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Abstract: The purpose of this paper is to propose a sheaf theoretic approach to the
theory of quantum principal bundles over non affine bases. We study noncommutative
principal bundles corresponding to G → G/P , where G is a semisimple group and P
a parabolic subgroup.
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1. Introduction

A quantum principal bundle is usually described as an algebra extension B ⊂ A, with
A the “total space” algebra on which acts a quantum group, and B the “base space”
subalgebra of invariant elements. Local triviality is encompassed as a special case in the
notion of locally cleft extension.

In the commutative setting, this picture proves to be extremely effective when the
base space M is affine, that is, when the algebra B is containing all of the information
to reconstruct the base space. For a projective base, however, the algebra B of invariants
under the group action consists of just the constants, so it is not the object of interest
anymore. The way out in classical algebraic geometry is to localize and consider a sheaf
theoretic formulation of the base space and then of bundle theory (where the structure
group is replaced by the structure sheaf of germs of functions from the base space to the
group), see [22].

In [38] Pflaum gave a sheaf theoretic characterization of noncommutative bundles.
This has been further developed in [23] in the context of principal comodule algebras
(e.g. Hopf-Galois extensions with cosemisimple structure Hopf algebra) and by consid-
ering flabby sheaves i.e. sheaves with surjective restriction maps; this last condition is
a sufficient condition in order to glue together (via multipullbacks) principal comodule
algebras locally defined on the base space to a globally defined one. In the noncom-
mutative affine case, since the total space algebra is a Hopf–Galois extension and since
the Hopf–Galois property restricts locally it is natural to study sheaves of Hopf-Galois
extensions [8], see also [2].

In this paper we take a very general point of view on the definition of quantum princi-
pal bundle (see Definition 2.9), so that we can accomodate the affine setting mentioned
above, but also the case of projective base, together with a preferred projective embed-
ding. In our definition a quantum principal bundle is a locally cleft, and more generally
a locally principal, sheaf of H comodule algebras for a given Hopf algebra H . The sheaf
in general is not flabby. In the commutative setting, when the base is affine the algebra of
global sections (regular functions on the total space) is a Hopf–Galois extension; when
the base is a projective variety our notion still makes sense and it actually gives the
correct point of view to proceed to the quantization.

The definition is tested on an important special case, that when M is the quotient
of a semisimple group G by a parabolic subgroup P . In this case, in fact, M = G/P
is projective, and we can effectively substitute the P-invariant ring B, i.e., the O(P)-
coaction invariant (for short coinvariant) ring B, with the homogeneous coordinate ring
Õ(G/P) of G/P with respect to a chosen projective embedding, corresponding to a
line bundle L. The line bundle L can be recovered more algebraically via a character
χ of P; the corresponding sections are the O(P)-semi-coinvariant elements of O(G)

with respect to χ and generate the homogeneous coordinate ring Õ(G/P) of G/P . In
this case the locally cleft sheaf of H = O(P)-comodule algebras, denoted F , gives the
subsheaf of coinvariants FcoO(P) that is the structure sheafOG/P of G/P . The relation
between this latter and the homogeneous coordinate ring Õ(G/P) is then as usual by
considering projective localizations (zero degree subalgebras of the localizations) of
Õ(G/P).

Similarly, in the quantum case, as in [10,17] we obtain the quantum homogeneous co-
ordinate ring Õq(G/P) as the Oq(P)-semi-coinvariant elements of the quantum group
Oq(G), the quantization of the semisimple group G. Assuming Ore conditions for lo-
calizations, we then proceed to obtain from Õq(G/P) and Oq(G) a suitable sheaf F
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of Oq(P)-comodule algebras, which will be the quantum principal bundle over the
quantum space obtained through Õq(G/P). More explicitly, the coinvariant subsheaf
FcoOq (P) will be the quantum structure sheaf associated with the (noncommutative)
projective localizations of Õq(G/P).

The quantization of the flag variety G/P and its noncommutative geometry has
recently attracted a lot of attention. The theory, also following the remarkable classi-
fication of differential calculi over irreducible quantum flag manifolds in [26,27], has
been conspicuously developed in the past years, see for example [11,12,28,29,33,34].
In particular, the study of quantum projective space as a quantum homogeneous space
has proven fruitful, however, it has mainly concerned quantum projective space as the
base space of a quantum principal U (N − 1)-bundle with quantum SU (N ) total space,
i.e., a study not in the projective context. Indeed, despite the progress on quantum princi-
pal bundles [4,6,7,23], the projective setting, describing quantum versions of principal
bundles G → G/P , with P parabolic, is yet to be fully understood. The aim of this
paper is to provide a key step in this direction, together with an appropriate setting for
a future differential calculus and theory of principal connections on such quantizations.

The approach we develop turns out to be a rather conservative one with respect to
the fundamental results in noncommutative algebraic geometry [1,19,36]; for example
we localize using Ore condition [41]. In [1], inspired by Serre’s equivalence between
the categories of quasi-coherent sheaves on a projective scheme X = ProjA and that of
a quotient category of the category of graded A-modules, the authors develop a general
theory by defining a quantum projective scheme as a category of modules associated
with a graded noncommutative algebra. In our approach, we start by the quantization of
the homogeneous coordinate ring of an homogeneous space, which is exactly the graded
noncommutative algebra A in [1], however in a more specific case, namely when X is
an homogeneous algebraic space.

Also in [19,36] the authors take a categorical point of view. In [36], an affine quan-
tum space is viewed as the spectrum of a noncommutative ring, where the notion of
spectrum is defined appropriately (see [36, §1]); projective quantum schemes are then
defined accordingly (see [36, §VII.2]) through a generalization of the classical Proj con-
struction and the categorical language is employed to prove a gluing construction of the
quantum Proj in terms of quantum affine schemes. Notice that in [36, §VII.5.3] one finds
the example of the flag and its graded algebra R, which of course coincides with the
description in [10], which is the starting point for our present treatment.

In [19] the authors define noncommutative quasi-projective schemes using the cate-
gory of affine covers, whose morphisms give the notion of refinement (see [19, §2]). In
this way they ensure that compatibility conditions, like the Ore for subsequent localiza-
tion (see [41, §IV, §V]), are automatically satisfied.

We summarize the main results by explaining the organization of the paper.
In Sect. 2 we recall basic notions in Hopf–Galois extensions, including the inspiring

sheaf approach of [8,38]. We then present our sheaf theoretic definition of quantum
principal bundle. We also provide the example of SL2(C)/P both in the classical and
in the quantum setting. This serves also as motivation and preparation for the general
theory we develop in later sections.

In Sect. 3 we discuss quantum homogenous projective varieties, mainly following
[10, §2]. Starting from a quantum section d ∈ Oq(G), quantum version of the lift to
O(G) of the character χ of P defining the line bundleL giving the projective embedding
of G/P , we construct the homogeneous ring Õq(G/P).
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In Sect. 4, we develop a general theory for quantum principal bundles on homoge-
neous projective varieties. We construct the sheaf F of Oq(P)-comodule algebras on
the quantum projective variety Õq(G/P) by local data, that is by considering suitable
projective localizations of Õq(G/P), obtained via a corresponding quantum section
d ∈ Oq(G). As shown in Theorem 4.8, if this sheaf is locally cleft we have a quantum
principal bundle.

In Sect. 5, we exemplify the construction of Sect. 4 in the case of quantum projective
space. We prove that quantum projective space is the base space of a canonical quan-
tum principal bundle with total space Oq(SLn) and structure group Oq(P) (quantum
parabolic subgroup of Oq(SLn)).

In Sect. 6, we apply and further develop the results in [2] and show that 2-cocycle
deformations (twists) of quantum principal bundles give new quantum principal bundles.
We construct three classes of quantum principal bundles on quantum projective spaces.
The first two are locally cleft but not locally trivial. The total spaces are not Hopf algebras
hence they are not quantum principal bundles on quantum homogenous projective space
as in the construction presented in Theorem 4.8. The second and third class are on
multiparametric quantum projective space, the third class being also an example of the
construction in Theorem 4.8, with total space themultiparametric special linear quantum
group.

2. Quantum Principal Bundles

In the category of locally compact Hausdorff topological spaces, a principal bundle is
a bundle E → M , with compatibility requirements regarding the P-space structure,
for a given topological group P . These requirements can be effectively summarized by
asking that the map

E × P −→ E ×M E (e, p) �→ (e, ep)

is a homeomorphism, with M = E/P and E ×M E closed in E × E .
We can dualize this picture by replacing spaces with their function algebras. If E

and M are affine algebraic varieties and P an affine algebraic group we consider the
coordinate rings A = O(E), B = O(M) and H = O(P). The notion of principal
bundle is then replaced by that of principal comodule algebra, or equivalently, faithfully
flat Hopf–Galois extension. The Hopf–Galois property is the freeness of the P-action,
and amounts to the requirement that the pullback of the above map, called canonical
map,

χ : A ⊗B A → A ⊗ H (1)

is a bijection. The faithfully flat property corresponds to the principality of the action
(see e.g. [7]).

The contravariant functor associating to affine varieties their coordinate ring is an
equivalence of categories (see [25, Proposition 2.6, §II] for more details). When we turn
to examine the case of projective varieties, since this equivalence of categories does
not hold anymore as stated, but becomes more involved, we need to take a different
approach to the theory of principal bundles, introducing the sheaves of functions on our
geometric objects. As it turns out, this approach, pioneered in [22], despite its apparent
complication and abstraction is very suitable for quantization. Indeed, more generally,
the sheaf approach is a key method in noncommutative algebraic geometry [41].
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2.1. The classical description. We start with a description of the classical setting.

Definition 2.1. Let E and M be topological spaces, P a topological group and ℘ :
E −→ M a continuous function. We say that (E, M, ℘, P) is a P-principal bundle (or
principal bundle for short) with total space E and base M , if the following conditions
hold

1. ℘ is surjective.
2. P acts freely from the right on E .
3. P acts transitively on the fiber ℘−1(m) of each point m ∈ M .
4. E is locally trivial over M , i.e. there is an open covering M = ∪Ui and homeomor-

phisms σi : ℘−1(Ui ) −→ Ui × P that are P-equivariant i.e., σi (up) = σ(m)p,
p ∈ P .

We can speak of algebraic, analytic or smooth P-principal bundles, we just take the
objects and the morphism of Definition 2.1 in the appropriate categories. Notice that ℘
is open.

In [38] Pflaum gives a sheaf theoretic characterization of principal bundles, in the cat-
egory of locally compact topological spaces, which is very suitable for noncommutative
geometry.

In the algebraic category, over a field k, we can give another characterization of
principal bundles, closely related to Pflaum’s one. For the basic definitions regarding
algebraic groups we refer e.g. to [3, §II], for Hopf algebras e.g. to [31], [5, Part VII §5 ].

Proposition 2.2. Let ℘ : E −→ M be a surjective morphism of algebraic varieties,
and OE , OM the structural sheaves of E and M respectively. Let F be the sheaf on M
defined byF(U ) = OE (℘−1(U )). Let P be an affine algebraic group, H the associated
Hopf algebra. Then E −→ M is a principal bundle if and only if

• F is a sheaf of H comodule algebras: for each open U ⊂ M, F(U ) is a right
H-comodule algebra and for each open W ⊂ U the restriction map rUW : F(U ) →
F(W ) is a morphism of H-comodule algebras;
• There exists an open covering {Ui } of M such that we have the following algebra
isomorphisms for all i
1. F(Ui )

coH � OM (Ui ),
2. F(Ui ) � F(Ui )

coH ⊗ H,
where F(Ui )

coH := { f ∈ F(Ui ) | δ( f ) = f ⊗ 1} ⊂ F(Ui ) is the subalgebra of
H-coinvariant elements, with δ : F(Ui ) → F(Ui ) ⊗ H the H-coaction.

We notice that condition (1) establishes M � E/P; we will identify M and E/P , so
that correspondingly F(Ui )

coH = OM (Ui ). Condition (2) gives the local triviality, the
transitive action of P on the fiber and the freeness of the P action on E . We leave the
details of this characterization to the reader, it will be a small variation of the argument
given in [38].

2.2. The quantum description. We now proceed and extend this point of view in order to
give the definition of quantum principal bundle: it is based on [38] (see also Proposition
2.2) and also on [8], but it is more general since it encompasses the possibility for the
base manifold to be projective. Furthermore, we take our category to be algebraic.

We will work with algebras (not necessarily commutative) over a field k of charac-
teristic 0, or the ring of Laurent polynomials kq = k[q, q−1], q an indeterminate. All
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algebras will be unital and morphisms preserve the unit. In particular we will work with
H -comodule algebras (A, δ), where δ denotes the Hopf algebra coaction (frequently
omitted). Hopf algebras will be with bijective antipode.

Definition 2.3. Let (H,�, ε, S) be a Hopf algebra and A be an H -comodule algebra
with coaction δ : A −→ A ⊗ H . Let

B := AcoH := {a ∈ A | δ(a) = a ⊗ 1} . (2)

The extension A of the algebra B is called H -Hopf-Galois (or simply Hopf-Galois) if
the map

χ : A ⊗B A −→ A ⊗ H, χ = (mA ⊗ id)(id ⊗B δ)

(called the canonical map) is bijective.
The extension B = AcoH ⊂ A is called H -principal comodule algebra if it is Hopf–

Galois and A is H -equivariantly projective as a left B-module, i.e., there exists a left
B-module and right H -comodule morphism s : A → B ⊗ A that is a section of the
(restricted) product m : B ⊗ A → A.

If E −→ M is a P-principal bundle and E , M and P are affine algebraic varieties
then the algebra of coordinate functions on E and P correspond respectively to the
algebras A and H satisfying Definition 2.3. The algebra B is the algebra of functions on
the base manifold M .

We denote as usual by � ∗ j the convolution product of two linear maps j : H → A,
� : H → A. It is defined by � ∗ j (h) = �(h1) j (h2) for all h ∈ H . A linear map
j : H → A is convolution invertible if it exists j−1 : H → A such that j−1 ∗ j =
j ∗ j−1 : H → A , h �→ ε(h)1A. If A is a right H -comodule we can require j : H → A
to be a right H -comodule map where H has H -comodule structure given by �, i.e.,
δ ◦ j = ( j ⊗ id) ◦ �.

Definition 2.4. Let H be a Hopf algebra and A an H -comodule algebra. The algebra
extension Aco H ⊂ A is called a cleft extension if there is a right H -comodule map
j : H → A, called cleaving map, that is convolution invertible.

An extension Aco H ⊂ A is called a trivial extension if there is an H -comodule
algebra map j : H → A.

Since 1H is a grouplike element j (1H ) j−1(1H ) = 1A, so that j (1H ) is an invertible
element in Aco H . Hence a cleaving map can always be normalised to j (1H ) = 1A. We
will always consider normalized cleaving maps.

Remark 2.5. A trivial extension Aco H ⊂ A is automatically a cleft extension. In fact,
since an H -comodule algebra map j : H → A maps the unit of H in that of A,
its convolution inverse is j−1 = j ◦ S. Furthermore, the H -comodule algebra map
j : H → A is an injection, indeed themap (ε⊗id)◦(m⊗id)◦(id⊗ j◦S⊗id)◦(δ⊗id)◦δ

sends j (h) to h. Thus the subalgebra j (H) ⊂ A is isomorphic to H .

By a theorem of Doi and Takeuchi [13] (we also refer to [31, Theorem 8.2.4], [5,
Part VII §5]) cleft extensions are special cases of Hopf–Galois extensions. They are
furthermore special cases of principal comodule algebras (see e.g. [5, Part VII §6], [7]).

Theorem 2.6. Let A be an H-comodule algebra with base ring a field k, then Aco H ⊂ A
is a cleft extension if and only if Aco H ⊂ A is a Hopf–Galois extension and there is an
H-comodule and left B = Aco H -module isomorphism B ⊗ H � A. Furthermore, this
Hopf–Galois extension is a principal comodule algebra.
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Here B⊗H is an H -comodule with H -coaction id⊗�, the extension B ⊂ B⊗H is
easily seen to beHopf–Galois and is an example of trivial extension (with j (h) = 1B⊗h,
for all h ∈ H ). For later use we recall that the relation betweeen a cleavingmap j : H →
A and the left B = Aco H -module and H -comodule isomorphism θ : B ⊗ H → A is
given by θ(b ⊗ h) = bj (h).

The notion of cleft extension encompasses that of trivial principal bundle. The next
observation sharpens the relation between trivial Hopf-Galois extensions, trivial princi-
pal bundles and cleft extensions.

Observation 2.7. If j : H → A is an H -comodule algebra map, then we have an action
of H on B = Aco H given by h � b = j (h1) b j−1(h2) = j (h1) b j (S(h2)), for all
h ∈ H, b ∈ B. We can therefore consider the smashed product algebra B 
 H , that is the
H -comodule B ⊗ H with product structure (b⊗ h)(b′ ⊗ h′) = b(h1 � b′) ⊗ h2h′. With
this product θ : B 
 H → A is an H -comodule algebra isomorphism. If B is central the
smashed product is the usual tensor product of algebras. In particular, in the affine case,
we immediately recover that a P-principal bundle E → E/P is trivial if and only if
O(E/P) ⊗ O(P) � O(E) as O(P)-comodule algebras.

In themoregeneral case of an extension that is nontrivial but cleft, themap j : H → A
is not an H -comodule algebra map, and the 2-cocycle

τ : H ⊗ H → B , τ (h, k) = j (h(1)) j (k(1)) j
−1(h(2)k(2))

measures this failure. In general the map h ⊗ b �→ j (h1) b j−1(h2) is not an action of
H on B. In this cleft case we can still induce via the isomorphism θ : B ⊗ H → A an
algebra structure on B ⊗ H , this corresponds to a crossed product B 
τ H (see e.g. [31,
Proposition 7.2.3]).

We want to present a notion of quantum principal bundle that is more general than
that of Hopf–Galois extension presented in Definition 2.3, and which can accomodate
also the casewhereM is an algebraic variety, which is not affine. To this end, we consider
a sheaf theoretic description of quantum principal bundles. We start by introducing the
notion of quantum ringed space.

Definition 2.8. A quantum ringed space (M,OM ) is a pair consisting of a classical
topological space M and a sheaf over M of noncommutative algebras.

Classical differentiable manifolds or algebraic varieties, together with the sheaves of
functions on them (differentiable or algebraic) are examples of quantum ringed spaces.
Also supergeometry provides important examples (see [9] Ch. 3). We now define the
key notions of locally cleft quantum principal bundle and of quantum principal bundle
by first extending to the quantum case what we established in Proposition 2.2 and then
generalizing it by considering sheaves of H -comodule algebras that are locally principal
rather than locally cleft.

Definition 2.9. Let (M,OM ) be a ringed space and H a Hopf algebra. We say that a
sheaf of H -comodule algebras F is an H -locally cleft principal bundle or locally cleft
quantum principal bundle over (M,OM ) if there exists an open covering {Ui } of M such
that:

1. F(Ui )
coH = OM (Ui ),

2. F is locally cleft, that is, F(Ui ) is a cleft extension of F(Ui )
coH .

The locally cleft property is equivalent to the existence of a projective cleaving map that
is a collection of cleaving maps ji : H −→ F(Ui ).
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The above definition is in the spirit of a Steenrod approach to principal bundles. If
we follow the Cartan approach, we are led to consider principal H -comodule algebras
in the noncommutative affine case, and we are then led to the following generalization.

Definition 2.10. We define a sheaf F of H -comodule algebras to be an H -principal
bundle or quantumprincipal bundle over (M,OM ) by replacing condition 2 inDefinition
2.9 with

2′. F is locally principal, that is, F(Ui ) is a principal H -comodule algebra.

Recalling the second part of Theorem 2.6, we see that if the base ring k is a field,
condition 2 implies condition 2′, hence locally cleft quantum principal bundles are
quantum principal bundles.

In the special case that the sheaf F is locally principal and flabby, it follows from
[23, Corollary 3.10] that F(M) is a principal H -comodule algebra.

If, on the other hand, as in [8], we consider F to be a sheaf of H -Hopf-Galois ex-
tensions we see, since such a sheaf is locally cleft if it so as a sheaf of H -comodule
algebras, that a locally cleft sheaf F of Hopf–Galois extensions is in particular a quan-
tum principal bundle on the quantum ringed space (M,FcoH ). Even more, a quan-
tum principal bundle F on the quantum ringed space (M,FcoH ) has the property
OM (M) = F(M)coH ⊂ F(M) is Hopf–Galois, if and only if it is a locally cleft sheaf of
Hopf–Galois extensions; indeed, as observed in [8], the property of being Hopf-Galois
restricts locally.

Let us see a simple example, in the commutative setting, that we will generalize to
the noncommutative setting and generic dimensions.

Example 2.11. Let E = SL2(C) and consider the principal bundle ℘ : SL2(C) −→
SL2(C)/P � P1(C), where P is the upper Borel in SL2(C), i.e., the subgroup of all
matrices with vanishing entry (1,2). Let A = O(SL2) be the algebra of regular functions
on the complex special linear group SL2(C). We explicitly have

O(SL2) = C[a, b, c, d]/(ad − bc − 1) ,

where C[a, b, c, d] denotes the commutative algebra over C freely generated by the
symbols a, b, c, d, while (ad − bc − 1) denotes the ideal generated by the element
ad − bc − 1, that implements the determinant relation.

LetO(P)be the algebra of functions on P ⊂ SL2(C), this is the quotientO(SL2)/(c) =
C[t, p, t−1] := C[t, p, s]/(ts−1). With the comultiplication� inO(SL2) and the pro-
jection

π : O(SL2) −→ O(SL2)/(c)

that on the generators reads
(
a
c
b
d

) �→
(
t
0

p
t−1

)
(and is extended as an algebra map) we

can define the coaction

δ = (id ⊗ π)� : O(SL2) → O(SL2) ⊗ O(P) . (3)

The coinvariants B = AcoO(P) of this coaction are just the constants, indeed the
coinvariant are functions on the base space P1(C), and the only regular functions on
all projective space are the constants (Liouville theorem). We see that the extension
AcoO(P) ⊂ A is not Hopf–Galois, and that this is due to the lack of regular functions
on the base space of the P-principal bundle ℘ : SL2(C) → SL2(C)/P � P1(C).
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Nevertheless, we can define an O(P)-principal bundle structure according to Defi-
nition 2.9. To this aim, we first consider an affine open cover of the total space and then
we project it to the base.

Let {V1, V2} be the open cover of SL2(C) where Vi consists of those matrices in
SL2(C)with entry (i, 1) not equal to zero. DefineUi = ℘(Vi ) and observe that {U1,U2}
is an open cover of P1(C) since℘ is an open map. The algebras of functions on the open
sets V1 and V2 are the localizations

A1 := O(SL2)[a−1] = A[a−1] , A2 := O(SL2)[c−1] = A[c−1] .

The coaction in (3) uniquely extends to coactions δi : Ai −→ Ai ⊗O(P) on these local-
izations (namely δa−1 = a−1 ⊗ t−1, δc−1 = c−1 ⊗ t−1). The coinvariant subalgebras
Bi = AcoO(P)

i explicitly read

B1 = C[a−1c] � C[z], B2 = C[ac−1] � C[w] .

Notice that they are the coordinate rings of the affine algebraic varieties Ui � C open
in SL2(C)/P � P1(C).

Next we consider on P1(C) the topology {∅,U12 = U1 ∩ U2,U1,U2,P1(C)} (this
is a rough topology, but sufficient to describe the principal bundle on P1(C)). We then
define the ringed space (P1(C),OP1(C)) with sheaf of regular functions OP1(C) given
by

OP1(C)(Ui ) := Bi , OP1(C)(U12) := B12 := B1[z−1] , OP1(C)(P
1(C)) := C

andwithOP1(C)(∅) being the one element algebra overC, terminal object in the category
of algebras. It is easy to verify that the restrictionmorphism r12,2 : B2 → B12,w �→ z−1,
with all other ones being given by the obvious inclusions (but for the empty set where we
have the canonical projections), indeed define the sheaf of regular functions on P1(C).

Finally we define the sheaf F of O(P)-comodule algebras

F(Ui ) := Ai , F(U12) := A12 := A1[c−1] = A2[a−1], F(P1(C)) = O(SL2),

and F(∅) := {0} (the one element algebra) with the obvious restriction morphisms.
We now show that all properties required by Definition 2.9 are satisfied. Indeed

by construction O(Ui ) = Bi = AcoO(P)
i = F(Ui )

coO(P). Furthermore the O(P)-
comodule F(U1) is a trivial extension (and hence a cleft extension) because the map
j1 : O(P) → A1 defined on the generators by

t±1 �→ a±1, p �→ b,

and extended as algebra morphism to all O(P) is well defined and easily seen to be
an O(P)-comodule morphism (recall δa±1 = a±1 ⊗ t±1 and δb = b ⊗ t−1 + a ⊗ p).
Similarly, F(U2) is a trivial extension with j2 : O(P) → A2 given by t±1 → c±1,
p �→ d.

Example 2.12. We discuss the quantum deformation of the previous example. Consider
the algebra Aq that is the algebraCq〈a, b, c, d〉 freely generated (overCq = C[q, q−1],q
an indeterminate that may be specialized to a complex number) by the symbols a, b, c, d,
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modulo the ideal IM generated by the q-commutation relations (or Manin relations, cf.
Definition 5.1),

ab = q−1ba, ac = q−1ca, bd = q−1db, cd = q−1dc,

bc = cb ad − da = (q−1 − q)bc

and modulo the ideal (ad − q−1bc− 1) generated by the determinant relation. In short:

Aq := Oq(SL2) = Cq〈a, b, c, d〉/IM + (ad − q−1bc − 1) .

Let us similarly define

Oq(P) := Cq〈t, t−1, p〉/(tp − q−1 pt) := Cq〈t, s, p〉/(ts − 1, st − 1, tp − q−1 pt).

LetUi be a cover ofM = SL2(C)/P as in Example 2.11. In analogywith the classical
case we define Aq 1 := Aq [a−1], Aq 2 := Aq [c−1], the noncommutative localizations
in the elements a and c respectively. The coinvariants are given by

Bq 1 = Cq [a−1c] � Cq [u], Bq 2 = Cq [c−1a] � Cq [v] .

The ringed space (P1(C),Oq P1(C)) can be then easily constructed in analogy with the
commutative case:

Oq P1(C)(Ui ) := Bq i , Oq P1(C)(U12) := Bq 12 := Bq 1[u−1] , Oq P1(C)(P
1(C)) := C

with the nontrivial restriction map given by rq 12,2 : Bq 2 → Bq 12, v �→ u−1 that is
again well defined since on U12 one has uv = 1 = vu.

The natural candidate

F(Ui ) := Aq i , F(U12) := Aq 12 := Aq 1[c−1] = Aq 2[a−1] , F(P1(C)) = Aq ,

is again a sheaf of Oq(P)-comodule algebras on P1(C); note in particular that Aq 12 is
well defined since the localization we choose satisfies the Ore condition (see [39,41]).
As in the previous section we define the cleaving maps ji : Oq(P) −→ Aq i , i = 1, 2
on the generators as:

j1 : t±1 �→ a±1, p �→ b ,

j2 : t±1 �→ c±1, p �→ d.

We observe that j1 extends to an algebra map to all Aq 1:

j1(tp − q−1 pt) = j1(t) j1(p) − q−1 j1(p) j1(t) = ab − q−1ba

and similarly for j2. The comodule property of j1 (and similarly for j2) is then easily
checked on the generators:

δ ◦ j1(t) = a ⊗ t = ( j1 ⊗ id) ◦ �(t)

and

δ ◦ j1(p) = b ⊗ t−1 + a ⊗ p = ( j1 ⊗ id) ◦ �(p) .

We can then conclude that Aq i are trivial Oq(P)-extensions of Bq i .
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We will study a generalization of the above example in Sect. 5. In that more general
setting we will use the following proposition (see e.g. [14, §1.1]),

Proposition 2.13. Let B be a basis for a topology T on M. Then a B-sheaf of H-
comodule algebrasF (that is a sheaf defined for the open sets inBwith gluing conditions)
extends to a unique sheaf of H-comodule algebras on M.

Remark 2.14. In Example 2.12, with {Ui } open cover of P1(C), the B-sheaf is the re-
striction of F to B = {∅,U12,U1,U2}, and F(P1(C)) is recovered as the pullback
F(P1(C)) = {( f, g) ∈ F(U1) × F(U2) ; rq 12,1( f ) = rq 12,2(g)} of Oq(P)-comodule
algebras (here rq 12,i : Aq i → Aq 12 are the obvious restriction maps).

3. Quantum Homogenous Projective Varieties

A homogenous projective variety can be realized as quotient of affine algebraic groups
G, P . Its homogenous coordinate ring Õ(G/P) with respect to a chosen projective
embedding, when corresponding to a very ample line bundle L, is obtained via a section
of L; this is a given element t ∈ O(G). A quantum homogenous projective variety
Õq(G/P) can be similarly characterized via a quantum section d ∈ Oq(G). We review
this construction due to [10], see also [17], adapting, for the reader’s convenience, the
main definitions and results to the present setting that differs from the first reference
setting (there the accent was on Poisson geometry and Quantum Duality principle).

3.1. Projective embeddings of homogeneous spaces. If G is a semisimple algebraic
group, P a parabolic subgroup, the quotientG/P is a projective variety and the projection
G −→ G/P is a principal bundle (seeDefinition 2.1).G/P is an homogeneous space for
the G-action and just an homogeneous variety for the P-action, which is not transitive.

We now recall how a character of P determines a projective embedding of G/P and
its coordinate ring Õ(G/P). Given a representation ρ of P on some vector space V , we
can construct a vector bundle associated to it, namely

V := G ×P V = G × V/ � , (gp, v) � (g, ρ(p)−1v) , ∀p ∈ P, g ∈ G, v ∈ V .

The space of global sections of this bundle is identified with the induced module (see,
e.g., [25] for more details)

H0(G
/
P,V

) = {
f : G → V

∣∣ f is regular, f (gp) = ρ(p)−1 f (g)
}
.

In particular, for χ : P −→ k∗ a character of P , i.e. a one dimensional representation
of P on L � k , we can consider Ln := G ×P L⊗n and define

Õ(G/P)n := H0(G
/
P,Ln)

Õ(G/P) := ⊕
n≥0 Õ(G/P)n ⊂ O(G).

Assume L is very ample, i.e. it is generated by a set of global sections f0, f1, . . . ,
fN ∈ Õ(G/P)1 ; so that the algebra Õ(G/P) is graded and generated in degree 1 (by
the fi ’s). Then Õ(G/P) is the homogeneous coordinate ring of the projective variety
G
/
P with respect to the embedding given via the global sections ofL (see [21], p. 176).
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Observation 3.1. WhileOG/P denotes the structure sheaf ofG/P , so thatOG/P (G/P)

is the space of global sections, that is k since G/P is a projective variety, Õ(G/P)

denotes the homogeneous coordinate ring of G/P with respect to a given projective
embedding.

We want to reformulate this classical construction in purely Hopf algebraic terms.
The character χ is a group-like element in the coalgebra O(P) . The same holds for all
powers χn (n ∈ N ). As the χn’s are group-like, if they are pairwise different they also
are linearly independent, which ensures that the sum

∑

n∈N
Õ(G/P)n , inside O(G), is a

direct one. Moreover, once the embedding is given, each summand Õ(G/P)n can be
described in purely Hopf algebraic terms as

Õ(G/P)n := {
f ∈ O(G)

∣∣ f (gp) = χn
(
p−1
)
f (g)

}

=
{
f ∈ O(G)

∣
∣∣
(
(id ⊗ π) ◦ �

)
( f ) = f ⊗ S

(
χn
)} (4)

with π : O(G) → O(P) the standard projection, S the antipode of O(P) . Lifting
S(χ) ∈ O(P) to an element t ∈ O(G) we have the following proposition.

Proposition 3.2. Let P be a parabolic subgroup of a semisimple algebraic group G and
denote by π : O(G) −→ O(P) the natural projection dual to the inclusion P ⊂ G. If
G/P is embedded into some projective space via some very ample line bundle L then
there exists an element t ∈ O(G) such that

�π(t) := (
(id ⊗ π) ◦ �

)
(t) = t ⊗ π(t) (5)

π
(
tm
) �= π

(
tn
) ∀ m �= n ∈ N (6)

Õ(G/P)n =
{
f ∈ O(G)

∣∣∣ (id ⊗ π)�( f ) = f ⊗ π
(
tn
)}

(7)

Õ(G/P) = ⊕
n∈N Õ(G/P)n (8)

where Õ(G/P) is the homogeneous coordinate ring generated by the global sections
of L, i.e. generated by Õ(G/P)1 .

Vice-versa, given t ∈ O(G) satisfying (5), (6), if Õ(G/P) as defined in (7), (8)
is generated in degree 1, namely by Õ(G/P)1 , then Õ(G/P) is the homogeneous
coordinate ring of the projective variety G/P associated with the projective embedding
of G/P given by the very ample line bundle L = G ×P k, the P-action on the ground
field k being induced by π(t).

Proof. See [10]. ��
Notice that while S(χ) = π(t) is group-like, t has an “almost group-like property”,
given by (5). We call an element t ∈ O(G) satisfying (5), (6) a classical section because
t ∈ Õ(G/P)1. The line bundleL and the homogenous coordinate ring Õ(G/P) depend
only on π(t), not on the lift t .

Remark 3.3. We point out that Õ(G/P) is a unital subalgebra as well as a (left) coideal
of O(G); the latter property reflects the fact that G

/
P is a (left) G–space. Thus, the

restriction of the comultiplication of O(G) , namely

�
∣∣Õ(G/P)

: Õ(G/P) −→ O(G) ⊗ Õ(G/P),
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is a left coaction of O(G) on Õ(G/P), which structures Õ(G/P) into an O(G)–
comodule algebra. Moreover Õ(G/P) is graded and the coaction �

∣∣Õ(G/P)
is also

graded with respect to the trivial grading on O(G) , so that each Õ(G/P)n is indeed a
coideal of O(G) as well.

3.2. Quantum homogeneous projective varieties and quantum sections. We quickly re-
call some definitions of quantum deformations and quantum groups, establishing our
notation. We define quantum homogeneous spaces and then turn to the quantization of
the picture described in the previous section.

Definition 3.4. By quantization of O(G), we mean a Hopf algebra Oq(G) over the
ground ring kq := k[q, q−1], where q is an indeterminate, such that:

1. the specialization of Oq(G) at q = 1 , that is Oq(G)/(q−1)Oq(G) , is isomorphic
to O(G) as a Hopf algebra;

2. Oq(G) is torsion-free, as a kq–module;

We also call Oq(G) a quantum deformation of G , or for short, quantum group.
We also say that the kq -algebraOq(M) is a quantization ofO(M) if it is torsion-free

and Oq(M)/(q−1)Oq(M) � O(M) . IfO(M) is the coordinate ring of an affine variety
M , we further say that Oq(M) is a quantization of M . If Õ(M) is the homogeneous
coordinate ring of a projective variety, with respect to a given projective embedding,
we say that Õq(M) is a quantization of M provided it is graded and the quantization
preserves the homogeneous components.

We next define quantum homogeneous varieties, in this case M = G/P .

Definition 3.5. Let G/P be a homogeneous space with respect to the action of an al-
gebraic group G. If G/P is affine we say that its quantization Oq(G/P) is a quantum
homogeneous variety (space) if Oq(G/P) is a subalgebra of Oq(G) and an Oq(G)-
comodule algebra. IfG/P is projective and Õ(G/P) is its homogeneous coordinate ring
with respect to a given projective embedding, then we ask its quantization Õq(G/P) to
be aOq(G)-comodule subalgebra ofOq(G). We furtherly ask the algebra Õq(G/P) to
be graded and theOq(G)-coaction to preserve the grading. In this case we call Õq(G/P)

a quantum homogeneous projective variety.

Let Oq(G) be a quantum group and Oq(P) a quantum subgroup (quotient Hopf
algebra), quantizations respectively of G and P as above. Since from Proposition 3.2 a
classical section t defines a line bundle on G/P and a projective embedding, we study
a quantum projective embedding by quantizing this classical section.

Definition 3.6. A quantum section of the line bundle L on G
/
P associated with the

classical section t , is an element d ∈ Oq(G) such that

1. (id ⊗ π)�(d) = d ⊗ π(d), i.e. �(d) − d ⊗ d ∈ Oq(G) ⊗ Iq(P)

2. d ≡ t , mod(q − 1)

where π : Oq(G) −→ Oq(P) := Oq(G)/Iq(P), Iq(P) ⊂ Oq(G) being a Hopf ideal,
quantization of the Hopf ideal I (P) defining P .
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Define now:

Õq(G/P) :=∑n∈N Õq(G/P)n, where

Õq(G/P)n := { f ∈ Oq(G) | (id ⊗ π)�( f ) = f ⊗ π
(
dn
)}.

(9)

We recall a result from [10].

Theorem 3.7. Let d be a quantum section on G
/
P . Then

1. Õq(G/P) is a graded algebra,

Õq(G/P)r · Õq(G/P)s ⊂ Õq(G/P)r+s, Õq(G/P) =
⊕

n∈NÕq(G/P)n .

2. Õq(G/P) is a graded Õq(G)–comodule algebra, via the restriction of the comulti-
plication � in Oq(G),

�|Õq (G/P)
: Õq(G/P) −→ Oq(G) ⊗ Õq(G/P)

where we consider Oq(G) with the trivial grading.
3. As algebra Õq(G/P) is a subalgebra of Oq(G).

Hence Õq(G/P) is a quantum homogeneous projective variety.

From now on we assume that Õq(G/P) is generated in degree one, namely by
Õq(G/P)1. The quantum Grassmannian and flag are examples of this construction and
they are both generated in degree one.

Example 3.8. Let us consider the case G = SLn(C) and P the maximal parabolic sub-
group of G:

P =
{(

tr×r pr×n−r
0n−r×r sn−r×n−r

)}
⊂ SLn(C).

The quotient G/P is the Grassmannian Gr of r spaces into the n dimensional vector
space C

n . It is a projective variety and it can be embedded, via the Plücker embedding,

into the projective space PN (C) where N =
(
n
r

)
. This embedding corresponds to the

character:

P �
(
t p
0 s

)
�→ det(t) ∈ C

×.

The coordinate ring O(Gr) of Gr, with respect to the Plücker embedding, is realized as
the graded subring of O(SLn) generated by the determinants dI of the minors obtained
by taking (distinct) rows I = (i1, . . . , ir ) and columns 1, . . . , r . In fact one can readily
check that d = det(ai j )1≤i, j≤r is a classical section and, denoting by π : O(SLn) −→
O(P) the natural projection dual to the inclusion P ⊂ SLn , that

(id ⊗ π)�(dI ) = dI ⊗ π
(
d
)
.

In [15] the quantum Grassmannian Oq(Gr) is defined as the graded subring of
Oq(SLn) generated by all of the quantum determinants DI of the minors obtained
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by taking (distinct) rows I = (i1, . . . , ir ) and columns 1, . . . , r . It is a quantum defor-
mation of O(Gr) and a quantum homogeneous projective space for the quantum group
Oq(SLn), (see [15,17] for more details). Again one can readily check that d = D1...r is
a quantum section and that

(id ⊗ π)�(DI ) = DI ⊗ π
(
d
)
,

whereOq(P) = Oq(G)/Iq(P) is the quantum subgroup ofOq(G) defined by the Hopf
ideal Iq(P) = (ai j ) generated by the elements ai j for r + 1 ≤ i ≤ n and 1 ≤ j ≤ r , and
π : Oq(G) −→ Oq(P).

4. Quantum Principal Bundles from Parabolic Quotients G/P

In the previous section we have seen how to construct a quantum homogenous projective
variety Õq(G/P) given a quantum section d ∈ Oq(G). We here show how quantum
sections lead to quantum principal bundles over quantum homogeneous projective vari-
eties.

4.1. Sheaves of comodule algebras. Let as before G be a semisimple algebraic group,
P a parabolic subgroup.

We start with a classical observation recalling the construction of a (finite) basis
{ti }i∈I of the module of global sections of the very ample line bundle L → G/P
associated with a classical section t ∈ O(G). We also construct the corresponding open
cover {Vi }i∈I of G.

Observation 4.1. Recalling Proposition 3.2, we consider an element in t ∈ O(G) satis-
fying (5) and (6) and defining a very ample line bundleL → G/P , with t ∈ Õ(G/P)1 ⊂
O(G) that is now a section of L. Let �(t) = ∑

t(1) ⊗ t(2) = ∑
i∈I t i ⊗ ti be its co-

product and notice that the elements ti can be chosen to be linearly independent. We
now show that {ti }i∈I is a basis of Õ(G/P)1, the module of global section of L, hence
the ti ’s generate Õ(G/P) as a (graded) algebra. Indeed, by the Borel-Weyl-Bott theo-
rem, Õ(G/P)1 is an irreducible G module (corresponding to the infinitesimal weight
uniquely associated to χ ). By the very definition of �, the G-action on t is given by, for
all g, x ∈ G:

(g · t)(x) = t (g−1x) = �(t)(g−1 ⊗ x) =
∑

t i (g−1) ti (x) . (10)

Since Õ(G/P)1 is irreducible, for any f ∈ Õ(G/P)1 there exists a g ∈ G, such that
f = g · t and consequently f is a linear combination of the ti ’s by (10). Hence the ti ’s
form a basis of Õ(G/P)1.

Furthermore, a covering of G is given by {Vi }i∈I , where the open sets Vi are defined
by the non vanishing of the corresponding ti ∈ O(G). This is so because the line bundle
L defines a projective embedding of G/P , hence there are no common zeros for its
global sections.

Based on the previous observation we have the following important property of the
quantum homogeneous projective variety Õq(G/P).
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Lemma 4.2. Let d be a quantum section, and �(d) = ∑
d(1) ⊗ d(2) = ∑

i∈I di ⊗ di
be its coproduct. Then the di ’s can be chosen so to form a basis of Õq(G/P)1 as kq free
module, hence of Õq(G/P) as graded algebra.

Proof. The fact that the di ’s belong to Õq(G/P)1 is non trivial, but it is an immediate
consequence of Proposition 3.10 in [10]. The property that they generate Õq(G/P)1
as kq free module is a consequence of the same property being true in the classical
setting (see Observation 4.1) and comes through the application of Proposition 1.1 in
[20] followed by Lemma 3.10 in [18]. The last property immediately follows from the
assumption that Õq(G/P) is generated by Õq(G/P)1. ��

We assume that

Si := {dri , r ∈ Z≥0}, i ∈ I

is Ore in order to consider localizations ofOq(G) and hence define a sheaf. We furtherly
assume that Si is Ore in the graded subalgebraOq(G/P) ofOq(G). We can then define:

Oq(Vi ) := Oq(G)S−1
i , (11)

the Ore extension of Oq(G) with respect to the multiplicatively closed set Si . Notice
that Oq(Vi ) is a quantization of O(Vi ), the coordinate ring of the open set Vi ⊂ G.

Proposition 4.3. For any i ∈ I, the algebra Oq(Vi ) is an Oq(P)-comodule algebra
with coaction δi : Oq(Vi ) −→ Oq(Vi ) ⊗ Oq(P) given by:

δi (x) = ((id ⊗ π) ◦ �)(x), δi (d
−1
i ) = d−1

i ⊗ π(d)−1, x ∈ Oq(G) (12)

where with an abuse of notation we write π(d)−1 for the antipode of π(d) in Oq(P).

Proof. Notice that Oq(G) is an Oq(P)-comodule algebra with coaction �π = (id ⊗
π) ◦ �. Since �π(di ) = di ⊗ π(d) is invertible inOq(Vi ) ⊗Oq(P) by the universality
of the Ore construction we have our definition of δi . ��

Assume now we can form iterated Ore extensions:

Oq(Vi1 ∩ · · · ∩ Vis ) := Oq(∩i∈I Vi ) := Oq(G)S−1
i1

. . . S−1
is

, I = {i1, . . . , is},
(13)

with i1, ...is, s ∈ I, independently from the order, i.e. we assume to have a natu-
ral isomorphism between Oq(G)S−1

i S−1
j and Oq(G)S−1

j S−1
i and, iteratively, between

Oq(G)S−1
i1

. . . S−1
is

andOq(G)S−1
iσ1

. . . S−1
iσs

, with σ any permutation of s elements. This
is in general a very restrictive hypothesis, neverthless we will see it is verified in some
interesting examples in the next section.

We also define:

rI J : Oq(∩i∈I Vi ) −→ Oq(∩ j∈J Vj ), I ⊂ J (14)

as the natural morphism obtained from the Ore extension.
Setting as usual VI = ∩i∈I Vi we immediately have the following proposition (cf.

Proposition 4.3).
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Proposition 4.4. Oq(VI ) is an Oq(P)-right comodule algebra and the morphisms rI J
are Oq(P)-right comodule algebra morphisms.

Let us now consider the open sets UI := ℘(VI ), obtained via the projection ℘ :
G −→ G/P . We have the following.

Proposition 4.5. The assignment:

UI �→ F(UI ) := Oq(VI ) ,

with the restriction maps rI J : Oq(VI ) → Oq(VJ ), defines a sheaf ofOq(P)-comodule
algebras on G/P = ∪i∈IUi , and more in general on M := ∪i∈JUi ⊂ G/P, where
I ⊂ I and I ⊂ J ⊂ I, respectively.

Proof. The open sets UI with I ⊂ I (and the empty set) form a basis B for a topo-
logy on G/P . Recalling Proposition 2.13 we just have to show that the assignment
UI �→ F(UI ) := Oq(VI ), with the restriction maps rI J , defines a B-sheaf of Oq(P)-
comodule algebras. Since restrictions morphisms are actually algebra inclusions, using
the existence of iterated Ore extension and their compatibility this is straighforwardly
seen to be a B-sheaf of algebras and of Oq(P)-comodule algebras.

The sheaf on the more general open submanifold M = ∪i∈JUi is simply obtained
by considering the open sets UI with I ⊂ J ⊂ I. ��

4.2. Quantum principal bundles on quantum homogeneous spaces. In the previous sec-
tion we have constructed a sheaf of comodule algebras F on M ⊂ G/P . We now want
to define a quantum ringed space structure on the topological space M as in Definition
2.8 and show that F is a quantum principal bundle on it. Notice that M coincides with
G/P if J = I, while for J � I, i.e. for a proper subset of the set of indices I of the
open cover {Vi }i∈I of G, we have that M is a proper open subset of G/P .

By Observation 4.1 we know that {Ui := ℘(Vi )}i∈I is an open cover ofG/P . Define
Oq(Ui ) as the subalgebra of Oq(G)S−1

i generated by the elements dkd
−1
i , for k ∈ I:

Oq(Ui ) := kq [dkd−1
i ]k∈I ⊂ Oq(G)S−1

i .

Because of our (graded) Ore hypothesis, this is also the subalgebra of elements of
degree zero inside Õq(G/P)S−1

i and, for this reason, it is called the (noncommutative)
projective localization of Õq(G/P) at Si .

Proposition 4.6. Let the notation be as above. The assignment

UI �→ Oq(UI )

defines a sheaf OM on M = ∪i∈JUi , hence (M,OM ) is a quantum ringed space.

Proof. According to Proposition 2.13 it is enough to check that our assignment is a
B-sheaf for the basis associated with the open sets {Ui }, but this is immediate by our
hypothesis on the existence of iterated Ore extension and their compatibility. ��
Proposition 4.7. Let the notation be as above. Then F(Ui )

coOq (P) = OM (Ui ), i.e. it is
the subring in F(Ui ) generated by the elements d j d

−1
i .
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Proof. By our definition of coaction δi (see (12))

δi (d jd
−1
i ) = (d j ⊗ π(d))(d−1

i ⊗ π(d)−1) = d jd
−1
i ⊗ 1 .

We now need to prove that the d jd
−1
i generate the subring of coinvariants. Assume

z ∈ F(Ui )
coOq (P) ⊂ F(Ui ). Since F(Ui ) := Oq(G)[S−1

i ], then zdri ∈ Oq(G) for a
suitable r . Notice that:

δi (zd
r
i ) = (z ⊗ 1)(dri ⊗ π(d)r ) = zdri ⊗ π(d)r .

Hence zdri ∈ Õq(G/P)r , which, by Lemma 4.2, is generated by the d j ’s:

zdri =
∑

λ ji ... jr ∈kq
λ ji ... jr d j1 . . . d jr .

Therefore we have:

z =
∑

λ ji ... jr ∈kq
λ ji ... jr d j1 . . . d jr d

−r
i .

We now proceed by induction on r . The case r = 0 is clear. For generic r , since di
satisfies the Ore condition:

d jr d
−(r−1)
i = d−(r−1)

i

∑

μ jr s∈kq
μ jr sds ,

hence:

z =
∑

λ ji ... jr ∈kq
λ ji ... jr d j1 . . . d jr−1d

−(r−1)
i

∑

μ jr s∈kq
μ jr sdsd

−1
i .

By induction we obtain:

z =
∑

ν ji ... jr ∈kq
ν ji ... jr d j1d

−1
i . . . d jr−1d

−1
i

∑

μ jr s∈kq
μ jr sdsd

−1
i

hence our result. ��
We conclude summarizing the main results we have obtained.

Theorem 4.8. Let G be a semisimple algebraic group and P a parabolic subgroup, let
the quantum group Oq(G) and the quantum subgroup Oq(P) := Oq(G)/Iq(P) be the
quantizations of the coordinate ringsO(G) andO(P). Let d be a quantum section (see
Definition 3.6), denote with {di }i∈I a choice of linearly independent elements in the
coproduct�(d) =∑i∈I di ⊗di , and assume they generate the homogenous coordinate
ring Õq(G/P) (see Lemma 4.2). Assume furtherly that Oq(Vi ) := Oq(G)S−1

i , Si =
{dri , r ∈ Z≥0} is Ore and that subsequent localizations do not depend on the order (see
(13)). Then:

1. Let Oq(Ui ) := kq [dkd−1
i ]k∈I ⊂ Oq(G)S−1

i . The assignment Ui �→ Oq(Ui ) defines
a sheaf OM on M = ∪i∈JUi , J ⊂ I, hence (M,OM ) is a quantum ringed space.
In particular, for M = G/P (J = I), the sheaf OG/P is the projective localization
of the homogeneous coordinate ring Õq(G/P).
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2. The assignment: UI �→ F(UI ) := Oq(VI ) defines a sheaf F of Oq(P)-comodule
algebras on the quantum ringed space M = ∪i∈JUi ⊂ G/P.

3. FcoOq (P) = OM, i.e., the subsheaf FcoOq (P) : U → F(U )coOq (P) ⊂ F(U ) is
canonically isomorphic to the sheaf OM.

If the sheaf F is locally principal then F is a quantum principal bundle, if the sheaf is
locally cleft then F is a locally cleft quantum principal bundle (see Definition 2.10 and
Definition 2.9).

Proof. (1) is Proposition 4.6. (2) is Proposition 4.5. (3) is Proposition 4.7. ��

5. Examples on Quantum Projective Spaces

In this section we apply the general theory we have developed and present quantum
principal bundles over quantum projective spaces. We hence sharpen the notion of quan-
tum projective space as quantum homogenous space. In this section the ground field is
k = C.

5.1. Quantum deformations of function algebras. We start with an important example
of quantum group and its quantum homogeneous varieties. For more details see [30] and
[15].

Definition 5.1. We define the quantum matrices as the Cq algebra Oq(Mn):

Oq(Mn) = Cq〈ai j 〉/IM (15)

where i, j = 1, . . . n and IM is the ideal of the Manin relations:

ai j ak j = q−1akjai j i < k , ai j akl = aklai j i < k, j > l or i > k, j < l ,

ai j ail = q−1ailai j j < l , ai j akl − aklai j = (q−1 − q)ailak j i < k, j < l .

(16)

The quantum matrix algebra Oq(Mn) is a bialgebra, with comultiplication and counit
given by:

�(ai j ) =
∑

k

aik ⊗ akj , ε(ai j ) = δi j .

We define the quantum general linear group to be the algebra

Oq(GLn) = Oq(Mn)[det−1
q ]

where detq = detq(ai j ) is the quantum determinant:

detq(ai j ) =
∑

σ

(−q)−�(σ )a1σ(1) . . . anσ(n) =
∑

σ

(−q)−�(σ )aσ(1)1 . . . aσ(n)n,

here �(σ ) is the length of the permutation σ (see [37] for more details on quantum
determinants).

We define the quantum special linear group to be the algebra

Oq(SLn) = Oq(M)/(detq − 1)

Oq(GLn) and Oq(SLn) are Hopf algebras and quantum deformations respectively of
the general linear and the special linear groups.
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5.2. Quantum principal bundles on quantum projective spaces. We consider the special
case of a maximal parabolic subgroup P of G = SLn(C) of the form:

P =

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

p11 p12 . . . p1n
0 p22 . . . p2n
...

...

0 pn2 . . . pnn

⎞

⎟
⎟
⎠

⎫
⎪⎪⎬

⎪⎪⎭
⊂ G =

⎧
⎪⎪⎨

⎪⎪⎩
A =

⎛

⎜
⎜
⎝

a11 . . . a1n
a21 . . . a2n
...

...

an1 . . . ann

⎞

⎟
⎟
⎠, det(A) = 1

⎫
⎪⎪⎬

⎪⎪⎭
.

In this case G/P � Pn−1(C) is the complex projective space, and Õ(Pn−1) is the
corresponding free graded ring with n generators. Its quantization Õq(Pn−1) is well
known and, for example, it is constructed in detail in [15] (see Theorem 5.4 for r = 1),
see also [12]. Õq(Pn−1) is the subring of Oq(SLn) generated by the elements xi = ai1,
i ∈ I = {1, ...n}. We can immediately give a presentation:

Õq(Pn−1) = Cq〈x1, . . . , xn〉/(xi x j − q−1x j xi , i < j) . (17)

We reinterpret this construction within the present framework, first showing that
Õq(Pn−1) is a quantum homogeneous projective space according to Definition 3.5 and
then constructing, along Theorem 4.8, an Oq(P)-principal bundle on the ringed space
obtained via projective localizations of Õq(Pn−1).

Let Oq(G) = Oq(SLn) be the quantum special linear group of Definition 5.1, and
define the quantum parabolic subgroup

Oq(P) := Oq(SLn)/Iq(P) , (18)

where Iq(P) = (aα1) is the Hopf ideal generated by aα1, α ∈ {2, . . . n}. We use coor-
dinates pi j for the images of the generators ai j under π : Oq(SLn) −→ Oq(P). We
notice (cf. Example 3.8) that d = a11 ∈ Oq(SLn) is a quantum section, in fact

�π(a11) = a11 ⊗ p11, p11 = π(a11) .

Furthermore, from the coproduct �(a11) = ∑
i∈I a1i ⊗ ai1 we choose the linearly

independent elements di in �(d) =∑i∈I di ⊗ di , to be

di = ai1 .

Hence, by Lemma 4.2, the elements di span Õq(SLn/P)1, as defined in (9). The quantum
homogeneous projective variety Õq(SLn/P) is generated in degree one, cf. Example
3.8, and one can see immediately that Õq(SLn/P) coincides with Õq(Pn−1), as defined
in (17).

We now structure Õq(Pn−1) as a quantum ringed space and construct a sheaf of
locally trivialOq(P)-comodule algebras, i.e., a quantumprincipal bundle on thequantum
projective space Õq(Pn−1), whereOq(P) is the quantum parabolic subgroup ofO(SLn)

defined in (18).
Let us consider the two classical open covers of the topological spaces SLn(C) and

Pn−1(C) respectively:

SLn(C) = ∪i Vi , Vi = {g ∈ SLn(C) | a0i1(g) �= 0}

Pn−1(C) = ∪iUi , Ui = {z ∈ Pn−1(C) | x0i (z) �= 0}
(19)

where a0i j denote the generators of O(SLn) and similarly x0i those of Õ(Pn−1), i, j =
1, . . . , n. Evidently, ℘(Vi ) = Ui , ℘ : SLn(C) −→ SLn(C)/P = Pn−1(C).
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Lemma 5.2. The multiplicative set Si = {aki1}k∈N ⊂ Oq(SLn) satisfies the Ore con-
dition. Furthermore, Oq(SLn)S

−1
i1

. . . S−1
is

, does not depend on the order of the Ore
extensions.

Proof. See [40, pp. 4 and 5]. Notice that ai1 is a quantum minor of order 1 and two such
minors q-commute, hence their product forms an Ore set. ��

As a corollary of Theorem 4.8 we then immediately obtain

Proposition 5.3. Let the notation be as in the previous section, with I = {1, . . . n}. The
assignment:

UI �−→ F(UI ) := Oq(VI ) := Oq(SLn)S
−1
i1

. . . S−1
is

, I = {i1, . . . , is},
with i1, ...is, s ∈ I, defines a sheaf ofOq(P)-comodule algebras onSLn(C)/P.Further-
more,F(Ui )

coOq (P) is generated by ai1a
−1
11 ,FcoOq (P) equals the projective localization

of Õq(Pn−1) and (SLn(C)/P,FcoOq (P)) is a quantum ringed space.

We now prove that F is a locally cleft quantum principal bundle. We actually show
the stronger local triviality condition, i.e., the collection of maps ji : Oq(P) → F(Ui )

areOq(P)-comodule algebra maps, this implies that they are cleaving maps (cf. Remark
2.5).

We first study the map j1. Let ai j ∈ F(U1) := Oq(SLn)S
−1
1 = Oq(SLn)[a−1

11 ],
i, j = 1, ...n; since a11 is invertible we have the matrix factorization

(ai j ) =
(

1 0
aα1a

−1
11 11

)(
a11 a1β
0 aαβ − aα1a

−1
11 a1β

)
=
(

1 0
aα1a

−1
11 11

)(
a11 a1β
0 a−1

11 D1β
1α

)
(20)

where α, β = 2, . . . n, and Dkl
i j = aika jl − q−1aila jk , with i < j and k < l, denotes

the quantum determinant of the 2 × 2 quantum matrix obtained by taking rows i, j and
columns k, l.

In the commutative case this factorization corresponds to the trivialization V1 �
C
n−1 × P of the open V1 of the total space of SLn(C) → SLn(C)/P (cf. eq. (19)).

In the quantum case we similarly have that F(U1)
coOq (P) ⊂ F(U1) is a trivial Hopf-

Galois extension. Recalling Remark 2.5 and Observation 2.7, we shall see it is the
smashed product

F(U1) = Cq [aα1a
−1
11 ]α=2,...n #Oq(P) ,

where the generators
(
p11 p1β
0 pαβ

)
of Oq(P) are identified with

(a11 a1β
0 a−1

11 D1β
1α

)
.

The properties of j1 : Oq(P) → F(U1) follow from the properties of an associated
lift J1 that maps into the localization Oq(Mn)[a−1

11 ] of the quantum matrix algebra
defined in (15).

Lemma 5.4. Let Oq(pi j ) denote the quantum matrix algebra with generators pi j =
p11, p1β, pαβ and pα1 = 0; α, β = 2, . . . , n. We have a well defined algebra map
J1 : Oq(pi j ) −→ Oq(Mn)[a−1

11 ], that on the generators reads

J1(p
±1
11 ) = a±1

11 , J1(p1β) = a1β , J1(pαβ) = a−1
11 D1β

1α .
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Proof. Recall, from [16], the following commutation relations inOq(Mn) among quan-
tum determinants and generators of the algebra of quantum matrices:

a1βD
1β
1α = D1β

1αa1β, a1γ D
1β
1α = qD1β

1αa1γ , γ > β

a1γ D
1β
1α = qD1β

1αa1γ + q(q−1 − q)D1γ
1β a1α, γ < β

where D1β
1α = a11aαβ − q−1a1βaα1. Also, by Theorem 7.3 in [16], the indeterminates

uαβ := D1β
1α satisfy the Manin relations as in Definition 5.1, where we replace aαβ with

uαβ . In order to show that J1 is an algebra map, we have to show it is well defined. First,
we easily compute the commutation relations

a±1
11 D1β

1α = D1β
1αa

±1
11 ,

that imply that the a−1
11 D1β

1α ’s satisfy the Manin relations among themselves. Next, we

need to check that the commutation relations between a1γ , γ = 2, . . . n, and a−1
11 D1β

1α
are of the Manin kind.

If γ > β, we have:

a1γ a−1
11 D

1β
1α = a−1

11 D
1β
1α a1γ

because a1γ a
−1
11 = q−1a−1

11 a1γ and a1γ D
1β
1α = qD1β

1αa1γ .
If γ = β, we have:

a1β a−1
11 D

1β
1α = q−1a−1

11 D
1β
1α a1β

because a1β and D1β
1α commute.

If γ < β, we need to check the commutation:

a1γ a−1
11 D

1β
1α = a−1

11 D
1β
1α a1γ + (q−1 − q)a1β a−1

11 D
1γ
1α . (21)

We leave this calculation as an exercise. ��
Lemma 5.5. Let the notation be as above. Let detq(pi j ) and detq(ai j ) denote respec-
tively the quantum determinants in Oq(pi j ) and Oq(Mn)[a−1

11 ]. Then
J1(detq(pi j )) = detq(ai j ) .

Proof. In the factorization (20), define:

(bi j ) :=
(

1 0
aα1a

−1
11 11

)
(ci j ) :=

(
a11 a1β
0 a−1

11 D1β
1α

)

for i, j = 1, . . . , n, α, β = 2, . . . , n. Since ci j = J1(pi j ), by Lemma 5.4, they form a
quantum matrix and our claim amounts to detq(ai j ) = detq(ci j ).

We start by noticing that bi j and ckl satisfy the following commutation relations:

bi j ckl = cklbi j , j �= 1, b11ckl = cklb11, bi1cil = q−1cilbi1, i > 1

bi1ckl = cklbi1, k < i, bi1c11 = qc11bi1

bi1ckl = cklbi1 + (q−1 − q)cilbk1, k > i .

(22)
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We also notice the obvious facts:

bii = 1, bi j = 0, i �= j, j �= 1 . (23)

We proceed with a direct calculation of detq(ai j ) using ai j = ∑k bikck j . Recall the
quantum Laplace expansion along the first column (see [37] pg 47):

detq(ai j ) =
∑

r

(−q)−r+1ar1A(r, 1)

where A(r, 1) is the quantum determinant obtained from (ai j ) by removing the r -th row
and first column,

detq(ai j ) = a11
∑

σ

(−q)−�(σ )a2σ(2) . . . anσ(n)

+
n∑

t=2

(−q)1−t at1
∑

σt

(−q)−�(σt )a1σt (1) . . . âtσt (t) . . . anσ(n)

= c11
∑

σ

(−q)−�(σ )b2k2ck2σ(2) . . . bnkn cknσ(n)

+
n∑

t=2

(−q)1−t bt1c
−1
11

∑

σt ,k1...k̂t ,...kn

(−q)−�(σt )

b1k1ck1σ(1) . . . ̂b1kt cktσ(t) . . . bnkn cknσ(n) , (24)

where û means that we omit the term u.
Notice that σt : {1, . . . , t̂, . . . , n} −→ {2, . . . , n}, but we treat it as a permutation,

just renaming the elements of the two sets as the first n − 1 natural numbers, so that
�(σt ) is well defined.

Let us look at the term b2k2ck2σ(2)b3k3ck3σ(3) . . . bnkn cknσ(n), where k2, . . . , kn =
1, . . . , n. We want to reorder it, and we claim that:

b2k2ck2σ(2)b3k3ck3σ(3) . . . bnkn cknσ(n) = b2k2b3k3 . . . bnkn ck2σ(2)ck3σ(3)cknσ(n) .

By (23) b2k2 �= 0 if and only if k2 = 1, 2. So we have to reorder ck2σ(2)b3k3 only
for k2 < 3, hence, by (22), we have that they commute. The rest follows by repeated
application of this argument.

Therefore, we can write the first term in (24) as:

a11
∑

σ

(−q)−�(σ )a2σ(2) . . . anσ(n)

= c11
∑

σ,k2,...kn

(−q)−�(σ )b2k2ck2σ(2) . . . bnkn cknσ(n)

= c11
∑

σ,k2,...,kn

(−q)−�(σ )b2k2b3k3 . . . bnkn ck2σ(2) . . . cknσ(n)

= c11
∑

k2,...,kn

b2k2b3k3 . . . bnkn
∑

σ

(−q)−�(σ )ck2σ(2) . . . cknσ(n)

= c11
∑

k2,...,kn

b2k2b3k3 . . . bnknC[k2, . . . , kn|2, . . . , n] (25)
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where C[k2, . . . , kn|2, . . . , n] is the quantum determinant in the indeterminates ci j
obtained by taking rows (k2, . . . , kn) (in this order) and columns (2, . . . , n). Notice
that, by (23), the sum over the index kt runs only on the values kt = 1 and t . If
ku = kv = 1 for some u, v = 2, . . . , n, then by Corollary 4.4.4 in [37], we have
C[k2, . . . , kn|2, . . . , n] = 0; so we must have n − 1 distinct indices 1 ≤ k2, . . . , kn ≤ n
and ku = 1 for at most one of them.

We rewrite the first term in (24) as:

a11
∑

σ

(−q)−�(σ )a2σ(2) . . . anσ(n)

= c11C[2, . . . , n|2, . . . , n] + c11b21C[1, 3, . . . , n|2, . . . , n]
+ c11b31C[2, 1, 4 . . . , n|2, . . . , n] + c11b41C[2, 3, 1, 5 . . . , n|2, . . . , n]
+ . . . + c11bn1C[2, 3 . . . , n − 1, 1|2, . . . , n]

= c11C[2, . . . , n|2, . . . , n] +
∑

t

(−q)2−t c11bt1C[1, . . . t̂ . . . , n|2, . . . , n] .

(26)

Let us now look at the second term in (24). Reasoning as before, we have:

(−q)1−t at1
∑

τ

(−q)−�(τ)a1τ(1) . . . âtτ(t) . . . anτ(n)

= (−q)1−t bt1c11
∑

τ,k1,...kt ...kn

(−q)−�(τ)b1k1ck1τ(1) . . . ̂b1kt ckt τ(t) . . . bnkn cnτ(n). (27)

However, we notice that here it must be k1 = 1, otherwise b1k1 = 0, hence this forces
kt = t for all t > 1. So we can write:

(−q)1−t at1
∑

τ

(−q)−�(τ)a1τ(1) . . . âtτ(t) . . . anτ(n)

= (−q)1−t bt1c11
∑

τ

(−q)−�(τ)c1τ(1) . . . ĉtτ(t) . . . cnτ(n)

= −(−q)2−t c11bt1C[1, . . . t̂, . . . , n|2, . . . , n] (28)

because by (22) we have bt1c11 = qc11bt1.
If we substitute expressions (26) and (28) in (24) and simplify we remain with just

one term:

detq(ai j ) = c11C[2, . . . , n|2, . . . , n] = detq(ci j ) .

��
Proposition 5.6. The map j1 : Oq(P) −→ F(U1) := Oq(SLn)[a−1

11 ] defined on the
generators as:

j1(p
±1
11 ) = a±1

11 , j1(p1β) = a1β , j1(pαβ) = a−1
11 D1β

1α ,

α, β = 2, . . . n, is an Oq(P)-comodule algebra map.
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Proof. Wecanonically haveOq (SLn)[a−1
11 ] =Oq(Mn)[a−1

11 ]/(detq(ai j )−1) andOq(P) =
Oq(SLn)/Iq(P) = Oq(pi j )/(detq(pi j ) − 1) as algebras. Because of the previous
lemma, j1 : Oq(P) → Oq(SLn)[a−1

11 ] is well defined; in fact it is the algebra map
J1 : Oq(pi j ) → Oq(Mn)[a−1

11 ] induced on the quotients.
We next show that j1 is anOq(P)-comodule morphism, i.e., δ1 ◦ j1 = ( j1⊗ id)◦�P ,

where �P is the comultiplication in Oq(P) and δ1 is the Oq(P) coaction on F(U1) =
O(V1) as defined in Proposition 4.3. Since j1 is an algebra map, it is enough to check
the comodule property on the generators. Let us look at the case of pαβ , the case p1 j
being an easy calculation. On the one hand, using the coproduct formula for quantum
minors (see e.g. [16])

�(D1 j
1i ) =∑r<s D

rs
1i ⊗ D1 j

rs ,

we have:

(δ1 ◦ j1)(pαβ) = δ1(a
−1
11 ) δ1(D

1β
1α ) = (a−1

11 ⊗ π(a−1
11 )
)∑

r<s D
rs
1α ⊗ π(D1β

rs )

=∑k<γ a−1
11 D

rγ
1α ⊗ π(a−1

11 D
1β
rγ ) =∑γ a−1

11 D
1γ
1α ⊗ pγβ .

(29)

On the other hand:

(
( j1 ⊗ id) ◦ �P

)
(pαβ) = ( j1 ⊗ id)

∑
γ pαγ ⊗ pγβ =∑γ a−1

11 D
1γ
1α ⊗ pγβ .

��
We now extend the previous proposition in order to define the Oq(P)-comodule

algebra maps jk : Oq(P) → F(Uk) = Oq(SLn)[a−1
k1 ], (k = 1, . . . n) thus proving the

triviality of the Hopf–Galois extensions F(Uk)
coOq (P) ⊂ F(Uk).

Reasoning as before, for each fixed value of k, we consider the factorization of
quantum matrices (ai j ) similar to (20):

⎛

⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

a11a
−1
k1 0 0 . . . 0 1 0 . . . 0

a21a
−1
k1 1 0 . . . 0 0 0 . . . 0

a31a
−1
k1 0 1 . . . 0 0 0 . . . 0

.

.

.
.
.
.

. . .
.
.
.

ak−11a
−1
k1 0 0 . . . 1 0 0 . . . 0

1 0 . . . 0 0 0 . . . 0

ak+11a
−1
k1 0 . . . 0 0 1 0 . . . 0

ak+21a
−1
k1 0 . . . 0 0 0 1 . . . 0

.

.

.
.
.
.

. . .
.
.
.

an1a
−1
k1 0 . . . 0 0 0 . . . 1

⎞

⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

⎛

⎜⎜
⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎝

ak1 akβ
0 a2β − a21a

−1
k1 akβ

0 a3β − a31a
−1
k1 akβ

.

.

.
.
.
.

0 ak−1β − ak−11a
−1
k−11akβ

0 a1β − a11a
−1
k1 akβ

0 ak+1β − ak+11a
−1
k1 akβ

0 ak+2β − ak+21a
−1
k1 akβ

.

.

.
.
.
.

0 anβ − an1a
−1
k1 akβ

⎞

⎟⎟
⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎠

where β = 2, . . . n. This suggests to exchange row k with row 1 in order to identify the

last matrix with the matrix of generators
(
p11 p1β
0 pαβ

)
of Oq(P).
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Proposition 5.7. The map jk : Oq(P) −→ F(Uk) = Oq(SLn)[a−1
k1 ], defined on the

generators as:

jk(p
±1
11 ) = a±1

k1 , jk(p1β) = akβ, jk(pαβ) =
{

−q−1(a1β − a11a
−1
k1 akβ) α = k

aαβ − aα1a
−1
k1 akβ α �= k

,

i.e., equivalently, jk(pαβ) =

⎧
⎪⎨

⎪⎩

−qD1β
αk a

−1
k1 , α < k

D1β
1k a

−1
k1 , α = k

D1β
kαa

−1
k1 , α > k

,

α, β = 2, . . . n, and extended as algebra map to all Oq(P), is a well defined Oq(P)-
comodule algebra map for any k = 1, . . . n.

Proof. This is a direct check similar to Proposition 5.4. Recalling the commutation
relations of the pi j ’s (cf. proof of Proposition 5.4), and those between quantum minors
in [16], we have: i) The akj among themselves have the same commutation relations

as the p1 j ’s. ii) ak1 commutes with D1β
αk , D

1β
1k , D1β

kα . iii) The −qa−1
k1D

1β
αk ’s, satisfy the

sameManin relations among themselves as the pαβ ’s; similarly for the a−1
k1D

1β
1k ’s and the

a−1
k1D

1β
kα ’s. iv) The mixed commutation relations: of −qa−1

k1D
1β
αk with a−1

k1D
1β
1k and with

a−1
k1D

1β
kα , and of a

−1
k1D

1β
1k with a−1

k1D
1β
kα , also satisfy the same Manin relations as those of

the corresponding pαβ ’s.

Then we are left to check the commutation relations of akγ with−qa−1
k1D

1β
αk , a

−1
k1D

1β
1k

and a−1
k1D

1β
kα . There are nine of these, depending on the combinations of k > α, k =

α, k < α with γ > β, γ = β, γ < β. These indeed correspond to the commutation
relations between p1γ and pαβ .

We conclude that jk is a well defined algebra map because in Oq(SLn)[a−1
k1 ] we

have jk(p11) jk(detq(pαβ)) = 1, consistently with the last of the defining relations of
the algebra Oq(P): p11 detq(pαβ) = 1. This is obtained with the same argument as in
Lemma 5.5.

Since jk is an algebra map it is an Oq(P)-comodule map provided the comodule
property δ1 ◦ j1 = ( j1 ⊗ id) ◦ �P holds on the generators. It is straighforward to see
that this is indeed the case on p1 j . Let’s compute the case pαβ with α > k (the other
cases being similar):

(δk ◦ jk)(pαβ)= δk(a
−1
k1 ) δk(D

1β
kα ) = (a−1

k1 ⊗ π(a−1
11 )
)∑

r<s D
rs
kα ⊗ π(D1β

rs )

= ∑
r<γ a−1

k1D
rγ
1α ⊗ π(a−1

11 D
1β
rγ ) =∑γ a−1

k1D
1γ
1α ⊗ pγβ

= (( j1 ⊗ id) ◦ �P
)
(pαβ) .

��
Remark 5.8. Recalling Remark 2.5 andObservation 2.7, as corollary of the above propo-
sition we have F(Uk) � Cq [ai1a−1

k1 ]i∈Ik #Oq(P), Ik := {i | 1≤ i ≤ n, i �= k}, where
it is easy to check that the smashed product is nontrivial (i.e., different from the tensor
product).

Theorem 5.9. Let the notation be as in the previous section, with I = {1, . . . n}. The
assignment:

UI �→ F(UI ) := Oq(SLn)S
−1
i1

. . . S−1
is

, I = {i1, . . . , is},
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with i1, ...is, s ∈ I, defines a locally cleft Oq(P)-principal bundle on the quantum
ringed space (SLn(C)/P,FcoOq (P)), with structure sheaf FcoOq (P) = OSLn/P given
by projective localizations of the quantum homogeneous projective space Õq(Pn−1) =
Õq(SLn/P).

Proof. After Proposition 5.3 we only need to prove the locally cleft property. This is a
direct consequence of Proposition 5.7 and Remark 2.5. ��
Remark 5.10. Notice that our construction, and in particular Theorem 5.9, holds also
when we specialize the indeterminate q to a complex value q ∈ C that is not a root of
unity. Then locally cleft sheaves are locally principal (cf. Definition 2.9 and Definition
2.10) and hence the sheaf UI �→ F(UI ) of Theorem 5.9 is a quantum principal bundle
on quantum projective space.

6. Quantum Principal Bundles from Twists

In this section we obtain new quantum principal bundles via 2-cocycle (twist) deforma-
tions. In particular we provide examples that are locally cleft from examples that are
locally trivial.

We here consider the ground ring to be a field, hence specialize q ∈ k. As in [2] we
consider 2-cocycle deformations based on the “structure group”Hopf algebra H and also
on an “external symmetry” Hopf algebra K , i.e. a Hopf algebra coacting on the quantum
principal bundle, the coaction being compatible with that of H (in the commutative case
K is associated with automorphisms of the bundle, possibly nontrivial on the base).

This general theory of twists of quantum principal bundles leads in particular to
principal bundles on multiparametric quantum projective spaces. It can also be adapted
to recover the θ -twisted multipullback n − 1-dimensional projective space studied in
[24], indeed this latter is obtained as the fixed point subalgebra under a freeU (1)-action
of a “non round” 2n−1-dimensional θ -twisted sphere. It is obtained via multipullbacks
based on a closed covering which is a restriction of our usual open affine covering of
Pn−1(C).

6.1. Deformations from twists of H. Let γ : H ⊗ H → k be a 2-cocycle of the Hopf
algebra H , denote by γ −1 : H ⊗ H → k its convolution inverse and by Hγ the new
Hopf algebra that has the same costructures of H and new product ·γ and antipode
obtained by twisting the ones of H via γ . Explicitly, the product reads, for all h, h′ ∈ H ,
h ·γ h′ = γ (h(1) ⊗ h′

(1))h(2)h′
(2)γ

−1(h(3) ⊗ h′
(3)). We also denote with � the functor

from the category of right H -comodule algebras to that of right Hγ -comodule algebras:
if A is an H -comodule algebra then �(A) ≡ Aγ is the kq -module A with product
a •γ a′ := a(0)a′

(0)γ
−1(a(1) ⊗ a′

(1)). Since H and Hγ have the same costructures, Aγ

is a right Hγ -comodule algebra using the same comodule structure map as for A. The
functor � is the identity on morphisms.

Furthermore, the convolution inverse γ −1 is a 2-cocycle of Hγ ; we have (Hγ )γ −1 =
H and similarly we can twist back the Hγ -comodule algebra Aγ to the Hγ -comodule
algebra �−1(Aγ ) ≡ (Aγ )γ −1 = A. This implies that the functor � and its inverse �−1

are an equivalence (actually an isomorphism) between the categories of H -comodule
algebras and Hγ -comodule algebras.
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Theorem 6.1. Let γ be a 2-cocycle of the Hopf algebra H and � the corresponding
functor of comodule algebras. The sheafF is an H-principal bundle (quantum principal
bundle) over the ringed space (M,OM ) if and only if � ◦ F is an Hγ -principal bundle
over (M,OM ). The sheaf F is a locally cleft quantum principal bundle if and only if so
is � ◦ F .

Proof. If F is a sheaf of H -comodule algebras over M then � ◦ F is a sheaf of Hγ -
comodule algebras over M , indeed, presheaf, locality and the gluing properties immedi-
ately follow recalling that the functor � has inverse functor �−1. For any openU ⊂ M ,

since Hγ and H have the same coproduct, we haveF(U )
coHγ
γ = F(U )coH = OM (U ) as

comodules and hence as algebras (multiplication of coinvariant elements is undeformed).
This shows that � ◦F is a sheaf over the ringed space (M,OM ). Vice versa, if � ◦F is a
sheaf of Hγ -comodule algebras over the ringed space (M,OM ) thenF = �−1 ◦ (� ◦F)

is a sheaf of H -comodule algebras over (M,OM ).
Finally, let {Ui } be a covering of M such that F is locally principal (locally cleft)

over {Ui }. The extensionOM (Ui ) = F(Ui )
coH ⊂ F(Ui ) is principal (cleft) if and only

if OM (Ui ) = F(Ui )
coHγ
γ ⊂ F(Ui )γ is principal (cleft), cf. [2, Corollary 3.9] (cf. [32,

Theorem 5.2] or [2, Corollary 3.7]). ��
Remark 6.2. We further observe that if the H -principal bundle F is locally trivial with
respect to a covering {Ui }, i.e., the cleft extensions F(Ui )

coH ⊂ F(Ui ) are trivial
extensions, so that F(Ui ) � F(Ui )

coH
H (cf. Observation 2.7), then this is no more
the case for the twisted Hγ -principal bundle � ◦F because the extensionsF(Ui )

coHγ ⊂
F(Ui )γ are cleft but nontrivial. Indeed, as follows from [32, Theorem 5.2], F(Ui )γ �
F(Ui )

coH
γ −1Hγ , where 
γ −1 denotes the crossed product given by the 2-cocyle γ −1

of Hγ .

6.2. Deformations from twists of K . Let now K be anotherHopf algebra andF be a sheaf
over the ringed space (M,OM ) of (K , H)-bicomodule algebras, i.e. right H -comodule
algebras and left K -comodule algebras with left and right coactions commuting: (ρ ⊗
id)◦δ = (id⊗δ)◦ρ. Since k is afield, K is free as a k-module andFcoH : U → F(U )coH

is a subsheaf of K -comodule algebras (becauseF(U )coH are K -subcomodule algebras,
cf. [2, Proposition 3.12]).

A twist σ of K gives the functor � from left K -comodule algebras A to left Kσ -
comodule algebras�(A) ≡ σ A, where the new product is given by a σ• a′ = σ(a(−1) ⊗
a′
(−1))a(0)a′

(0) (the comodule structure maps of A and σ A being the same). The functor

� is the identity on morphisms. The convolution inverse σ−1 is a twist of σ K and gives
the inverse functor �−1. As in Theorem 6.1, composition of the functor � with the
sheaf F of (K , H)-bicomodule algebras gives the sheaf � ◦F of (Kσ , H)-bicomodule
algebras.

Theorem 6.3. Let the sheaf F of (K , H)-bicomodule algebras over the ringed space
(M,FcoH ) be an H-principal bundle. Then the sheaf � ◦ F of (Kσ , H)-bicomodule
algebras over the ringed space (M, � ◦ FcoH ) is an H-principal bundle.

Furthermore, if F is a locally cleft quantum principal bundle (relative to a covering
{Ui } of M) and if the H-comodule (H,�) has a compatible K -comodule structure, so
that it is a (K , H)-bicomodule and the cleaving maps ji : H → F(Ui ) are (K , H)-
bicomodule maps, then the sheaf � ◦ F is a locally cleft quantum principal bundle.
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Proof. As in Theorem 6.1 invertibility of � implies that � ◦ F and � ◦ FcoH are
sheaves of (Kσ , H)-comodule algebras and of Kσ -comodule algebras, respectively. For
all U ⊂ M , � ◦ FcoH (U ) = (� ◦ F)coH (U ) as Kσ -comodules (indeed � twists only
the algebra structure), they are also equal as Kσ -comodule algebras because FcoH (U )

is a K -subcomodule of F(U ). This shows the equality � ◦ FcoH = (� ◦ F)coH as
sheaves of Kσ -comodule algebras.

Since the 2-cocycle σ twists H -principal (H, K )-comodule algebras F(U ) in H -
principal (H, Kσ )-comodule algebras σF(U ), see [2, Corollary 3.19], we have that the
sheaf�◦F is locally H -principal, hence it is a quantum principal bundle over the ringed
space (M, � ◦ FcoH ).

We are left to show that in the further hypotheses regarding the locally cleft property
of F we have that � ◦ F is locally cleft. From Theorem 2.6, for each open Ui we have
the local trivialization

ϑi : F(Ui )
coH ⊗ H → F(Ui ) , b ⊗ h �→ ϑi (b ⊗ h) = bji (h) (30)

that is an isomorphism of left F(Ui )
coH -modules and right H -comodules. Since ji is

also a left K -module map and F(Ui ) is a K -comodule algebra we easily have that ϑi is
also a left K -comodule map.

Recall that a twist σ defines a monoidal functor (�, ϕ�) from the category of left
K -comodules (KM,⊗) to that of left Kσ -comodules (KσM, σ ⊗), where σ ⊗ and ⊗
coincide as tensor products of k-modules. The functor � : KM → KσM, V �→
�(V ) ≡ σV is the identity on objects and morphisms, because as coalgebras K = Kσ ,
while the natural transformation ϕ� between the tensor product functors ⊗ and σ ⊗ is
given by the σ K -comodule isomorphisms ϕ�

VW : �(V ⊗ W ) → �(V ) σ⊗ �(W ),
v ⊗ w �→ ϕ�

MN (v ⊗ w) = σ(v(−1) ⊗ w(−1)) v(0) ⊗ w(0), where ρ(v) = v(−1) ⊗ v(0),
ρ(w) = w(−1) ⊗ w(0) are the left K -coactions of V and W .

Furthermore, (�, ϕ�) is amonoidal functor from the category of (K , H)-bicomodules
(KMH ,⊗) to that of (Kσ , H)-bicomodules (KσMH , σ ⊗), (cf. for example [2, §2.2]).

Applying the functor � to the F(Ui )
coH -module and (K , H)-bicomodule

isomorphism ϑi we obtain the isomorphism of left σF(Ui )
coH -modules and (Kσ , H)-

bicomodules

�(ϑi ) : σ

(
F(Ui )

coH ⊗ H
)→ σF(Ui ) ,

where σ

(
F(Ui )

coH ⊗ H
) := �(F(Ui )

coH ⊗ H) and σF(Ui ) := �(F(Ui )). Using the
(Kσ , H)-bicomodule isomorphism (we suppress the lower indices of ϕ� for simplicity)

ϕ� : σ

(
F(Ui )

coH ⊗ H
)→ σF(Ui )

coH σ⊗ σ H ,

where σ H := �(H) is just the (K , H)-bicomoduleH nowseen as a (Kσ , H)-bicomodule,
we obtain the left σF(Ui )

coH -module and (Kσ , H)-bicomodule isomorphism

�(ϑi ) ◦ ϕ� −1 : σF(Ui )
coH σ⊗ σ H → σF(Ui ) .

Forgetting the Kσ -comodule structure and recalling that as H -comodules σ H = H , and
that as tensor products of H -comodules we have σ ⊗ = ⊗, this isomorphism becomes
an σF(Ui )

coH -module and H -comodule isomorphism σF(Ui )
coH ⊗ H → σF(Ui ),

proving that the extension σF(Ui )
coH ⊂ σF(Ui ) is cleft. This holds for each open Ui ,

thus � ◦ F is locally cleft. ��
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6.3. Examples. We twist the quantum principal bundle F on the quantum ringed space
(SLn(C)/P,FcoOq (P))ofTheorem5.9 andobtain three newquantumprincipal bundles:
� ◦ F , � ◦ F and � ◦ � ◦ F ; the first on the locally ringed space associated with
the homogeneous ring of quantum projective space Õq(Pn−1), the other two on its
multiparametric deformation Õq,γ (Pn−1).

Deformations from twists of H = Oq(P).
The (n − 1)-dimensional torus T

n−1 is a subgroup of SLn(C) and correspondingly
we have that the Hopf algebra O(Tn−1) (the group Hopf algebra over C of the free
abelian group generated by n − 1 elements) is a quotient of Oq(SLn). It is useful to
present O(Tn−1) as the algebra over C generated by the n elements ti , i = 1, . . . n and
their inverses t−1

i modulo the ideal generated by the relation t1t2 . . . tn = 1. The Hopf
algebra structure is fixed by requiring ti to be group like. The Hopf algebra projection

Oq(SLn)
pr−→ O(Tn−1) on the generators is given by

ai j �→ δi j ti .

We consider the exponential 2-cocycle γ on O(Tn−1) defined on the generators ti by

γ
(
t j ⊗ tk

) = γ jk with γ jk = exp
(
iπθ jk

) ; θ jk = −θk j ∈ R (31)

and extended to the whole algebra via

γ (ab ⊗ c) = γ
(
a ⊗ c(1)

)
γ
(
b ⊗ c(2)

)
, γ (a ⊗ bc) = γ

(
a(1) ⊗ c

)
γ
(
a(2) ⊗ b

)
(32)

for alla, b, c,∈ O(Tn). This 2-cocycleγ is pulledback along theprojectionOq (SLn)
pr−→

O(Tn−1) to a 2-cocycle γ ◦ (pr ⊗ pr) onO(SLn) (see e.g. [2, Lemma 4.1]). Explicitly,
denoting with abuse of notation by γ the pulled back 2-cocycle, we have that

γ : Oq(SLn) ⊗ Oq(SLn) → C (33)

is defined by γ (ai j ⊗ akl) = δi jδklγil , and (32) for all a, b, c ∈ Oq(SLn). Twist
deformation via this 2-cocycle of the quantum groupOq(SLn) gives themultiparametric
special linear quantum group studied e.g. in [35].

The torus Hopf algebra O(Tn−1) is also a quotient of the parabolic quantum group
Oq(P) defined in (18). Correspondingly the 2-cocycle γ on O(Tn−1) is pulled back
to a 2-cocycle, still denoted γ , on Oq(P) providing its multiparametric deformation
Oq,γ (P).

We now apply Theorem 6.1 to the locally cleft Oq(P)-principal bundle F on the
quantum ringed space (SLn(C)/P,FcoOq (P)) of Theorem 5.9 and obtain theOq,γ (P)-
principal bundle�◦F on (SLn(C)/P,FcoOq (P)). Furthermore, Remark 6.2 implies that
while the Oq(P)-principal bundle F is locally trivial on the cover {Ui } of Pn−1(C) =
SLn(C)/P , the Oq,γ (P)-principal bundle � ◦ F is only locally cleft.

Deformations from twists of K = O(Tn−1).
We next study twists based on the external Hopf algebra K = O(Tn−1). The Oq(P)-
principal bundle F on (SLn(C)/P,FcoOq (P)) of Theorem 5.9 is indeed a sheaf of
(O(Tn−1),Oq(P))-bicomodule algebras:The left K = O(Tn−1)-coactionon theOq(P)-
comodule algebra Oq(SLn(C)) is given by

ρ(a) = (pr ⊗ id)�Oq (SLn(C))(a)
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for all a ∈ Oq(SLn(C)), and is uniquely extended as algebra map to the sheaf UI �→
F(UI ) = Oq(SLn(C))S−1

i1
. . . S−1

is
, I = {i1, . . . is} of Oq(P)-comodule algebras on

SLn(C)/P , where {UI }, with I ∈ {{i1, . . . is} | i1, ... is, s = 1, ... n
}
, is the topology on

SLn(C)/P generated by the cover {Ui }, i = 1, ... n.
Furthermore, the cleaving maps ji : Oq(P) → F(Ui ) = Oq(SLn(C))S−1

i become
(O(Tn−1),Oq(P))-comodule maps by defining on the Oq(P)-comodule (Oq(P),�)

the compatible leftO(Tn−1)-comodule structure given by ρ(a) = (p⊗ id)�(a), where

p is the projection Oq(P)
p−→ O(Tn−1). We can then consider the 2-cocycle (31)

for K = O(Tn−1) and apply Theorem 6.3 thus concluding that the sheaf � ◦ F is a
locally cleft Oq(P)-principal bundle over the ringed space (Pn−1(C),� ◦ FcoOq (P)).
In Remark 6.6 we further show it is not locally trivial on the cover {Ui }.
Deformations from both twists of H = Oq(P) and K = O(Tn−1).
Finally, we can consider theOq (P)-principal bundle�◦F over the ringed space (M, �◦
FcoOq (P)), and use the 2-cocycle ofOq(P), obtained via pullback of the 2-cocycle (31)
of O(Tn−1), in order to construct, according to Theorem 6.1, the Oq,γ (P)-principal
bundle � ◦ � ◦ F over the ringed space (Pn−1(C),� ◦ FcoOq (P)).

Equivalently, the quantum principal bundle � ◦ � ◦ F is over (Pn−1(C),� ◦ (� ◦
F)coOq,γ (P)), since (Pn−1(C),� ◦ FcoOq (P)) = (Pn−1(C),� ◦ (� ◦ F)coOq,γ (P)), as
follows fromOq,γ (P) andOq(P) having the same coproduct. In fact, since left and right
coactions commute, we have � ◦ � = � ◦ � (cf. [2, Proposition 2.27]) and therefore
the equality

� ◦ � ◦ F = � ◦ � ◦ F

of quantum principal bundles over (Pn−1(C),� ◦ (� ◦F)coOq,γ (P)). We now study this
Oq,γ (P)-principal bundle, that is locally cleft since so is F , and conclude by proving
that since F is locally trivial so is � ◦ � ◦ F .

We show that theOq,γ (P)-principal bundle�◦�◦F is an example of the construction
of Theorem 4.8. This is so because the (graded) algebrasOq(SLn),Oq(P),Oq(SLn/P)

and their localizations are left and right (graded) O(Tn−1)-comodule algebras.
Wefirst observe that the total space (global sections) of�◦�◦F is themultiparametric

quantum group

(� ◦ � ◦ F)(SLn(C)) = Oq,γ (SLn) , (34)

with Oq,γ (P) that is a quantum subgroup. Indeed we can pullback the twist (31) on
K = O(Tn−1) to the twist (33) on Oq(SLn). Then (� ◦ �)(Oq(SLn)) is the twist of
Oq(SLn) as a left Oq(SLn)-comodule algebra and with the same twist (33) as a right
Oq(SLn)-comodule algebra, hence it is the twisting of Oq(SLn) as a Hopf algebra,
giving the Hopf algebra Oq,γ (SLn). Similarly we have

(� ◦ �)(Oq(P)) = Oq,γ (P) . (35)

In order to show that Oq,γ (P) is a quantum subgroup of Oq,γ (SLn) recall that the
deformation (34) is induced from a left and right action of the Hopf algebra O(Tn−1)

and notice that the ideal Iq(P) = (aα1) ⊂ Oq(SLn) is a left and right O(Tn−1)-
subcomodule algebra. Its twist deformation Iq,γ (P) := (� ◦ �)(Iq(P)) is an ideal in
Oq,γ (SLn). It is furthermore a Hopf ideal since so was Iq(P) inOq(SLn), and because
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twisting does not affect the costructures and twisting via the exponential 2-cocycle (31)
does not affect the antipode as a linear map. We can then consider the quotient Hopf
algebraOq,γ (SLn)/Iq,γ (P), this is easily seen to be the multiparametric quantum group
in (35).

We next twist Õq(Pn−1) = Õq(SLn/P) seen as left K = O(Tn−1)-comodule alge-
bra (and a trivial right O(Tn−1)-comodule algebra). The twist is grade preserving and
therefore Õq,γ (Pn−1) := (� ◦ �)(Õq(Pn−1)) is a graded algebra. It is generated by
the quantum section d = a11 ∈ Õq,γ (SLn) and the corresponding di = ai1 obtained
from the coproduct (that equals that ofOq(SLn)). Indeed monomials in di , respectively
contructed with the product of Õq(Pn−1) and of Õq,γ (Pn−1), differ by a phase and
hence span the same C-module Õq,γ (Pn−1). Explicitly Õq,γ (Pn−1) is the subalgebra
generated by the elements xi := di = ai1 ∈ Oq,γ (SLn), i.e. it is the multiparametric
quantum homogeneous projective space

Õq,γ (Pn−1) = Cq〈x1, . . . xn〉/(xi x j − q−1γ 2
i j x j xi , i < j) . (36)

We now observe that Oq(SLn)S
−1
i is canonically an O(Tn−1)-bicomodule algebra.

We twist it to (� ◦ �)(Oq(SLn)S
−1
i ) and denote by γ •γ the corresponding product

(notice that γ •γ restricted to the subO(Tn−1)-bicomoduleOq(SLn) is the Hopf algebra
twist of the product of Oq(SLn)). Due to γ (t−1

i ⊗ ti ) = 1 = γ (ti ⊗ t−1
i ) (cf. (31) and

(32)), we have d−1
i γ•γ di = d−1

i di and di γ•γ d−1
i = did

−1
i . This shows that the inverse

d−1
i of di in Oq(SLn) is also the inverse in Oq,γ (SLn).

Then, the identity (a γ •γ d−1
i )γ •γ di = a γ •γ (d−1

i γ •γ di ) = a γ •γ (d−1
i di ) = a,

where a ∈ Oq(SLn), and more in general a ∈ (Oq(SLn)S
−1
i1

...
̂S−1
i ...S−1

is
)γ , shows that

the twist of the localizations ofOq(SLn) are just the localizations of the twisted quantum
group Oq,γ (SLn), i.e.,

(� ◦ � ◦ F)(UI ) := (� ◦ �)(Oq(SLn)S
−1
i1

. . . S−1
is

) = Oq,γ (SLn)S
−1
i1

. . . S−1
is

,

I = {i1, . . . is}, i1, ...is, s ∈ {1, . . . n}. This shows that the Ore conditions are satisfied
for the localizations of Oq,γ (SLn) and that the corresponding sheaf constructed as in
Theorem 4.8 is � ◦ � ◦ F . We summarize this result in the following theorem.

Theorem 6.4. The assignment:

UI �→ (� ◦ � ◦ F)(UI ) = Oq,γ (SLn)S
−1
i1

. . . S−1
is

, I = {i1, . . . , is}
i1, ...is, s ∈ {1, . . . n}, defines a locally cleft quantum principal bundle on the quantum
ringed space (SLn(C)/P, (�◦�◦F)coOq,γ (P)), with structure sheaf (�◦�◦F)coOq,γ (P)

given by projective localizations of the multiparametric quantum homogeneous projec-
tive space Õq,γ (Pn−1) = Õq,γ (SLn/P).

Remark 6.5. An immediate corollary is that the Oq,γ (P)-principal bundle � ◦ � ◦ F
is locally trivial with cleaving maps (� ◦ �)( ji ) : Oq,γ (P) → (� ◦ � ◦ F)(Ui ) that
are algebra maps (recall Remark 2.5). Indeed ji : Oq(P) → F(Ui ) in Proposition 5.7
are (O(Tn−1),Oq(P))-bicomodule algebra maps, and the result follows applying the
functor � ◦ � and recalling (35).
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Remark 6.6. Applying Remark 6.2 (with the functor�−1 instead of�) to the locally triv-
ial bundle�◦�◦F = �◦�◦F we conclude that the extensions (�◦F)(Ui )

coOq (P) ⊂
(� ◦F)(Ui ) are cleft and nontrivial. So that the Oq(P)-principal bundle � ◦F locally
is cleft and nontrivial.
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