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Hierarchical Archimedean Dependence
in Common Shock Models

Umberto Cherubini* Sabrina Mulinacci
University of Bologna

Abstract

In this paper we show how to extend a simple common shock model with Archimedean
dependence of the hidden variables to the non-exchangeable case. The assumption is that the
hidden risk factors are linked by a hierarchical Archimedean dependence structure, possibly
fully nested . We give directions about how to implement the model and to address the issue
that the hidden variables must be put in descending dependence order. We show how the
model can be simplified in the Gumbel-Marshall-Olkin distribution in Cherubini and Mulinacci
(2017), the only case in which exponential distribution of the observed variables is preserved.

Keywords: Common shock models, Marshall-Olkin distribution, Hierarchical Archimedean
copulas, Systemic risk

1 Introduction

Common shock models are extremely useful tools for many applications in reliability
theory, insurance and risk management, but are tools that are quite difficult to
exploit in full generality. The reason for this complexity is that the common feature
of these models is that most of the assunptions must be made about the hidden risk
factors that trigger the events observed in reality. Since these risk factors are in the
background, the task of identifying their dependence structure from the dependence
of the events observed may be very involved.

The seminal paper of this literature, due to Marshall and Olkin (1967), was
based on the simplest possible assumptions, that the occurrance times of the hidden
factors be independent and exponentially distributed. Even in this simple setting,
the model may very quickly grow in complexity if one considers the extension to
higher dimensions. It is immediate to see that addressing in full generality the
common shocks linking all the possible subsets of a large number of hidden factors
and observed events runs into a classical curse of dimensionality problem. But this
is not the complexity that we are going to address in this paper. So, throughout the
paper we will keep the model to the lowest possible dimensional complexity. Our
model will consist of a system of d components, in which the lifetime of each of them
can come to an end either for idiosyncratic or a common systemic shock.

*Corresponding author: umberto.cherubini@Qunibo.it, Department of Economics, University of Bologna
fDepartment of Statistics, University of Bologna



Different streams of literature have addressed other extensions of the classical
Marshall-Olkin model. Some of these contributions have focussed on the shape
of the marginal distributions, providing extensions beyond the exponential model:
this is the case of the bivariate model of Li and Pellerey (2011) and the multivatiate
extension in Lin and Li (2014). A large part of the extensions presented in the
literature was instead devoted to the need to drop the independence assumption of
the hidden shocks. The first contribution in this direction was due to Li (2009), in
which the dependence induced by a mixing procedure is considered. More general
frameworks in which both the assumption of independence as well as that of marginal
distributions of exponential type are relaxed, are considered, among the others, in
Durante et al. (2010), Bernhart et al. (2013), Mai et al. (2013) and Mulinacci
(2015, 2018).

In many applications, allowing for dependence in the hidden factor is crucial
because it enables to take into account contagion effects among idiosyncratic shocks,
that is shocks that only trigger the end of one component in the system, and the
others hidden shocks, included the common shock that would trigger the failure
the system. So, in systemic risk analysis it is reasonable to assume that a trouble
affecting a large bank could trigger the default of many other companies, financial
and non financial, in the system. In reliability theory, it may happen that the
failure of one element in a system may impact on the lifetime of the others, and of
the system as a whole, for example because of a surcharge of labor.

The Archimedean dependence represents the natural extension of the Marshall
Olkin model. The reason is that Archimedean dependence is obtained by conditional
independence of exponential variables. The exponential distribution assumed by the
original Marshall-Olkin model is then only extended by introducing dependence of
these exponential variables on the same common factor. The distribution of this
common factor linking the hidden shock times and its Laplace transform generate
a specific model of the Archimedean family. One question is whether the result
of the original Marshall-Olkin model, that is the exponential distribution of the
observed times, may be preserved in the analysis with Archimedean dependence
case. Cherubini and Mulinacci (2017) prove that the answer to this question is
generally negative. The only exception is the case of a specific kind of Archimedean
dependence, that is the Gumbel copula.

There remains an open issue that is the object of the current paper. The issue
is that the Archimedean dependence assumed among the hidden shock times is
exchangeable. All the hidden components are assumed to have the same dependence
with each one of the others, both idiosyncratic and common. So, an increase of
fragility of one component has the same effect on the whole system, no matter what
the relevance and the role of the component. In systemic risk applications, this would
imply for example that the default of any bank would have the same impact on the
rest of the system, no matter what the dimension and degree of interconnectedness of
the bank. This is far from consistent with reality, where banks of different dimensions
clearly represent different risks for the system as a whole.



A possible solution to this problem could be to assume a hierarchical Archimedean
structure among the hidden variables. Possibly, the best solution would be to as-
sume a fully-nested hierarchical structure, so that each element of the system could
be associated to a different level of dependence with the others. The task is in-
volved, because a well known fact is that the hierarchical Archimedean structures
require that the variables should be placed in descending order of dependence. To
put it in other terms, the dependence structure among elements in the same set
(or closer elements) must be higher than that among elements of different sets (or
distant elements). The fact that in the common shock models these variables are
not observed make the issue particularly complex. The aim of this paper is to give
a set of directions to address this problem, on a theoretical level.

The plan of the paper is as follows. In Section 2 we review the case of a set
underlying shocks whose dependence structure is given by an Archimedean copula
function. As a particular specification of the model we consider the case in which
the distortions are of linear type and the generator belongs to the Gumbel family: in
this case we recover lifetimes marginally exponentially distributed as in the original
Marshall-Olkin model. In Section 3 we discuss the theoretical features of the ex-
tension to non-exchangeable dependence of the underlying observable shocks arrival
times: in order to compare the results with the exchangeable case we consider, as
an example, the case of linear distortions and of Gumbel generator.

2 The exchangeable dependence case model

In this section we briefly review the case of unobservable shocks linked by an
Archimedean copula. The model presented is a particular case of that studied in
Mulinacci (2015) and Mulinacci (2018) where the possibility of more than one shock
affecting different subsets of the considered lifetimes is allowed. We summarize here
the model, restricted to one common shock, for the sake of completeness and easy-
ness of the reader. Moreover, the simple structure of the exchangeable model will
allow to better understand the degree of complexity that may be induced by an
Archimedean structure.

Let (2, F,P) be a probability space with a d 4+ 1-vector, (Xy, X1, ..., Xy4) whose
components have [0, +o00) as support. X, denotes the arrival time of the systemic
shock and (Xq,...,X,) are those of the idiosyncratic ones. We assume that the
joint survival dependence structure is represented by a strict Archimedean copula,
that is

F(xo, @1, ..., xq) = ¢ (Y (Fo(ao)) + - + 07 (Fa))
for (xg,...,14) € [0,+00)%! where F; (that is assumed to be continuous and
strictly decreasing) is the marginal survival function of X;, i = 1,...,d, and ¢
is the generator of a strict d + 1-dimensional Archimedean copula.



We recall that ) is the generator of a d + 1-Archimedean copula if and only if
¥ : [0,400) — [0, 1] is d + 1-monotone on [0, +00) that is

e it is differentiable on (0,400) up to order d — 1 and the derivatives satisfy
(—=1)kp*) () > 0 for k=0,1,...,d — 1 and z € (0, +-00)
e (—1)¥14@=Y is non-increasing and convex in (0, +00).
(see McNeil and Neslehovd, 2009, for more details on multidimensional Archimedean
copulas).

Since we restrict ourselves to the strict case, we assume ¢(x) > 0 for all x €
0, +00).

Let us define
Tk — min{Xo,Xk}, k= 1, Ce ,d.

The observed default times 7, represent the first arrival time between a common
(systemic) shock affecting all the system and the idiosyncratic shocks. We then add
an Archimedean type of dependence among the arrival times of the shocks, in order
to represent contagion.

The joint survival function of the random vector 7 = (7,...,74) can be easily
recovered

Fr(ty, .. ta) =2 <¢_1(Fo( max {t})) + Z¢_1(Fk(tk))> (1)

1<k<d P
for ty,...,tq € [0, 4+00)%, while the marginal survival distribution functions are
Fr(t) = v (¢ (Fo(t) + ¥ (Fi(t)) = ¥ (Hox(t) , t € [0,+00) (2)
where Hyy(z) = ¢ 1 (Fy(x)) + =Y Fp()).

Applying Sklar’s theorem it is also easy to extract the copula function of the
observed default times.

More precisely, the survival copula C of the vector of default times T is, for
u € [0,1),

d d
Clu) = Zw (@/)_l(uj) + Y Dpo @D_I(Uk)) 14;(u) (3)

k=1,k#j

where Dy(z) = ¢~ o F o Hy () and

1<i<d

Aj = {u c[0,1]¢: max {Hy ! o~ (u;)} = H()_]l O¢_1(uj)}

with the convention that if u satisfies the required condition for more than one index
J, it is assumed to belong to the A; with the smallest index j.
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The main feature of our model, right from the most general setting, is to increase
the degree of dependence among the default times, both with respect to the standard
Archimedean copula without any systemic risk factor and the Marshall-Olkin copula
in which the systemic risk factor is independent of the others. In fact, the copula
in (3) can be seen as a distorted Archimedean copula: in fact, in the case in which
the distortions Dy satisfy Dy(z) = « for all k (that corresponds to the case of
absence of the common shock), we recover the Archimedean copula with generator
®. On the other hand, if we consider the generator ¢ (z) = e~® (that corresponds
to independence), we recover the Lin and Li (2014) case in the particular situation
in which only one common shock is assumed.

The dependence structure of the model encompasses both the sensitivity of the
default times to the systemic shock, and the dependence among the shocks, rep-
resented by Archimedean copulas. Both these elements interact to determine the
dependence among default times.

In the general setting, the Kendall’s tau 7;; measuring the dependence of the
pair of default times (7;, 7;) can be written as

S / T (W) T(a)da

where 7% denotes the Archimedean Kendall’s tau corresponding to the generator v
and
-1 i -1 i -1 _ i -1\ 1L
T(x) =1 oFoo(w oFy+yY o Fj+1 oFk) (x)
where we refer the reader to Mulinacci (2018) for the derivation.
Notice that if we are interested in representing the dependence structure between

the systemic shock and default times, we have that the Kendall’s tau 7; ¢ of the pair
(Tj, X()) is

Tj0 = ™4+ 4/Om(¢/(x))2 . (1/171 oFyo (¢71 o Fy + 1/171 o Fj)_l (m)) dx

The first term is simply the Kendall’s tau of the Archimedean copula used in the
analysis, while the other term, that is more complex, involves both the generator
of the Archimedean copula and the relative relevance of systemic and idiosyncratic
shocks.

Example 2.1. Linear distortions B
A possible assumption about the functions v~ (F;(x)), in the spirit of the paper
by Muliere and Scarsini (1987), is that they are all proportional to the same function
K(x): thatis, v~ (Fy(z)) = MK (x) for \; >0, fori =0,1,...,d. This is equivalent
to
Fi(x) = ¢ (LK (2))

and distortions of type

Di(x) = (1 — a;)x where a; =

Ai + Ao



that imply that the resulting copula (see (3)) is independent of K.

In the more specific case in which 1 is completely monotone (that is v is the
Laplace transform of some positive random variable), we recover the Scale-Mixture
of Marshall-Olkin distributions and copulas models (SMMO) studied in Li(2009).
The exchangeable case of SMMO model is studied in Mai and Scherer (2013) and
in Bernhart et al. (2013) where it is applied to the pricing of CDOs.

The Gumbel generator case: As an example, we consider the case in which 1 is

1
the Gumbel generator, that is (x) = e *, 0 > 1. Now, equations (1), (2) and (3)
take the form

F(ti,...,ty) =expl — ()\OK (max{t&) + Z /\kK(tk)> 5

d
1<i<d
k=1

Fr(t) = exp (= (o + )P (1)

N—

=

C(u) = Zexp - [(—lnuj)9 + Z (1-— ak)(—lnuk)‘g] 14,(u).

j=1 k=1k#j

This case represents a particular specification of the model considered in Cherubini
and Mulinacci (2017) where more than one systemic shock is allowed affecting dif-
ferent subsets of the components. As proved in that paper, if K(x) = 2°, this setting
implies that the observed lifetimes 7, are exponentially distributed with intensities

M = ()\0 + )\k)%

Moreover in this case (since this family of copulas at a bivariate level represents a
particular specification of the Archimazx copulas, see also Capéraa et al. (2000)) the
pairwise Kendall’s taus are known to be

(4)

where

is the Kendall’s tau of the Marshall-Olkin copula.
Now, the dependence between each default time and the time of a systemic shock

1s linear 01
7—07]' = —9 + # (5)



3 The hierarchical Archimedean risk factors model

In this Section we will consider a possible extension of the model with exchangeable
dependence structure presented above. Clearly, any d+ 1-dimensional copula can be
considered in place of the Archimedean one and the same construction implemented.
Among the possible reasonable choices, vine- Archimedean copulas and hierarchical
Archimedean copulas (HAC) could be considered as natural non-exchangeable ex-
tensions.

In this paper we will consider d + 1-dimensional HAC copulas. These are obtained
through the composition of simple Archimedean copulas: such composition is re-
cursively applied using different segmentations of the random variables involved.
Starting from the initial variables wy,...,u411, these are grouped in [y copulas
Ci1,...,Ch1y,. Then, these copulas are grouped in [y copulas Cyy,...,Cyy,, and
up to the last level where we have just one copula. In order to ensure that the so
obtained HAC copula is indeed a copula, the generators 1; ; of the copulas involved
have to be completely monotone and the same must hold for their compositions
wi:Lle o 1, whenever C;;, is an argument of Cj;; ;. When the generators 1; ; are
in the same parametrized family, the described procedure yields a copula if inner
copulas have a parameter higher than the outer ones: in this paper we will consider
generators belonging to the same family (see Savu and Trede 2008 and McNeil 2008
amog the others as references on this topic).

The fully nested HAC is given by the particurar configuration
C(U) = Cd (Cd—l ( .. Cg (CQ (C’l(ul, UQ), Ug) ,U4) g ,Ud) ,Ud+1) .

If the probability distribution of the systemic shock X, corresponds to ui, then,
the idiosyncratic risks X;, ¢ > 1, can be decreasingly ordered with respect to the
dependence to Xy being

Cx,.x;(u,v) = Ci_1(u,v).

If, instead, the probability of X, corresponds to ug.1, then
Cx,.x;(u,v) = Cy(u, v)

and the dependence structure between each idiosyncratic risk and the systemic one
is the same for all the idiosyncratic triggers.

In the intermediate case in which the probability of X, corresponds to u; for some
J=2,...,d, we have that

CXi7X0 (u’ U) = Cj—l(uv U)
for those X; that correspond to those u; with ¢ < 7, and
CX07X1‘ (U, U) = Ci—l(uv U)

for those X; that correspond to u; with ¢ > j.



Of course, under other hierarchical configurations, completely different relation-
ships among the systemic and the idiosyncratic risks can be modeled. For example
if

C(u) =C(Cha(wa,- s uj1), Cha (Uj, wjsa, -« Uay1))

where C}, 1 e Cj 2 are again HAC copulas, and X, corresponds to u;, we have that
Cx, x,(u,v) = C(u,v)
for those X; so that i < ;7 and
Cxo.x;(u,v) = Cpa(u,v)

for those X; so that ¢ > j. Hence, in the first case, the dependence structure between
X; and X, is constant and weaker than that in the second case where however it
varies according to the structure of Cj, o.

Notice that, however, whatever is the case, the dependence structure between
Xo and X; is always Archimedean, exactly as in the exchangeable case investigated
in Section 2. As a consequence, the formulas there presented for the Kendall’s tau
between the systemic shock and every default time continue to hold.

Notice, then, between the fully exchangeable system, and the fully non-exchangeable
one, we can identify an intermediate case in which the exchangeability concept is only
applied to the bivariate relationships between the systemic shock arrival times and
the idiosyncratic shocks, whatever the dependence among the idiosyncratic shocks
could be.

In next subsection we will study the dependence structure induced on the pairs
of the observed lifetimes by the HAC model: this will be done through the analysis
of the pairwise Kendall’s function and Kendall’s tau.

We just recall that the Kendall’s function of a copula C', is the cumulative dis-
tribution function I of the random variable C'(U, V') with respect to the measure
induced by C' itself and that the Kendall’s tau 7 of a copula C' can be computed as
(see, Nelsen 2007)

1
7':3—4/ KC(t)dt.
0

3.1 Dependence structure of observed default times

Clearly, the shocks involved are the systemic one and the two idiosyncratic ones that
correspond to the default times we are considering. Formally, let X;, X;, X}, be the
three shocks arrival times we are considering. Whatever the hierarchical structure
is, their joint survival distribution is of type

F<xi7xj7 xk) = C@% (01119 (Fl(xl)v FJ(xJ» 7Fk(xk>)
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where Cy, and Cy, are bivariate Archimedean copula functions with generators 1
and wg.

Here below we will analyze the two relevant cases in which the systemic shock is
represented by X; and the case in which it is represented by Xj. In both cases, we will
compute the survival distribution of the resulting pair of observable lifetimes and in
order to identify their dependence structure, we show the associated copula function
and we compute their Kendall’s function and Kendall’s tau. As an example, the
particular case of linear distortions is considered and explicit formulas are provided
in the specific case of the Gumbel generators family, that, as in the classical Marshall-
Olkin case, generates exponentially distributed lifetimes.

For the sake of simplicity, we will assume that all marginal survival distributions
are differentiable when needed.

3.1.1 X; is the arrival time of the systemic shock

Assume X; be the systemic shock’s arrival time and
Tj = min(Xi, Xj), T = IIlll’l(XZ,Xk>

be the considered default times. Then the joint survival distribution function of
(75, ) is

Fr (5, tk) = g (1051 0 4bg (105t 0 Fy(max(ty, 1)) + g o Fj(t;)) + 45" o Fr(ty))
while the marginal survival distribution functions are
Fry(t) = o (5" o Fi(t) + " 0 Fi(t)) =t 0 Hoy(t)
and B B B
Fr () = g (05" 0 Fy(t) + 4,1 0 Fi(t)) = 1y o Hox(t)
where Hy ;(t) = ¢, " o Fi(t) + 1, ' o Fj(t) and Hy(t) = w;l o Fy(t) + w;l o Fi.(t).
Hence, thanks to Sklar’s Theorem, from
tj = H(I} o wa_l(uj) and t; = H&; o @/J;I(uk)
we get that the associated survival copula is
éTjaTk (ujv uk) =
=ty (15" 09y (15 o Fi(max(Hg; oy (uy), Hy g 0 905 (ur)))+
+¢6,_1 oFjo HO_J.1 o ¢0_1(uj)) + 1/1(;1 ol o H&; o ¢;1(uk)) )
If we set

Dy; = by o FyoHy |, Diyy = by o FyoHy y, Dji = ¥y o Fjo Hy &, Dy = 1, o Fyo Hy .,

0,57 0,5



then the associated copula can be rewritten as

N

O'Tjﬂ'k (uy'?Uk) -
=t (1" 0 thg (max(Djj 0 1y ' (u;), Dig 0 1y (ur)) + Dji 0 " () 4 Dy 0 b, (ug)) =

_ { (0 (%1(%’) + Dy 0 w;l(uk)) ; uy > h(uy)
by (V5" 0 (Dik 0¥y (ug) + Dyji 0 by (1)) + Dy 0 by (w)) » uye < h(uy)

where

h(z) = ¢y 0 D o Dij o by ().

As for the Kendall’s function and the Kendall’s tau, we have the following results:
Theorem 3.1. If p = ;" o1y, let (see (6))
Clu,v) = { Y (V5 (1) + Dy 093 (v)) 0 > h(w)
’ s (p (D oy (v) + Dyi oty (u) + Dii 09, (1)) v < h(u)
where
h(x) =1y 0 Dy o Dij oty (w).

We have that the corresponding Kendall’s function K(t) = P(C(U,V) < t) and
Kendall’s tau are, respectively,

DigoG~ Yoy (t)
KXt>==t—¢%0¢;1@)[1%i0¢51@)—x/m oo (051 () = Diio Dy ())d

Digotp (1)

(7)

and

1
0
1 DioG~ Yoyt (2)
4 / W05 (1) / § 0 p (65 (1) — Dy o Digl(2))dzdt
0 Digots (1)
where
G(z) = w;l o1y o D; o Dip(x) + Dyi(x).
Proof. See Appendix 5. H

Example 3.1. The linear distortion case

Assume that there exist two functions K and K such that
F(t) =vo (NK®), F(0) =v (NE®)

and
Fi(t) = vs (NK(1),  Fiu(t) = ¢ (MK (1))

10



which implies that
A 1
K(t) = Vo oty (MK (). (8)

Now, setting ji;; = i + Ajand g = Ai + Mg,

A

HO,j(t) == [IJ”K(t) and H07k<t) = [szK(t)

and . .
i i ; A
Dij(z) = —x, Di(z) = —z, Dji(x) = L, Dy(z) = "
Mij ik ij ik
from which
Fry(t) = o (pigK (1)) and Fr (6) = b (K (1))
and

1 1
The Gumbel generators case: Assume Vp(x) = e™*° and yg(z) = e**, with
0>¢>1. Then w;l o () = 2% and (9) writes

éTj7Tk (uj7 Uk) =

= ex — max —S\i—o u»ej\i—ou ¢—|——>\j—o u;))? +
p < (U< 1g< J))a zk< 1g< k‘))) ij( lg( J)))
+>\k — 102(Uu ¢ %

Mk( log( k))) }

Necessarily, by (8), MK = )\Z-%K% and an admissible choice is
A=\ and K = K¢,
In particular, if K(t) =t* and k(t) = t? we recover exponential marginal distribu-
tions, that is 1
. (t) = e_“i%'t and F,, (t) = eHikt,

In this specific framework, the Kendall’s function and the Kendall’s tau are given

ol

:‘lGil((—logt)‘b) 1—
K(t) = —%(—logt)l_d’- A jogryt = & [ ((—1ogt)¢—%z) dz
M.

%




M1 o4 ! 25671 ((~logt)?) NS
0 i

ik (b 0 ‘:\Z’k (—logt)®

e

Hik Hik

where G(z) = <M> rh 4+ deg,

3.1.2 X is the arrival time of the systemic shock

Here we assume that X, is the arrival time of the systemic shock and
7, = min(X;, Xj) and 7; = min(X;, Xj)
the observable lifetimes. Then their joint survival distribution is
Frory(tists) = ¥ [05" 0t (v (Fi(ts) + 5 L (Ej(ty))) + 5t (Fr(max(ti, )]
while the marginal survival distributions are
FL(t;) = ¥g 0 Ho,(t;) and Fy,(t;) = ¥y 0 Ho;(t;)

where B - B ~
:wqjloﬂ—i—z/};loFk and H :wqjlon—l—w;loFk.

If p= zb;l 0 1y, the joint survival distribution can be rewritten as

Fromy(tisty) =g [p (p7 oz o Filts) + p~ o gt o Fi(ty)) + 45" o Fr(max(t;, t;))]

and, applying Sklar’s Theorem, we recover the associated survival copula

Crory (i, 1) = by [p (p7 0005 0 Fro Hyl oy (ws) + p~t oyt o Fyo Hyt oy (uy)) +
—Hqul ) Fk(max(H&} o w;l(ui), H(;jl o w;l(uj)))] .

If we set

Diy = ¢, 'oFjoH, ), Dy = 4 oFjoHq |, Dy = ¢, oFyoHy ! and Dy; = ¢ oFyoHy |,

the copula can be rewritten as

CTiﬂ'j (ui’ uj) =
Uo [p (P70 Dig ooy (u;) + p~" 0 Dy 0 1hyH (u;)) + max(Dy; 0 by (ui), Dij o % Huy))] =
_ { Vo [p (P 0 Dy ooy (u;) + p~" 0 Dy 0 by (ug)) + Dis 0 by (us)] , uy > h(u;)
Yo [p (P70 Dig o0 (i) + p~" 0 Dy 0 1hy H (uy)) + Dy o by (uy)] ua < h(uz)
(10)

where

h(x) = thy 0 D)t 0 Dy o 9 ().

In our present framework the Kendall’s function and the Kendall’s tau are given
by the following result:

12



Theorem 3.2. Let (see (10))
Cu,v) =

_ { Yo [p (p7 0 Doty (u) + p~ o Dy 09 (v)) + Dy o 05 (w)], v > h(u)
Vo [p (071 0 Doty (u) + 971 0 Dy 04, (0)) + D 0451 (v)] , v

Al
=
£

where

h(xz) =140 D,;jl o Dy; o @/J;I(x)
We have that the Kendall’s function K(t) = P(C(U,V) < t) and the Kendall’s tau

respectively are

K(t) =t + 005 (1)

ploloeg it
. / pop” {w(; (t) =ty o Fpoly oy 0p(z)} dat
p~loDjrop; (1)

p~toy, toF0G oy (1) _
+/ plop  {ut(t) =t o Fro Byt oygop(2) ) dz+
p~toDyy 01/);1 ®)

—(Dyj + Dyi) o ¢(;1(t) + 21[);1 oF,0G o ¢(;1(t)} )
11

and

1 / , p710¢;10Fj0G7 ozﬁ;l(t) , . . .- _
T=1—4/ Yy oy, (1) / plop  {Y H(t) — byt o Fyo Fytothg o p(z)
0 p

~LoDjrotp, (1)
ploy toFioG oyt (1) _
+/ plopt {gb;l(t) —wdjloFkoFi_Iqu(ﬁop(z)}dz dt+
p~loDyop, (t)

1
—4/0 Uy oy (t) - (205" 0 Fio G — (D + D)) o9y (t)dt

where
G(z) =p{p " oy o Fi(2) +p~ oyt 0 Fi(2)} + 15" o Fi(2). (12)
Proof. See Appendix 5. n

Example 3.2. The linear distortion case
Assume there exists a function K such that
Fy(x) = ¥ (\K(2)) forv =15k,

and set i = N + A\, and pip = Aj + A
It follows that

; Aj Ak
Di(z) = 2, Di(v) = L2, Dyi(z) =
(x) D D (z) o () in ™

13



and the marginal survival distributions can be written as
FTs(t) = 1/)975 (MS/CK<t>> y $=1,]

while the associated survival copula takes the form

C‘I‘Z’,TJ’ (uia uj) =

o o (7 (20t ) o7t (22000 ) ) om0t ) 2505 )

1

and pg(x) = e™*°, with 6 >

=

The Gumbel generators case: Assume Yy(x) = e~*
¢ > 1. Then p(z) =7 and

Crur (1) = 50§ ((i) (~loguw)’ + (ﬁ)g - 1og<uj>>9) L

ik ik

+max (5 (—log(u;))?, - (— log(u;))? %
(2t 2 - we)]

while, if K(t) = t®, we get exponential marginal distributions

l 1
P (t) = et and P, (1) = e ",
Moreover, in this framework, the Kendall’s function is given by
Q
AP (G- (~ log1)?)) & N o\
Kt)=t——(—logt)"~ ] ((—1ogt)¢ - —ze> dz+
¢ —logt)? )\j
0
)\¢ H((— logt)d’ ¢ A 1—3
¢ ((—logt) - —kzz)) dz+
—logt)? >\z
A A
- (—k + —k> (—logt)? + 2X:G~*((— log t)¢)}
Hik  Hjk

while the Kendall’s tau is

0
4 AP (G-1((~Tog1)?)) &
T = 1—5/ t(—logt)' = / N <(—logt)¢—
0 (W—Jk) (—logt)?

) 0
AP (GH(~logt)?)) @ A 1-4
+/( ((—10gt)¢’ - —kzz;) dz| di+

0
Ao 0 s
i) ¥ (= logt) i

A 1-¢ R Y _()‘k ﬁ) _ ¢)
3 /0 H—log?) (ma ((=logt)*) = (254 25 ) (—1ogt)? ) a
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dz+

>/| >
<0
N
e
N—
T
Sl




where

0
o o\7o
G(z) = ()\Z-"’ + )\j‘-’)) 2%+ A2,

4 Conclusions

This paper presents in full generality the extension of the Marshall Olkin model
to the case in which the hidden factors are linked by an Archimedean dependence
structure. The ultimate contribution that we provide to this problem is that of a
fully nested Archimedean structure in which the dependence structure of the hid-
den factors is fully flexible, within the set of Archimedean copulas. The problem is
made complex by the fact that not every nested Archimedean structure preserves the
properties of a multivariate distribution. For this reason, in practical applications
different models should be adopted depending on the degree of dependence between
the common shock and any of the idiosyncratic ones. The contribution of this paper
is to derive the dependence structure between the observed shocks consistent with
the chosen Archimedean hierarchical structure. In many cases the theoretical depen-
dence structure of the observed components would require numerical integration or
simulation, but this is not much more involved than in the exchangeable case, when
the analytical method of moment approach can be used only in a specific case, the
Gumbel-Marshall-Olkin copula. For the rest, both in the Archimedean exchangeable
and hierarchical cases, whether to stick to the methods of moments, implemented
with numerical methods, or to resort to simulation is an empirical problem to be
left for future research. Here we help that choice giving the formulas of the link
between a hierarchical Archimedean structure and the Kendall tau matrix defining
the dependence of the observed shocks.

5 Appendix

Proof of Theorem 3.1
Proof. In the sequel we set 8;C(u,v) = 2C(u,v) and 8,C(u,v) = 2C(u,v).
We want to compute the C-measure of the set
Sy = {(u,v) € [0,1)* : C(u,v) < t}.

Notice that the level curve C(u,v) = t intersects the graph of the function v = h(u)
in a unique point that we denote with (u,v;). Hence S; can be decomposed as
Sy = R+ Ry ¢+ Ray where Ry = [0, us] X [0, v, Ryt = {(u,v) : v € (v, 1], C(u,v) < t}
and Ry = {(u,v) : u € (uy, 1], C(u,v) < t}.

Clearly, the C-measure of R; is t. In order to compute the C-measure of R;; and
Ry, we compute u; and v;. Since (u,v;) satisfies 1y (@Z);l(ut) + Dy; o @/);l(vt)) =1
and v; = h(uy), we get

w;l 01y o Digl oD 0 w;l(?}t) + Dy o w;l(vt) = M:l(t)

15



from which
v =1g0G o w;l(t)

and
uy =g o Dyt o Dy o G ot (1),

Let us start with R;;. Notice that here, C'(u,v) < t is equivalent to v < Fi(¢,v)
where Fi(t,v) = ¢y (gb;l(t) — Dy 0 gb;l(v)) Hence

P(Ry;) = /1 P(U < Fi(t,v)|V =v)dv =

1
= [ 0,C(Fi(t,v),v)dv =
'Utl d
= [ Pyonyt(t) Ty Dri 0 vy (v)dv =
=~ 0, (t) - Dri o ¥y (vr).

Let us now consider Ry ;. Notice that here, the inequality C(u,v) < ¢, is equivalent
to u < Fy(t,v) where

Fy(t,v) = g0 D3 (p~" (15" (t) — Drio by ' (v)) — Dir o 00, (v)) .

But
Roy =A{(u,v) ruy <u <1t <v,C(u,v) <t}U{(u,v) :us <u<lo<t}
and
:P(Ugut,t<V§Ut)
Hence

P(Ry,) = /t B < Byt 0)|V = v)do =

_ / " 0C(F(t,v), v)dv =
— /t t W0 (t){p 0 pt (¥ (t) — Dis 0 by ' (v)) %Dik o1hyt(v) + %Dki o1yt (v)hdv =

) Dikow(;l(vt) . ) L
— 4, 005 (1) / § 0 p (651 (t) — Dy o Dyl (2))dz+

Digotp, (1)
+Dyi 0 thy (ve) — Dy otby (1)}
From P(S;) =t +P(Ry;) + P(Ra,) we get (7).
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As a consequence, the Kendall’s tau is
1
7':3—4/ K(t)dt =
01
—3—4/ {t—¢gﬁow;1(t)-
0

DigoG~ Yoy (1)
: [Dki ° iﬂgl(t) — / p o pfl(wdfl(t) — Dy, o Dikl(z))dz] } dt =

Digop; * (t)

1
— 144 /O W, 005 (1) - Dy oy (t)dt—

1 DjpoG Loy (1)
— 4/ Wy oy (L) / p'op (g (t) — Dyio Dy (2))dzdt.
0

Digotp, (1)

Proof of Theorem 3.2
Proof. In the sequel we set 0,C'(u,v) = aﬁC(u,v) and 0,C'(u,v) = %C(u, v).

U

The proof is similar to the one of Theorem 3.1.

Again we decompose the set S; = {(u,v) € [0,1]* : C(u,v) < t} as S, = Ry +
Ry + Ry where, if (ug, ;) is the intersection point of the curves C'(u,v) = ¢ and
v=nh(u), Ry = [0,u] X [0,v), Rt = {(u,v) : u € (ug, 1], C(u,v) <t} and Ry; =
{(u,v) :v € (v, 1], C(u,v) < t}.

Clearly, the C-measure of R; is t. In order to compute the C-measure of R;,; and
Rs ., we compute u; and v;. Since

Yo [p (07" 0 Dix o o5 (uy) + p~" 0 Dy 04b; (0y)) + Dij o by (wn)] =t
and v; = h(uy), we get
Uy = ¢¢ o HO,j @) G_l @) ’d};l(t)
and
ug = Py 0 Hoj0 G~ otpy ()

where G is given by (12).
Let us start with R;;. Notice that here, C'(u,v) < t is equivalent to u < F(¢,v)
where

Fi(t,v) =140 DZ._/,C1 op (,0_1 (wgl(t) — Dy o w;l(v)) —plto Djy o w;l(v)) )
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By similar arguments as those used in the proof of Theorem 3.1, we have

P(R,,) = / CBU < B 0)|V = v)do =
_ / " O C(Fu(t,v), v)dv =

Ut d
= /t Vg0 U5 (1) {p’op‘l (5" (8) = Dij o 0o (v)) Z=p~" 0 Djr oty (v)+
d

1 o
+%ij oty (v)} dv =

/ 1 preDikevy () / 1/,,—1 IR |
=Py o, (1) / plop (g (t) —1by o FroFy oty op(2))dz+t
p

~loDjpotp, (1)
+Dy;j o 1/1;1(%) — Dyj o ¢;1(t)} .
Substituting v; we get
P(Ry ;) =
p~ Yo toFoGT 1y (1) L
=l 0, (1) { / i plop (U (t) — vyt o Fio Fyhodby 0 p(2))da+
p=toDjovyt (t)
—Hp;l oF,0G o w;l(t) — Dyj o0 1/1;1(15)} .
With similar computations we get

P(Rzgt) -

proy toFoGT e (1) _
= Uy 0, (1) / plop (W3l (t) — vyt o Fro F oy 0 p(2))dz+
p~loDyopt (t)

o Fro G oy (t) — Do, (1)}
From P(S;) =t +P(Ry:) + P(Ra,) we get (11).

As a consequence, the Kendall’s tau is
1
T:3—4/ K(t)dt =
01
Ry AT
0

p~loy toFjoG oy (1) _
- / popt {w(;l(t) — w;l oFjo Fj_1 oty 0p(z)} dz
p

“LoDjrov, (1)

p~toy, toF0G T oy (1) _
+f oo p {5 (1) — 05 0 Fyo Fl oy 0 p(2)} dz | dit
p~toDigots, t(t)

1
- 4/0 Yy oty () (205" 0 Fyo G — (Diy + D)) 09y (t)dt.
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