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A Online Appendix

A.1 Auxiliary results

Throughout, we make use of the following version of Skorokhod’s representation theorem.

Theorem A.1l. [Kallenberg, 1997, Corollary 5.12] Let f and {fn}, >, be measurable functions
from a Borel space S to a Polish space T, and let & and {fn}n21 be random elements in S
with fn(&n) = f(€). Then there exist some random elements & 4 € and &, 4 &, defined on a

common probability space with fn(gn) L2 £(0).

The next lemma contains a result about the asymptotic continuity of the distribution func-

tion of Dickey-Fuller type-statistics under non-stationary stochastic volatility.

Lemma A.1. With M and V defined in Lemma 1, under Assumptions 1 and 2, let

_ Sy MdM @)y M(u)dM(w)
T = I and To = .
Jo M?(u)du VV Q) fi M2 ()du

Then the random cdfs Fy(-) := P(11 <o) and Fs(:) := P(12 < -|0) are sample-path continu-

ous a.s.
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ProOOF OF LEMMA A.1. We reduce the proof to the following well-known result (a, a, pp.
472-473). Let {X (u)}yefo,1) be a Gaussian process with mean zero and a continuous covariance
kernel, let ¢ : [0,1] — R be a square-integrable function and let & € R be arbitrary. Then the
distribution of fo ) + aq(u))?du is that of an infinite series of independent non-central x>
random variables and, as a result, it has a continuous cdf.

The random cdfs F; and Fb are determined, up to a modification, by the distribution of
(B, 0), such that the structure of the probability space on which (B, o) is defined is irrelevant
for the claim of interest. We therefore assume, without loss of generality, that the independent
processes B, and o are defined on a product probability space. Let (2, Fy, P, ) be the factor-
space on which ¢ is defined. Fix A € F, with P,(A) = 1 such that V(w,-) := [;0?(w,u)du
is well-defined, continuous and 0 < V(w,1) < co. Let I' := {a(w,‘) twE A} be the set of
trajectories for o when w € A. For every v € I, the process M,(-) := fO’y is a.s.
well-defined and fo M 2(u)du > 0 a.s. The result in the lemma will follow if the deterministic

cdfs P(7y1 < -) and P(72 < -) are continuous for every v € I':

P(rp=12)=0, P(rp=xz)=0, V(z,7) €RxT, (A.1)
where ) 1
Ty1 1= Jo Mo (w)d M (u) Ty = Jo My (u)dM, (u) '
Y fol M2(u)du ’ gl \/V(l) fol M2(u)du

In fact, (A.1) implies that F} and F» have sample-path continuous modifications, and moreover,
by continuity, F1 and F5 are indistinguishable from these modifications.
We turn to the proof of (A.1). For an arbitrary fixed v € I, define the time-changed ‘bridge’

process X, by
Vy(u)
v, ()

Then X, and M, (1) are independent, for they are jointly Gaussian with covariance function

X, (u) == My(u) — M,(1), wue€l0,1].

Vi (u)
V4(1)

Cov(X,(u), My(1)) = V4 (u) — Vy(1) =0, uel0,1].

In terms of X, and M, (1), we find

1M,(1)2 = V5 (1)

L ISP TAC AT
7 2 f0M2 w)du 2

JoHX (1) + M, (1)g5 (u))2du

and
M7<1>2 -~ V()

2 A2 (u) + M, (1), (u))2du.
for gy(u) := V,(u)/V4(1). The equality

Tv2 =

P(ryi = #) = B [P(ry; = 2 M, (1))] = 0



will hold for ¢ = 1,2 and any = € R iff
P(1y;i = x|My(1)) =0 a.s.

for i = 1,2 and any € R. In its turn, using the independence of X (u) and M, (1), the latter
will hold if

2 _

p<1 A :x) L

2 fo (X5(1) + agy(u))du

P 1 a2 — V'Y(]‘)

2
VVa() J (X, () + ag, (w)2du
hold for all z € R and a # +,/V,(1) (because P(M2?(1) = V,(1)) = 0), which in its turn will
hold if

=x| =0

P (/Ol(XW(u) + agy () du = x) =0

for any o,z € R. Since X, is a zero-mean Gaussian process with a continuous covariance and
¢y is square integrable, the equality in the previous display indeed holds, by o (a, pp. 472-473).
O

The second lemma in this section allows to combine the conditional convergence of a Gaus-
sian bootstrap process with a marginal convergence on the space of the data into a conditional

convergence of a pair.

Lemma A.2. Let the data be D, = (My,,U,) and let the bootstrap multipliers be W) =
(wi,...,wk), with D,, independent of W}. Let (M}, X,) be random elements of 2[0,1] x S
for some complete and separable metric space S, such that M) and X, are measurable respec-
twely w.r.t. (Dy, W) and D,,. Assume that M} is, conditionally on the data, a zero-mean

Gaussian prosess with independent increments and conditional variance function
Vi = ¢(Dn, Gn) + 0p(1),

wherereas X,, = (Dy) + op(1) for some continuous functions ¢ : 23(0,1] — 2[0,1], ¥ :
D)0,1] — S and for some G, € 2[0,1] satisfying G, — G in 2[0,1] for a continuous G €
210,1]. Then under Assumptions 1 and 2 it holds that

(M, X,) S (M*, X)|(M,U),

where M* conditionally on (M, U) is a zero-mean Gaussian process with independent increments

and conditional variance function ¢(M,U,G), whereas X = (M, U).



PROOF OF LEMMA A.2. Tt holds that (D, V") = (M,U,#(M,U,G)) in 25[0,1] by Lemma 1

and the CMT. Let v, be measurable functions such that V,* = v, (D,,). Based on Theorem A.1,

consider a Skorokhod representation D,, 2 D, and (M,U) 4 (M, U) such that (D, vn(Dy)) %3

(M,U,p(M,U,Q)) in 25[0,1].

On the added factor space of a product extension of the Skorokhod representation space,
W; then W/ is independent of D,. If y, are measurable functions such that

define W7 4

M} = i, (Dy, W), define M* = p,,(Dy,, W;). Conditionally on D,,, the process M is a zero-

mean Gaussian process with independent increments and conditional variance function vy, (Dy,)
and the functions v, in particular, are

n’

This holds because the conditional distribution of M*
determined by the distribution of (D,,, W) 4 (D, W;). By construction, the conditional vari-

ance function of M;'L‘ satisfies ’Un(D ) s (b(]\Zf .U, é) By fixing the outcomes in an appropriate
measure-one set in the factor space of f)n, it follows by an outcome-by-outcome argument that

M2, M*|(M,U), where M* conditionally on (M, U) is a zero-mean Gaussian process with

independent increments and conditional variance function ¢(M U, é) The convergence facts
M*|(M,U) jointly imply, by Lemma A.3 of a (a), the convergence
(A.2)

w

_>(I.S.

D, % (M,U) and M
(M, Dy) %, (NI*, NI, U)|(M, D)

on the Skorokhod representation space (in fact, by the proof of the aforementioned Lemma A.3,

also ga.s_).

Finally, if the measurable functions &, are such that X,, = &,(D,,), then &,(D,,) = ¢(D,) +
op(1) because this equality is determined by the joint distribution of (Dn,X’n) 4 (D, X5).

As 1 is continuous and upon conditioning convergence in probability to zero becomes weak

4

convergence in probability to zero, from (A.2) and Theorem 10 of e (w) it follows that

(M5, 60(Dn)) 5 (M, 46 (M, 0))| (M, U).
L (M, 60(Dn), D) and (M*, X, M,U)
]

The distributional equalities (M}, X,,, Dy,)
(M*,4(M,U), M,U) complete the proof.

A.2 Proofs
ProoOF oF LEMMA 1. We follow the approach of the proof of Lemma 1 and other intermediate

Lnu)

results in a (a). First, defining e; = 22 — 1,
Z 0'752675 £> 0
t=1
2()

sup |Up(u) — Vp(u)| = sup nt
u€(0,1]

u€(0,1]
by Theorem A.1 of v (a), since {et, Fi};~; is an mds by Assumption 1 and Ufn-JJrl =o:()

o2(-) by Assumption 2 and the CMT; this proves (8), because convergence in the sup norm



implies convergence in the Skorokhod metric, i.e., in 2[0,1]. Next, we apply Theorem 2.1 of s
(a) to
M, = [ ou(@dBn (),
0
noting that Assumption 1 implies sup,,~; n~ IS | E(2?) = 1, so that using Assumption 2, we

have
(on (), Bzn(), Mn(:)) = (0(-), Bz(), M(")) -
The CMT together with (8) then implies (7), because

/0 02(s)ds = - Z o + Ufnuﬁl(u — [nujn™Y), u € [0,1],

t=1
so that Un () = Vo (-) + 0p(1) = [;02(s)ds + 0p(1), i.e., Un(:) is a continuous functional of oy, (-)
plus an asymptotically negligible term. O

ProOOF Oor THEOREM 1. The idea of the proof is to construct on a special probability space
random elements distributed like (o, My, Uy, M, U}) and such that on this probability space
the convergence asserted in Theorem 1 holds weakly a.s.; on a general probability space it will
then hold =,,. Throughout, we use repeatedly the fact that for independent random elements
¢ and 7 and for a measurable real ¢ such that E(|¢(£,n)|) < oo, it holds that E(¢(&,n)n) =
E(¢(&,v))],=, a.s., with E(¢(£,v)) defining a function of a non-random v; see 1 (u, p. 341).
By Assumption 3, ¥nt are Gpp-measurable and hence are measurable functions of o, that

we denote, with a slight abuse of notation, by ¥ (0,). Let

eam(7) = B (02O e ()i fm )

for m € N and a generic non-random ~; then ey, (0y,) is a version of the conditional expectation
E <zt2ﬂ{|2t|>\/g/m}|an) because {vy: }j, and oy, are independent. Define B, ,, := n~1/2 ZtLZlJ Unt-
We apply Theorem A.1 with &, = (oy, Byyn), £ = (0, B2),

fn(fn) = (Uqu/;,sz,anan) and f(f) = (0'7@7@70007000)7

where Qy.pn, = n-t Zttilj V2, Qen = n-t Ztilj 22, L, = {n_l Yoy enm(an)}meN eR>, L, =
{nil oy zfﬂ{|2t|>\/ﬁ/m}}m€N € R>®, Q(u) = u,u € [0,1], and 0* is the zero sequence in
R, the Frechet space. The functions f, and f are defined on subspaces of the Borel space
95[0,1] with the Skorokhod metric and the induced Borel o-algebra, and take values in the
Polish space Z3[0, 1] x R* x R*> with the product of the Skorokhod and the Frechet metric.
The assumptions of the lemma imply (Qy.n,Qzn) TN (Q,Q), because (Qpn—Q,Q:n— Q)

is the partial sum process of n=1(¢)2, — 1,22 — 1), which is an mda with respect to F; since



E(W2,|Fi—1) = E(22|Fi—1) = 1 by the tower property; this partial sum converges to the zero
function in probability by the corollary to Theorem 3.3 of n (a). Noting that, by applying
Markov’s conditional inequality, L, 2 0% follows from the corresponding result for £, =

E(Ly|Gno), the assumptions of the lemma eventually imply f,(&,) — £(€).

Theorem A.1 then implies the existence of &, = (&n,fﬁ’v,n) 4 (0, Byn) and £ = (¢,B.) 4
(0, B,), defined on a single probability space and such that
(s Qo Qeans Ly L ) 1= Ful) =5 F(©) = (6.2, Q,0%,0%). (A.3)

Finally, we complete the set up by introducing a product extension of the previous probability

space with generic outcomes (w,w*) where a sequence {w;(w*)} 4 {w;} and a standard Brow-

nian motion Bf(w*) are defined; these are thus independent of {(&,, By.n)}n>1 and (&, By).
As Bun and &, are independent (because B, , and o, are), it holds for any integrable

random variable h(&y, Byn) that E(h(6n, Byn)|dn) = E(h(y, Bon))ly=s,. A similar equality

holds for the independent B, and &. Therefore, to prove any convergence of the form

B (h(on, Bun)lon) 3 B (h(5. B)lo) (A.4)

it is sufficient to prove that E(hy(yn, Bun)) — E(h(y, B.)) for all deterministic sequences
{Yn}n>1 in some set I' C P[0, 1] such that P ({6,}n>1 € T') = 1. We now choose and fix T".
Consider the outcomes @ such that convergence (A.3) holds at & and, moreover, ( |, ’ydB~;‘)\,y:5(o~J)
= (fo ON'dB:)((.ZJ, w*) up to indistinguishability w.r.t. the measure of B;“; here fo 'ydB~’; is a Wiener
integral defined on the factor space of B with square-integrable v € 2[0, 1], whereas IN 5dB? is
an Ito integral defined on the product space. A measure-one set of such outcomes @ exists; see
e.g. Lemma 3.2 of k (a). Define I' C Z[0,1] as the set of sequences {7,,(®)},~; corresponding
to @ in such a set, then P({Gy},; € I') =1 as required.

As noted in Remark 4.4, we may recover (M,,U,) (and hence the original data D,)
from (oy,, Byyn) as some measurable transformation, say my(oy, Byy,). Define accordingly
(Mn,f]n) = mn(&n,Bv,n) (and analogously Dn). With Z,; = 1/~1m27nt, where @Ent = Ynt(p)
and

int i= 12 (Bun(t/n) = Bun((t = 1)/m)).

define also the process Bz,n =12 Zfﬁf Znt =1 My (Gp, Bv,n), such that

s o d
(UnaBz,nyMna Un) = (O'nsz,naMna Un)

We proceed to the convergence of (Mn, Un) conditional on &, and prove that

E (Q(Bz,rn Mna Un)

5n) “ g (g@, M, v)) 5) (A.5)

6



for continuous bounded real g of matching domain; this convergence is of the form (A.4) with
hn = g o (Msn,my). In so doing, for any random element Z = ¢(&,, By,) we write Z(y,)
for ¢(vn, Un)' e.g., Bzyn(%) = mzm(’yn,l?v,n). By the discussion in the previous paragraph,
(A.5) will follow from the standard weak convergence of (B,..(Vn), Mun(yn), Un(yn)), for all
{n}n>1 €T, that we establish next.

For {Gn},cy replaced by a fixed {'yn}n21 €T, Zu(vn) = Ynt(Vn)0ne is an mda satisfying
the conditions of w (r)’s functional central limit theorem. First, E(vnt(yn)ne|{Oni}iz]) =
Ut (V) E (”Dnt\{ﬁm f_i) = 0 because the mda property of ¥,; is inherited from the origi-
nal probability space as {Un;}1; = {vm}l - Second, n~? EttnlJ E(2 () 02| {tni}i2)) =
nt thl V2, () = Qqﬁ’n('yn) — @, where the first equality is again inherited from the original
probability space, and the convergence by the definition of I'. Third, as ENn(’yn) — 0™ again by
the choice of I, it holds that n=1 3" | €pm(7n) — 0 for all m € N, which is equivalent to

—1 ~2
" ZE (Z”t(Wn)ﬂ{\int(%)b\/ﬁ/m}) =0, meN,
t=1

by the definition of e,,, and implies the Lindeberg condition in its usual form

n>E (2?1,5(’yn)n{'%m(%)‘> ﬁe}) o
t=1

for all € > 0. Therefore,
BZ:TL (ryn) E} B;a
in the sense that E(g(B..(ym))) — E(g(B?)) for continuous bounded real g with matching

domain. For the same fixed ~,, this in turn implies that

Mnm):/%( 4B (1, 70) %/

where v = lim 7, exists in Z[0, 1] by the choice of v,,. More precisely, by Theorem 2.1 of s (a), as
sup,>1 Doy E(Z2(n)) = sup, > an(l, Yn) < 00, the previous convergence holds jointly with
that of Bz’n, such that E(g(an(’yn),Mn(’yn))) — E(g fo ’ydB* ) for continuous bounded

real g. Furthermore, using

U, = _1Zatwnt+n_120t<m n)

Ln-]

:/0.&121(u)d6~2¢7n(u)+n_12~2( —42,) +o(1)

t=1

uniformly, it follows that Uy, (7,) - Jo 7*(u)du by Theorem A.1 of v (a), since Z2(vn) — V2, (Yn)

is an mda. As convergence in probability to a constant is joint with any weak convergence of



random elements defined on the same probability space, the convergence

E[g@zmﬂ),Mnmﬁnm))}+E{Q(BZ / dB; / ﬂ

is true for continuous bounded real g and {v,},~; € I', with lim, o 7, = 7. Recall that, by

the choice of I, for @ in a set of probability one it holds that {5,(®)},5; € T, on(@) — 6(®)

B, ([ 2dB:) @), [ 2)| = (B ([ aB) @wr). [ $@)
(e (o) )|, = (50 ([ o08:) @ [0

up to B’;—indistinguishabﬂity. Since Bj is independent of &, the two previous displays jointly

&n] B [g (B:,/ &dB:,f/) &} .
0

and

imply

E [Q(Bz,na M, ﬁn)

The proof of (A.5) is completed by using the distributional equality (B, M, V) i fo GdB*,V
We turn to the bootstrap processes. Define
3 [n-] 3 Ln-] 3
B:, =02 gy, Myo=n'?> Gggaf, Upi=n' Z 5222012
t=1 t=1

Here we show that

2 M, U

E( (B

Gn Bun) ¥ B (g(BL, 1, V)| )

for continuous bounded real g, where Bj is a standard Brownian motion independent of (&, Bz),
and M* := IN &dB*. Given that {0} and (&, B.) are independent, as in the proof of (A.5), we
could proceed by fixing {(7n, bn) }n>1 € I'B, where I'B is an appropriate set with P((6y, Bgvyn)nzl

€ I'B) = 1, and then discuss the standard weak convergence of (B}, M, U) as a transforma-

z,n?
tion of (Y, by, {10]}) instead of (&, B, {i;}). Since now (5,, Byn) and {0} } are defined on a
product space, we implement this equivalently by fixing outcomes @ in the component space
of (6, Byy) and letting the outcome in the component space of {w;} be the only source of

randomness. In what follows, fix an @ in a probability-one set where convergence (A.3) holds.

Then -
n 2N gu(@)at S B,
t=1
because n™! " B[22, (@) (@) = n™ Y7 24(&) = Qon(@) — Q and
5) = {n 'Y @U@ > Vim0
by the choice of @, such that the following Lindeberg condition holds for every m € N:

ntS T BIER @) (@) B (@) > vn/m)]



<73 BIE@) @)U Eu (@) | > Vi /m, 7] < K))
Y 1E[zm@)(w:)?ﬂ(rsm(@)w:\ > Va/m, @] > K)]
<73 Z@(|E(@)] > Vi) (mK)
+ (@) 1(jw5| > K)] -0 S 2
— B{(@})L(ai| > K)} — 0.

It follows that M*(@) = n~'/2 Zt 1 64(@) Z(@)w; = [ 5( ©)dB¥. Further,
Ur@) = ot Z oy
= 0 12@ (@7 1) B 7 (@),
using Theorem A.1 of v (a). Since V(&) is non-random, the last two convergence facts are joint:
B |g (M), U3(@)] = B9 (3" (@).V(@))]
for continuous and bounded real g. As in the first part of the proof, by the product structure

of the probability space and since the set of considered outcomes @ has probability one, the

previous convergence implies that
and eventually, as (M*,V,&

n, By n) can be replaced by conditioning on D,, because (M, U*)

&, By.p) and {w;}
We can conclude from (A.5) and this result that

Notice that conditioning on

is a measurable function of (&

(E [h(Mn, 0,)

ou| B |90, U)

D"D @y (E [h(M,V)‘ 5] E [g(M,f/)‘ aD
for all continuous and bounded real h, g, whereas on a general probability space

(B [M(Ma, Un)l on] . E[g(M;;, Uy)| Da]) = (E [W(M, V)| 0], E [9(M, V)] o]), (A.6)
because (6, My, Uy, Dy, M, Uf;) 4 (ony My, Uy, Dy, M, UY). This is precisely the definition

of the joint —,, convergence in the theorem. O

PROOF OF COROLLARY 1. From (A.6) with h = g = 7, if the random cdf P(7(M,V) < -|o)
a.s. has continuous sample paths, conditional validity of the bootstrap as in Corollary 1 follows

from Corollary 3.2 of v (a). O



PrROOF OF LEMMA 1. For any K € R, consider the continuous function gx : R — [0, 1]
defined by gK([B) = ]I(—oo,K] (1’) + (K +1- x)]I(K,K—i-l]' Then ]I(—OO,K] < 9K < ]I(—OO,K—H] and the

convergence T, u—f;w 7*|o implies that
Fr(K) < B*(gr (1)) = B(gx (1)]o) < F*(K +1),
where F*(K + 1) = P(7* < K + 1|o). Therefore, for all g € (0,1),

liminf P(F;(K) < q) > P(F*(K +1) <q).

n—o0

As a result,

liminf P(F, (1) < q) > liminf P(F) (1) < ¢, 7 < K)

n—00 n—00
> liminf P(F;(K) < ¢,7, < K)
n— oo
> liminf P(F;(K) < q) — lim P(r, > K)

> P(F*(K +1) <q),
since 7, B 50 means that lim,, oo P(7, > K) =0 for all K € R. By Markov’s inequality,
PF*(K+1)<q)>1—¢'B(FF(K+1)=1-q¢ 'P(r* <K +1),
and the proof is completed by letting K — —oo.

PROOF OF EQ. (23). Notice that

A ln-] /-1 2
Un() = nt Z (Z %‘&—i)
t=1 \i=0
[n-] t—1 n] t—1 i—1

= n7! Z Z wizsg—i +2n7 Z Z Z ijes_igp—j

t=1 i=0 t=1 i=0 j=0
=t ain() + azn("),
with a1,(-) and az, () implicitly defined. First, as,(-) = op (1) uniformly in - € [0, 1], similarly
to Lemma A.7 in a (a). Second,

o)t

[7] 00
ain(-) = nt ZE? Z %2 = (Z 1/’?) Un(+) + ba(-),
t=1 =0 =0
with

[n-] 00
ba()i=n"'> e | > W
t=1

i=|n-|—t+1

10



Since the v;’s are exponentially decaying, there exist constants C' and p € (0,1) such that
Zi[n-ktﬂ P2 < Cplml=t+1 Using the facts that maxi—i__, 07 = O,(1) by Assumption 2 and
E(2?) = 1 by Assumption 1, it holds that

nu|

|
sup bp(u) < Cn~' sup o2z2pln =t

u€0,1] uel0,1] 3=
[n] )
< C| max 02> <n_1 max z2> sup n]—t+l
(t:l,...,n t t:l,...,n t uE[O,l} ;p
= 0,(oy(1) S = 0,(1).
t=1
Hence, Un(-) = (3520 ) Un(+) + 0, (1) - O
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