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1 Introduction
Let (M, g, ΣM) be a closed (compact, without boundary) three-dimensional Riemannian Spinmanifoldwhere
ΣM is its spin bundle (we refer the reader to [10] for a good introduction to spin geometry and to [14] for an
introduction and basic tools used in conformal geometry that will be used later in this paper). We denote
by Lg the conformal Laplacian of g and by Dg the Dirac operator. We consider the energy functional

EM(v, ψ) =
1
2 ∫
M

(vLgv + ⟨Dgψ, ψ⟩ − |v|2|ψ|2)dvolg

and we take its first variation on the related Sobolev space H1(M) × H 1
2 (ΣM); therefore its critical points

satisfy the coupled system

{
Lgv = |ψ|2v,
Dgψ = |v|2ψ,

on M.

This functional arises as the conformal version in the description of a super-symmetric model consisting
of coupling gravity with fermionic interaction and it generalizes the classical Hilbert–Einstein energy func-
tional, see for instance [4, 9, 13].

Indeed, the total energy functional consists of the Hilbert–Einstein energy which is the total curvature,
coupledwith a fermionic action.Now, since the energy of the system is invariant under the groupof diffeomor-
phisms ofM, when one restricts it to a fixed conformal class of a givenRiemannianmetric g, the functional EM
appears.

In particular, due to the conformal invariance, the Palais–Smale compactness condition is violated by
this functional and in addition, due to the presence of the Dirac operator, it is strongly indefinite.
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Regarding the first issue, in [20] the authors studied the lack of compactness and gave a precise descrip-
tion of the bubbling phenomena, characterizing the behavior of the Palais–Smale sequences, in the spirit
of classical works [3, 5, 15, 16, 22–24]. For the strong indefiniteness difficulty, in [17–19] general func-
tionals with these features are studied by using methods based on a homological approach. Notice that
in our situation one cannot apply these homological approaches because of the violation of compactness
stated above.

In this paper, we are concerned with the existence of solutions to the coupled system, by using a per-
turbation approach, starting from the sphere 𝕊3 equipped with its standard metric g𝕊3 . Therefore, let K be
a function of the form K = 1 + εk, where k is a function that satisfies suitable assumptions to be determined
later; we consider the functional

E(v, ψ) = 12 ∫
𝕊3

(vLg𝕊3 v + ⟨Dg𝕊3ψ, ψ⟩ − K|v|
2|ψ|2)d volg𝕊3

and we will focus on the existence of solutions to the following coupled system:

{
Lg𝕊3 v = K|ψ|

2v,
Dg𝕊3ψ = Kv

2ψ,
on 𝕊3. (1.1)

Notice that these solutions converge to the standard bubbles when the parameter ε tends to zero; here we
called standard bubbles the solutions of our equation in 𝕊3 (or ℝ3 via stereographic projection), see [20].
This is expected from the description of the Palais–Smale sequences of the functional EM, but it remains
open whether all the solutions on the sphere with positive scalar component are in fact standard ones.

Let us denote by π : 𝕊3 \ {sp} → ℝ3 the stereographic projection, where sp is the south pole. Our main
result is the following:

Theorem 1.1. Let k ∈ C2(𝕊3) be a Morse function on 𝕊3 such that the south pole is not a critical point. Let us
set h = k ∘ π−1 and suppose that
(i) ∆h(ξ) ̸= 0 for all ξ ∈ crit[h],
(ii) ∑ξ∈crit[h], ∆h(ξ)<0(−1)m(h,ξ) ̸= −1,
where ∆ is the standard Laplacian operator onℝ3, crit[h] denotes the set of critical points of h and m(h, ξ) is the
morse index of h at a critical point ξ . Then there exists ε0 > 0 such that for K = 1 + εk and |ε| < ε0, system (1.1)
has a solution.

The condition on the critical point at the south pole of the sphere is needed since we are going to use the
standard stereographic projection π, however this condition can be always satisfied by making a unitary
transformation which does not affect the generality of the result. In fact, assumptions (i) and (ii) can be for-
mulated using directly the function k on the sphere and its Laplacian ∆S3k, but since we are shifting the
analysis onℝ3 we stated the assumptions using h.

The previous result is the analogous of several ones obtainedwith this kind of hypothesis of Bahri–Coron
type on the function k: for instance, for the standard Riemannian case of prescribing the scalar curvature and
its generalization to the Qγ curvature see [2, 6, 7]; in the case of prescribing the Webster curvature in the CR
setting and its fractional generalization see [21] and [8]; for the spinorial Yamabe type equations involving
the Dirac operator on the sphere see [12].

The idea of the proof follows the abstract perturbation method introduced in [1]. The difficulties in deal-
ing with such system of equations come from the strongly indefiniteness of one of the operator involved and
the characterization of the critical manifold of the unperturbed problem. Fortunately, the first difficulty does
not affect our analysis in this situation (even though it was a crucial difficulty to circumvent in the general
problem as in [20]). The second difficulty is actually central in our situation. In fact, even after characterizing
the critical manifold and showing its non-degeneracy, when going through the finite-dimensional reduction
of the functional, another kind of degeneracy appears which is due to the invariance with respect to one of
the parameters of the problem (see Remark 3.6). This constitute amajor bifurcation from the problems found
in the literature.
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2 Notations and Definitions
Let (M, g) be a closed (compact, without boundary) three-dimensional Riemannian manifold.

We start to describe briefly the first operator appearing in the system. We denote by Lg the conformal
Laplacian acting on functions

Lg = −∆g +
1
8Rg .

Here ∆g is the standard Laplace–Beltrami operator and Rg is the scalar curvature. Lg is a conformally covari-
ant operator. More precisely, given a metric g̃ = f 2g in the conformal class of g, we have

Lg̃u = f−
5
2 Lg(f

1
2 u).

We recall that the usual Sobolev space onM, denoted byH1(M), continuously embeds in Lp(M) for 1 ≤ p ≤ 6.
Moreover, for 1 ≤ p < 6, the embedding is compact. In particular, if we assume M to be the sphere

𝕊3 = {(x󸀠, x4) ∈ ℝ3 × ℝ : |x󸀠|2 + x24 = 1}

equipped with its standard metric g𝕊3 , then it is possible to identify 𝕊3 \ {sp}, being sp = (0, −1) the south
pole, withℝ3, by means of the stereographic projection

π : 𝕊3 \ {sp} → ℝ3,

(x, x4) 󳨃→ y = x
1 + x4

.

The standard metric gℝ3 on ℝ3 and the metric g̃ = (π−1)∗g𝕊3 are conformal, more precisely g̃ = f 2gℝ3 , with
f = 2

1+|y|2 . Thus the standard conformal Laplacian on the sphere Lg𝕊3 and the one on ℝ3, which we denote
as usual Lgℝ3 = −∆, are related by the following identity:

Lg𝕊3 v = [f
− 52 (−∆)(f

1
2 v ∘ π−1)] ∘ π, v ∈ H1(𝕊3).

Now, let us describe the secondoperator involved. Let ΣM be the canonical spinor bundle associated toM,
whose sections are simply called spinors onM. This bundle is endowedwith a natural Cliffordmultiplication

Cliff : C∞(TM ⊗ ΣM) → C∞(ΣM),

a hermitian metric and a natural metric connection

∇Σ : C∞(ΣM) → C∞(T∗M ⊗ ΣM).

We denote by Dg the Dirac operator acting on spinors

Dg : C∞(ΣM) → C∞(ΣM), Dg = Cliff ∘ ∇Σ ,

where the composition Cliff ∘ ∇Σ is meaningful provided that we identify T∗M ≃ TM by means of the met-
ric g. We also have a conformal invariance that in our situation, g̃ = f 2g, reads as follows: there exists an
isomorphism of vector bundles F : Σ(M, g) → Σ(M, g̃) such that

Dg̃ψ = F[f−2Dg(fF−1ψ)]. (2.1)

The functional space that we are going to define is the Sobolev space H 1
2 (ΣM). First we recall that the Dirac

operator Dg on a compact manifold is essentially self-adjoint in L2(ΣM), has compact resolvent and there
exists a complete L2-orthonormal basis of eigenspinors {ψi}i∈ℤ of the operator

Dgψi = λiψi ,

and the eigenvalues {λi}i∈ℤ are unbounded, that is, |λi| → ∞ as |i| → ∞. In this way every function in L2(ΣM)
has a representation in this basis, namely:

ψ = ∑
i∈ℤ

aiψi , ψ ∈ L2(ΣM).
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We define the unbounded operator |Dg|s : L2(ΣM) → L2(ΣM) by

|Dg|s(ψ) = ∑
i∈ℤ

ai|λi|sψi

and we denote by Hs(ΣM) the domain of |Dg|s, namely ψ ∈ Hs(ΣM) if and only if

∑
i∈ℤ

a2i |λi|
2s < +∞.

Note that Hs(ΣM) coincides with the usual Sobolev space W s,2(ΣM) and for s < 0, Hs(ΣM) is defined as the
dual of H−s(ΣM).

For s > 0, we define the following inner product: for ψ, ϕ ∈ Hs(ΣM),

⟨ψ, ϕ⟩s = ⟨|Dg|sψ, |Dg|sϕ⟩L2 ,

which induces an equivalent norm in Hs(ΣM); we will take

⟨ψ, ψ⟩ := ⟨ψ, ψ⟩ 1
2
= ‖ψ‖2

as our standard norm for the space H 1
2 (ΣM). In this case as well, the embedding Hs(ΣM) 󳨅→ Lp(ΣM) is con-

tinuous for 1 ≤ p ≤ 3 and it is compact if 1 ≤ p < 3.
Then we decompose H 1

2 (ΣM) in a natural way. Let us consider the L2-orthonormal basis of eigenspinors
{ψi}i∈ℤ: we denote by ψ−i the eigenspinors with negative eigenvalue, ψ

+
i the eigenspinors with positive eigen-

value and ψ0
i the eigenspinors with zero eigenvalue; we also recall that the kernel of Dg is finite dimensional.

Now we set
H

1
2 ,− := span{ψ−i }i∈ℤ, H

1
2 ,0 := span{ψ0

i }i∈ℤ, H
1
2 ,+ := span{ψ+i }i∈ℤ,

where the closure is taken with respect to the H 1
2 -topology. Therefore we have the orthogonal decomposition

of H 1
2 (ΣM), which reads as

H
1
2 (ΣM) = H

1
2 ,− ⊕ H

1
2 ,0 ⊕ H

1
2 ,+.

Also, we let P+ and P− be the projectors on H 1
2 ,+ and H 1

2 ,−, respectively.
Again, if we assume M to be the sphere 𝕊3 and we identify 𝕊3 minus the south pole with ℝ3 via stereo-

graphic projection, the conformal invariance of the Dirac operator reads as

Dg𝕊3ψ = F{[f
−2D(fF−1(ψ ∘ π−1))] ∘ π}, ψ ∈ H

1
2 (Σ𝕊3),

where Dg𝕊3 and Dgℝ3 = D denote the Dirac operators on the standard sphere and ℝ3, respectively; moreover
f = 2

1+|y|2 and F : Σ(ℝ
3, gℝ3 ) → Σ(𝕊3, g𝕊3 ) the isomorphism of vector bundles in (2.1).

In the sequel we will need the following function spaces onℝ3:

D
1
2 (Σℝ3) = {ψ ∈ L3(Σℝ3) : |ξ|

1
2 |ψ̂| ∈ L2(ℝ3)},

D1(ℝ3) = {u ∈ L6(ℝ3) : |∇u| ∈ L2(ℝ3)}.

Here ψ̂ is the Fourier transformofψ.Moreover, for amoredetailed expositionon conformal and spin geometry
as well as on the functional spaces involved we address the reader to [10, 12, 13] and the references therein.

3 Proof of the Main Result
Our existence resultwill be obtained bymeans of the abstract perturbationmethod illustrated in [1].We recall
it in the following theorem and then we will show how it can be applied in our setting.

Theorem 3.1. (see [1]) Let A be a Hilbert space and assume J0 ∈ C2(A,ℝ) satisfies the following conditions:
(1) J0 has a finite-dimensional manifold Z of critical points,
(2) J󸀠󸀠0 (z) is a Fredholm operator of index zero for every z ∈ Z,
(3) TzZ = ker J󸀠󸀠0 (z) for every z ∈ Z.
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For G ∈ C2(A,ℝ), let ε > 0 small enough, we denote by Jε = J0 − εG the perturbed functional, by V the ortho-
gonal complement of TzZ in A and by P : A → V the orthogonal projection. Then, for any z ∈ Z, there exists
v(z) ∈ V such that P(J󸀠ε(z + v(z))) = 0.

Moreover, if there exists a compact set Ω ⊂ Z such that Jε|Z has a critical point z ∈ Ω, then z + v(z) is
a critical point of the perturbed functional Jε in A.

In order to apply the previous result to our situation, we introduce the map

H1(𝕊3) × H
1
2 (Σ𝕊3) ∋ (v, ψ) 󳨃→ (u, ϕ) = (f

1
2 v ∘ π−1, fF−1(ψ ∘ π−1)),

which gives a one to one correspondence between solutions to (1.1) on 𝕊3 and solutions to the equivalent
system onℝ3

{
− ∆u = H|ϕ|2u,
Dψ = Hu2ϕ,

onℝ3,

where we set H = K ∘ π−1. Hence let us consider this last problem and let us denote

A = D1(ℝ3) × D
1
2 (Σℝ3).

We take w = (u, ψ) ∈ A and we set

J0(w) =
1
2 ∫
ℝ3

(−u∆u + ⟨Dϕ, ϕ⟩ − |u|2|ϕ|2),

G(w) = 12 ∫
ℝ3

h|u|2|ϕ|2,

Jε(w) = J0(w) − εG(w)

with h = k ∘ π−1. We are going to define the manifold of critical points of J0. Let λ ∈ ℝ+, y, ξ ∈ ℝ3, a ∈ Σℝ3
with |a| = 1, it is well known that the functions

Ūλ,ξ (y) =
4√3 λ 1

2

(λ2 + |y − ξ|2) 12

are a family of positive solutions to −∆u = u5 inℝ3 and the spinors

Φ̄λ,ξ,a(x) =
2λ

(λ2 + |y − ξ|2) 32
(λ − (y − ξ)) ⋅ a

solve Dϕ = 3
2 |ϕ|ϕ in Σℝ3. Using this fact, and the equality |Φ̄λ,ξ,a| = 2

1+|y|2 , one can check that the pairs

(Uλ,ξ , Φλ,ξ,a) = (
4√3Ūλ,ξ ,

√3
2 Φ̄λ,ξ,a) ∈ A

are critical points of J0. Hence

Z = {Wλ,ξ,a = (Uλ,ξ , Φλ,ξ,a) : λ ∈ ℝ+, ξ ∈ ℝ3 and a ∈ Σℝ3, |a| = 1} ⊂ A

is a seven-dimensional manifold of critical points of J0. Let us fix any a0 ∈ Σℝ3 with |a0| = 1, in the sequel
we will use the notation U0 = U1,0, Φ0 = Φ1,0,a0 andW0 = (U0, Φ0).

Now we will check assumption (2) in Theorem 3.1. We have

⟨J󸀠󸀠0 (Wλ,ξ,a)[w1], w2⟩ = ∫
ℝ3

(−u2∆u1 − u2u1|Φλ,ξ,a|2 − 2u2Uλ,ξ ⟨Φλ,ξ,a , ϕ1⟩)

+ ∫
ℝ3

(⟨Dϕ1 − |Uλ,ξ |2ϕ1, ϕ2⟩ − 2Uλ,ξu1⟨Φλ,ξ,a , ϕ2⟩).

Therefore J󸀠󸀠0 is a compact perturbation of the identity, hence it is a Fredholm operator of index zero for
allWλ,ξ,a ∈ Z.

Now it remains to check that TWλ,ξ,aZ = ker J󸀠󸀠0 (Wλ,ξ,a) for every λ ∈ ℝ+, ξ ∈ ℝ3 and a ∈ Σℝ3 with |a| = 1.
Since J󸀠󸀠0 is invariant with respect to translations and dilations, it will be enough to prove TW0Z = ker J󸀠󸀠0 (W0).
We will need the following remark.
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Remark 3.2. Let λ1 = 3
4 and μ1 =

3
2 . The map (v, ψ) 󳨃→ (ν, η) = (μ−

1
2

1 v, λ−
1
2

1 ψ) is a one-to-one correspondence
between solution to (1.1) on 𝕊3 and the equivalent rescaled system

{
Lg𝕊3 ν = λ1|η|

2ν,
Dg𝕊3 η = μ1ν

2η,
on 𝕊3,

which in turn it is equivalent to

{
− ∆u = λ1|ϕ|2u,
Dϕ = μ1u2ϕ,

onℝ3 (3.1)

by means of the stereographic projection. Notice that (3.1) arises as the first variation of the functional

̃J0(w) =
1
2 ∫
ℝ3

(−λ−11 u∆u + μ
−1
1 ⟨Dϕ, ϕ⟩ − |ϕ|

2|u|2)

and since (Uλ,ξ , Ψλ,ξ,a) are critical points of J0, it follows that

W̃λ,ξ,a = (μ
− 12
1 Uλ,ξ , λ

− 12
1 Ψλ,ξ,a)

are critical points of ̃J0.

Lemma 3.3. We have TW0Z = ker J󸀠󸀠0 (W0).

Proof. It is standard to check that TW0Z ⊆ ker J󸀠󸀠0 (W0), so it suffices to prove the inclusion ker J󸀠󸀠0 (W0) ⊆ TW0Z.
Moreover, since dim(TW0Z) = 7, it is enough to show that

dim(ker J󸀠󸀠0 (W0)) ≤ 7

and, by means of Remark 3.2, this is equivalent to

dim(ker ̃J󸀠󸀠0 (W̃0)) ≤ 7.

On the sphere 𝕊3, the linearization of (3.1) at W̃0 reads as

{
Lg𝕊3 ν = λ1ν|Ψ1|2 + 2λ1V1⟨Ψ1, η⟩,
Dg𝕊3 η = μ1|V1|

2η + 2μ1νV1Ψ1,
(3.2)

where
(V1, Ψ1) = (μ

− 12
1 (f
− 12 Uλ,ξ ) ∘ π, λ

− 12
1 (f ∘ π)

−1F(Φλ,ξ,a ∘ π)) = (1, Ψ1).

Notice that Ψ1 satisfies
Dg𝕊3Ψ1 =

3
2 |Ψ1|Ψ1 and |Ψ1| = 1, (3.3)

so it is an eigenspinor ofDg𝕊3 with eigenvalue
3
2 .We set η = ∑k∈ℤ fkΨk, where Ψk is a trivializationwithKilling

spinors of the spinor bundle of 𝕊3 and we write f1 = g1 + ih1, where g1 and h1 are real-valued functions;
here by trivialization we mean a global basis of the spinor bundle of 𝕊3 formed by Killing spinors. For more
details regarding such a basis, we refer the reader to [10] or [12, formula (5.14)]. We will first find f1. Since
f1 = ⟨η, Ψ1⟩, we have (see [12, Lemma 5.2 and formula (5.16)])

∆g𝕊3 f1 = ⟨∆g𝕊3 η, Ψ1⟩ + ⟨η, ∆g𝕊3Ψ1⟩ + ⟨Dg𝕊3 η, Ψ1⟩.

Notice now that, by (3.3) and the Lichnerowicz’s formula on the sphere

D2
g𝕊3 = −∆g𝕊3 +

3
2 ,

we have −∆g𝕊3Ψ1 = 3
4Ψ1 and

−∆g𝕊3 η = D
2
g𝕊3 η −

3
2η

= Dg𝕊3(
3
2η + 3νΨ1) −

3
2η =

3
2(

3
2η + 3νΦ1) + 3∇ν ⋅ Ψ1 +

9
2 νΨ1 −

3
2η

=
3
4η + 9νΨ1 + 3∇ν ⋅ Ψ1.
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Therefore
−∆g𝕊3 f1 =

3
4 f1 + 9ν + 3⟨∇ν ⋅ Ψ1, Ψ1⟩ +

3
4 f1 −

3
2 f1 − 3ν = 6ν + 3⟨∇ν ⋅ Ψ1, Ψ1⟩.

Since the last addend in the previous equality is purely imaginary, we take the real and imaginary part to have

−∆g𝕊3 g1 = 6ν

and
−∆g𝕊3 h1 = −3i⟨∇ν ⋅ Ψ1, Ψ1⟩.

In particular, recalling that Lg𝕊3 = −∆g𝕊3 +
3
4 and the first equation in (3.2), we have the system

{{
{{
{

− ∆g𝕊3 ν =
3
2 g1,

−∆g𝕊3 g1 = 6ν.

Hence,
∆2g𝕊3 g1 = 9g1

fromwhichwe deduce that g1 is the first eigenfunction of the Laplacian on the sphere and ν = g12 . So, the first
equation in (3.2) becomes

Lg𝕊3
g1
2 =

3
4
g1
2 + 3f1

and recalling the definition of Lg𝕊3 , from the quality above we get

f1 = g1.

Using this fact, system (3.2) becomes

{{
{{
{

ν = g12 ,

Dg𝕊3 η =
3
2η +

3
2 ⟨η, Ψ1⟩Ψ1.

Hence we need to compute the dimension of

Λ = {η ∈ H
1
2 (Σ𝕊3) : Dg𝕊3 η =

3
2η +

3
2 ⟨η, Ψ1⟩Ψ1}.

This computation has been carried out by Isobe in [12] for general dimensions of the sphere 𝕊m, so in our
situation it suffices to take m = 3 in [12, Lemma 5.1] to get dim(Λ) = 7 as desired.

Now we will focus on the reduced functional. For a fixed a ∈ Σℝ3, with |a| = 1, we set Vλ,ξ = |Uλ,ξ |2|Φλ,ξ,a|2,
so that Vλ,ξ (x) = 1

λ3 V1,0(
1
λ (x − ξ)) and let

Γ(λ, ξ) = 12 ∫
ℝ3

h(x)Vλ,ξ (x)dx

for (λ, ξ) ∈ (0, +∞) × ℝ3. Then we have the following:

Proposition 3.4. The function Γ is of class C2 on (0, +∞) × ℝ3 and it can be extended to a C1 function at λ = 0
by

Γ(0, ξ) = c0h(ξ), c0 =
1
2 ∫
ℝ3

V1,0(x)dx.

Also,
lim
λ→0
∇2ξ Γ(λ, ξ) = c0∇

2h(ξ),

uniformly on every compact of ℝ3. Moreover, for any compact set Σ ⊂ ℝ3, there exists a constant C = CΣ such
that

|∂λΓ(λ, ξ) − c1λ∆h(ξ)| ≤ CΣλ2

for all λ > 0 and all ξ ∈ Σ, being
c1 = ∫
ℝ3

|y|2V1,0(y)dy.
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Proof. We have by a change of variable that

Γ(λ, ξ) = ∫
ℝ3

h(λx + ξ)V1,0(x)dx.

Using the smoothness of h and the dominated convergence, we have that

lim
λ→0

Γ(λ, ξ) = c0h(ξ).

The same reasoning applies to show that one has

∇ξ Γ(0, ξ) = c0∇h(ξ), ∇2ξ Γ(0, ξ) = c0∇
2h(ξ) and ∇λΓ(0, ξ) = 0.

The last equality follows from the oddness of the integral, that is,

∫
ℝ3

xiV1,0(x)dx = 0, i = 1, 2, 3.

We fix now a compact set Σ; then by Taylor expansion of y 󳨃→ h(y + ξ), we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∂ξih(y + ξ) − ∂ξih(ξ) −

3
∑
j=1
∂2ξiξjh(ξ)yj

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ CΣ|y|2.

Also, notice that since
∫
ℝ3

yiyjV1,0(y)dy = 0 if i ̸= j,

we have for our choice of c1,

c1λ∆h(ξ) = ∫
ℝ3

3
∑
i=1
(∂ξih(ξ) +

3
∑
j=1
∂2ξiξjh(ξ)λyj)yiV1,0(y)dy.

Therefore,
|∂λΓ(λ, ξ) − c1λ∆h(ξ)| ≤ CΣλ2.

Proposition 3.5. Let k and h be functions as in Theorem 1.1. Then there exists an open set Ω ⊂ (0, +∞) × ℝ3
such that ∇Γ ̸= 0 on ∂Ω and

deg(∇Γ, Ω, 0) = ∑
ξ∈crit[h]
∆h(ξ)<0

(−1)m(h,ξ) + 1.

Proof. Let s > 0; we consider the set

Bs = {(λ, ξ) ∈ (0, +∞) × ℝ3 : |(λ, ξ) − (s, 0)| ≤ s −
1
s }

.

We will show that for s large enough, we can choose Ω = Bs. First, we set

crit[h] = {ξ1, ξ2, . . . , ξ l}

for some l ∈ ℕ. Since the south pole is not a critical point for k, we have that for r large enough,

crit[h] ⊂ Ar = {ξ ∈ ℝ3 : |ξ| ≤ r}.

Since h is a Morse function (as well as k), it follows from the non-degeneracy condition (i) that there exist
constants μ ∈ (0, r) and δ > 0 such that

|∆h(ξ)| > δ for all ξ ∈
l
⋃
i=1
Bμ(ξ i),
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where Bμ(ξ i) denote as usual the balls of centers ξ i and radius μ. By using Proposition 3.4, we have that for s
sufficiently large and μ even smaller if necessary,

∂λΓ(λ, ξ) ̸= 0 in ∂Bs ∩ ((0, μ) ×
l
⋃
i=1
Bμ(ξ i)).

Hence,

∇Γ ̸= 0 in ∂Bs ∩ ((0, μ) ×
l
⋃
i=1
Bμ(ξ i)).

Again, by Proposition 3.4, since Γ extends to a C1 function at λ = 0 and ∇ξ Γ(0, ξ) = c0∇h(ξ), we have that

∇Γ ̸= 0 in ∂Bs ∩ ((0, μ) × A2r \
l
⋃
i=1
Bμ(ξ i)).

Hence,
∇Γ ̸= 0 in ∂Bs ∩ ((0, μ) × A2r).

So it remains to study Γ on the component of ∂Bs outside (0, μ) × A2r. So we consider the Kelvin reflection

τ : ℝ3 \ {0} → ℝ3 \ {0}, τ(x) = x
|x|2

.

We notice that
τ∗(gℝ3 ) =

1
|x|4

gℝ3 .

Hence, for all F ∈ L6(ℝ3), by putting y = τ(x), we have

∫
ℝ3

h(y)|F(y)|6 dy = ∫
ℝ3

h(τ(x))|F(τ(x))|6f 3(x)dx = ∫
ℝ3

h(τ(x))|F∗(x)|6 dx,

where
F∗(x) = 1

|x|2
F( x
|x|2
).

In particular, if we set
λ̃ = λ

λ2 + |ξ|2
, ̃ξ = ξ

λ2 + |ξ|2
,

we have that
|V∗λ,ξ (x)| = |Vλ̃, ̃ξ (x)|.

So we define
Γ̃ = 12 ∫

ℝ3

h(τ(x))|Vλ,ξ (x)|dx,

and we have that
Γ(λ, ξ) = Γ̃(λ̃, ̃ξ ).

Once again, by using Proposition 3.4, we have that Γ̃ can be extended to a C1 function up to the origin
(0, 0) ∈ [0,∞) × ℝ3. Since (λ, ξ) 󳨃→ (λ̃, ̃ξ ) is a diffeomorphism, we have ∇Γ(λ, ξ) = 0 if and only if Γ̃(λ̃, ̃ξ ) = 0.
But by assumption, the south pole is not a critical point of h, hence 0 is not a critical point of h(τ(x)). There-
fore,∇Γ̃ ̸= 0 in a neighborhood of the origin and so∇Γ ̸= 0 in a neighborhood of infinity. Finally, we have that
for r and s large enough,

∇Γ ̸= 0 on ∂Bs \ ((0, μ) × A2r).

The degree computation is by now standard and it follows for instance as in [11].

Remark 3.6. We want explicitly to notice that at this point we cannot directly conclude as in the classical
cases (see for instance [2, 21]), since the critical points of Γ on Z are degenerate: this is due to the invariance
of the functional with respect to the parameters a and this degeneracy causes the degree to vanish.
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Werecall that Z is a non-degeneratemanifold of critical points of J0 and J󸀠󸀠0 is Fredholmof index zero, therefore
we have that there exists ε > 0 such that for all z ∈ Zc ⊂ Z with Zc compact, there exists a unique w(z) ∈ TzZ⊥
such that

PJ󸀠ε(z + w(z)) = 0,
where P : A → TzZ⊥ is the orthogonal projection. Now, to find a solution to our problem, it is enough to find
a critical point for the function Φε : Z → ℝ defined by

Φε(z) = Jε(z + w(z)).

In order to do this, we will consider the set of the parameters a

{a ∈ Σℝ3 : |a| = 1} ≃ 𝕊3

as a Lie group. Hence, we will consider the natural action of 𝕊3 on Z ≃ (0, +∞) × ℝ3 × 𝕊3, being Z parameter-
ized by (λ, ξ, a). Also, we notice that (J0)|Z and G|Z are invariant under this action: thenwe need to extend the
action to the whole space D 1

2 (Σℝ3). In order to do this, we recall that the spinor bundle of ℝ3 can be trivial-
ized by Killing spinors that are either constant (parallel spinors) or spinors of the form x ⋅ ϕ with ϕ constant.
So we fix an orthonormal basis of Σℝ3 of the form {a1, a2, x ⋅ a1, x ⋅ a2}, where a1, a2 are (distinct) constant
spinors with |a1| = |a2| = 1. Hence, if ϕ ∈ D

1
2 (Σℝ3), there exist f1, f2, g1, g2 such that

ϕ(x) = (f1(x) + g1(x)x) ⋅ a1 + (f2(x) + g2(x)x) ⋅ a2.

Since a1 and a2 can be seen as elements in 𝕊3, we can define the action for a generalw ∈ 𝕊3 and ϕ ∈ D 1
2 (Σℝ3)

by
wϕ = (f1(x) + g1(x)x) ⋅ wa1 + (f2(x) + g2(x)x) ⋅ wa2.

In thisway, this last action extends the onepreviously definedon Z and in addition both J0 andG are invariant
under this action. Therefore, Φε descends to a C1 function Φ̃ε defined on the quotient

Z/𝕊3 ≃ (0,∞) × ℝ3.

The same argument works for Γ; therefore for ε small enough, we have that

Φ̃󸀠ε = εΓ + o(ε).

At this point, from the invariance of the degree by homotopy, we have that

deg(Φ̃󸀠ε ,Bs , 0) = ∑
ξ∈crit[h]
∆h(ξ)<0

(−1)m(h,ξ) + 1.

Finally, by assumption (ii), by contradiction (for the argument, see for instance [1, 2]) if

∑
ξ∈crit[h]
∆h(ξ)<0

(−1)m(h,ξ) ̸= −1,

then Φ̃ε has a critical point that can be lifted as a critical orbit of Φε, which in turn ends the proof of the
Main Theorem 1.1.
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