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Abstract: Three-phase, four-wire split capacitor inverters are currently employed in many applications,
such as photovoltaic systems, battery chargers for electric vehicles, active power filters, and, in general,
in all grid-tied applications that deal with possible grid voltage and/or current unbalances. This paper
provides a comprehensive evaluation of the capacitor-switching voltage ripple and dc-link switching
voltage ripple for the three-phase, four-wire, split capacitor inverters. Specifically, analytical
formulations of the peak-to-peak and rms values of the voltage ripples are originally pointed out
in this paper and determined in the case of balanced three-phase and unbalanced (two-phase and
single-phase) output (ac) currents. The obtained results can help in designing the considered
inverter and sizing of the dc-link capacitors. Reference is made to the sinusoidal PWM modulation
and sinusoidal three-phase output currents with an almost unity power factor, representing a
grid-connected application. Extensive numerical simulations have been carried out to thoroughly
verify all the analytical developments presented in this paper. Furthermore, some experimental
tests, having balanced output currents on the ac side, have been accomplished, validating numerical
simulations and analytical developments.

Keywords: inverter; voltage source inverter; three-phase; harmonic distortion; current unbalance;
four-wire; split-capacitor; pulse width modulation; voltage ripple; dc-link switching ripple

1. Introduction

Three-phase, four-wire, voltage-source inverters (VSIs) are employed in different power electronic
applications, mainly involving unbalanced loads. They are currently adopted in grid-forming
inverters [1], electric drives [2], active rectifiers [3], and shunt active filter [4] applications due to their
inherent ability to deal with the zero-sequence voltage and current components. Another emerging
application for this kind of topology is electric vehicle (EV) battery chargers, owing to the expansion of
electric vehicles (EVs) on the world’s roads. Three-phase, four-wire inverters can be used as active
front-end rectifiers of double-stage EV battery chargers enabling vehicle-to-grid (V2G), vehicle-for-grid
(V4G), and vehicle-to-X (V2X) services [5]. Many different topologies have been recently proposed in
the literature, such as four-leg with [6] and without [7–9] neutral inductor, independently controlled
neutral module [10], and four-wire, split capacitor arrangement with [11] and without [1] neutral
inductor. Among the wide variety of available modulation schemes, carrier-based PWM techniques
are extensively adopted due to their simplicity, well-known harmonic spectrum, and fixed switching
frequency. The latter aspect makes evaluation of the converter switching losses easy and, therefore,
the converter design is more accurate [12]. In [13], the dc-link voltage ripple and the dc-link capacitor
design for a single-phase inverter were presented.
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Many studies have been reported in the literature on three-phase voltage-source inverters [13–16].
In [14], the dc-link voltage ripple caused by unequal instantaneous power was analyzed for two
different modulation methods in the case of two-level three-phase inverter, and the power loss of
dc-link was estimated based on the ESR and rms current of the dc-link capacitor. Several commercial
capacitor technologies, under consideration for use as dc bus capacitors for electric vehicle traction
inverters, were reviewed and evaluated in [15] for their ability to optimize the volume of traction
inverters. An optimal switching period phase-shifted method for a slave inverter to reduce grid current
ripples in synchronized two parallel three-phase grid-connected voltage-source inverters (VSI) was
presented in [16].

The analysis was extended to a three-phase, three-level flying capacitor inverter and neutral point
clamped (NPC) converter in [17] and [18], respectively. The rms current, through dc-link capacitors,
was analytically evaluated in a three-level NPC inverter in [19]. Based on the dc-link voltage analysis
and considering both low- and/or high-frequency voltage components, simple and effective guidelines
for designing the dc-link capacitor were presented in [20] for a three-phase two-level inverter.

Major attention has been paid to the inverters’ output voltage and current characteristics. Although
the dc side of the converters was widely investigated as well, a few analytical developments were
presented investigating the dc voltage switching ripple under balanced and unbalanced ac current
conditions. It is well known that the accurate selection of the dc-link capacitors, where present,
is crucial. These components can be a source of failure in the inverter, and they directly impact the
price and the lifetime of the system. Therefore, they should be correctly designed and sized, and a
proper analysis of the inverter dc-link input current and voltage is essential. The dc-link capacitors
must handle inverter input current harmonics and avoid high voltage ripples.

Considering three-phase, four-wire, split capacitor inverters, the dc-link switching voltage ripple
in three-phase four-wire split-capacitor inverters has not been examined in the existing literature to
date. A model-based controller for a three-phase four-wire shunt active filter, which uses a three-leg
split-capacitor topology to implement the voltage source inverter, is presented in [21]. The most
popular topologies applied to four-wire systems have been studied and analyzed in [22] in terms of
ratings of dc-link voltage and current, and the quality and efficiency of output waveforms. In [6]
and [23], a relation of the dc-link voltage ripple with respect to low-order harmonics was derived.
However, the rms value was not evaluated, and a complete analysis is not given. In [1], the dc-bus
voltage oscillation and the output voltage total harmonics distortion (THD) at imbalanced load were
calculated for a three-phase inverter with split dc-link capacitors. The study showed positive, negative,
and zero voltage components and only low harmonic voltage was considered. In [24], the peak value of
a low-harmonics voltage ripple across the dc-link capacitor in case of an unbalanced load in the inverter
is given. The authors in [25] also conducted a low harmonic analysis for the dc-link voltage ripple, and a
design of the dc-link capacitors was done in terms of peak-to-peak voltage low-harmonic oscillations.
However, in these works, only the low-frequency voltage ripple component was considered. Although
the latter is the dominant contribution to the dc-link capacitor voltage ripple, it is not the only one,
and the switching voltage ripple should be also considered for a proper design of the dc-link capacitors.

Examining a three-phase, four-wire, split capacitor inverter, in this paper, a comprehensive dc-link
voltage ripple analysis with respect to switching frequency is provided for the individual capacitor
voltages and total dc-link voltage. Analytical formulations of the peak-to-peak and rms voltage ripple
are originally pointed out in this paper. The obtained results can help in designing the considered
three-phase inverter, with reference to the sizing of the dc-link capacitors. A balanced sinusoidal
PWM (SPWM) was applied to the inverter, while the load parameters were selected to achieve almost
sinusoidal load currents with a unity power factor. The characteristics of the dc-link voltage ripple are
examined with reference to both balanced three-phase and unbalanced (two-phase and single-phase)
ac currents. These three study cases were selected as extreme operating conditions, while the other,
intermediate modes can be easily derived from the presented examples. Numerical simulations
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are provided to verify the analytical developments. Some experimental tests were also conducted,
considering balanced, three-phase output currents.

The paper is formed by six sections. The system configuration and modulation principle are
presented in Section 2. The inverter’s input current ripple is evaluated in case of balanced and
unbalanced output load currents, and the voltage ripple across both the individual capacitors and total
dc-link are provided in Sections 3 and 4, respectively. Section 5 presents the experimental results and,
finally, conclusions are drawn in Section 6.

2. System Configuration and Modulation Principle

The considered circuit scheme is illustrated in Figure 1. It consists of a three-phase, four-wire,
split capacitor inverter supplying currents ia, ib and ic, which are sinusoidal (the corresponding
switching ripple is neglected). The inverter is supplied by a dc voltage source (Vdc) via a dc source
impedance representing an inductive filter (Ldc) and/or an equivalent series resistance (Rdc).
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In case of balanced modulation (Va = Vb = Vc = V = mVdc), the three modulating signals are given
by the sinusoidal phase reference voltages normalized with Vdc
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being ϑ phase angle (ϑ =ωt), fundamental (grid) angular frequency and m modulation index ranges
between 0 and 0.5 (0 ≤ m ≤ 0.5).

Considering Equation (1), and neglecting the output current ripple, the corresponding three-phase
output currents are 

ia(t) = Ia cos(ϑ−ϕ)
ib(t) = Ib cos

(
ϑ− 2π

3 −ϕ
)

ic(t) = Ic cos
(
ϑ+ 2π

3 −ϕ
) (2)

where Ia, Ib and Ic are the output current amplitudes of phases a, b and c, respectively, and ϕ is the
phase angle between corresponding phase voltage and current. Having a load with a unity power
factor, Equation (2) can be rewritten in terms of positive sequence I+, negative sequence I−, and zero
sequence I0 as 

ia(t) = I+ cos(ϑ) + I− cos(ϑ−β−) + I0 cos(ϑ−β0)

ib(t) = I+ cos
(
ϑ− 2π

3

)
+ I− cos

(
ϑ+ 2π

3 −β−

)
+ I0 cos(ϑ−β0)

ic(t) = I+ cos
(
ϑ+ 2π

3

)
+ I− cos

(
ϑ− 2π

3 −β−

)
+ I0 cos(ϑ−β0)

(3)
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where β− and β0 are the phase angles of the negative and zero sequences of the current, respectively.

3. Evaluation of Inverter Input Current Ripple for Balanced and Unbalanced Loads

With regard to Figure 1, the inverter input current is the sum of currents that flow through each
inverters’ legs, and it can be calculated based on the switching function of each upper leg switch and
the corresponding output current as

i(t) = Sa1ia + Sb1ib + Sc1ic (4)

The switching functions Sa1, Sb1, Sc1 are characteristic functions that obtain value 1 when the
corresponding switch is turned ON, and 0 if the switch is turned OFF.

As an alternative, the inverter input current of Equation (4) can be rewritten as

i(t) = ı(t) + ı̂(t) = Idc + ı̃(t) + ı̂(t) (5)

where Idc is the dc (average) component; ı̃(t) is the low-frequency part; ı̂(t) is the high-frequency
(switching) constituent and, finally, ı(t) is the averaged input current over a switching period, which is
composed of dc (average) and low-frequency components.

The averaged input current ı(t) can be calculated as

ı(t) =
[1
2
+ ua(t)

]
ia(t) +

[1
2
+ ub(t)

]
ib(t) +

[1
2
+ uc(t)

]
ic(t) (6)

Replacing Equations (1) and (2) into Equation (6) leads to the following low-frequency and
dc components

ı̃(ϑ) = 1
2

{
[ia(ϑ) + ib(ϑ) + ic(ϑ)] + m Ia cos(2ϑ−ϕ) + m Ib cos

(
2ϑ+ 2π

3 −ϕ
)
+ m Ic cos

(
2ϑ− 2π

3 −ϕ
)}

(7)

Idc =
1
2

m (Ia + Ib + Ic) cos(ϕ) (8)

3.1. Balanced Load

Having a unity power factor load, when the load is balanced (Ia = Ib = Ic = I), the low-frequency
component described by Equation (7) is zero. Consequently, the instantaneous inverter input current
contains only the switching-frequency component and the dc (average) Idc given by

ı(t) = Idc =
3
2

m I =
3
2

m I+ (9)

Figure 2 shows the simulation results, comparing the instantaneous input current (blue trace)
with its averaged value over the switching period (red trace), and the corresponding average current
component calculated by Equation (9) (green trace) in the case of m = 0.4.
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Figure 2. Instantaneous input current: (blue), its averaged value over the switching period (red),
and calculated value (green) in case of balanced output currents for m = 0.4, I = 1A and ϕ = 0◦.

In the case of balanced output currents, the analysis can be limited to one-sixth of a fundamental
period (T/6) thanks to the symmetry of the input current, shown in Figure 2. A perfect match of
averaged value of the input dc current with an analogue that has been theoretically determined
by Equation (9) can be observed in Figure 2. As can be seen, a small delay between averaged and
theoretical currents (Tsw/2) is due to the averaging process itself.

3.2. Unbalanced Load—Only Two Phases (Phases a and b)

In the case of unbalanced load with only two phases working, the averaged input current can be
written as

ı(ϑ) =
1
2

{
m (Ia + Ib) cos(ϕ) + [ia(ϑ) + ib(ϑ)] + m Ia cos(2ϑ−ϕ) + m Ib cos

(
2ϑ+

2π
3
−ϕ

)}
(10)

Similarly, the averaged input current can be calculated for other combinations of the phases.
If the current amplitudes of the two operating phases are equal (Ia = Ib = I, Ic = 0), while phase angle

displacement is preserved unchanged, the instantaneous inverter current, together with its averaged
counterpart, are depicted in Figure 3. The initial conditions for this example are the following: the load
with unity power factor (ϕ = 0◦) and m = 0.4. A good correlation among analytical and numerical
results could be noticed. The small phase mismatch is introduced due to the moving average filtering.
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3.3. Unbalanced Load—A Single-Phase Load (Phase a)

In this case study, the averaged inverter input current is

ı(ϑ) =
1
2

m Ia cos(ϕ) +
1
2

ia(ϑ) +
1
2

m Ia cos(2ϑ−ϕ) (11)

Similarly, the averaged input current can be calculated for the other phases, b and c.
Figure 4 displays a comparison between simulation results of the instantaneous, input dc current

(blue trace) along with its averaged value over a switching period (red trace) and waveform given by
Equation (11) (green trace). The initial conditions that were applied in this simulation are identical to
the previous study cases, namely m = 0.4 and ϕ = 0◦. Again, a good equivalence of the numerical and
theoretical profiles can be observed. A small delay between averaged and theoretical currents (Tsw/2)
is observed due to the averaging process itself.
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Figure 4. Input current: instantaneous value (blue), its averaged value over the switching period (red),
and calculated value (green) in case of single-phase unbalance for m = 0.4, I = Ia = 1 A and ϕ = 0◦.

4. Evaluation of Capacitors and DC-Link Voltage Ripples

Likewise, Equation (5), the instantaneous capacitors’ voltages v1 and v2 and the total dc-link
voltage v, can be defined in terms of low- and high-frequency harmonic components as

v1(t) = V1 + ṽ1(t) + v̂1(t)
v2(t) = V2 + ṽ2(t) + v̂2(t)
v (t) = V + ṽ(t) + v̂(t)

(12)

where V1 and V2 are the dc (average) voltage components of upper and lower capacitors, respectively;
V is the average voltage of the total dc-link, ṽ1(t) and ṽ2(t) are the low-frequency parts of the of
upper and lower capacitors, respectively; ṽ(t) is the low-frequency component of the total dc-link
voltage; v̂1(t) and v̂2(t) are the high-frequency (switching) components of upper and lower capacitors,
respectively and, finally, v̂(t) is the high-frequency (switching) component of the total dc-link voltage.

Since the upper and lower capacitors have identical values Cdc, the dc component V is simply
determined by the supply voltage Vdc and the voltage drop across the resistor Rdc

V = Vdc −Rdc Idc = V1 + V2 = 2 V1 (13)

By assuming that the capacitive reactance dominates the equivalent dc-link RL impedance at
switching frequency fsw, the whole switching current ripple ı̂ circulates through the dc-link capacitor.
In this case, the equivalent dc-link capacitor is Cdc/2, and the total dc-link voltage ripple can be
calculated as

v̂(t) = −
2

Cdc

dı̂(t)
dt

(14)
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4.1. Peak-To-Peak Voltage Ripple

The instantaneous, peak-to-peak, dc-link voltage ripple can be computed by replacing Equation (5)
into Equation (14) and integrating over any abstract period t, leading to

v̂(t) = −
2

Cdc

∫ t

0
[i(t) − ı(t)]dt =

2
Cdc

∫ t

0
[ı(t) − i(t)]dt (15)

In the following equations, the index “pk” denotes the “peak” value, whereas “pp” denotes the
“peak-to-peak” value.

The peak-to-peak “pp”, dc-link voltage ripple as a function of modulation index and phase angle,
over a switching period Tsw can be defined as

v̂pp(m, ϑ) = v̂ (t)
∣∣∣max
Tsw
− v̂(t)

∣∣∣min
Tsw

(16)

Determining the peak-to-peak dc-link voltage ripple, both balanced and unbalanced loads are
considered. With reference to Figure 5 and in case of balanced output currents, the time intervals are
given by: 

t1 = tc =
(

1
2 + m cos

(
ϑ+ 2π

3

))
Tsw

2
t2 = tb − tc =

√
3m sin(ϑ)Tsw

2
t3 = ta − tb =

√
3m cos

(
ϑ+ π

6

)
Tsw

2

t4 = Tsw
2 − ta =

(
1
2 −m cos(ϑ)

)
Tsw

2

(17)

where the application time intervals ta, tb, and tc are expressed by the set of equations
ta =

[
1
2 + m cos(ϑ)

]
Tsw

2

tb =
[

1
2 + m cos

(
ϑ− 2π

3

)]
Tsw

2

tc =
[

1
2 + m cos

(
ϑ+ 2π

3

)]
Tsw

2

(18)
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Figure 5. Input current and dc-link voltage ripple in one switching period in case of balanced loads:
(a) ia ≥ Idc, (b) ia < Idc.
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4.1.1. Balanced Load

Thanks to the inverter input current periodicity i(t), the evaluation of the dc-link voltage ripple
can be reduced to the phase angle range 0 ≤ ϑ ≤ π/3. In this interval and, depending on the value
of Idc, two different cases can be distinguished according to Figure 5: ia ≥ Idc (Figure 5a) and ia < Idc
(Figure 5b).

The actual peak dc-link voltage ripple v̂pk can be obtained by merging the results corresponding to
these two cases. Concerning Figure 5, the peaks “pk” of the total dc-link voltage ripples are expressed as

v̂′pk(t) = 2
Cdc

Idct4

v̂′′pk(t) = 2
Cdc

Idct1

v̂′′′pk(t) = 2
Cdc

∣∣∣Idct4 + (Idc − ia) t3
∣∣∣ (19)

where v̂′pk(t) and v̂′′pk(t) are called “first” and “second” envelopes of total dc-link voltage ripple,

respectively, according to Figure 5a (ia ≥ Idc). v̂′′′pk(t) has been labeled as “third” envelope according to
Figure 5b in the case of ia < Idc.

By introducing Equations (9) and (17) into Equation (19), the peak in dc-link voltage ripple in the
case of a system with unity power factor becomes

v̂′pk(m, ϑ) = 3
2

I
fswCdc

m
(

1
2 −m cos(ϑ)

)
v̂′′pk(m, ϑ) = 3

2
I

fswCdc
m

(
1
2 + m cos

(
ϑ+ 2π

3

))
v̂′′′pk(m, ϑ) = 1

4
I

fswCdc
m
∣∣∣∣2√3 cos

(
2ϑ+ π

6

)
+ 6 m sin

(
ϑ− π

6

)∣∣∣∣ (20)

Equation (20) can be normalized by I/(fsw Cdc), leading to the normalized set of ripple functions
r̂′pk(m, ϑ) = 3

2 m
(

1
2 −m cos(ϑ)

)
r̂′′pk(m, ϑ) = 3

2 m
(

1
2 + m cos

(
ϑ+ 2π

3

))
r̂′′′pk(m, ϑ) = 1

4 m
∣∣∣∣2√3 cos

(
2ϑ+ π

6

)
+ 6 m sin

(
ϑ− π

6

)∣∣∣∣ (21)

The peak in the dc-link voltage ripple is determined from Equation (21) as

r̂pk(m, ϑ) = 2r̂1,pk(m, ϑ) = max
{
r̂′pk(m, ϑ), r̂′′pk(m, ϑ), r̂′′′pk(m, ϑ)

}
(22)

As an example, the normalized voltage ripples for both capacitors, as well as for the total dc-link,
are shown in Figure 6. To obtain the depicted simulation results, the following initial parameters were
assumed, specifically fsw = 2.4 kHz and load with unity power factor. Subfigures labeled as “(a)” are
plotted for m = 0.4 and those with “(b)” for m = 0.5.

Since the positive and negative envelopes of normalized voltage ripple, depicted in Figure 6, are
symmetric along the zero value, to calculate the peak-to-peak value of those quantities, one could simply
multiply Equation (22) by 2, eventually obtaining the distribution of the normalized peak-to-peak
dc-link voltage ripple. Figure 7 depicts its profile for the phase range ϑ = [0, π/3].
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Figure 6. Normalized capacitors switching voltage ripple (r̂1 and r̂2) (blue traces), dc-link switching
voltage ripple (r̂) (red trace) and calculated envelopes (black traces) over a fundamental period for
m = 0.4 (a) and m = 0.5 (b) in case of ϕ = 0◦ and balanced load.
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Figure 7. Normalized peak-to-peak dc-link switching voltage ripple (r̂pp) as a function of the modulation
index (m) and the phase angle (ϑ) over the period [0, π/3] and at ϕ = 0◦. Maximum normalized
peak-to-peak dc-link switching voltage ripple (r̂max

pp ) as a function of the modulation index (m) in the
left-hand plane.

Based on Figure 7 and Equation (22), the maximum peak–peak voltage ripple can be analytically
determined by setting ϑ equal to 0 (with periodicity of π/3) as

r̂max
pp (m) = 2r̂pk(m, 0) = 2r̂′′′pk(m, 0) =

3
2

m (1−m ) (23)
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4.1.2. Unbalanced Load—Two-Phase Load (Phases a and b)

Figure 8 shows profiles of the instantaneous input dc current and capacitor voltage ripple in one
switching period, operating with an unbalanced load. The latter was emulated by setting one phase
current to zero (in this case, the phase current c is zero), while the remaining phases works normally.

Energies 2020, 13, x FOR PEER REVIEW 10 of 21 

 

4.1.2. Unbalanced Load—Two-Phase Load (Phases a and b) 

Figure 8 shows profiles of the instantaneous input dc current and capacitor voltage ripple in one 
switching period, operating with an unbalanced load. The latter was emulated by setting one phase 
current to zero (in this case, the phase current c is zero), while the remaining phases works normally. 

  
(a) (b) 

Figure 8. Input current and voltage ripple in one switching period in case of an unbalanced load (only 
two phases). (a) ia ≥ ī (b) ia < ī. 

According to Figure 8, and considering application intervals t4 and t3 + t4, the peaks in the dc-
link voltage ripple can be mathematically described based on Equation (15) as 

⎩
⎨

⎧𝑣𝑣�𝑝𝑝𝑝𝑝′ (𝑡𝑡) = �
2
𝐶𝐶𝑑𝑑𝑑𝑑

𝚤𝚤 ̅𝑡𝑡4�                           

𝑣𝑣�𝑝𝑝𝑝𝑝′′ (𝑡𝑡) = �
2
𝐶𝐶𝑑𝑑𝑑𝑑

[𝚤𝚤 ̅𝑡𝑡4 + (𝚤𝚤̅ − 𝑖𝑖𝑎𝑎) 𝑡𝑡3]�
 (24) 

By introducing Equations (10) and (17) into Equation (24) and eventually normalizing by 
I/(fswCdc), the normalized peaks of the total dc-link voltage ripple in case of Ia = Ib and zero phase angle 
become 

�
�̂�𝑟𝑝𝑝𝑝𝑝′ (𝑚𝑚, ϑ) = 1

4
�(1 − 2𝑚𝑚 cosϑ) �−2𝑚𝑚 − 𝑠𝑠𝑖𝑖𝑠𝑠 �ϑ + π

6
� + 𝑚𝑚 𝑠𝑠𝑖𝑖𝑠𝑠 �2ϑ − π

6
�� �         

�̂�𝑟𝑝𝑝𝑝𝑝′′ (𝑚𝑚, ϑ) = 1
4
� �1 + 2𝑚𝑚 𝑠𝑠𝑖𝑖𝑠𝑠 �ϑ − π

6
�� �2𝑚𝑚 − 𝑠𝑠𝑖𝑖𝑠𝑠 �ϑ + π

6
� − 𝑚𝑚 𝑠𝑠𝑖𝑖𝑠𝑠 �2ϑ − π

6
���

  (25) 

It should be noted that Equation (25) is valid within the phase angle range [4π/3, 7π/3] and ic = 
0, as depicted in Figure 8. Similar expressions can be derived for other combinations of the phases. 
The normalized voltage ripple for both capacitors, as well as for the total dc-link, are shown in Figure 
9. The initial parameters considered in the simulations are fsw = 2.4 kHz and load with unity power 
factor. Subfigures labeled as “(a)” are plotted for m = 0.4 and those with “(b)” for m = 0.5. 

Figure 8. Input current and voltage ripple in one switching period in case of an unbalanced load
(only two phases). (a) ia ≥ ı̄ (b) ia < ı̄.

According to Figure 8, and considering application intervals t4 and t3 + t4, the peaks in the dc-link
voltage ripple can be mathematically described based on Equation (15) as v̂′pk(t) =

∣∣∣∣ 2
Cdc
ı t4

∣∣∣∣
v̂′′pk(t) =

∣∣∣∣ 2
Cdc

[ı t4 + (ı− ia) t3]
∣∣∣∣ (24)

By introducing Equations (10) and (17) into Equation (24) and eventually normalizing by I/(fswCdc),
the normalized peaks of the total dc-link voltage ripple in case of Ia = Ib and zero phase angle become r̂′pk(m, ϑ) = 1

4

∣∣∣∣(1− 2m cos ϑ)
(
−2m− sin

(
ϑ+ π

6

)
+ m sin

(
2ϑ− π

6

)) ∣∣∣∣
r̂′′pk(m, ϑ) = 1

4

∣∣∣∣ (1 + 2m sin
(
ϑ− π

6

))(
2m− sin

(
ϑ+ π

6

)
−m sin

(
2ϑ− π

6

))∣∣∣∣ (25)

It should be noted that Equation (25) is valid within the phase angle range [4π/3, 7π/3] and ic = 0,
as depicted in Figure 8. Similar expressions can be derived for other combinations of the phases.
The normalized voltage ripple for both capacitors, as well as for the total dc-link, are shown in Figure 9.
The initial parameters considered in the simulations are fsw = 2.4 kHz and load with unity power factor.
Subfigures labeled as “(a)” are plotted for m = 0.4 and those with “(b)” for m = 0.5.
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Figure 9. Normalized capacitors switching voltage ripple (r̂1 and r̂2) (blue traces), dc-link switching
voltage ripple (r̂) (red trace) and calculated envelopes (black traces) over a fundamental period for
m = 0.4 (a) and m = 0.5 (b) in case of ϕ = 0◦ and unbalanced load (two-phase load).

The normalized peak-to-peak dc-link voltage ripple calculated by Equation (25) is shown in
Figure 10 within the phase range ϑ = [4π/3, 7π/3].
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Figure 10. Normalized peak-to-peak dc-link switching voltage ripple (r̂pp) as a function of the
modulation index (m) and the phase angle (ϑ) over the period [4π/3, 7π/3] in case of ϕ = 0◦. Maximum
normalized peak-to-peak dc-link switching voltage ripple (r̂max

pp ) as a function of the modulation index
(m) in the left-hand plane.
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Based on the profile of the ripple in Figure 10, the normalized maximum peak-to-peak dc-link
voltage ripple in case of I = Ia = Ib can be analytically determined by setting in Equation (25) ϑ equal to
4π/3 (or 7π/3), leading to

r̂max
pp (m) = 2r̂′pk

(
m,

4π
3

)
= 2r̂′′pk

(
m,

4π
3

)
=

1
2

(
1−m2

)
(26)

4.1.3. Unbalanced Load—Single-Phase Load (Only Phase a)

The input dc current and dc-link voltage ripple, within one switching period, in the case of a
single-phase unbalanced load, are depicted in Figure 11.
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Figure 11. Input current and voltage ripple in one switching period in case of a single-phase unbalanced
load (only phase a).

In this section, a single-phase unbalance is considered: two phases are disconnected, and the
three-phase inverter supplies the power via the only remaining phase. In this context, and according
to Figure 11, the peak in the dc-link voltage ripple can be computed based on Equation (15) as

v̂pk(t) =

∣∣∣∣∣ 2
Cdc
ı t4

∣∣∣∣∣ (27)

Replacing Equations (11) and (17) into Equation (27) and normalizing by I/(fswCdc), the normalized
dc-link voltage ripple (peak) at unity power factor is

r̂pk(m, ϑ) =

∣∣∣∣∣cos(ϑ)
(1

4
−m2 cos2(ϑ)

)∣∣∣∣∣ (28)

For validating analytical developments, the normalized ripple voltage for both capacitors and
the total dc-link are depicted in Figure 12 for two modulation indices m = 0.4 and m = 0.5 in the case
of fsw = 2.4 kHz and unity power factor. As can be seen, the envelopes wrap up the instantaneous
ripples perfectly.

Figure 13 depicts the normalized peak-to-peak dc-link voltage ripple amplitude in the phase
range ϑ = [−π/2, π/2].

In this occasion, the maximum of the normalized peak-to-peak dc-link voltage ripple has been
determined numerically (colored trace on the 2D plane of the 3D plot in Figure 13), due to the fact that
at higher modulation indices m > 0.3 there is no unique phase angle that corresponds to the maximum
ripple function.
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m = 0.4 (a) and m = 0.5 (b) in case of ϕ = 0◦ and unbalanced load (single-phase load).
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Figure 13. Normalized peak-to-peak dc-link switching voltage ripple (r̂pp) as a function of the
modulation index (m) and the phase angle (ϑ) over the period [−π/2, π/2] and ϕ = 0◦. Maximum
normalized peak-to-peak dc-link switching voltage ripple (r̂max

pp ) as a function of the modulation index
(m) in the left-hand plane.

4.2. Rms of the Total dc-Link Voltage Ripple

As is visible in Figures 5, 8 and 11, the switching ripple profile does not always present a
triangular-like waveform. Therefore, only knowing the ripple envelopes is not enough for the
rms calculation.

Noticing that the voltage ripple waveform can be considered as a linear piecewise function,
the rms can be computed by studying each interval k by itself. Each k-th portion is the composition of dc
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(offset) and ac (sawtooth-like profile) components over each time interval. Thanks to the orthogonality
of their spectra, it is possible to compute the rms value in each interval, composing the rms of the two
components as

V̂k(m, ϑ) =

√(
V̂dc

k

)2
+

(
V̂ac

k

)2
(29)

Subsequently, the rms within each switching period can be calculated, employing results available
from Equation (29) as

V̂(m, ϑ)
∣∣∣
Tsw

=

√
2

Tsw

∑
k

tk
[
V̂k(m, ϑ)

]2
(30)

Finally, the actual rms voltage ripple is obtained as

V̂(m) =

√
1

2π

∫ 2π

0

[
V̂(m, ϑ)

∣∣∣
Tsw

]2
dϑ (31)

This approach has been used in the following subsections.

4.2.1. Balanced Loads

Considering the voltage profiles visible in Figure 5, and its timing in Equation (17), it is possible
to compute the rms in case of balanced load in both cases ia ≥ Idc and ia < Idc. Knowing that

√
3 is the

sawtooth crest factor, Equation (29) can be explicitly rewritten as

V̂k(m, ϑ)



V̂1(m, ϑ) = 2
Cdc

√(
ı t1

2

)2
+

(
ı t1

2
√

3

)2

V̂2(m, ϑ) = 2
Cdc

√(
ıt1 +

t2
2 (ic + ı)

)2
+

(
t2

2
√

3
(ic + ı)

)2

V̂3(m, ϑ) = 2
Cdc

√(
ıt4 −

t3
2 (ia − ı)

)2
+

(
t3

2
√

3
(ia − ı)

)2

V̂4(m, ϑ) = 2
Cdc

√(
ı t4

2

)2
+

(
ı t4

2
√

3

)2

(32)

For the odd symmetry of the voltage ripple, the rms over the whole switching period Tsw can be
calculated by composing the individual rms over the four k intervals of Equation (32) as

V̂(m, ϑ)
∣∣∣
Tsw

=

√√√
2

Tsw

4∑
k = 1

tk
[
V̂k(m, ϑ)

]2
(33)

Finally, taking advantage of the voltage ripple symmetry (in balanced case only) and assuming
unity power factor, the rms of the total dc-link voltage ripple is obtained as

V̂(m) =

√
3
π

∫ π
3

0

[
V̂(m, ϑ)

∣∣∣
Tsw

]2
dϑ =

m I
Cdc fsw

√
−88
√

3m + 15π+ 45πm2

4
√

5π
(34)

The analysis is limited to one-sixth of the fundamental period (T/6) thanks to the resulting
symmetry of the input current, as shown in Figure 2. Consequently, the voltage ripple is symmetrical as
well and the domain of integration is reduced from [0, 2π] to [0, π/3]. Equation (34) can be normalized as

R̂(m) =
m

√
−88
√

3m + 15π+ 45πm2

4
√

5π
(35)



Energies 2020, 13, 5076 15 of 21

Equation (35) is has been depicted in Figure 14 under the label “3ph”.
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Figure 14. Normalized dc-link switching voltage ripple rms (R̂) as a function of the modulation index
(m) for studied cases: balanced load (3ph), two-phase load (2ph), and single-phase load (1ph).

4.2.2. Unbalanced Loads—Only Two Phases (Phases a and b)

Considering the voltage profile visible in Figure 8 and taking advantage of the pulse timings of
Equation (17) rewritten as

t′1 = t1 + t2 =
(

1
2 + m cos

(
ϑ+ 2π

3

)
+
√

3m sin(ϑ)
)

Tsw
2

t′2 = t3 =
√

3m cos
(
ϑ+ π

6

)
Tsw

2

t′3 = t4 =
(

1
2 −m cos(ϑ)

)
Tsw

2

(36)

it is possible to compute the rms in both cases, ia ≥ ı̄, and ia < ı̄. Knowing that
√

3 is the sawtooth crest
factor, Equation (29) can be explicitly rewritten as

V̂′k(m, ϑ)



V̂′1(m, ϑ) = 2
Cdc

√(
(ia + ib − ı)

t′1
2

)2
+

(
(ia + ib − ı)

t′1
2
√

3

)2

V̂′2(m, ϑ) = 2
Cdc

√(
ıt′3 − (ia − ı)

t′2
2

)2
+

(
(ia − ı)

t′2
2
√

3

)2

V̂′3(m, ϑ) = 2
Cdc

√(
ı

t′3
2

)2
+

(
ı

t′3
2
√

3

)2

(37)

For the odd symmetry of the voltage ripple, the rms over the whole switching period Tsw can be
calculated by composing the individual rms over the three k intervals of Equations (37) as

V̂′(m, ϑ)
∣∣∣
Tsw

=

√√√
2

Tsw

3∑
k = 1

t′k
[
V̂′k(m, ϑ)

]2
(38)

Finally, integrating over the phase range ϑ = [4π/3, 7π/3]

V̂′(m) =

√
1
π

∫ 7π/3

4π/3

[
V̂(m, ϑ)

∣∣∣
Tsw

]2
dϑ =

I
Cdc fsw

√
−176

√
3 m3 + 5π+ 140πm4

4
√

30π
(39)

Equation (39) can be normalized as

R̂(m) =

√
−176

√
3 m3 + 5π+ 140πm4

4
√

30π
(40)

Equation (40) is depicted in Figure 14 under the label “2ph”.
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4.2.3. Unbalanced Loads—A Single-Phase Load (Only Phase a)

As shown in Figure 11, the voltage ripple profile is much simpler compared to the one that is
visible in Figure 5. Taking advantage of the triangle like waveform, the rms in the whole switching
period can be straightforwardly calculated, without considering time slots, as

V̂(m, ϑ)
∣∣∣
Tsw

=
2 ı
Cdc

t4
√

3
(41)

Finally, taking advantage of the voltage ripple symmetry, the rms voltage ripple is obtained as

V(m) =

√
1
π

∫ π

0

[
V̂(m, ϑ)

∣∣∣
Tsw

]2
dϑ =

I
Cdc fsw

√
1− 6m2 + 10m4

4
√

6
(42)

Equation (42) can be normalized as

R̂(m) =

√
1− 6m2 + 10m4

4
√

6
(43)

Equation (43) is depicted in Figure 14 under the label “1ph”.
It should be mentioned that by replacing Cdc/2 with Cdc, one can obtain the capacitor voltage

ripple rms rather than only the rms of the total dc-link voltage.
As is visible in Figure 14, “1ph” voltage ripple rms outperforms both the “2ph” and the “3ph”

voltage ripple rms in case of m ≥ 0.3. For low values of m, “3ph” presents the best rms performance.
Conversely, for high values of m, “3ph” shows the worst performance among the studied three cases.

5. Experimental Results

To validate the analytical developments, some experimental tests on a three-phase, four-wire,
split capacitor inverter (shown in Figure 1) were performed. As discussed before, an RLC load able to
simulate a unity power factor grid connection was employed. An insulated gate bipolar transistor
(IGBT) three-phase module constitutes the experimental setup of Figure 15a (PS22A76, 1200V, 25A,
Mitsubishi Electric Corporation, Tokyo, Japan) connected to a split capacitor dc-link made out of
two film capacitors connected via decoupling inductance to a dc voltage supply (GEN100-33, 100V,
33A, TDK-Lambda Corporation, Tokyo, Japan). On the ac side, an induction machine (2.2 kW [26])
represents the RL series circuit. Meanwhile, the RC parallel circuit is obtained by the parallel connection
of ac capacitors and a resistor for each phase (Figure 15b). Sensing of the ac phase currents, the ac phase
voltages, and the dc bus voltage were done with help of current sensors (LA 55-P, 55A, LEM Europe
GmbH, Fribourg, Switzerland), isolated voltage probes (PICO TS057, Tyler, TX, USA), and digital
oscilloscope (DS1054Z, Rigol, Beijing, China) respectively. Employing decoupling optical fibers,
a digital signal processor (DSP) board (TMS320F28379D, Texas Instruments, Dallas, TX, USA) drives
the voltage source inverter. Data were acquired using three digital oscilloscopes (sampling frequency
5 MHz, without pre-filtering) and later plotted via MATLAB platform (MathWorks, Natick, MA, USA).
All the circuital parameters are summarized in Table 1.

Since this paper refers to the switching voltage ripple, it is important to deal with an ac output
current that is as clean as possible from the corresponding ac current ripple. To minimize this current
ripple, an induction motor was chosen as a load for its high inherent inductive component. However,
as shown in [26] and reported in Table 1, inductance at the switching frequency is lower in comparison
to its corresponding value at the fundamental frequency. Since, in this paper, the main focus is drawn to
the grid-connected applications, only high values of the modulating index range were tested (m ≥ 0.2).
In this section, only the total dc-link voltage Vdc in a balanced modulation scheme is presented.
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Table 1. Experimental setup parameters.

Parameter Symbol Value Unit

Dc link voltage Vdc 100 V
Dc link capacitors Cdc 100 µF

RL input circuit Rdc 4.9 Ω
Ldc 10.6 mH

RL load circuit
R 5.9 Ω

L @f 25 mH
L @fsw 16.5 mH

RC load circuit
Ro 17.8 Ω
Co 111 µF

Power factor PF @f 1 -
Fundamental frequency f 50 Hz

Switching frequency fsw 4.8 kHz

Moreover, as is visible in Figure 15b and from the parameters of Table 1, a load with unity power
factor has been employed. This choice introduces direct proportionality between the amplitude of the
ac current I and the modulation index m, according to

I =
V

Zeq
= m

Vdc
Zeq

(44)

where Zeq is the unity power factor load impedance with reference to Table 1, Zeq � 18.8 Ω.
In Figure 16, the dc-link voltage ripple was depicted. It can be seen that, in both cases (m = 0.4 and

m = 0.5), the experimental results reasonably match the analytical envelopes calculated by Equation (21),
taking into account the scaling factor of the load discussed in Equation (44). The residual ac current
ripple causes a small degradation of the voltage ripple profile, noticeable in the upper part of the
voltage displayed in Figure 16.
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A good correlation between the experimental voltage ripple profile and the envelopes (analytically
derived) is validated by the voltage ripple rms measurement presented in Figure 17. It can be readily
seen that the voltage ripple rms in the case of three balanced currents (3ph) of Figure 14 strongly
differ from the one visible in Figure 17. This difference is due to the different testing conditions, as
discussed above. Updating the rms function of Equation (34) by taking into consideration Equation (44),
one could obtain the following.

V̂(m) = m
Vdc
Zeq

m
Cdc fsw

√
−88
√

3m + 15π+ 45πm2

4
√

5π
(45)
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Figure 17. Dc link voltage switching ripple rms for high values of modulation index.

The latter expression is depicted in Figure 17. The test points perfectly follow the analytical profile
given by Equation (45).
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For the sake of completeness, the output current and voltage are depicted in Figure 18. As visible
in Figure 18a, a set of balanced sinusoidal phase currents was obtained with a small residual current
ripple. To verify the harmonic content of the phase currents, Figure 18b is depicted. As can be noted,
the harmonic at switching frequency stays within 3% of the fundamental current phase component
and the total THD of a phase current is 4.16%. On the other hand, Figure 18c shows the two-level
phase voltage typical for this kind of converter, along with its fundamental component at 50 Hz and
the corresponding phase current. The latter plot confirms operating conditions at unity power factor.
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The overall experimental results validate the analytical findings and reasonably match with the
numerical results, ensuring the accuracy of the proposed analysis.
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6. Conclusions

This paper deals with the analysis of input current and voltage ripple in three-phase, four-wire,
split-capacitor PWM inverters. Reference is made to the sinusoidal PWM modulation and sinusoidal
three-phase load currents with an almost unity power factor, representing a typical grid-connected
application. Firstly, the input current and voltage ripple components were analytically determined for
both the capacitors’ and total dc-link. Secondly, analytical formulations of the peak-to-peak values of
the voltage ripples were determined in the case of balanced three-phase and unbalanced (two-phase and
single-phase) output ac currents. These three study cases were selected as extreme operating conditions,
while the other, intermediate modes can be easily derived from the presented cases. Finally, the rms
functions of the voltage ripple were calculated in the aforementioned cases for both capacitor voltage
and total dc-link voltage. It is worth mentioning that the obtained results can help in designing the
whole ac/dc conversion system and sizing the dc-link capacitors. Numerical simulations were carried
out to prove the effectiveness of the analytical developments for peak-to-peak and rms. A balanced
three-phase load was considered to experimentally verify all findings by a laboratory prototype.
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