ARCHIVIO ISTITUZIONALE
ONIVERSITA DI BOLOGNA DELLA RICERCA

Alma Mater Studiorum Universita di Bologna
Archivio istituzionale della ricerca

Investigating the influence of the grain size and distribution on the macroscopic dielectric properties of
Antarctic firn

This is the final peer-reviewed author’s accepted manuscript (postprint) of the following publication:

Published Version:

Olmi R., Bittelli M., Picard G., Arnaud L., Mialon A., Priori S. (2021). Investigating the influence of the
grain size and distribution on the macroscopic dielectric properties of Antarctic firn. COLD REGIONS
SCIENCE AND TECHNOLOGY, 185(May 2021), 1-10 [10.1016/j.coldregions.2021.103254].

Availability:
This version is available at: https://hdl.handle.net/11585/813154 since: 2021-03-07

Published:
DOI: http://doi.org/10.1016/j.coldregions.2021.103254

Terms of use:

Some rights reserved. The terms and conditions for the reuse of this version of the manuscript are
specified in the publishing policy. For all terms of use and more information see the publisher's website.

This item was downloaded from IRIS Universita di Bologna (https://cris.unibo.it/).
When citing, please refer to the published version.

(Article begins on next page)

07 July 2024


http://doi.org/10.1016/j.coldregions.2021.103254
https://hdl.handle.net/11585/813154

This is the final peer-reviewed accepted manuscript of:

R. Olmi, M. Bittelli, G. Picard, L. Arnaud, A. Mialon, S. Priori,

Investigating the influence of the grain size and distribution on the macroscopic dielectric properties of
Antarctic firn,

Cold Regions Science and Technology, Volume 185, 2021, 103254, ISSN 0165-232X,

The final published version is available online at:

https://doi.org/10.1016/j.coldregions.2021.103254.

Terms of use:
Some rights reserved. The terms and conditions for the reuse of this version of the manuscript are specitied
in the publishing policy. For all terms of use and more information see the publisher's website.

This item was downloaded from IRIS Universita di Bologna (https://cris.unibo.it/)
When citing, please refer to the published version.




Cold Regions Science and Technology

Investigating the influence of the grain size and distribution on the macroscopic

Manuscript Number:
Article Type:
Keywords:

Corresponding Author:

First Author:
Order of Authors:

Abstract:

Suggested Reviewers:

dielectric properties of Antarctic Firn

--Manuscript Draft--

Research Paper

Antarctica, dielectric measurements, ice cores, dielectric model, full wave EM
simulations, firn

MARCO BITTELLI
University of Bologna
Bologna, WA ITALY

Roberto Olmi, PhD
Roberto Olmi, PhD
MARCO BITTELLI
Ghislain Picard, PhD
Laurent Arnaud, PhD
Arnaud Mialon, PhD
Saverio Priori, PhD

This study is based on the analysis of detailed measurements of firn dielectric
properties performed in Antarctica through coring down to 106 meters. Dielectric
measurements in the frequency band (0.4 - 2.5 GHz) have been carried out using an
open-resonator probe. Density was also measured for the same samples. The
experimental results confirmed the well-known dependence of the real part of
permittivity € ' on depth and density, showing an increase of ¢ ' with density. The
imaginary part also increases with depth with a rather complex dependence on
frequency, probably due to the presence of salts or impurities. The analysis of the
experimental data was performed by implementing 3D and 2D full wave numerical
models, to simulate a mixture of firn crystals at prescribed densities, corresponding to
the measured densities on the ice cores. The numerical analysis of the ensemble of
inclusions showed that the usual symmetric formulae used for modeling ice dielectric
properties agree with the average results of the simulation but they are not able to
explain the spreading of the measured data at given density. A dielectric model was
developed allowing for quantification of the dependence of dielectric properties on
density, by combining two models: one consisting in firn crystals into an air host, the
other assuming the presence of air inclusions into an homogeneous firn host. The
weighted equation is based on the volume fraction. A simple geometric shape
(ellipsoidal) is assumed for both ice crystals and air inclusions. This kind of shape is
reasonable for the purpose of the dielectric study. The result is a mixture, smoothly
changing from firn particles in air (low density) to air bubbles in an ice matrix (high
density). A statistical analysis has been accomplished to investigate the dependence of
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1 Abstract

This study is based on the analysis of detailed measurements of firn dielectric
properties performed in Antarctica through coring down to 106 meters. Dielec-
tric measurements in the frequency band (0.4 — 2.5 GHz) have been carried out
using an open—resonator probe. Density was also measured for the same sam-
ples. The experimental results confirmed the well—known dependence of the
real part of permittivity € on depth and density, showing an increase of ¢’ with
density. The imaginary part also increases with depth with a rather complex
dependence on frequency, probably due to the presence of salts or impurities.

The analysis of the experimental data was performed by implementing 3D
and 2D full wave numerical models, to simulate a mixture of firn crystals at
prescribed densities, corresponding to the measured densities on the ice cores.
The numerical analysis of the ensemble of inclusions showed that the usual
symmetric formulae used for modeling ice dielectric properties agree with the
average results of the simulation but they are not able to explain the spreading
of the measured data at given density.

A dielectric model was developed allowing for quantification of the de-
pendence of dielectric properties on density, by combining two models: one
consisting in firn crystals into an air host, the other assuming the presence of
air inclusions into an homogeneous firn host. The weighted equation is based on
the volume fraction. A simple geometric shape (ellipsoidal) is assumed for both
ice crystals and air inclusions. This kind of shape is reasonable for the purpose

of the dielectric study. The result is a mixture, smoothly changing from firn
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particles in air (low density) to air bubbles in an ice matrix (high density).

A statistical analysis has been accomplished to investigate the dependence
of the dielectric properties on the geometrical arrangement of the inclusions.
For that purpose, a large number of simulations with different arrangements
(micro—states) giving rise to the same average density (macro—state) has been
carried out. The permittivity change due to micro—state variability appears
to be at least two—three times the model variation due to density alone, and
comparable to the measured variability at a given depth, suggesting that firn
structure has a significant effect on the dielectric properties.

Keywords: Antarctica, dielectric measurements, ice cores, dielectric model,

full wave EM simulations, close-off, firn

2 Introduction

Remote sensing techniques employed to measure Antarctica ice thickness, such
as as radars or radiometers, require an accurate estimation of ice dielectric prop-
erties. The real and imaginary part of ice permittivity is one of the most im-
portant variables determining the penetration depth or scattering of EM waves.

A variety of studies have been presented in the last decades to propose
models of electric permittivity of snow and firn. An early work by Polder and
van Santen (1946) computed the effective permittivity of a material consisting
of a host medium in which solid particles or empty holes, assumed of ellip-

soidal shape, are packed together. Tiuri et al. (1984) measured the complex
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permittivity of firn at microwave frequencies, concluding that it is practically
independent of the microstructure for density up to 500 kg m=3. Matzer (1996)
measured the permittivity of dry snow in 90 samples at different sites in the
Swiss and Austrian Alps and showed the strong dependence of the real part of
snow permittivity on density. The author also presented a formulation based on
the effective medium formula (Polder and van Santen, 1946), and he concluded
that the formulation for oblate spheroidal particles was the most appropriate
and that the structure of the firn crystals have an effect on permittivity.

The transition between snow, firn and ice is based on density. Firn be-
comes ice when the interconnecting air— or water—filled passageways between
the grains are sealed off, a process called pore close-off. This value depends
on density and it usually occurs around a density of 830 kg m~2 (Cuffey and
Paterson, 2010). In this study we will refer to firn, since the measured densities
are usually below this threshold.

A general overview of the different electromagnetic mixing models was
presented by Sihvola (1999), discussing a variety of approaches including clas-
sic mixing approaches, homogeneous and in—homogeneous inclusions, isotropic
and anisotropic media and others. Among the various models, the continu-
ous or bi—continuous random structure models showed promising results in the
interpretation and modeling of dielectric spectroscopy or remote sensing data.
Karkkainen et al. (2000) presented a numerical analysis of electromagnetic fields
in random dielectric materials. The calculated permittivity distribution were

compared with theoretical mixture models. They concluded that all the possible
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permittivity values lie between the Wiener limits, and the values were almost
always between the Hashin—Shtrikman limits.

When studying the dielectric properties of firn the most relevant variables
are the density, at a macroscopic level, and orientation, size and shape of ice
crystals on a microscopic scale. The crystal size can be represented by the
average crystal area (Jun and Jacka, 1999), defined as the surface of an ellipse
whose long and short semi-axes correspond to the radii of the largest inscribed
circle and the smallest circumscribed circle, respectively, for a given crystal. The
average crystal area of Antarctic firn is a function of depth. Crystal orientation,
expressed for example by the crystallographic c-axis, has been shown to be
practically random in polar ice cores (Jun and Jacka, 1999). If the crystal
is roughly represented by an ellipsoid, which is acceptable for the purpose of
the dielectric model, another parameter possibly influencing permittivity is the
aspect ratio, which is descriptive of the crystal shape.

From the dielectric point of view, firn is modeled as a binary mixture,
made of “pure” firn/ice and air. Different approaches (Sihvola, 1999) bring to
symmetric formulae, where inclusions and host can be interchanged with no
consequence on the effective permittivity, or to non—symmetric formulae based
on the Maxwell Garnett theory, where the host material is that having the
dominant volume fraction.

An analytic formula is only able to represent the average measured di-
electric constant as a function of density or volume fraction. The choice of a

non—symmetric model involving firn inclusions in air appears reasonable for
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low—density material, while it does not appear meaningful for high—density
material where a suspension of air bubbles into an ice host is physically more
based. No analytic formula is able to handle inclusions having different shapes,
size and orientation. Therefore a numerical method of analysis is needed.
Direct measurements of the dielectric properties of Antarctic ice, such as
“dielectric profiling” (DEP) measurements on sampled firn cores, are scarcely
common in the literature. The first comprehensive measurement was performed
by Moore (1988), with a profiled firn core of 130 m depth in Antarctica, to mea-
sure the reflection coefficient and electrical conductivity to derive the dielectric
properties. However, the measurement was limited to the range of 20 Hz to
300 kHz. Wolft et al. (1997) and Wolff (2000) focused on conductivity measure-
ments, but the early attempts to measure firn’s permittivity by DEP (Moore,
1988) were not pursued with more extensive campaigns and at higher frequen-
cies of interest for space-borne radar and radiometers. Suguyama et al. (2010)
measured the permittivity of the upper 1 meter snow layer at 35 locations, along
a transect of approximately 50 km, using a transmission—line resonator. The
measurements provided information in the horizontal direction, but to a shallow
depth of 1 meter. Grimm et al. (2015) analyzed dielectric spectra (0.1 Hz — 1
MHz) of 49 firn samples in Antarctica. However, they did not explore higher
frequencies and did not collect detailed and extensive measurement on a single
core down to over 100 meters depth. Overall, there is need to obtain detailed
DEP in depth (at least at up to the close—off) in the frequency bands where

space-borne radar and radiometers operate.
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This study reports the results of direct measurement of dielectric prop-
erties, density and specific surface area, performed at Dome—C in Antarctica
(Concordia Experimental Station) down to 106 meters, through the collection of
firn cores. The dielectric measurements were performed by an open—resonator
probe (Olmi et al., 2019), providing high accuracy measurements of both the
real and the imaginary parts, in four narrow frequency bands around 400, 880,
1100 and 2500 MHz, as a function of depth z and density p. Measurements of
the complex permittivity of firn were performed in situ and later repeated on the
same samples transported in a cold laboratory. For the aim of interpreting the
variability of experimental permittivity at given density, two— and three— di-
mensional numerical models has been implemented, based on the Finite Element
(FE) method. Computed dielectric permittivities are compared to experimental
data and to existing mixture models to obtain a formulation for firn permittivity
allowing to take in account the variability due to the microscopic arrangement

of firn crystals.

3 Materials and Methods

The dielectric measurements described here have been conducted at the Concor-
dia Station in Antarctica (73°30’S 123°00’E), on a core of firn drilled down to 106
meters depth. Measurements were performed on core slices of 10 cm thickness,
whose density was also measured and recorded. A total of 930 samples have

been measured in situ, i.e. one every 10 cm, with two different open—coaxial
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resonant probes, the first operating at about 900 MHz in air (2700 MHz in
second harmonic), the second at 400 MHz in air (1200 in second harmonic).
Measurements concerned depths from about 3 to 106 m, because the first 3 me-
ters of core were damaged. Sample temperature was -20 ©C. The samples were
later moved into a cold laboratory in Firenze (Italy), where measurements were
repeated at -19 ©C, on 92 samples spaced about 1 m between them. In both
cases only one point per sample was measured, with the exception of a limited
number of them for testing purposes.

The electromagnetic technique used for dielectric measurement, based on
a open—resonator probe, is thoroughly described in Olmi et al. (2019). The
frequency band of interest for the study is 400—2500 MHz, because of the remote
sensing applications relevant for the study itself.

The density of the samples used for dielectric measurements was directly
deduced from mass and volume measurements. The diameter and height of each
sample, assumed to be cylindrical in shape, were measured with a caliper, and
mass was measured with a precision balance. Largest uncertainty came from the
volume measurement, and accuracy of such density measurements on cohesive
firn core samples is estimated to be better than 10 %.

In this work we will not be concerned with the variation of dielectric
properties with frequency, the attention being focused on the dependence of
permittivity on firn structure at a fixed frequency. Therefore, we will refer all
future considerations to a nominal frequency of 1 GHz, although the data are

shown for the measured frequencies.



= 4 Theory

s 4.1 Numerical Simulation

1o The dielectric model consists in a host medium containing a random distribution
61 of inclusions (spheres, ellipsoids), of different size and orientation, possibly over-
12 lapping. The host medium can be air and the inclusions ice crystals, or the op-
13 posite. Borrowing the notion from statistical physics, we define “micro—state”
16 a specific geometrical arrangement of inclusions. The average physical proper-
65 ties (the “macro—state”) are obtained in principle by averaging on all possible
s micro—states. Therefore, generating geometrical arrangements corresponding
17 to the same material density, we can compute the macro—state permittivity by
168 averaging on the micro—states. At the same time, by looking at the statisti-
1o cal distribution of the micro—state permittivity we obtain information on the
o influence of the geometrical arrangement on the complex permittivity variation.
m Both three—dimensional (3D) and two—dimensional (2D) models have
2 been implemented. The composite material fills a section of a parallel—plate
s wave—guide supporting a transverse electromagnetic (TEM) propagation mode.
s In the 3D case, the parallel—plate guide is realized by imposing a “perfect—magnetic
s wall” condition on two surfaces normal to the magnetic field vector, as shown
e in Figure 1. The EM wave, propagating along the y direction, has the electric
w7 field polarized in the z—direction and the magnetic field in the x—direction.
s The input port is the y=0 plane, while a perfect electric reflector is placed at a

1o distance d from it.
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Figure 1: Geometry of the TEM waveguide. Electric field is z—directed, mag-
netic field is x—directed, wave propagation is along y. The “grayed” surfaces
are the perfect magnetic walls.

Computing permittivity by means of the 3D model is very time—consuming,
in particular for densities that require a large partial volume fraction of the “in-
clusion” phase. The statistical analysis to be performed on the ensembles of
micro—states, requires the electromagnetic computation to be repeated hun-
dreds of times for a given density value. It was observed that, for a given
density, the distribution of the real and imaginary parts are practically identi-
cal for a 3D model of prolate spheroids and for a 2D model of ellipses, having
semi—axes and orientation in the same range of values. As an example, figure 2
respectively refer to 3D and 2D distributions giving rise to a firn density of 800
kg m—3.

The difference among 3D and 2D simulation is not only in the additional

dimension of the former, which dramatically increases the number of degrees

10
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Figure 2: 3D distribution of spheroids and 2D distribution of ellipses (air inclu-
sions in firn) corresponding to an firn density of 800 kg m~3.

of freedom of the FEM problem (or, in other terms, the order of the system of
equations to be solved). Both in the 3D and 2D case, the inclusions are modeled
as geometric parts and, as such, they require to be meshed (with tetrahedra in
the 3D case or triangles in 2D). As a consequence, a geometry having a large
number of inclusions, possibly overlapping, requires a huge number of mesh
elements. Our approach, in the 2D case, is to generate the proper geometry
(i.e. the distribution of inclusion giving the required average density of firn) and
to include the information about the inclusion topology in a space—dependent
permittivity e(x,y), which is a continuous analytical function. Although that
function has sharp edges at the interface between two materials (host/inclusion),
the geometry and the mesh topology of the problem remain unchanged.

Table 1 shows the differences between 2D and 3D for 400 micro—states,

3

for a material having a density p = 800 + 0.36% kg m™3.

The almost perfect equivalence among 3D and 2D models suggests re-

11
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Table 1: Comparison between the 3D and 2D mode

3D 2D

) 7 ) )

€ € € €
28 £25% 1.25x1073 £4.7% | 28 £2.3% 1.32 x 1072 £+ 4.5%

sorting to a 2D model for the statistical purpose. The electromagnetic model
used to compute the complex permittivity of firn is reduced to a section of
parallel—plate waveguide, excited at one end (input port) by a TEM mode and

short—circuited at the other end (Figure 3).

Bo

W
™

—_—>
Zin

Figure 3: Transmission line equivalent circuit of the plane—wave propagation
problem

The complex reflection coefficient computed at the input port contains the
information about the permittivity of the material filling the waveguide. The
choice of a full—wave solution, analogous to what proposed in Karkkainen et al.

(2000), has been preferred to the quasi—static approach proposed by Tuncer

12
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et al. (2001) and frequently used in the modeling of random media, e.g. in Zhao
et al. (2004). The reason is that while the scale of the inclusions is such to fulfill
the requirements for a quasi—static approximation at about 1 GHz, the necessity
of having a sufficient volume (surface in 2D) to include a suitable number of firn
particles of different size brings to a macroscopic dielectric sample whose size is
not sufficiently smaller than the wavelength in firn. If the mean surface of the

2

inclusions is in the order of 1 mm?®, simulating firn with porosity 0.5, a sample

surface of 1000 mm?

contains 500 inclusions. Assuming a rectangular sample
surface, the characteristic length (CL) is in the order of the square root of 1000,
which is about 1/10 of the wavelength in air, and 1/6 of the wavelength (\) in
firn. These values are too large for a quasi—static approximation, requiring at
least CL < A/20.

The reflection coefficient at the input of the firn—filled space is computed

in terms of the impedance Z;,, = jZ.tan(8d) at the same interface:

Zin — Zo _ jtan(Bd) — Ve

Fin = = -
Zin+Zo  jtan(Bd) + /€

where:

B = kove (2)

Ze - ZO/\/E (3)

are the complex wave number and characteristic impedance in firn, respectively,

13
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while kg and Z; are the same quantities in air. The reason for including a “vir-
tual” section in air (actually, it is zero length) is that the FEM code normalizes
the computed scattering parameters to the free space impedance. The algo-
rithm for computing the complex permittivity ¢ uses a FEM engine, based on
COMSOL Multiphysics®, integrated in MATLAB® code by LiveLink®.

The procedure for computing € is the following. Given the desired density
value pp, distributions of ellipses with random orientation (between 0 and 7/2)
are generated to fulfil a requirement about the “computed” density pc = pp +
A. An algorithm was written in MATLAB® to generate a certain number of
particles of variable size and shape at spatial intervals (fixed on physical basis,
as described later), to achieve a target density corresponding to the measured
density as function of depth. During the iterations the algorithm adjusts the
lengths of the semi—axes, the aspect ratio (AR) and the angle of the generated
ellipses.

The complex permittivity e computed inverting (1) for density values p¢
belonging to the interval (pp — A, pp + A) automatically takes into account the
dependence on density. The operation of inverting (1) maps the I" interval onto

an € interval, depending on the density variation:

(L'(pp = A), T'(pp + A)) = (elpp — A), €(pa + A))

In relatively shallow firn the average crystal area (ACA) of Antarctic
firn/ice increases about linearly with depth. From Lipenkov et al. (1989) and

Jun and Jacka (1999) the ACA changes from about 0.4—0.9 mm? at a depth of

14
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10 m to 1.4—1.6 mm? at 100 m. Arnaud et al. (1998) presented experimental
data and a physical model (Arnaud et al., 2000) on the transformation of dry
snow to firn and the of snow/firn and ice in the upper part of the polar sheets.
Few data are available concerning the dependence of crystal orientation on depth
for shallow firn, but it is reasonable (see, for example Jun and Jacka (1999))
to assume a random orientation for the c—axis. Moreover, the orientation of
elliptical inclusions does not have a marked effect on the average permittivity
in a medium with randomly oriented inclusions (Sihvola, 1999), as an expected
effect of the random dipole polarization moment. That characteristic has been
confirmed by the numerical simulations described later in this paper.

In Azuma et al. (1999) the aspect ratio at the lowest reported depth (about
100 m) is about 1.7. We can reasonably assume a linear dependence of the
average aspect ratio between 1 and about 2 from the surface to 100 m depth,
as an effect of firn compression.

For each density, a number (e.g. 100) of simulations are conducted to
investigate the dependence of the dielectric properties on the micro—state con-
figurations. From experiments, the dependence of density with depth is known.
For each couple (depth, density) set in the numerical model, the average aspect
ratio and the average particle diameter is fixed, and two sets of simulations are
performed: one involving firn inclusions in air host medium, the other involving

air inclusions in an ice host medium.

15
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4.2 Dielectric mixing formulae

The effective permittivity of a random mixture (Sihvola, 2000) cannot be sum-
marized by a closed—form analytic expression, although some work on the ana-
lytical treatment of a dielectric containing random metallic inclusions has been
done in the recent past (Koledintseva et al., 2006).

The results from numerical simulations of random inclusions in a host
material do not agree with homogenisation formulas like that of Bruggeman
(Sihvola, 1999) or, which is the same, the frequently used formula derived from
the theory developed by Polder and van Santen (1946). The reason is that such
formulae are symmetric in the permittivity of the inclusion material (¢;) and of

the host environment (e.):

€e — €Em € — €m

+v =
€e + 2€,, € + 2€,

(1-v) (4)

where €, is the (effective medium) mixture permittivity and v is the volume
fraction of the inclusion material. Numerically simulated dielectrics do not
exhibit such a symmetry: the effective permittivity of an arrangement of ice
inclusions in air, computed as a function of the density, is different from the
permittivity of an arrangement of air inclusions in ice. As a consequence, if the
inclusions were supposed to all have the same shape, the generalized Maxwell
Garnett (MG) approach for ellipsoidal inclusions would be the correct choice
(Sihvola, 1999). Actually, the MG formula is inherently non symmetrical so,

given the density p of the material, and computing the air volume fraction v (py

16
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is the density of pure ice):

Pr—p
U:pI—l (5)

leading to two different dielectrics: (1) an ice bulk medium containing a volume
fraction v of air, or (2) an arrangement of firn inclusions having a total volume
fraction 1 — v, in air. Dielectrics (1) and (2) are described by two different MG
formulas.

Just to show the connection between the MG approach and the Bruggeman
formula, suppose the inclusions are oblate spheroids with semi—axis a and b in
the ratio # = b/a = 2. The dielectric constant ¢;, assumed real, of the inclusions
can be that of ice (3.15) or air (1). Correspondingly, the dielectric constant of
the external medium €. will be 1 and 3.15, respectively.

Given the spheroid eccentricity e = v/#2 — 1, the MG formula for random
inclusions involves the depolarization factors along axes parallel to the main

directions (denoted by the numerals 1 to 3), given by (Sihvola, 1999):

A= et (e) (6)
. 1—2A1 "
Ay = A (8)

The effective MG dielectric constant €, is:
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(10)

By exchanging the role of inclusion and host, two non—intersecting curves
are obtained as function of the air volume fraction v. With reference to figure 4,
the dashed line is the dielectric constant of an ice host with air inclusions, while
the dotted curve is the dielectric constant of an air host with ice inclusions,
both as a function of the air volume fraction. The curves do not assume the
same value in v = 0.5, because of the formula asymmetry and, furthermore,
they have slightly different maximum and minimum values for pure ice (clearly
they coincide for v = 1, i.e. in pure air). But, if it is reasonable that quasi—pure
ice (e.g. at firn/ice transition where density is about 830 kg m~3) is “solid ice
with air bubbles”, and it is equally meaningful to consider snow as “ice crystals
suspended in air”, a transition between the upper and the lower model of Figure
4 must be defined.

The simplest transition is a linear transformation from the former (a/i: air
in ice) to the latter (i/a: ice in air), or in other words to compute the mixture
dielectric constant ¢, as follows, where the inclusion volume fraction has been

substituted by the material density p which is the parameter of interest:
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Figure 4: Dielectric constant of an ice/air mixture computed by the MG formula,
as a function of the volume fraction (see text)

em(p) = [L = n(p)l €isa(p) +n(p)easi(p) (11)
with:
p—1
n(p) = - (12)

Such a linear relation is such that the dielectric constant for v = 0.5 is
exactly the mean value between those of the upper and lower curves at the same

volume fraction. The solid line in figure 4, representing the linear transformation
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from the a/i to the i/a model, almost perfectly corresponds with the

dielectric

constant computed by the Bruggeman formula (4), confirming the validity of

the linear transformation. Figure 5 shows such a correspondence: the maximum

percentage deviation from the Bruggeman formula is less than 0.7 %.
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Figure 5: Relative percentage deviation of the linear formula (11)
Bruggeman effective dielectric constant
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5 Results

5.1 Experimental Results

The measurement procedure and, in particular, the electromagnetic model of
the open—resonator probe, is described elsewhere (Olmi et al., 2019). Two
cavity resonators are used, operating in first and second harmonics.

Briefly summarizing, for each cavity two calibration measurements are
conducted — one in air, one with the probe placed on a reference dielectric —
at the beginning and at the end of a session (usually half a day), after a full
calibration of the vector network analyzer used to measure the transmission
through the microwave cavity.

Figure 6 depicts the dielectric constant as function of depth at four fre-
quencies (first and second resonant mode of the two cavity resonators employed),
while figure 7 shows the measured loss tangent at the same frequency values.
The smooth lines of both dielectric constant and loss tangent are a result of a
“smoothed” calibration procedure, not of a direct smoothing or interpolation
of the measured data. The transmission coefficient in every session is inverted
to give the complex permittivity using the “local” calibration, i.e. that relative
to the session (red dots). As an alternative, the calibration parameters at each
frequency can be used to build a smoothed calibration curve, which brings to
the solid—line values in figures 6 and 7.

It clearly appears that the real part of permittivity weakly depends on

frequency and exhibit the same dependence with depth. The same is not true
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Figure 6: Real part of complex permittivity versus depth

for the imaginary part, whose dependence on frequency appears rather complex,
probably due to the presence of salts or impurities, although generally increas-
ing with depth. This could hopefully be confirmed by a cross—check with the
findings of physical—chemical analyses currently in progress.

Figure 8 shows the measured density of the core slices as a function of the
slice depth. The dependence of density p on depth z appears to be described

by a power—law relation:

p(z) =azl + ¢ (13)
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Figure 7: Loss tangent versus depth

which corresponds to the solid line in the figure. The dashed line refers to
the bi—exponential fitting model introduced by Arthern et al. (2013), whose
rationale is based on the existence of a critical density where a discontinuity
appears in the derivative of p(z). That kind of relationship does not appear to

describe well our experimental data.

5.2 Numerical Results

Two sets of simulations are conducted, to follow the procedure summarized by

equation (11). The first set allows to compute €;/4(p, 2), the second €,/;(p, 2),
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Figure 8: Density p(z) versus depth: comparison between the power-law fitting
(solid black line) and the bi-exponential fitting (dashed red line)

where “i/a” and “a/i” mean ‘ice in air” and “air in ice” respectively, as in

Section 4.2.

5.2.1 Statistical Analysis

For each density value (macro—state) we obtain a set of micro—states by the
procedure outlined in the previous section. As an example, figure 9 (left) shows
a configuration of firn inclusions (black) in air (white) corresponding to a density
of 400 kg m~3, and (right) a configuration of air inclusions (white) in a ice host

material (black). It is clear from figure 9 how the depth, hence the density,
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s plays a role in the variation of shape and size of the inclusions.
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Figure 9: Micro-states. p = 400 kgm™> (left) and p = 800 kg m ™ (right)

377 The density corresponding to a macro—state in a simulation is allowed
s to have a small interval of variation around the set value, to be able to apply
s a sort of de—trending to the computed complex permittivity values. In fact,
s0 although several formulas exist, see for example Kovacs et al. (1995), relating
s the real part of permittivity to density and, of course, a fitting of € versus p can
;2 be performed over the entire density range, we found that greater accuracy in
3 de—trending is achieved by “zooming” into a small region of densities.

384 Denoting by Ae¢’ and Ae” the de—trended values of € and €, we obtain
% from simulations the results presented in Figure 10 for a density of 400 kg m~3.
386 Very similar results are obtained for a density of 840 kg m—3, as depicted

s in Figure 11. To summarize, we observe that the dielectric constant (real part)

s has a 3o variation of 0.08 for each value in the whole density range. The 30
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Figure 10: A€ (top plates) and Ae” (bottom plates) for p = 400 kg m >

variation is 6 x 107° and 9 x 1075 for dielectric losses at 400 kg m~2 and 840 kg
m ™3 respectively. The micro—state variability is entirely responsible of such a
variation, as the change with density has been dropped out by the de—trending

procedure.

5.2.2 Discussion

Figure 12 compares the experimental results of € as a function of depth with
the results of the numerical model. The dashed lines are the +30 values around
the mean, i.e. the values between the dashed curves include about 99% of

the possible dielectric constants computed by the models as a function of the
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Figure 11: A€ (top plates) and Ae” (bottom plates) for p = 840 kg m™>

micro—state configurations. The solid line is computed applying the linear
relation (11), while the dash—dot line is computed by the Bruggeman formula.

The results on the statistical variation of the imaginary part, and hence
of the loss tangent, are similar. Of course, the computation of the imaginary
part of the ice/air mixture depends on the true value of the imaginary part of
pure ice at the frequency of interest, which is not so well defined as the real part
(Figure 13). As for the real part, the dashed lines correspond to 3o variation
around the mean value.

The average dielectric constant computed by (11), with the variance based
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Figure 12: Dielectric constant versus depth: comparison between the experi-
mental data at 880 MHz (red circles) and at 1.15GHz (red crosses) and the
results of the full-wave numerical model at 1 GHz

on the statistical analysis, represents quite well the experimental behaviour, like
the Bruggeman formula does, only slightly over—estimating the dielectric con-
stant at low depth (lower than 20 meters), i.e. in the lower range of densities.
The statistical analysis allows to visualize the expected variability of the average
dielectric constant due to the micro—state variability. The variance of the ex-
perimental data at a given depth is very similar, although some outliers appear

as a consequence of the local variation of density at the close—off depths.
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Figure 13: Loss tangent versus depth: comparison between the experimental

data at 880 MHz (red circles) and at 1.15GHz (red crosses) and the results of
the full-wave numerical model at 1 GHz

6 Conclusions

In this study detailed measurements of firn dielectric properties were performed
through the collection of firn cores down to 106 meters, by using a resonator.
Detailed measurements of the real and imaginary dielectric permittivity were
performed on the ice cores providing an extended dataset of dielectric properties
with depth. Density was also measured for the same samples. The experimental
results confirmed the dependence of the real part with depth and density. In-

creasing depth and density corresponds to an increase in the real permittivity.
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A power—law equation was derived to fit the data. The imaginary part also
increases with depth but it does not follow the same clear trend, its dependence
on frequency appears rather complex, probably due to the presence of salts or
impurities.

The analysis of the experimental data was performed by first implement-
ing 3D and 2D full wave numerical models, by generating random ensembles of
inclusions , to simulate a mixture of firn crystals at prescribed densities, corre-
sponding to the measured densities on the ice cores. The numerical analysis of
the ensemble of inclusions showed that the common symmetric functions used for
ice dielectric properties do not agree with the results of the simulation and with
the measured data. These results show that a host of ice crystals into air signif-
icantly differs from a host of air bubbles into ice, and therefore non—symmetric
formulations should be used. A single non—symmetric formulation is not suf-
ficient to continuously represent the whole density range. Moreover, analytical
formulae are unable to account for the effect of randomness, size/shape hetero-
geneity, particle packing on the average firn permittivity.

To solve this problems a dielectric model was developed, allowing for quan-
tification of the dependence of the dielectric properties on density. The model
was developed by combining two models: one of firn crystals into an air host,
and air inclusions into an ice host. The weighted equation is based on the vol-
ume fraction (density). The result is a mixture smoothly changing from firn
particles in air (low density) to air bubbles in an ice matrix (high density).

The implementation of such a mixture model by means of a numerical model
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allowed to investigate the dependence of complex permittivity at all densities
in the range 350—840 kg m~3, on the average firn characteristics, e.g. crystal
area, shape and orientation, and on the average crystal arrangement. For this
purpose, a statistical analysis has been conducted showing how the variability
of the micro—states affects the average permittivity. The permittivity change
due to micro—state variability appears to be at least two—three times that due
to the measured variability of density at a given depth, therefore concluding

that firn structure has a significant effect on the dielectric properties.
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