .x.hfzuéu(yl -x)|> pe(y) dy) Hzrg
_ / ( / . <u<y—1 .x.h}znéu@—l .x>|> ||Z|J|Ug> oey) du

N /G*O (W ’|]|1f3||aum> ||Zﬁ8

Thus, the thesis follows, by integrating in G with respect to h. |

Lemma 2.3. Let u € L¥(G) and let {uy}r be the sequence of truncated functions
of u, in the sense of Definition[2.8 Then

C 2\"  QC

Dy plwr) < (@S,W(UH (k) : QCy

+QC
W‘I’w(u) + 2P gpb%(u)>

forany ke N and 0 < s < 1.
12



Proof. Let us fix z,y € G. Then, by the As-condition and the monotonicity of ¢,
we have

Jur(z) — ur(y)
W( -2l )
:wom@mm—m@wm+%@wm—m@mmg

|w4-ﬂ@
C (u@)]m(@) — )|
Sz@( Iyt -lls >

Hence, being 1, < 1 for any k € N, we get

D, () // <Iuk —uk(y)) dz dy
GxG ly=t-zl|g Hy—l-xug
. C // <Iu )|Im(x) — m(y)> dz dy
- GxG ly=t -zl ly=1 - 2|9
// <|u(x)||m(x)—nk(y)l> dz dy
{ly="-alle<1} ly=" -zl ly=t- x| &

[u(2)||e(x) — nr(y)] dx dy
+ %) — S — ol
6 J{ly-1alle>1} ly=" - |3 ly=1 2|

Since | Vng||rm < k, then, by ., assuming without loss of generality k& > 2, and
by Proposition 2.3, we have

[u(@)|[nx(z) — nx(y)| dz dy
afeeny” Uy all ]
G J{ly= zllo<1} Y G ly="-zlg
2 u(2)] dy
L ) )
6 \J{lly—t-zle<1} ly=t-zllg™/ fly=t - =lg
2\? dy
<(3) /(/ - )wmumdx
k) Je \Jyrale<y [yt - 2§09

2\? ! + 2\ QC
= = A=o)p=1lg. - (2) _=Zb
D, (u) (k) QCb/O T dr (k) (l—s)p+¢¢(u)'
Moreover

|[u(@)|[m () — 1k (y)] dx dy
ez’ Uyl a2
G Hlly=t-ale>1} Yy G ly=t -z
2|u(x dzx dy
<[/ o (o ate) o oie
cJyyralezy \y™2lg ) gyt -2 4
dy
<zp*‘/</w )wﬂwrﬂdw
e \J{ly-tale>1y [y~ -zl F9

= @w(u)QerQCb/l e %ﬁb Oy (u).

+7

x <|77k( y)llu(z) —u(y)l> ’

ly=" - =lg

— +7

13



3. A BOUGAIN-BREZIS-MIRONESCU-TYPE THEOREM

In order to prove Theorem [I.I] we need the two following fundamental Lemmas.

Lemma 3.1. Let u € WH?(G). Then, for any 0 < s < 1, it holds that

C 1 C
Bup0) < 29 (L0 (9eulan) + So,00)

where C is the As-constant given in and p~ 1is given in .

Proof. Let u € C2(G) and h =y~ ! - z. Tt follows that

(I)s’(p(U) ) /G </{|h|c,<1} 4 <u<x |T]Z|f;, U(m)|> Zﬁ(g) dx
+/G </{|’LIG>1} v <U(x IIhIZII;, uu)) IZI}ILf;?) do = I + L.

Let us start from ;. Observe that u € C?(G) implies that u is Pansu differentiable
(see also [2, Section 2]). If we define the auxiliary function £(¢) = u(z - 6;h), then
we can write

u(z-h) —u(zr) =£(1) —£(0) = /0 %f(t) dt = /0 Veu(z - 6:h) - B dt.

Therefore, by the monotonicity and the convexity of ¢, we get

v (W ' hf3||éU(x)|> =¥ (/ lVGu(TA|féh) - ‘”)
(8) < / 1¢<'VG“<7,;|‘|5§”‘”> dt

1
< / ([ Vau(z - 6:h) [ | A 5) dt.

Thus, by and Proposition

! _ dh
ne | ( [ ([ eveute smanlalyar) S ) ds
¢ \J{lnle<1y \Jo 1AllE
' IR § "
<[{[ (] etveuts smlenar) IS an) ao
¢ \J{lnle<1y \Jo Allg

- / 1879 dn / (| Veu(@) an) de
{llhllc<1} G

=0y [ 10 (V) = 2 a(1Fulen)
= QG | ¢ BT A =s)p ¢ e

14



Moreover, by (1)), , Proposition the monotonicity of ¢ and by a change
of variables, we have

= ( /{ el Bl ) mn?”) do
S ( [ e mn?”) dr
- C/G </{||hG21} 2 el ||h|g”) dx

dh
- c/ —/ o (Ju(z)]) dz
Unlez1y |[RIEP 19 Je

G

+oo
= CQCb/ P Tl dr @ (u) = CQ—C_’j%(u).
1 sp

Finally, for any u € Wh#(G), let {ux}r C C%(G) be convergent to u in W1#(G).
Thus, by the Fatou’s Lemma and the continuity of ¢, we get

. . QC 1 C
Dy () < liminf o, (ug) < lim [ (I Vourlen) + ()

C 1 C
=90 (L eveulee) + So,00)

as desired. O

Lemma 3.2. Let ¢ be an Orlicz function such that @ exists and let u € C%(G).
Then, for every fivred x € G, we have that

it - 5) [ o (ST b (e

A PREEFWATRI

R™ ) .

Proof. For each fixed x € G we have

lu(z) — u(y)| dy B lu(z) — u(y)| dy
¥ -1 s 1 Q ¥ -1 s 1 Q
e \ vyl Syl Jrele<y ly="-2lg /|yt 2|

u(x) —u d
o (L0l
Uyt zllc>1} ly="-zllg /) (ly=t 2|

=1 + I,

Let us first notice that

lim(1 — s)I, = 0.
sT1
15



In facty, by (1)) and Proposition we have

u(z) — u(y) dy dy
/ o (MOt} Wy < o) e
Uy~ alle>1} ly="-=lg )yt 2lg Uy=rale>1} [ly=t - 2|

+oo ~

= ¢(2ull)QCs / o1 gy
1

QCb

Now, by the local Lipschitzianity of ¢, for any x,y € G such that x # y, we have

‘w <IU(33|)|h—”g(y)> oy (|VG|1Lf(Lﬁ(%;.h/>‘ < @) —u(y|)|h—|éVGU(x) 1|

< C|nlE

where L is the Lipschitz constant of ¢ in the interval [0, ||Vgul|s], C is a constant
depending on the C2-norm of v and h = y~! - z. (The last inequality follows from
standard results about the Taylor polynomial that can be found, for instance, in
[0, Chapter 20]).

Moreover, by Proposition [2.3] it follows that

d C
[ i =qa [ o= 20
{lIlle<1} IhlIE =

) u(z) —uly dy
hm(l—S)/ 50<| ( _)1 (s)|> 1 Q
sT1 {ly—1-zllc<1} ly "THG lly 'xHG

Y
= lim(1 —s)/ 2 ('vGu(xZ é |> dy@'
sT1 {lIhllc<1} Hh”G ||hHG

Finally, by Proposition[2.4]and the invariance of |- ||¢ under horizontal rotations,
we have

/{|h|@<1}(p <|VGI1IL’(lx|;;,.h/|> |Z|3|/8 :/01 </S¢ CV@U&Z)”’%&Z/') 15, ili;) s
1 u(z) - 2 o(z)\ r@t
- </ﬁ (T ) C|l||(|é?) ) i
= /01 (/S 90(||VGU(5L")||RMZ/|Rm7"1_s)d0(z)> %

lim(1 = )1 = &(| Vou(@)|

Thus

ie.

Rm).

Finally, we are ready to prove Theorem [I.1]

Proof of Theorem[I-1, We divide the proof of the Theorem in three steps.
16



Step 1: Let us prove the Theorem for any function u € C?(G) whose support is
contained in B(0, R). Let

e lu(z) —u(y)| dy
B(e): /J( lv=T ol >|y1~wll8

In virtu of Lemma [3.2] in order to apply the Dominated Convergence Theorem, it
is enough to show the existence of an integrable function in G that dominates the

sequence {(1 — $)Fis}se(0,1)-
Let us fix R > 1. For any = € G such that ||z|¢ < 2R, we have

R | o (LY
‘ {ly=—-alle<1} ly="-2liE /oy 2@

— d
+/ o <|u(9:_)1 U(:Z)|) 1y S=ht D
{ly=t-zlle>1} ly=t-zlg /Iyt 2|8

By (8), (1)), Proposition 2.3 and the monotonicity of ¢, called h = y~* -z, we have

L . dh
= ( | Veute - mln )dt)Q
{IInlle<1} \Jo 1AllE

1 Il ="
<[ ([ etveuts e a) e an
{IInle<1} \Jo IRl

1
< @(lIVeull)QCh [ 10 = E ([T,
0 (1 - 3)P7
Moreover, by and Proposition
dy
I < / o (Ju(@)] + Ju(y)l) ——L
{ly=t-zlle>1} ly=t -z

oo e QC
< eClull)QCh [ dr = (2]l

Thus

©) Fi(@) < 2o pllVaulle) + 22 o2l

for every ||z||¢c < 2R.
Let ||z]lc > 2R. Since the support of u is contained in B(0, R), then u(z) = 0
for any ||z|l¢ > R. Thus

lu(y)| dy
ro= [ (550
{lyle<R} Y ¢/ ly=t-zlg

17




Now, since ||y ~-z|lc > ||z|lc—|lyllc > [|z]l¢—R > 3|lz[|c, then by the monotonicity
of ¢, the As-condition and , we get

i |u() dy
Fi(x) < /{llyllﬁgRﬂ((;anG)S) (zllzlle)?

dy
<22 [ o) — g
{lylle<R} |||eP+e
o2 eluma
SC—rp @ (lu(y)]) dy
2l Jale<ry
2Q
<c—o [ () v
)| 2" {llylc<R}
that is
K
(10) Fo(z) < ————
[T

for every ||z||g > 2R, where we assumed s > 1/2. Here K is a constant independent
of s.
Therefore, by @ and , we have

QC QC
F@) < (2o elVeulle) + 22z ull) ) xaoam (@)
K
+ ”H%WXG\B(O,QR) (z) =: H(z),
TG

ie.,

(1—8)F,(z) < (1 —s)H(z) € L*(G),
as desired.

Step 2: Let u € W1 ?(G). Then, by Theorem there exists {ug }ren C C2(G)
such that uy — v in W1?(G). Let us show that

151%111(1 —8)Psp(u) = 25(||Vgul

).
Being
[(1 = 8)Ps,p(u) = ([ Veullrm)| < (1 — 8)Ps,p(u) — (1 — 5) P (ur)]
+ (1 = 8)@s o (ur) — (|| Vourrm)]
+ 125 ([[Veuk|rm) — @o([[Veulrm)|

then, by Lemma it only remains to show that for any s € (0,1) and for any
€ > 0 there exists k € N such that

(1= 8)[@s,p(u) = Ps o (ur)| + [P3([|Voukllrm) — Pa([|[Veullrn)| < e

Vk > k.
Fixed € > 0, by Theorem there exists kg € N such that
€
Veullrm)| < 5

[P ([|Vourllrm) — Pg( 5

for any k > ko. Moreover, by Lemma [2.1] for any § > 0 there exists Cs > 0 such
that

o(s+1) < Csp(s)+ (1+ 6)p+<p(t) for any s,¢ > 0.
18



Moreover, there exists 0 > 0 such that (1 + (5)1’+ <1+ 6. Therefore

)~ gl < [[ ot b o)

ly=" -zl
N IW«@)—W(@/)) . (luk(x) - uk(y)|> ‘ dz dy
ly=" -zl ly=* -zl ly=1t-a||&

< Cs5Py p(u —ug) + Sés’w(uk).

Taking into account Lemma and being ux — u in WH#(G), then there exists
k1 € N such that

C 1 C
Bl =) < O (L0 1Ve = w)le) + 00— )
D —s s
for any k > kq, that is,
€
(1—98)Ps p(u—ug) < ic
Moreover, still by Lemma there exists a positive constant M such that
QC 1 C
Do p(ur) < —— [ T Po(IVe(ur)l[em) + —Pp(ur) | < M.
p 1-s s
. € .
Then, taking § < m, we get the thesis, as s — 1 for any k > max{ko, k1}.

Step 3: In order to conclude the proof of the Theorem, let us prove the result
for any u € L?(G).
Let us fix u € L¥(G), k € N and € > 0 and let us define

up,e = (M) x pe € C°(G)

where {p.}e is a sequence of mollifiers and {nx}; is a truncated sequence, in the
sense of Definition 2.7 and Definition 2.8

Then, by Lemma [2.2] and Lemma [2.3] there exists a positive constant N, inde-
pendent of k£ and €, such that

]irr#ilnf(l — 5)(1)54,0(”1@,5) < N.

Therefore, by Step 1
P (IVeurellrm)| < oo,

i.e., the sequence {uy ¢ }x ¢ is bounded in W1?(G) and then, in virtue of Proposition

{ukc}rc is bounded in W1¢(G).
Thus, by the reflexivity of the space W% (G), there exists & € W1?(G) such
that, up to subsequence,

ug. — @ weakly in Wh?(G)

as k T oo and ¢ | 0. Thus, being uy . — u in L?(G), it follows that & = w in
W1#(G). Finally, the thesis holds by Step 2. O
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4. MAZ'YA-SHAPOSHNIKOVA-TYPE THEOREMS

The last part of the work consists on some generalizations of the well-known
paper of Maz’ya-Shaposhnikova [32].
Theorem 4.1 (Liminf estimate). For any u € W% (G) it holds that
4 QC,

C pt
where 2 < C < 27" s the As-constant of Definition .

(11) lir?i%)nf 5P (u) > O, (u),

Proof. Observe that we can express @ ,(u) as the sum of the terms

o ule) —u)\ _dy )
¥ /G</{y—1~zn@>2x|@}¢< ly=t - =l ) IIy‘lwll«?)
. ue) —u)l v\
" /G</{y—1-xn@s2x|@}¢< ly=" - zlg ) IIy‘1~xII§>

We claim that
(12) D, o (u) > 2(3).
To prove , first notice that, by changes of variables and the Fubini’s Theorem

)= /G (/uzumm} ’ <|u(x) llzl(éz_l)> IIjﬁé‘f) "
(13) B /«; (/{|z|@<;z|a} 7 (Mm) _IIZI(IE'Z_ )|) Iji«?) "
B /G </{|y—1-rls>2|zls} 7 <|IIL(;)1_- ZI(ZH) yj%wé?) "

Moreover, since the triangular inequality gives the inclusion
{(@y) €Cx Gt lly™" - alle >2llalle} < {(x,y) € Cx C: |y~ - wlle < 2lylle},
then, by , we get

o u(w) )\ dr
) /ﬁf}(/{ylmnmzmm@( ly=" - 2|l ) ||y1~w||§> !
[u(z) — u(y)] dx
Z/ﬂﬁ%(/{y—lmnmﬂm@( ly=t - =l ) IIy‘lwll«?) “
_ u(e) —u@)l\ g\
/G(/{yl-xnmmm}@( ly=* -zl ) IIy‘1~x||8>

and hence follows.
Now, observe that, by the As-condition and , we get

()] dy v < S+ i
) /G</{|yl-m>2|zn@}@<lly1-$||<?;> IIy‘l-xllg) SRR
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where

(m‘):/(/ s0< |_ul(y)|s> & Q) da
e \J{ly-rales2lzlcy NNy 2lE ) [yt 2|

1

Moreover, by the triangular inequality, ||y~! - z||¢ > 2||z||¢ implies that

-1 -1

o ly ! -zlle <llzlle + llylle < 3llv 'fHG + llylls,
o [ly - zle > [lyllc — llzlle > llyle — 3lly™" - zlle,
that is

_ 2 _
I alle > 2} < {3 vle < I~ - ale <20l }

Therefore, from (1)) and Proposition we find that

dx
wns/ / ) () dy
Clylle<ly—1-zle<2lyle) Iy~ - z||&FH?

2llylle
15 _ —sp=1 g,. w
(15) —Qc /(/MM d)ﬂ@)@

1 Qc,,
=5 )/ |\n

Furthermore, by () and Proposition it follows that

u(z d
Lo 520) 255)
¢ \J{ly-tale>2zlcy Ny lE )yt 2|
dy
(16) z/(/ >¢wwmm
Uyr-alle>2lelie} Iy~ - 2|+

:cxa/‘um>nm> Q[ A,
G

235517 ¢ el 2S§SP+ /I
Hence, gathering (12| , , and (| we obtain that
4 QCy [ ¢(|u(z)]) 2QCb
ol = ot [ d P [ el
G ||:c||

QSPp+ Hx”ép 2911

Finally, by the Fatou’s Lemma, we get

lim inf s, (u) > lim inf ?pci / w(lu(fﬁ)\) de 263})();, 1 / }
e C27pt Jo x| 2 Hm
>hm1 f— QC:/ (p(|u(f,)|)dxflimsupQ7~C}) 351371)/ Mdm
C2rp* Jg l=lg slo 2°PD ¢ |z
S 4 Q
67 Py (u).
([l

Corollary 4.1. Ifliminfs)o s®s ,(u) < co, then u € L¥(G).
Theorem 4.2 (Limsup estimate). For any u € U,c(o,1) Wo'*(G) it holds that

(17) lim sup s®; , (u )<C%CI> (u).

sl0
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Proof. Let us first notice that, for any a > 0, in light of the Fubini’s Theorem and
by a change of variables, it holds that

[u(z) — u(y)| dx
/G(/ﬂwmgamne}@( ly=" - (g ) IIy‘l-xllg) v
) ule) —u(@) _dy )
" _/G</{||y||@z;|m}¢< ly=t - 2lg ) |y1~y§> !
_ u(e) —ul)y e\,
/G</{||x||@>;ya}@( ly=" - =l ) Iyl-wIéf) v

An analogous relation holds when changing < with >. Then

(19)
q’&w(“) =

lu(z) — u(y)| dz dy

= + + © 1 — 0

¢ \{ilvle<lzlc<lylic} JHlele<iivlic} J{lzle>lylc} ly=t-=lg /)yt 2|

-/ (/ o L >¢<|u<x Sy _dedy
¢ \{ilvle<lzle<lylie} JHlele<iivlic} J{lzle<lylic}

ly=" -zl

u(x) —uly dx dy
:2/</ +/ >¢(|<_>1 <5>|> drdy
6 \JIlle<lele<livliey  J{lzle<bllvle) ly=" =l / fly= - 2lg

We divide the proof of the Theorem in two main steps:
Step 1: Let us show that

ulz) —u dx
6 \J{llzlle<Llylic} ly=t-2lg / fly= -zl

QCy [ e(u(x)]) sig, [ elu@)l)
<cC /@, 4 du + Cs2 C”/@ 2

P~ lzll¢ g

ly=t - z|1&

(20)

Proof of Step 1. First, by the triangular inequality, ||y|lc > 2||x||¢ implies that

_ _ 1
ly=™-zle > Iylle — llzlle > llzllc  and [y~ -zlc > lylle — lzlc > 5 lvlle
that is,

(21) {lylle = 2llzllc} < {lly™" - zllc = lzllc},

_ 1
(22) ly™ - zle = 5llylle.
22



Then, by , the Fubini’s Theorem and by Proposition

/ </{nxn@< : |yla}m dw) dy

dy
B No—1 . ||5PTQ u(z)|) dzx
/ </{y|G>2llx|Qw} = m||SP+Q> e(Julz)])

dy
= S/ </{y Lalle>lzle) Iy~ xllsp+Q> Al d

+oo -
:ch/«;</mr ’ dr) o(|u(z)]) do

- 90 [ elltel) , 9 [ AN,
G G

sp lellg” T [Edlrg

Moreover, by , we get

EECTIEPAY
/</{Izl <Liylle} ly=1 - 2P+ > Y
9sp+Q & o(|uly )|)d
- /G</{||$|IGS§|U|G} ) ly ||SP+Q

s P(luly)l) y)|)
— 2%P(y,
/ lyllg”

Then, by , , and , we finally have

/G </{|zu@s;uym}¢ (ull(;)l_- :ZI(Ii)') IIy‘f%III«?) dy

Llylls
_ 59sp+Q 2 Q-1 o(lu(y)])
2°P ch/cv’ (/0 r d’f‘) H ||SP+Q dy

= g/ﬂ </{|z|g<;nyu@} [@ (M{}) e (IIyg@l'llf;)] IIyldfrxllg

CQG [ e(|u(z)]) s ¢(lu(@)])
Sésp—b/G 5 dx+02plcb/(;75-dx

g Il

and hence follows.

Step 2: Let us show that

)

- d
(25) limsups ® [u@) u(y)| * dy = 0.
ly=t -z —1.g||@
510 ¢ \J{Zlyle<lelic<llylic} vzl /o flyt -zl

Proof of Step 2. Fixed N > 1 we write

[u(z) — u(y)| dx N
26 dy = (i 1),
2 /G</{ém<ux|g<|yn@}¢< ly=" - zllg ) IIy‘l-mllg) =T
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where

. u(x) —u(y dx
o= (] () )
6 \J {3 lIylle<lzlic<liyliely—-allc <N} ly="-zlg /)yt 2|

.. u(x) —u(y dx
(i4) :=/ (/ <P<| (_)1 (s)|> = Q) dy.
& \J & Iylle<lizlle<lvlicly—1-zlle>N} ly=t-=lg / fy='- =g

Observe that fixed 5 € (0, 1) such that 5 > s, by , (7) can be bounded as
(27)

)5 u(z) —u(y dx
e () () )
& \J {3 lvlle<lzlic<lylie.ly=1 zllc <N} ly=-zle /vy =lg

Moreover, by (p1)) and , we get

C
(n‘)g/(/ %dw)d
2 Jo \V{Lylle<lzlle<llylle,ly=tzlle>N} |ly=t - 2|

G

C/ / dz
+ = ————— | p(Ju(y)]) dy
2 G( Glyle<lzle<liylie ly-t-alle>Ny [ly=" -z +Q>

C -/ -/
= 5 (@) + (i),

Let us note that, by the Fubini’s Theorem and a change of variables

) dy
- [ ( / w) o(u@)]) da
6 \Nlzls<lyle<2lzls,lly-t-zle>N} [J[y~t - z||E

dx
:/ (/ m) p(lu(y))) dy
6 \lyle<llzllc<2lylely=-le>N} [y~ - zlg

< (i)

where we have used the inclusion
_ 1 _

(Il < Izl <2lle. Iy~ -zl > Ny < { iyl < el < yle. I~ -l > ).
The last two inequalities lead to
(28) (11) < C(id').
Now, since

1 1 N

Syl <llzlle < llylle ly™ - 2zlle > N ¢ < qllylle > 5 lly™ - zlle > N ¢,

using Proposition we get

< f (/ ) ety
{yle>Yy \Hlly—1ale>Ny [y~ - 2|

QCy /
=——— e(luly)]) dy.
sp~ NP Jiyle> 4
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Then, from , , and

- d
limSUPS/ (/ W(u(x_)1 U(?j”) 1x Q) dy <
st0 Jo \J{&lyle<lzlle<lvlic} ly=t-=llg /) fy=t- |

. CQC
<timsup =2 [ pu(w))dy =0
sl0 P {llylle>%}

for N sufficiently large. O

Finally, we obtain the limsup inequality . by gathering (19)), Step 1, Step 2 2
and by using the Fatou’s Lemma.

As a corollary of Theorem and Theorem we get Theorem

Remark 4.1. We remind that, as mentioned in the Introduction, Theorem[I.] does
not provide a complete generalization of (2| . even in the prototype case p(t) = tP,
i.e. pt =p~, being & & < C by construction (see Deﬁmtzonafor details).

Let us conclude the paper with the proof of Theorem [T.3]

Proof of Theorem[I.3 The first part of the proof, that is the lim inf-inequality,
follows from similar arguments of Theorem Indeed, by , the Minkowski

inequality, and 7 we have

s/«; </{||y—1m>2nz||@} 7 (IIyml(:-Bgllz?;> IIy‘ld%/Illg> "
sleer [S/G (/{|y1vw|¢;>2|wc} 7 <|llb(yx)1_- z(? i lyw(yztllé) Iy‘ld?w|8> dx}
: ¢[¢_1 (s/@ </{|yl'd/’|a>2|z||c}(p (Iull(;)l' zﬁi)> Inyi«"llé‘f) dx)

e <3/G </{|yl-xs>2||m||a;} 7 (Ilyg(?)ﬂjllé> Inyl%/wllg) dm) }
<¢ [301 (;S%W(U)) te (;25;)( 3= )/@wdyﬂ ’

and then, by and the monotonicity of p~!, we get

(e o QCy ) [ elluel)
ot (go2est) +o7 (291?( b Il d)

(90 [ eut)
=7 (28%*/«; I dm)'

Then, by the properties of the liminf, we have

! o [ QCy [ e(u@))
1 1
llrilnfgo (25<I>5,¢(u)> Zhlﬁ%)nf ((p (25pp+/([; ||x||g dr
+ lim inf 7@_1 Q(;E(gSﬁ,l)/ de
s 27 o el
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the right hand side of the inequality above is equal to

(o (90 o@D, ) g (ot (@G sy [ elu@)
i (“0 <2p/ R d)) o (“0 (Wﬁ(gp At

1

and, by the continuity of ¢ ™", it is equivalent to

(e[ QG [ p(|u(z)]) o1y QCh aep e(luz)])

Therefore, by the Fatou’s Lemma, we obtain that
.o (1 —1 ( QCh _
hrﬁbnfgo ! <25<I>8,¢(u)> >t <p+<1>¢(u)> — ¢ 1(0).

Thus, by the monotonicity and continuity of ¢, and being ¢ ~1(0) = 0, we get that

o 1 B I 1
hr;l&)nf <25¢>s,¢(u)> = <<p llrihnf <2$<I>SW(U))>
e 11
=0 <hr£1&)nfg0 ! <2$<I>SW(U))>
_1 { QG QC,
2@ <<P ' <p+b¢’go(u))> = Tf@w(u),
as desired.

In order to conclude the proof of the Theorem, let us refine the proof of the
lim sup estimate. To this aim, it is not necessary to modify Step 2 of Theorem (4.2
Instead, the following “new version” of Step I is needed:

Step 1b:

(30)

[u(z) — u(y)| dx
2s d
/G</{||z|@<;|ys}@< ly=" - x| ) y‘1~w§> !
1 (5Q0 [ e(u@)) 1 (o988 p(u@))
S“”[*” (%/G P d)“” (22 G [ P dﬂ

Indeed, by and the Minkowski inequality, we have that

ulx) —u dx
zs/ (/ s0<| (,)1 @) - Q) dy
¢ \J{llzlle<tlylc} ly=t-=llg /)yt 2|
B u(x dx
§¢[¢1<2s/</ so( |,1( )s) - Q)dy)
¢ \J{zlle<iivliey Ny~ zlE) |yt 2|
_ U dx
+ @ 1<25/ (/ @( Ll(y)‘ s) 1 Q) dy>:|
e \J{zlle<tivlcy Ny TH-zlE) fy=t 2|

and hence, and lead to .

Thus, named

o (e~ e\
W /G(/{;|y|g<|zn@<yﬁ}¢< ly=" - llg ) Iy‘l-xlq(g) !
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and

.. u(z) —u(y dx
(zz)::/ / gp(' (_)1 (S)|> - o | W
& \J{lele<tllyle} ly="-=llg /)y 2|

by , Step 1b, Step 2, the continuity of ¢ and ¢! and the Fatou’s Lemma, we
finally get

limsup s®; ,(u) < limsup 2s (¢) + lim sup 2s (4¢)

sl0 sl0 sl0
< limsupp | ! QQ?I)/ QO(W(ZBD de | + ¢t 25231305/ M(fﬁ)l)d:p
540 r= Je lzlg ¢ |llg

< ¢l Himsup QQ?b/ ¢(|u(f~)|)daj + 1 limsupQSQSﬁCb/de
510 P~ Je |z||F 540 ¢ |||

<olp (23@ ¢(U))+<P1(0) —2%%0,(w)

concluding the proof. O
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