DE GRUYTER Adv. Nonlinear Stud. 2021; 21(1): 107-117

Research Article

Chiara Guidi, Ali Maalaoui* and Vittorio Martino
Existence Results for the Conformal
Dirac—Einstein System

https://doi.org/10.1515/ans-2020-2115
Received January 18, 2020; revised July 12, 2020; accepted July 13, 2020

Abstract: We consider the coupled system given by the first variation of the conformal Dirac-Einstein func-
tional. We will show existence of solutions by means of perturbation methods.

Keywords: Conformally Invariant Operators, Perturbation Methods

MSC 2010: Primary 58J05, 58E15; secondary 53A30, 58205

Communicated by: Enrico Valdinoci

1 Introduction

Let (M, g, ZM) be a closed (compact, without boundary) three-dimensional Riemannian Spin manifold where
I M is its spin bundle (we refer the reader to [10] for a good introduction to spin geometry and to [14] for an
introduction and basic tools used in conformal geometry that will be used later in this paper). We denote
by L, the conformal Laplacian of g and by D the Dirac operator. We consider the energy functional

Eutv ) = 5 [ (vLgv + (D ) - WP ) dvol,
M

and we take its first variation on the related Sobolev space H(M) x H %(ZM); therefore its critical points
satisfy the coupled system
{ Lev =9/,
Dgl/) = |V|2l/),
This functional arises as the conformal version in the description of a super-symmetric model consisting
of coupling gravity with fermionic interaction and it generalizes the classical Hilbert-Einstein energy func-
tional, see for instance [4, 9, 13].

Indeed, the total energy functional consists of the Hilbert-Einstein energy which is the total curvature,
coupled with a fermionic action. Now, since the energy of the system is invariant under the group of diffeomor-
phisms of M, when one restricts it to a fixed conformal class of a given Riemannian metric g, the functional Ej;
appears.

In particular, due to the conformal invariance, the Palais—-Smale compactness condition is violated by
this functional and in addition, due to the presence of the Dirac operator, it is strongly indefinite.

*Corresponding author: Ali Maalaoui, Department of Mathematics and Natural Sciences, American University of

Ras Al Khaimah, PO Box 10021, Ras Al Khaimah, United Arab Emirates, e-mail: ali.maalaoui@aurak.ae

Chiara Guidi, Vittorio Martino, Dipartimento di Matematica, Universita di Bologna, piazza di Porta S.Donato 5, 40126 Bologna,
Italy, e-mail: chiara.guidil2@unibo.it, vittorio.martino3@unibo.it



108 —— C.Guidi et al., Existence Results for the Conformal Dirac—Einstein System DE GRUYTER

Regarding the first issue, in [20] the authors studied the lack of compactness and gave a precise descrip-
tion of the bubbling phenomena, characterizing the behavior of the Palais—Smale sequences, in the spirit
of classical works [3, 5, 15, 16, 22-24]. For the strong indefiniteness difficulty, in [17-19] general func-
tionals with these features are studied by using methods based on a homological approach. Notice that
in our situation one cannot apply these homological approaches because of the violation of compactness
stated above.

In this paper, we are concerned with the existence of solutions to the coupled system, by using a per-
turbation approach, starting from the sphere $3 equipped with its standard metric ggs. Therefore, let K be
a function of the form K = 1 + €k, where k is a function that satisfies suitable assumptions to be determined
later; we consider the functional

Ev, ) = % J (VLg, v+ (Dg, P, ) - KIVI2pI?)d volg,,
§3

and we will focus on the existence of solutions to the following coupled system:

Lg,v = KIpI*v,
Dg ¥ = Kv?9,

Notice that these solutions converge to the standard bubbles when the parameter € tends to zero; here we
called standard bubbles the solutions of our equation in $3 (or R> via stereographic projection), see [20].
This is expected from the description of the Palais—Smale sequences of the functional Ey, but it remains
open whether all the solutions on the sphere with positive scalar component are in fact standard ones.

Let us denote by 7 : $3 \ {sp} — R® the stereographic projection, where sp is the south pole. Our main
result is the following:

ns>. (1.1)

Theorem 1.1. Let k € C2(S>) be a Morse function on $3 such that the south pole is not a critical point. Let us
set h = k o m ! and suppose that

(i) Ah(&) # O forall ¢ € crit[h],

(ii) Z{ecrit[h],Ah({)<0(_1)m(h’a #-1,

where A is the standard Laplacian operator on R3, crit[h] denotes the set of critical points of h and m(h, &) is the
morse index of h at a critical point &. Then there exists €y > 0 such that for K = 1 + ek and |¢| < &, system (1.1)
has a solution.

The condition on the critical point at the south pole of the sphere is needed since we are going to use the
standard stereographic projection 77, however this condition can be always satisfied by making a unitary
transformation which does not affect the generality of the result. In fact, assumptions (i) and (ii) can be for-
mulated using directly the function k on the sphere and its Laplacian Agsk, but since we are shifting the
analysis on R? we stated the assumptions using h.

The previous result is the analogous of several ones obtained with this kind of hypothesis of Bahri—Coron
type on the function k: for instance, for the standard Riemannian case of prescribing the scalar curvature and
its generalization to the Q, curvature see [2, 6, 7]; in the case of prescribing the Webster curvature in the CR
setting and its fractional generalization see [21] and [8]; for the spinorial Yamabe type equations involving
the Dirac operator on the sphere see [12].

The idea of the proof follows the abstract perturbation method introduced in [1]. The difficulties in deal-
ing with such system of equations come from the strongly indefiniteness of one of the operator involved and
the characterization of the critical manifold of the unperturbed problem. Fortunately, the first difficulty does
not affect our analysis in this situation (even though it was a crucial difficulty to circumvent in the general
problem as in [20]). The second difficulty is actually central in our situation. In fact, even after characterizing
the critical manifold and showing its non-degeneracy, when going through the finite-dimensional reduction
of the functional, another kind of degeneracy appears which is due to the invariance with respect to one of
the parameters of the problem (see Remark 3.6). This constitute a major bifurcation from the problems found
in the literature.
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2 Notations and Definitions

Let (M, g) be a closed (compact, without boundary) three-dimensional Riemannian manifold.
We start to describe briefly the first operator appearing in the system. We denote by L, the conformal
Laplacian acting on functions

1
Lg = -Dg + 2Rs.

Here A, is the standard Laplace—-Beltrami operator and Ry is the scalar curvature. Lg is a conformally covari-
ant operator. More precisely, given a metric g = f2g in the conformal class of g, we have

Lgu = f 3 Lg(f7u).
We recall that the usual Sobolev space on M, denoted by H' (M), continuously embeds in L? (M) for 1 < p < 6.
Moreover, for 1 < p < 6, the embedding is compact. In particular, if we assume M to be the sphere
$ = {(, x4) e RZxR: |X'|? +x2 = 1}
equipped with its standard metric gg3, then it is possible to identify $3 \ {sp}, being sp = (0, —1) the south

pole, with IR?, by means of the stereographic projection

m:$\ {sp} - R,
X
1+x4°

(X, x4) >y =

The standard metric ggs on R> and the metric § = (m1)*ggs are conformal, more precisely g = f2ggs, with

f= 1&? Thus the standard conformal Laplacian on the sphere L, , and the one on R3, which we denote

asusual Lg ; = —A, are related by the following identity:
Le,v=[f (D) f2ven ] en, veH(S).

Now, let us describe the second operator involved. Let M be the canonical spinor bundle associated to M,
whose sections are simply called spinors on M. This bundle is endowed with a natural Clifford multiplication

Cliff : C*(TM ® M) — C®(ZM),
a hermitian metric and a natural metric connection
VZ: C®(ZM) — C®(T*M ® EM).
We denote by D, the Dirac operator acting on spinors
Dg : C®(IM) — C®(EM), D, = Cliff o VZ,

where the composition Cliff - VZ is meaningful provided that we identify T*M ~ TM by means of the met-
ric g. We also have a conformal invariance that in our situation, & = f?g, reads as follows: there exists an
isomorphism of vector bundles F : Z(M, g) — Z(M, &) such that

Dgp = F[f*Dg(fF')]. 2.1)

The functional space that we are going to define is the Sobolev space H Z(ZM). First we recall that the Dirac
operator Dg on a compact manifold is essentially self-adjoint in L?(£M), has compact resolvent and there
exists a complete L2-orthonormal basis of eigenspinors {;};cz of the operator

Dgl/)l' = Ail/)i’

and the eigenvalues {A;};ez are unbounded, that is, |A;] — coas |i| — co. In this way every function in L2(ZM)
has a representation in this basis, namely:

Y=Y aw, PeLl’EM).

ieZ
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We define the unbounded operator |Dg|® : L2(2M) — L%(EM) by

IDgl* () = ) ailhil* i

ieZ
and we denote by H*(XM) the domain of |Dg|®, namely 1 € H’(ZM) if and only if
Z a?|Ail® < +oo.

i€Z
Note that H%(XM) coincides with the usual Sobolev space W*2(XM) and for s < 0, HS(EM) is defined as the

dual of H5(ZM).
For s > 0, we define the following inner product: for , ¢ € H*(2M),

(¥, §)s = (IDgl*¥, [Dg* P) 12,

which induces an equivalent norm in H5(ZM); we will take

W, ) = (W, )y = 1P

as our standard norm for the space H 3 (ZM). In this case as well, the embedding H*(XM) — LP(XM) is con-
tinuous for 1 < p < 3 and it is compactif 1 < p < 3.

Then we decompose H (M) in a natural way. Let us consider the L2-orthonormal basis of eigenspinors
{i}icz: we denote by 1); the eigenspinors with negative eigenvalue, 1] the eigenspinors with positive eigen-
value and lp? the eigenspinors with zero eigenvalue; we also recall that the kernel of Dy is finite dimensional.
Now we set

H=™ :=span{y;tiez, H>°:=span{y¥licz, H>* := span{p}icz,
where the closure is taken with respect to the H 2 -topology. Therefore we have the orthogonal decomposition
of H? (M), which reads as
H?*(SM)=H> @ H»* @ H>",
Also, we let P* and P~ be the projectors on H T+t and H2, respectively.

Again, if we assume M to be the sphere $* and we identify $3 minus the south pole with R3 via stereo-

graphic projection, the conformal invariance of the Dirac operator reads as

Dy, = F{[f 2DUF '@por )] on}, eHIES),

where Dg; and Dg , = D denote the Dirac operators on the standard sphere and R3, respectively; moreover
f= #}42 and F : 3(R3, grs) — 2(S3, g¢3) the isomorphism of vector bundles in (2.1).
In the sequel we will need the following function spaces on R3:

DI(ER3) = {p € L3ER3) : |82 [ € LA(R3)},
DY(R®) = {u € L°(R?) : [Vu| € L*(R?)}.

Here $ is the Fourier transform of 1. Moreover, for a more detailed exposition on conformal and spin geometry
as well as on the functional spaces involved we address the reader to [10, 12, 13] and the references therein.

3 Proof of the Main Result

Our existence result will be obtained by means of the abstract perturbation method illustrated in [1]. We recall
it in the following theorem and then we will show how it can be applied in our setting.

Theorem 3.1. (see [1]) Let A be a Hilbert space and assume Jo € C%(A, R) satisfies the following conditions:
(1) Jo has a finite-dimensional manifold Z of critical points,

(2) J{(2) is a Fredholm operator of index zero for every z € Z,

(3) T.Z =ker]{/(z) foreveryz € Z.
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For G € C*(A, R), let £ > 0 small enough, we denote by J. = Jo — G the perturbed functional, by V the ortho-
gonal complement of T,Z in A and by P : A — V the orthogonal projection. Then, for any z € Z, there exists
v(2) € V such that P(JL(z + v(z))) = 0.

Moreover, if there exists a compact set Q c Z such that J.|z has a critical point z € Q, then z + v(z) is
a critical point of the perturbed functional J in A.

In order to apply the previous result to our situation, we introduce the map
HY($*) x HZ(25%) > (v, ) > (U, §) = (Fivom L, fF poh)),
which gives a one to one correspondence between solutions to (1.1) on $° and solutions to the equivalent

system on R>

— Au = H|p|?u,
{ || on I,

Dy = Hu? ¢,
where we set H = K o 7. Hence let us consider this last problem and let us denote
A = DY(R3) x D2 (ZR3).
We take w = (u, ) € A and we set
1
Jow) = 5 [ (-udu+ g, ¢) - wiiP).
R3
1 2( 412
Gw) = 5 [ hiuPigP,
R3
Je(w) = Jo(w) — eG(w)
with h = ko 1. We are going to define the manifold of critical points of Jo. Let A € R, y, £ € R?, a € ZR?
with |a| = 1, it is well known that the functions
1
A2
A2+ 1y - &)z
are a family of positive solutions to —Au = u® in R? and the spinors
2A
A2 +1y - &)
solve D¢ = 3||¢ in ER>. Using this fact, and the equality |®y,¢,q| =

Upey) = V3

Dy ga(x) = A-(y-9)-a

#ylz’ one can check that the pairs

_ V3.
(Ure, Prga) = (NI'/gUA,g, Tq)/l,f,a) €A
are critical points of Jo. Hence
Z={Wiga=Uns, Prea): AR, E e RPanda € IR, |a| =1} c A

is a seven-dimensional manifold of critical points of Jo. Let us fix any ag € XR3 with |ao| = 1, in the sequel
we will use the notation U() = U1’0, CD() = @1,()"10 and W() = (Uo, CD()).
Now we will check assumption (2) in Theorem 3.1. We have

JoWrga)wil, wo) = I(_UZAul - Uu1| Dy gal? - 2 Up e( D g0, P1))
]R3

+ J((D¢1 —|UpelP 1, 2) — 2Up cur (D .05 h2))-
]R3
Therefore J{| is a compact perturbation of the identity, hence it is a Fredholm operator of index zero for
all Wh¢a € Z.
Now it remains to check that Twy,Z = ker ]{)’(WA,{,a) for every A € R, ¢ € R? and a € ZR> with |a| = 1.
Since J; is invariant with respect to translations and dilations, it will be enough to prove Ty, Z = ker J§j (Wo).
We will need the following remark.
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_1 _1
Remark 3.2. LetA; = % and p; = % The map (v, ) — (v, 1) = (4, >v, A, * ) is a one-to-one correspondence
between solution to (1.1) on $3 and the equivalent rescaled system

_ 2
{Lgsgv = /hlnzl Y ons,
Dgi;m = pavon,
which in turn it is equivalent to
- Au = Aq|¢|%u,
{ Mll on R3 (3.1)
D¢ = p1u ¢,

by means of the stereographic projection. Notice that (3.1) arises as the first variation of the functional

Jow) = 3 [ (A utu + i (D, ) - 19 P1uP)
R
and since (Uy, ¢, W), ¢,q) are critical points of Jo, it follows that
Wiga = (1y° Ungs Ay Yrea)
are critical points of Jo.
Lemma 3.3. We have Tw,Z = ker J{| (Wo).

Proof. ltis standard to check that Ty, Z < ker ]6’ (Wy), so it suffices to prove the inclusion ker ]6' (Wo) ¢ Tw,Z.
Moreover, since dim(Tw,Z) = 7, it is enough to show that

dim(ker J§ (Wo)) < 7
and, by means of Remark 3.2, this is equivalent to
dim(ker J§| (Wo)) < 7.

On the sphere $°3, the linearization of (3.1) at W reads as

{Lgs3v=)l1v|w1|2 + 20, Vi (¥1, 1), (3.2)
Dgn = pu1|Val*n + 2u1vVy W,
where o .
(Vi,¥1) = (U, 2(F 2 Uxe) o, A2 (f o ) P F (D g0 0 1)) = (1, W1).
Notice that ¥, satisfies 3
Dg ¥y = El‘l’1|‘{’1 and |¥i] =1, (3.3)

soitis an eigenspinor of Dg , with eigenvalue % Wesetn = Yz fi Vi, where Wy is a trivialization with Killing
spinors of the spinor bundle of $> and we write f; = g1 + ih1, where g1 and h; are real-valued functions;
here by trivialization we mean a global basis of the spinor bundle of $* formed by Killing spinors. For more
details regarding such a basis, we refer the reader to [10] or [12, formula (5.14)]. We will first find f;. Since
f1 =(n, ¥1), we have (see [12, Lemma 5.2 and formula (5.16)])

Ags fr = (Bgs 1, W1) + (M, Bg; W) + (Dgs M, W)

Notice now that, by (3.3) and the Lichnerowicz’s formula on the sphere

3
2 _
DgSS = —Ag$3 + 5,
we have —Ag ;W1 = 2¥; and
3
D =Dg,n -1
3 3 3/3 9 3
= DgS3(§rl + 3v‘}’1) - Zn = E(zn + 3V(Dl) +3Vv-¥g + zv‘l’l - En

= %n +9v¥, +3Vv . ¥y,
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Therefore 3 3 3
“Ngf1 = Zfl +9v+3(Vv- ¥y, V1) + Zfl - §f1 -3v==6vV+3(Vv- ¥, ¥q).

Since the last addend in the previous equality is purely imaginary, we take the real and imaginary part to have
—Ag§3 81 = 6V

and
—Ag$3 h1 = —Bi(VV . \Pl, \F1>

In particular, recalling that Ly, = ~Ag; + % and the first equation in (3.2), we have the system

—Ag;v= %gl,

—Ag ;81 = 6V.
Hence,

A;..81 =981

from which we deduce that g1 is the first eigenfunction of the Laplacian on the sphereand v = %. So, the first
equation in (3.2) becomes

g1 3
Lo 5 =25 430
and recalling the definition of Lg; , from the quality above we get
fi=g1.
Using this fact, system (3.2) becomes
o8
2

3 3
Dgin = SN+ 5('1, W)V

Hence we need to compute the dimension of
1 3 3
A:{neH§@§)Jk§n:5n+50LWQW4.

This computation has been carried out by Isobe in [12] for general dimensions of the sphere $§™, so in our
situation it suffices to take m = 3 in [12, Lemma 5.1] to get dim(A) = 7 as desired. O

Now we will focus on the reduced functional. For a fixed a € £R>, with |a| = 1, we set Vi ¢ = |Up ¢|?|®p.¢,q1%,
so that Va ¢(x) = 15 V1,0(5 (x - &) and let

nma:%[mmwgnm
]R3

for (A, &) € (0, +00) x R>. Then we have the following:

Proposition 3.4. The functionT is of class C? on (0, +00) x R and it can be extended to a C* functionat A = 0
by
1
[0, &) = coh(é), %:Evaumx
R3

Also,

lim V2T'(A, &) = coVZh(&),

A—0 3 ( {) 0 (6)
uniformly on every compact of R3. Moreover, for any compact set £ c R3, there exists a constant C = Cs such
that

[0AT(A, & - c1AAR(®)| < C5A?

forall A > 0 and all ¢ € %, being
e1 = [ iPvio) ay.

R3
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Proof. We have by a change of variable that

T, &) = j h(Ax + &) V1.0(x) dx.

R3

Using the smoothness of h and the dominated convergence, we have that
lim T'(A, &) = coh(é).
Lim (A, §) = coh(é)
The same reasoning applies to show that one has
VeD(0,8) = coVh(), VEI(0,8) = coV*h(§) and V,I(0,¢) = 0.
The last equality follows from the oddness of the integral, that is,

J xiVio(x)dx=0, i=1,2,3.
]RB

We fix now a compact set X; then by Taylor expansion of y — h(y + &), we have
3
’agih(y +&) - 0gh(é) - Z;ais(ih({)y,- < Cslyl®.
j=

Also, notice that since
J yiyiVio(y)dy =0 ifi#]j,

IR3
we have for our choice of ¢,
3 3
c1AAR(E) = j (a&.h(a +y aé&h(QAJ’j>YiV1,O(Y) dy.
R =1 j=1
Therefore,
[0AT(A, &) — c1AAR()| < CzA%. O

Proposition 3.5. Let k and h be functions as in Theorem 1.1. Then there exists an open set Q c (0, +oc0) x R3
such that VI + 0 on 0Q and
deg(VI,Q,00= Y (-1)""d 41,

&ecrit[h]
Ah(&)<0

Proof. Lets > 0; we consider the set
By = {19 € (0, +00) xR : |1, ~ (5, 0)] <5 - %}
We will show that for s large enough, we can choose Q = B;. First, we set
crit(h] = {1, &2, ..., &)
for some I € IN. Since the south pole is not a critical point for k, we have that for r large enough,
critth) cA, = {§ e R? : |&] < 1.

Since h is a Morse function (as well as k), it follows from the non-degeneracy condition (i) that there exist
constants y € (0, r) and 6 > 0 such that

1
|AR()] > 6 forall € € | ] Bu(&Y),
i=1
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where B, (¢ ?) denote as usual the balls of centers ¢! and radius y. By using Proposition 3.4, we have that for s
sufficiently large and y even smaller if necessary,

l
NT(A,§)#0 indBsn ((o,w x UBy(f’d).
i=1
Hence,

1
VI #0in 0Bs N ((o, 1) x UBF({'i)).
i=1

Again, by Proposition 3.4, since I extends to a C* function at A = 0 and V¢T'(0, £) = coVh(£), we have that

1
V[ #0 inoBsn ((0,]1) x Aoy \ UBy(f')).
i=1
Hence,
VI #£0 inoBsn((0, u) x Azp).
So it remains to study I' on the component of 0B outside (0, i) x A,,. So we consider the Kelvin reflection

X

TR\ {0} - R’ \ {0}, 7(x)= X2

We notice that 1
T (8r3) = Wgnv-

Hence, for all F € Lé(R3), by putting y = 7(x), we have

j hy)IF@)I® dy = j (T G)F(T(0)[5F (x) dx = j h(T(O)IF* (06 dx,

R3 R3 R3
where 1 N
o o)
0= e U
In particular, if we set
UL S
AR A2+

we have that
V3 00l = [V; ¢ (01
So we define 1
f =3 [ havagidx,

R3
and we have that

T4, &) =T(@,%.
Once again, by using Proposition 3.4, we have that I' can be extended to a C! function up to the origin
(0,0) € [0, c0) x R3. Since (A, &) @A, E’) is a diffeomorphism, we have VI'(A, ) = 0 if and only if T A, é’) =0.
But by assumption, the south pole is not a critical point of h, hence 0 is not a critical point of h(7(x)). There-
fore, VI # 0 in a neighborhood of the origin and so VI' # 0 in a neighborhood of infinity. Finally, we have that
for r and s large enough,

VI #0 ondBs\ ((0, u) x Ayp).

The degree computation is by now standard and it follows for instance as in [11]. O

Remark 3.6. We want explicitly to notice that at this point we cannot directly conclude as in the classical
cases (see for instance [2, 21]), since the critical points of I' on Z are degenerate: this is due to the invariance
of the functional with respect to the parameters a and this degeneracy causes the degree to vanish.
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Werecall that Z is a non-degenerate manifold of critical points of Jo and J, (’)’ is Fredholm of index zero, therefore
we have that there exists € > 0 such that for all z € Z. ¢ Z with Z, compact, there exists a unique w(z) € T,Z*+
such that

PJL(z +w(z2)) = 0,
where P : A — T,Z* is the orthogonal projection. Now, to find a solution to our problem, it is enough to find
a critical point for the function @, : Z — R defined by

Dy (2) = Je(z + w(2)).
In order to do this, we will consider the set of the parameters a
{aeIR’:|al=1}=§>

as a Lie group. Hence, we will consider the natural action of $> on Z = (0, +c0) x R3 x $3, being Z parameter-
ized by (A, &, a). Also, we notice that (Jo)|z and G|z are invariant under this action: then we need to extend the
action to the whole space D> (ZR3). In order to do this, we recall that the spinor bundle of R? can be trivial-
ized by Killing spinors that are either constant (parallel spinors) or spinors of the form x - ¢ with ¢ constant.
So we fix an orthonormal basis of ZR3 of the form {a1, a», x - a1, x - a»}, where a1, a, are (distinct) constant
spinors with |a;| = |a,| = 1. Hence, if ¢ € D%(ZIR3), there exist f1, f>, g1, g» such that

d00) = (f1(0) + g100x) - a1 + (f2(x) + g2(0)x) - az.
Since a; and a, can be seen as elements in $3, we can define the action for a general w € $3 and ¢ ¢ D3 (ZR3)
by
we = (f1(x) + 8100)x) - way + (f2(x) + 82(0)x) - wa;.
In this way, this last action extends the one previously defined on Z and in addition both J, and G are invariant
under this action. Therefore, @, descends to a C! function @, defined on the quotient
Z/S? = (0, 00) x R3.
The same argument works for I'; therefore for £ small enough, we have that
@ = €T + o(e).
At this point, from the invariance of the degree by homotopy, we have that

deg(d}, B, 0) = Z (—1)ynhd 4 1,

&ecrit[h]
AR(£)<0

Finally, by assumption (ii), by contradiction (for the argument, see for instance [1, 2]) if

(_1)"1(}’1,{) :/: _1’
&ecrit[h]
AR(§)<0
then @, has a critical point that can be lifted as a critical orbit of ®,, which in turn ends the proof of the
Main Theorem 1.1.
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