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Electro-Osmotic Non-Isothermal Flow in Rectangular Channels
with Smoothed Corners

M. Lorenzini®*

?Alma Mater Studiorum Universitd di Bologna - DIN - Via Fontanelle 40, Forli- I-47121 - ITALY

Abstract

Microchannel heat sinks are able to provide high cooling capabilities in terms of heat
flux rates. This makes them particularly interesting for the thermal management of
electronic components such as CPUs, which have high power density and small di-
mensions. Pressure drop of the coolant across the microchannels may, however, be
significant and give rise to viscous heating, thereby preventing the practical use of
these devices. When the coolant is a polar fluid and the channel walls possess a net
electric charge, an alternative means of moving the fluid is through an applied external
electric field. The flow which originates is called electro-osmotic (EOF). EOF does not
require moving parts, is free of vibrations and does not need lubrication, but is subject
to Joule heating of the fluid and has flow and heat transfer characteristics which differ
from those of pressure-drive flows. In spite of several previous investigation on EOF, no
attention has been paid to the changes in velocity and temperature distributions caused
by modifying the base cross-section of the channels which may be circular, rectangular
or polygonal, thanks to the current capabilities of microfabrication. This work inves-
tigates numerically the influence of smoothing the corners of the cross-section at fixed
hydraulic diameter on the values of the Poiseuille and Nusselt numbers for the laminar,
steady and fully developed, electro-osmotic flow in a rectangular channel subject to uni-
form heat flux and Joule heating. Several aspect ratios are considered, as are different

values of the ratio of Joule heating to heat flux through the walls. The results highlight
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a very slight increase of the Poiseuille number with the radius of curvature, whereas the
Nusselt number experiences a significant improvement. Correlations are obtained for
both the Poiseuille and Nusselt number as a function of the radius of curvature, aspect
ratio and Joule heating-to-heat flux ratio.

Keywords: Electro-osmotic flow, microchannel, rounded corners, heat transfer

enhancement

1. Introduction

In the last two decades microchannels have been the subject of a large body of funda-
mental research and gradually evolved into constitutive elements of so-called micro-flow
devices (MFDs), as can be easily realised when comparing older reviews on the subject,
[1, 2], to more recent ones [3H5].

In spite of some research still being addressed to fundamental subjects [6H11], MFDs
have now progressed beyond the level of prototypes and find applications in several
fields [12], e.g. micro heat exchangers (MHXs) are employed in air conditioning sys-
tems [I3] and heat pumping equipment [I4]. Among other applications, microchannel
heat sinks are able to provide high cooling capabilities in terms of heat flux rates. This
makes them particularly interesting for the thermal management of electronic devices,
owing to the ever-increasing compactness of the latter and, subsequently, power density.
Even for very low flow rates, though, pressure drop across such devices may be signifi-
cant, especially when liquids are employed as coolants, with the reduction in hydraulic
diameter of the ducts quickly leading to viscous heating of the fluid circulated [15] and
unviable pumping costs.

At small scales, however, flow devices can take advantage of micro-effects such as electro-
osmosis, which allows the motion of a liquid relative to a charged surface, induced by
an applied external potential gradient across a microchannel [16] [I7]. When the coolant
used is a polar fluid and the channel walls have a net electrical charge, an uneven charge
distribution develops in the liquid, which may be used to move it by applying an elec-

tric field at the two ends of the channel, which acts on a layer of mobile ions close to
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the walls. The flow which originates is called electro-osmotic (EOF). EOF represents
a method to circulate the fluid alternative to pressure gradient, which is applicable
just when channel dimensions drop. EOF do not require moving parts, do not produce
noise nor vibrations and do not need lubrication. Also, liquid reservoirs tiny volumes,
making them ideal for direct connection to the chips. EOF have been reported to
yield experimental Nusselt numbers about 10% larger than pressure-driven flow (PDF)
for the same geometry, although Joule heating may become significant when applied
voltage between the electrodes increases beyond a certain threshold [I§]. Further ad-
vantages of EOF lie in the straightforwardness of its operation through voltage signals
sent to electrodes as compared to the complications of manfacturing and controlling a
micro mechanical pump. Among drawbacks, the velocity profiles differs significantly to
that of pressure-driven flows, the chemical composition at the interface exerts a strong
influence on it, and the circulation of ions causes Joule heating in the fluid, which
partly offsets its cooling capabilities [16]. Electro-osmotic flows in microchannels have
received considerable theoretical attention, both for traditional geometries, such as cir-
cular ducts and parallel plates [19] 20], but also for more complex geometries such as
polygonal, elliptical and triangular ducts [21H23] and the use of electro-osmotic pumps
(EOPs) has been investigated both theoretically and experimentally [24H27] to circulate
a polar fluid through the channels of heat sinks with the specific purpose of electronics
cooling, [18, 28, 29]. The use of non-Newtonian fluids ([30}, 31]) and nanofluids has also
been investigated in more recent years, [32].

Concerning the single microchannel, which is the building block of every MHX, sev-
eral aspects have been the subject of investigation. The circular geometry was one
of the earliest to be investigated, as per the work of Rice and Whitehead, [19], who
dealt with non-negligible thickness of the EDL compared to the classical treatment by
Smoluchowski and predicted a maximum in the apparent viscosity of the flow (the so-
called electro-viscous effect). Maynes and Webb studied the convective heat transfer
for purely electro-osmotic [33] and both pressure and electro-osmotically driven flows,

[34] considering the relative extension of the Debye length to the channel half-width,
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indicated with Z. Their analysis was limited to circular and parallel-plate ducts and to
fully-developed velocity profiles and revealed how the temperature profile and Nusselt
number strongly depend on the values of Z, of the non-dimensional Joule heating and,
where applicable, on the relative magnitude of the external electric field to pressure
gradient imposed. For simple geometries, Moghadam ([35] obtained the exact solution
for the entrance region of a circular capillary considering the contribution of viscous
dissipation, which was compared to Joule heating. The results outlined a decrease of
the Nusselt number in the entrance region and a possible temperature overshoot near
the wall due to high velocity gradients.

Vocale et al. [23] investigated numerically the fully-developed, isothermal flow in trian-
gular microchannels for both purely electro-osmotic and combined pressure- and electro-
osmotically driven cases. Their results remarked the strong influence on the velocity
field of the aspect ratio and of the electrokinetic diameter of the duct: in particular,
the former affects the maximum achievable flowrate, whilst the latter determines the
maximum pressure gradient which may be overcome. The role of the relative ratio of
pressure forces and electrical forces acting on the fluid was also discussed and charac-
teristic curves for EOPs with triangular channels were obtained. Vocale et al., [22],
also carried out a numerical study on the non-isothermal electro-osmotic flow in elliptic
ducts under so-called H1 thermal boundary conditions (i.e. uniform heat flux and uni-
form temperature over the heated perimeter) for different aspect ratios, electrokinetic
diameters and relative magnitude of Joule heating to heat flux through the walls, M,
also comparing the results with those for rectangular cross-sections of similar aspect
ratios. Their results highlight again a strong influence of the aspect ratio and of the
electrokinetic diameter, with the Nusselt number increasing with the latter quantity.
Joule heating affected the heat transfer adversely, but was negligible for M, < 0.1.
From the above analysis it can be appreciated how several aspects of electro-osmotic
flow in microchannels have been investigated, in particular referring to the type of fluids
involved, the relative magnitude of the external electric field, the type of flow (purely

electro-osmotical or a combination of electro-osmosis and pressure gradident) and ge-



81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

ometry of the channels, which can take several forms (circular, trapezoidal, rectangular,
etc.) thanks to the current development of micro-fabrication technologies. Optimising
the cross-section can lead to better performance in terms of heat transfer, pressure
drop or entropy production, yet, to the Author’s best knowledge, no analysis has been
carried out so far as regards the smoothing of corners of the cross-section, which has
been demonstrated to generate improvements in the transport phenomena, sometimes
with increases in heat transfer that overcome those in frictional losses, [36] [37], and has
already been investigated for pressure-driven flows in microchannels with and without
viscous dissipation, [38-40]. To this purpose, a purely electro-osmotic, fully developed
flow of a Newtonian fluid in a microchannel of base rectangular cross-section subject to
H1 boundary conditions is numerically analysed. Several aspect ratios are considered,
starting from square ducts to configurations resembling parallel plates, and several val-
ues of M, are also studied. The corners of the reference geometry are progressively
rounded and the effect of the change of cross-section on the Poiseuille and Nusselt
numbers, which are related to the parameters of interest by simple correlations. The
results can also be used to optimise the channels e.g. in terms of performance evaluation

criteria ([41]).

2. Model of the EOF

Electro-osmosis refers to the bulk fluid motion observed through capillaries or mi-
crochannels when electric fields are applied across them. A detailed description of the
phenomenon and of its treatment can be found in the excellent book by Kirby, [16],
a more succinct treatment is given in [I7, 42]. As mentioned earlier, bulk movement
of the fluid in EOF is the result of the application of an external electric field which
interacts with the locally non-uniform charge density close to the walls. The problem
can receive an intergral, one-dimensional treatment considering the bulk fluid motion
only, replacing the phenomena occurring at the wall-fluid interface with an effective
slip velocity condition, [I6], or the phenomena in the tiny region where charge density

is non-uniform, the so-called electric double layer (EDL) may be treated to various
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degrees of complexity. In this work the so-called Gouy-Chapman EDL model will be
adopted, which consists of some simplifying assumptions. The model assumes that the
EDL is at equilibrium, so that electrostatic forces balance Brownian thermal motion.
As a result, the net charge of the walls, deriving from adsorption and ionization, is
balanced by a mobile diffuse charge density. The two regions form the electric double
layer, and the potential on the ideal plane of separation is called Stern potential, (:
since measuring the actual electric potential at the wall is ridden with experimental
difficulties, the Stern potential is used instead as a boundary condition. To describe
and predict the behaviour of EOF in the Gouy-Chapman approximation, the model
must therefore determine the charge distribution within the fluid, the resulting electric

potential distribution, the velocity and temperature fields.

2.1. Ton distribution

It is assumed that the velocity for the i-th particle at a given point is given by the
sum of three components, the mean flow velocity of the electrolyte, v, the velocity of
the ions acted upon by the electric field, ¥g,.;s, and the diffusion velocity, U4y, which

is generated by Brownian motion:

U; = U+ Ugiff + Ugrift (1)
Concentration ¢; for the i-th ionic species is obtained writing the steady-state mass

balance in the absence of species generation, Eq.

where the diffusion velocity has been expressed in terms of diffusion coefficient, D;
and concentration gradient, by using Fick’s law. If an electrostatic force E., generated
by an electric field E is exerted on the ions, it is assumed that they move with a drift

velocity such that



131 where 1 is the electron mobility. ﬁes can be expressed for irrational electric fields

12 in terms of the electric potential v for a ion of valence z; as

w

F, = zeE = —2z;eV) (4)

133 where e is the magnitude of the unit electron charge. The electric field and gra-
14 dient concentration generate two currents, called drift current and diffusion current

135 respectively, which must balance out at equilibrium:

Jarift = —ppVY  Jgipp = —DVp, (5)

1

w
=)

In Eq. pe is the charge density. Assuming that ions can be treated as point
17 charges, Maxwell-Boltzmann statistics holds and the diffusion coefficient can be related
3¢ to the Boltzmann constant, kg and thermodynamic temperature, 7' by the so-called

1

w

o FEinstein-Smoluchowski equation
D = UK BT (6)
140 Substituting Eq. @ into Eq. and recalling Eq. , the drift velocity becomes

Zi;€C;

HBT

Vi (7)

Vdrift = —

141 Since the fluid can be assumed as incompressible, V - ¢ = 0, and Eq. yields

U 2;€c;
Vi —— Ve + V- | Z2VY ) =0 8
c D, ¢+ </~€BT Ib) (8)
142 Equation can be expressed in non-dimensional form through the hydraulic di-

w3 ameter Dy, the mean concentration of the i-th species, ¢y and the norm of the velocity

s vector ||7]| by introducing the quantities below

'S
kS

V= DIV V=D,V Pey, = 10

5 Dn == Il =7 (9)

~
e}
(=}
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2*>!<_PmA-v_ * K * ;k* — 1
Ve emty - Ve, +V <—ﬁBva) 0 (10)

By further assuming that the mass Peclet number, Pe,, is negligible (i.e. no diffusive

mass transport along the axial direction), one obtains

z;€e
VAV + V| —— =0 11
(varav (25)) (1)
It can be proven that the solution of Eq.(|11)) is given by

Z;€e
¢; = exp (HFRBTIﬁ) (12)

where the sign depends on whether concentration refers to co-ions or counter-ions

respectively.

2.2. Electrical potential

Knowledge of the concentration of co-ions and counter-ions allows the calculation

of the net free charge density, p. in the fluid:

zie
e — i —c_)=-2 ) inh ' 13
pe = zie (cy —c_) z;jeco sin (/@BT ) (13)
which is employed in the Poisson equation V - eE = —pe to obtain the electrical
potential ¥
2y 2z;ecy sinh [ € (14)
= in
9 HBT

where the electrical permittivity ¢ is assumed to be constant. Two more non-

dimensional quantities are introduced, namely

== = (15)

and Eq. becomes

V2 * = (ApDy) sinh (%) (16)
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where A\p = \/W is the Debye-Hiickel parameter, reciprocal to the Debye
length. The latter quantity is a property of the electrolyte solution, i.e. the bulk fluid,
and gives an estimate of the thickness of the EDL. To solve Eq. the value of the
potential on the Stern plane, (, is used as a boundary condition, thus neglecting the
thickness of the compact layer. In non-dimensional form
o 0) = U= = (17)

Observing Eqs. and it is apparent that ¥* depends on the geometry, on (*

and on /\DDh-

2.8. Velocity field

The non-dimensional velocity distribution in the channel is obtained from the so-
lution of the Navier-Stokes equation. The assumptions made in this work are steady,
fully-developed laminar flow of a Newtonian fluid with thermophysical properties inde-
pendent of temperature inside a microchannel of uniform cross-section, A., with rigid,
non-porous walls and of length L. Further, no pressure gradients act along the flow
direction and the only body force present is an external electric field along the channel
axis, z, E.. = E.i,. Asa consequence, only the velocity component along z is non-
zero, and its magnitude at each point of the cross-section depends on the other two

coordinates: 4 = u, (x,y)t,, which is written as u. The momentum transport equation

(V2T + peEegy = 0 (18)
only has one component along z and can be written in non-dimensional form intro-

ducing the quantities below

Yy A, u E.L
=L A =S yr=—, Ef= 19
y Dh C D}QL (4 U7 z C ( )
So that
* 2 D2
vy = 205D e gnh () (20)

pwUL
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The normalizing velocity U is chosen such that M = 1, and Eq. becomes

V¥ u* = Esinh (%) (21)

The boundary conditions for the problem are given by the no-slip velocity condition

at the walls:

Ugayy = Ug = 0= US =0 (22)

Considering how Eq. was obtained, it is immediate to recognise that the non-
dimensional velocity depends on the geometry, the zeta potential the product of Ap

times D;, and the external electric field.

2.4. Temperature Field

The temperature distribution is obtained from the energy equation, once the velocity
field has been determined. Joule heating caused by the current density flux ; operates
as a source term ¢g, which results from the scalar product of ; = /{Oﬁm, ko being the

electrical conductivity of the fluid, and the electric field Eext

Qg =] - Bowt = Ko E? (23)

A thermally fully-developed, steady flow is assumed, so that the variation of local
temperature T'(x,y, z) along the flow direction can be related to the variation of bulk

temperature Tj(2):

or _a
0z  dz

The variation of the bulk temperature with the axial coordinate is obtained by an

(24)

energy balance over a fluid element occupying a length dz of the channel

q'dz + ko B2 Acdz = pupAccydTy (25)
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or ¢+ koE?A,

i 26
0z pupCyAe (26)
where u; is the bulk velocity, p is the fluid density and ¢, the specific heat capacity

at constant pressure. The energy equation for the problem is therefore

q’ + HoEzAc
u —_—_—m
ubAc
with s thermal conductivity of the fluid. The non-dimensional form of Eq. is

) = kV2T + ko B2 (27)

obtained after definition of the non-dimensional temperature and of M,

k(T =T, koE?D?
Gl Gt 21 : w) M, = =22 (28)
q q
with T, temperature at the heated perimeter. M, relates Joule heating over a
cross-section to the heat flux along its perimeter, and is analogous to the Brinkman

number, which compares viscous dissipation and heat transfer between fluid and walls.

Equation becomes

wU (1 .
— M, =V¥T*+ M, 2
o (Aif + ) \Y4 + (29)

The bulk velocity u; can be related to U, which was used as a normalisation variable

through the definition of bulk velocity itself, and yields

U
c JA¥

To solve Eq. boundary conditions must be specified; for the present study,
the so-called H1 (i.e. uniform heat flux along the channel’s axis, ¢/, and uniform tem-
perature over the heated perimeter of the cross-section) condition was chosen. The

constraint on temperature at the walls in non-dimensional form is

h

T
T =0 and (8 - ) (31)
P on Pe—p:
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for the heated and the unheated portion of the perimeter, P*, respectively. The
condition on the non-dimensional line heat flux is given by specifying a value for M, .
In view of the above discussion, the temperature field is dependent on the flow field

and on the heat flux over the cross-section, so that one can express this as

T* = T* (geometry, (", Dy, M,)

It is to be remarked that the dependence on the non-dimensional external electric
field ¥ has disappeared; this is due to the presence of the u*/u, ratio: in the momen-
tum transport equation the term E? introduces but a scaling factor in the solution,
which appears both in «* and in u,.

Knowledge of the velocity and temperature fields allow the computation of the Poiseuille
and Nusselt numbers, which are related to the momentum and heat transfer character-

istics of the problem. It can be demonstrated that Poiseuille number is given by

po— U / 0w p- (32)

Similarly, the Nusselt number is given by Eq. :

1 [ e WA
BT, A
where the ratio U/u;, has been expressed by means of Eq.. It is to be noted that

Nu = (33)

the definition of the Poiseuille and Nusselt numbers make the introduction of the bulk

velocity u, necessary.

2.5. Geometry investigated

The starting geometry is rectangular with sharp corners, which are progressively
rounded, up to the maximum allowable radius of curvature for a given aspect ratio, [.
With reference to Fig[l], the non-dimensional radius R. and /3 are defined as:

2 c
_2a

f== Ro="t (34)
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Figure 1: Rectangular cross-section with rounded corners.

The cross-sectional area A., the perimeter P and the hydraulic diameter, Dy, the latter

used as reference dimension together with the channel length L, are given by:

A, = ad? {% —R*(4— w)} (35)
P:4a{1+%—2RC<1—%>] (36)
4A, 54—

Dh: _=

P~ T4 T2R.(1-7) (37)

When the optimal radius of curvature of the cross-section is sought in terms of
e.g. Performance Evaluation Criteria [41] or Entropy Generation Minimisation [43] one
further geometry constraint must be applied [40, 44], either on the reference side, cross-
section, heated perimeter or hydraulic diameter, this is not the case for the computation

of the Poiseuille and Nusselt numbers.

2.6. Methodology for the Numerical Solution

In this paper the fully-developed electro-osmotic flow of an aqueous solution subject
to joule heating and heat transfer through a microchannel of rectangular cross-section
is modelled and numerically investigated. The starting configuration was that with
sharp corners, which were progressively smoothed until the maximum value of the non-
dimensional radius of curvature, i.e. R. = 1.0 in steps of 0.1, for four aspect ratios,

namely 5 = [0.1,0.25,0.5, 1], which cover the range from square channels (8 = 1) to
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a shape approaching the parallel plate configuration (8 = 0.1), where it is expected
that the actual shape of the corners loses its influence on the velocity and temperature
distributions. The ratio of Joule heating to heat transfer from the walls was also
varied, from negligible to quite significant, M, = [1072,107%/1071,0.3,0.6,1]. Two
different hydraulic diameters, D, = 3 um and D, = 24 uym were considered with the
same channel length, namely L = 0.01m. The fluid is de-ionised, ultra-filtered water
(DIUF) the electrolyte concentration, Stern potential and electrical field intensity are
those already employed in [24] 25, 44] and, in non-dimensional form, correspond to
ApDy, =9.85 and A\pD;, = 78.40, ¢* = 7.92, £ = 5000.

Equations , and were solved with the boundary conditions specified by
Eqgs. , and ; for the latter, the whole perimeter is heated. A commercial
finite-element solver, Comsol Multiphisics® was used for the computations. The two-
dimensional domain was discretised with a triangular, unstructured grid employing
boundary layer at the walls to have a satisfactory resolution where gradients are the
steepest, whilst a much wider mesh sufficed in the central region, since contrary to the
case studied in [45] the EDLs do not overlap.

Grid independence was checked against the values of the Poiseuille number, because the
Nusselt number was found to reach a constant value at a lower number of elements: the
difference in Po for a rectangular section with sharp corners between a mesh with 9624
nodes and one with 45220 nodes was 0.6%, whereas between 45220 and 193800 nodes it
was 0.1%. Therefore, the intermediate value was chosen as a satisfactory compromise
between accuracy and computational time. For the cases investigated in this work, the
maximum number of cells used was ~ 5-10*. The simulation of each configuration took
a negligible computational time (a few minutes in the worst cases).

Numerical verification of the volumetric flowrate for the case of a triangular cross-section
was carried out against the results of [21], with results analogous to the ones reported

in [23]: discrepancies between simulation and benchmark data fell within +0.7%.
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3. Results and discussion

Figure 2: Electrical potential for aspect ratio 8 = 0.25, sharp corners and ApD;, = 9.85 (left) and
ApDj, = 78.40 (right).

Figure 3: Velocity field for aspect ratio 8 = 0.25, sharp corners and ApDp, = 9.85 (left) and ApD), =
78.40 (right).

The electrical potential distribution, velocity field and temperature field for 5 = 0.25
and sharp corers are shown in Figs and |4| respectively for A\pDj, = 9.85 (left) and
ApDjp, = 78.40 (right). It can be appreciated how the velocity profile is much flatter for
the higher value of ApDj: for higher hydraulic diameters and unchanged Debye length,

as is the case here, the EDL occupies a much smaller portion of the channel, which
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Figure 4: Temperature field for aspect ratio f = 0.25, sharp corners and A\pDp = 9.85 (left) and
Ap Dy, = 78.40 (right).

results in smaller velocities and smaller flowrates, because most of the electrolyte is
dragged along, hence the flat velocity profile in the central portion of the cross-section.
Although the temperature profiles appear similar, an analysis of the numerical values
reveals higher temperature gradients at the wall for the larger hydraulic diameter,
which is reflected in the values of the Nusselt numbers. The considerations above are

qualitatively valid for all values of the remaining parameters, M., 8 and R..

15} Po Nu

0.10 | 166.74 | 8.60
0.25 | 164.65 | 7.28
0.50 | 162.63 | 6.09
1.00 | 161.78 | 5.52

Table 1: Values of Po and Nu for cross-sections with sharp corners, negligible joule heating, Ap D), =

9.85, M, = 103,

Both Poiseuille and Nusselt numbers increase with ApDy, i.e., all other quantities

being equal, with the hydraulic diameter. As an example, for § = 0.25, M, = 1073,
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Po(Dy, = 3 pum) =~ 165, for Po (D), = 24 ym) ~ 956; for heat transfer under the same
conditions, Nu (Dy, =3 um) ~ 7.3, Nu (D), = 24 ym) ~ 8.7.

Since the analysis of the transport coefficients as represented by the Poiseuille and
Nusselt numbers yields the same qualitative trends for both hydraulic diameters, the
considerations to follow will be made based on Dy = 3 um, i.e. ApD;, = 9.85. Table
shows the Poiseuille and Nusselt numbers for sharp corners, M, = 0.001 and all the
aspect ratios analysed in this study: it is clearly seen that both quantities decrease as

[ increases.
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Figure 5: Poiseuille number versus non-dimensional radius of curvature for two aspect ratios, 5 = 0.25

and g = 1.

The trend of Po as a function of the radius of curvature is presented in Fig[f] where
both the results of computations (black-edged green dots) and the fitting curve have
been plotted. In this case, the value of Joule heating does not affect the Poiseuille
number, as all properties are independent of temperature within the bonds of this
study. Therefore, only the aspect ratio has been considered as a parameter and two
different cases (8 = 0.25 and = 1) have been plotted. It is clear that the frictional
losses are almost unaffected by the smoothing of the corners and over all the cases
considered the maximum percentage increase experienced is 0.3%. As a consequence,

the frictional losses can be said to remain unaffected by smoothing of the corners.
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Figure 6: Nusselt number versus non-dimensional radius of curvature for two aspect ratios, 5 = 0.25

and f =1 and M, =0.001 and M, = 1.

For the thermal problem, the Nusselt number is also affected by the value of M.,:
this is why Fig.@ shows four plots, for two aspect ratios (8 = 1 and f = 0.25) and
for M, = 0.001 (negligible Joule heating compared to heat transfer) and M, = 1.
As was to be expected, the Nusselt number increases with the non-dimensional radius
of curvature, the more significantly the smaller the aspect ratio: for g = 0.25 the
maximum increase is 7%, whilst for § = 1 the increase is around 13%. This trend is
also slightly increasing with M,: for M, = 1 the maximum increases in the Nusselt
number are around 16.9% for 5 = 1 and 9.0% for § = 0.25. As was to be expected from
its definition, Eq., the value of M, has a negative influence on the heat transfer.
Indeed, increasing M, while keeping F, and D), fixed means to decrease the heat flux
per unit length, which affect the Nusselt number consequently. The decreasing trend
of Nu versus M, is reported in Figl[7} it can be seen that it is suitably approximated
by a linear fit and that varying the aspect ratio only results in a change of the slope,
which becomes steeper as § decreases. The trend is also unaffected by the value of R,
which only changes the constant and the slope coefficient, if slightly.

This behaviour is readily explained considering the definition of M., Eq.: if the
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Figure 7: Nusselt number versus M, for two aspect ratios, § = 0.25 and § =1 and R, = 0.5.

velocity field is to remain unaffected and therefore its influence on the temperature
profile unchanged, M, can only vary due to a change in the heat flux at the wall, that
is directly related to the temperature gradient normal to the wall itself, to which, in its
non dimensional form, the Nusselt number is proportional. As a consequence there is

a linear dependence between Nu and M., the former decreasing as the latter increases.

3.1. Correlations for Po and Nu

In order to supply the designer with a handy tool for the determination of the
Poiseuille and Nusselt numbers for the case investigated in this work, suitable corre-
lations are suggested. In [38] 39, 46, 47], correlations were given as a function of the
non-dimensional radius of curvature R, with coefficients depending on the aspect ratio
[ in the absence of viscous dissipation; when the latter was present, the Nusselt number
took a more involved, fractional form which could also account for entry effects through
the Peclet and Graetz numbers. For the case of electro-osmotic flow, the results of the

investigation allow to express the Poiseuille number in the form

3

Po(8,R) =Y d(p),- R, (38)

i=0
with the values of d reported in Table [2]
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5 d3 d2 d 1 do

0.10 | 1.0021 | -2.2436 | 1.7481 | 166.7673
0.25 | 1.8031 | -4.0977 | 3.0084 | 164.6838
0.50 | 3.1482 | -6.7290 | 4.2784 | 162.7916
1.00 | 3.6206 | -7.1418 | 3.7754 | 161.8478

Table 2: Coefficients for the Poiseuille number, Eq..

For the Nusselt number, the corresponding polynomial form
Nu(B,R;) = d(B),- R (39)
=0

would not account for the influence of M., which basically brings a linear decrease

in Nu, as discussed above. It was therefore chosen to express Nu as a linear relationship

Nu (5a R., Mz) = Nuyg (5’ RC) - ’CMZ‘MZ (40)

with coefficients given in Table |3| It must be noted that Nug is very close to the value
obtained for a given geometry (in terms of radius of curvature and aspect ratio) but
not exactly matching: this is due to Eq. resulting from a best fit of the computed

data; deviations are negligible in all cases.

4. Conclusions

The electro-osmotic flow in microchannels of rectangular cross-section with pro-
gressively smoothed corners has been studied for fully-developed flowand H1 thermal

boudary conditions. The main findings of the work are summarised belwo:

- The potential, velocity and temperature field are influenced by the non-dimensional
hydraulic diameter \pDjy: the larger its value, the flatter the profile and the lower

the velocities in the microchannel;
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0.5

0.25

0.10

Rc NUO

Cu

z

NUO

Cu

z

NUQ

Cu

z

NU,O

Cu

z

0 | 5514
0.1 | 5.724
0.2 | 5.890
0.3 | 6.015
0.4 | 6.105
0.5 | 6.165
0.6 | 6.204
0.7 | 6.230
0.8 | 6.251
0.9 | 6.264

1 |6.271

0.601
0.601
0.586
0.581
0.572
0.560
0.551
0.537
0.530
0.530
0.526

6.090
6.242
6.3382
6.492
6.578
6.642
6.688
6.715
6.734
6.734
6.720

0.710
0.702
0.702
0.702
0.692
0.681
0.668
0.660
0.654
0.646
0.638

7.269
7.388
7.488
7.571
7.641
7.699
7.741
7.771
7.788
7.789
7.781

1.052
1.059
1.051
1.042
1.038
1.035
1.026
1.021
1.012
0.998
0.987

8.537
8.627
8.681
8.731
8.769
8.804
8.828
8.845
8.860
8.864
8.865

2.017
2.017
2.015
2.015
2.009
2.007
1.993
1.989
1.984
1.977
1.966

Table 3: Coefficients for the Nusselt number, Eq.(40).

- Both the Nusselt and Poiseuille numbers increase as the aspect ratio § of the

channel decreases;

- The Poiseuille number is almost unaffected by the non-dimensional radius of cur-
vature of the corners, it does increases with R, but negligibly so (below 0.4%).

This means that rounding the corners does not increase friction losses nor, sub-

sequently, pumping power.

- The Nusselt number is affected in a far more significant way by the value of R,,
with the effect waning as the aspect ratio S decreases; this is to be expected, since

for low (8 the section resembles more and more closely that of parallel plates, and

the side walls and corners loose in significance.
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- The increase of Nu is monotonical, although the trend tends to flatten out for R.

higher than 0.7.

- The maximum increase in the Nusselt number is about 13% for negligible Joule

heating, and increases with M., almost reaching 17% for M, = 1.

- Polynomial correlations have been obtained for the Poiseuille and Nusselt number,

which cover the cases considered in this study.
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