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GEVREY REGULARITY FOR A CLASS OF SUMS OF
SQUARES OF MONOMIAL VECTOR FIELDS

ANTONIO BOVE AND MARCO MUGHETTI

ABSTRACT. Analytic or Gevrey hypoellipticity is proved for a class
of sums of squares of vector fields having a symplectic characteris-
tic manifold of dimension 2 and arbitrary (even) codimension. We
note that this class contains examples for which the Treves strat-
ification seems to work as well as examples for which the Treves
stratification does not identify properly the non symplectic stra-
tum.

1. INTRODUCTION AND STATEMENT OF THE RESULT

The purpose of the present paper is to prove a real analytic or Gevrey
regularity result for a class of operators of the type “sum of squares”. We
consider a class of vector fields having monomial coefficients and such
that the characteristic variety of the operator is a symplectic manifold
of dimension 2 and codimension 2n.

More precisely consider in R7 x R, the second order differential op-
erator

N n N’
(1.1) P(z,y,D,,D,) = ZXj(x,y, D,, Dy)2+ZZXjk(x,y, D,)?

j=1 k=1 j=1
where the X;, X, are vector fields and moreover

D; forj=1,...,n;

1.2 Xi(z,y,D., D,) = .
(1.2) @y v) {cjyaﬂ'a:aij forj=n+1,...,N.
Here a; denotes a nonnegative integer and «; is a multiindex such that
|aj| > 0. We use the notation D; = —id,, and D, = —id,.
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2 ANTONIO BOVE AND MARCO MUGHETTI

The vector fields X, are defined as
(13) X]k(xu Y, D:C) = éjkybjkxﬁjkav

where || >0, bj, > 0 and k € {1,...,n}. The constants cji, ¢;; are
real and non zero.
We make the following assumptions on the above vector fields:

(H1) The vector fields X, 7 = 1,..., N, satisfy Hérmander condi-
tion, i.e. the algebra generated by the X;’s and their iterated
brackets has dimension n + 1.

(H2) The characteristic set of the operator P, Char(P), is the set
Y={r=¢=0,n#0}.

We point out that Assumption (H1) implies that P is C* hypoelliptic
(|8]), while (H2) ensures that its characteristic variety is the codimen-
sion 2 real analytic symplectic manifold {(0,;0,7) | n # 0}.

Remark 1.1. As it will become quite evident from the proof below we
might give up the assumption that the vector fields are monomials by
allowing the coefficients c;, ¢; to be real analytic functions which do not
vanish at the origin. The Theorem proved below would be exactly the
same.

We chose to deal with constant c;, ¢; in order to not burden both the
notation and the proof below.

It is evident that a broad variety of model operators can be written
in the form P is written. Just to cite the best known we mention here

- - 2k ;
(1.4) ZD%Z:CJ D2,
j=1 j=1

where k; €N, j=1,...,n.
Other famous models are

(1.5) Py(z1,y, Dy, Dy) = D} + 277V D2 + y* 21V D2,

when n = 1, {,q > 2, { < q and k € N (the generalized Métivier
operator, see e.g. [13] for its basic form).

It is known that (1.4) is analytic hypoelliptic and we refer to [19] and
[20] for a general statement including (1.4) when all the k; are equal
to 1. As for (1.5) it can be shown that it is Gevrey s hypoelliptic for

kq
§> —
“kq—q+{

There is no proof of the optimality of the above regularity to our knowl-
edge.

(1.6)
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Definition 1.1. If Q C R" is an open set we say that the function u
belongs to the Gevrey class of order s > 1, G*(2), if u € C*(Q) and
for every compact set K C § there exists a positive constant Cx such
that

sup [05u(x)| < CL?‘HCM!S.
K

We point out that even though the operator in (1.5) has a symplec-
tic real analytic characteristic manifold it is not analytic hypoelliptic.
When ¢ =1, ¢ =2 and k = 1 this has been shown by Métivier in [13];
on the other hand it is also true that, in Métivier’s case, the charac-
teristic set is a real analytic manifold which is not symplectic. In a
forthcoming paper we introduce a method leading among other things
to the optimality proof of the value in (1.6).

Motivated by this type of model operators as well as by one model
introduced by Olemnik and Radkevi¢ (see [16], [17]), F. Treves in 1996,
[22|, introduced the idea that, in order to predict the analytic regularity
of a sum of squares, one should examine a stratification of the char-
acteristic variety into real analytic submanifolds. He conjectured that
if each stratum is a symplectic manifold then the operator is analytic
hypoelliptic and viceversa.

To this end he proposed a stratification obtained using the iterated
Poisson brackets of the symbols of the vector fields. Unfortunately it
has been shown in [1], [3] that the Poisson brackets do not identify
the right strata in certain cases. For the operator in (1.5) however the
Poisson bracket method gives the strata 3, = {(0,4;0,n) | n # 0,y #
0} and X5 = {(0,0;0,n) | n # 0}. Note that X, is not symplectic;
actually it is a Hamilton leaf lying on the fiber of the cotangent bundle.

Actually the operator P in (1.1) generalizes this type of scenario,
possibly admitting a non symplectic stratum of the type of ¥, even
though P may be an operator for which the Poisson stratification fails
to identify the non symplectic stratum. Since the characteristic mani-
fold has dimension 2 the stratum can only be one-dimensional.

In order to state the result we need some notation.

Denote by £ the set of all vector fields X;, ;7 > n + 1, for which
a; = 0. Hence if X; € 2 we have that X;(z, D,) = c;z*D,, j > n+1.
In Z consider the set

(1.7) B ={o; € Z} | X; = c;a* D, for X; € 2}.

The important object for determining the regularity of the solutions is
the Newton polyhedron associated to B.
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Definition 1.2. Denote by NP (B) the Newton polyhedron containing
the set B defined above:

(1.8) NP(B) = convex hull {a + R} | o € B},

where R, = x7_RT. We denote by ONP(B) its boundary: by defini-
tion it is the union of all the compact faces of NP(B).

(1.9) ONP(B) = | JF«(B).
L

Let us now consider the set of all vector fields X; whose monomial
coefficient has a factor y

E = {X] ‘ X]‘ = ijaj.’Eaij, with a; > O}

We are interested only in those for which the x-exponent lies under-
neath the Newton polyhedron. Define

Let v € E and consider the half line through v, {\y | A > 0}. Because
of Assumption (H2) this half line intersects ONP(B) in one point. We
define t(7) so that

(1.11) {tty)v} ={M | A >0} NONP(B).
For instance if the half line meets ONP(B) in the face F1(B) and F(B)
is the convex hull of the vectors (i,..., 8y, with integer components

and m > n. Without loss of generality, we can assume that the first n
vectors (31, ..., 3, are linearly independent. Therefore, we have

N — BB
) = B =B

Note that, by definition, t(y) > 1 (see also Figure 1.)
Our result is

Theorem 1.1. Using the above notation, for v € E define

where we denoted by a(y) the y-exponent in the field containing x7 and
by m + 1 the length of the minimal Poisson bracket generating the Lie
algebra, according to Assumption (H1).

Then the operator P in (1.1) is Gevrey hypoelliptic of order s, with

_ maXxye 8(’7) ZfE 7& (2)7
(1.13) S‘{ T ELY

We explicitly note that P in (1.1) is analytic hypoelliptic if E = ().



GEVREY REGULARITY FOR MONOMIAL VECTOR FIELDS



6 ANTONIO BOVE AND MARCO MUGHETTI

The first example is the operator in (1.5). It is Gevrey hypoelliptic
of the order shown in (1.6). Here n = 1 and the Newton polygon is
made by one point, « = ¢ — 1. 7 = ¢ — 1, the corresponding a is equal
to k and finally m 4+ 1 = ¢. Thus

which coincides with the value in (1.6).

We observe here that the Lie algebra is generated with the Poisson
brackets of length ¢: (ad(X;)? ' Xs. But computing a shorter bracket,
(ad(X;)*"1 X3, we find a symbol vanishing on {7, = & = 0,y = 0},
which is non symplectic.

The second example is more complicated: it is in three variables.
Let—z € R*—

(1.14)

Py(,y, Dy, D) = D} + D3 + 23" VD2 4 21"V D2 4 2]®" Yy D2,
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Here we assume that 1 < p < ¢ < r. As a consequence m + 1 = q.
The characteristic manifold is {(0,0,y;0,0,7n) | n # 0}. The Newton
polygon associated to (1.14) is shown in Figure 2.

The Treves stratification detects a non symplectic stratum in this
case, given again by {(0,0,0;0,0,7n) | n # 0}.

Finally we would like to mention the following example:

(1.15)
Py(t,y, Dy, D) = D} + D2+ 3" VD2 4 23V D2 4 23 Vy2ap2,

where 1 < r < p < ¢. Its Newton polygon is shown in Figure 3.
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P;3 and the operator in [1] consists in the fact that there is a non sym-
plectic “stratum” whose Hamilton leaf lies on the fiber of the cotangent
bundle. It is known that this situation is much more difficult to treat
compared to leaves lying on the base of the cotangent bundle. At the
moment we have no optimality proof for the Gevrey regularity (1.16)
of (1.15). We also remark that the optimality of (1.16) would imply
that the Treves conjecture does not hold in dimension 3.

Finally a last remark concerning P; in (1.5). Since the z-space di-
mension is 1 in this case, the Newton polygon is degenerate, i.e. it is
just one point on the real positive line:
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where Cy, > 0 and independent of p.

This kind of cutoff functions has been explicitly constructed in [9].
We moreover are going to need cutoff functions of the above type but
only depending on the variable y. In fact if a cutoff function ¢ = p(z,y)
is identically equal to 1 in a small neighborhood of the origin, each time
it gets derived with respect to x it has a support bounded away from
{z = 0}, i.e. it has support in the ellipticity region of the operator,
where analyticity is well known. For this reason we assume, without
loss of generality, that u is compactly supported with respect to x near
{z = 0}.

Our purpose is to prove that if v is a smooth function such that
Pu e G*(Q), for 1 < 53 < s, s defined in (1.13), then we have an
estimate of the form

(2.4) |X (Dbg,) Dlul| < CP¥pt, £+ k < p.

Here ¢, is a cutoff function of the type defined above, X denotes any
of the vector fields involved in the definition of P and C'is positive and
independent of p.

Actually, for technical reasons, it is useful to prove a slightly more
general estimate of the form

(25) el Dyul s + max, |15l Djul

-----

-----

k=1,....N'

with h, ¢(m + 1) € N, h+ ¢ < p, C; and C, positive constants in-
dependent of p. Here cpg(jh) = Dggop. Note that the above estimate is
meaningful if ¢ is large; for bounded values of ¢ it is an immediate con-
sequence of the C'*°-regularity of u (due to the Hérmander theorem)
and of the estimates (2.3).

To prove (2.5) we proceed by induction on h + ¢: the estimate is
trivially verified if A + ¢ = 0. Assume that (2.5) is true if h + ¢ < p'.
We want to show that it holds when h + ¢ = p’. To this end we again
use induction on . If 0 < ¢ < 1 then (2.5) is easily deduced using
the properties of the cutoff function ¢,. Assume that (2.5) is true for
h+{¢=p, but £ <p” <p and show that it holds when ¢ = p”.
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For the sake of simplicity we take p” = p’ = p. Thus we want to
show that

(2.6) llgDyull s, + max X6, Dl

+ max | Koup, Dpull < C7p7,

3oy

assuming that for £ < p, h + ¢ < p we have

p

@7) el Djul s, + max, |1 X;el" Diul

-----

k=1,...,.N'

Replacing u with ¢, DPu in (2.1) we obtain

N n N’
(2.8) H%DQ’UH% + ) IXepDull® + > ) [ Xjepp Dhul?
= =1 k=1

< C ((PeyDyu, o, Dyu) + |l Dyull?)

where again u € C§°(Q).

First of all we show how to treat the error term in the right hand
side of (2.8) (as well as any similar terms coming from the estimate of
the scalar product):

Proposition 2.1 ((|2])). Using the above notation we have the inequal-
1ty

(2.9) lepDiull < Cp~m5t |, Dbul|_s_ +C"*1p,
where C' is positive and independent of p.

Proof. Let x be a smooth function such that x(¢) = 1 if [t| > 2 and
x(t) = 0 if |t| < 1. Consider the pseudodifferential operator x(p~'D,).
We have that x(p~'D,) € OPSj,, the Hormander (p, §)-class of order
0 with p =6 = 0. Then

(210)  lepDbull < (1 = x(p*D,)epDbull + [x(p ™D, ), Dl

Consider the first summand on the r.h.s. above. Even though 1 — x
has a compact support, we have no composition formula for y. Observe
that

p

(2.11) opDiu = z:(—l)S (i) Dy (gpz(f)u) :

s=0



GEVREY REGULARITY FOR MONOMIAL VECTOR FIELDS 11

so that
(2.12)

(1= x(p' D)) Duf <> (i) (1= x(p™"Dy)) DL~ (o u) ||

We immediately verify that
o (L= x(p7'Dy))Dy~*) = (1= x(p™'n))" ™ € Sy,
because p~!in| < 2 in the support of 1 — x. Here o(A) denotes the
symbol of the pseudodifferential operator A.
We also verify that
max sup |[97‘71 (1- X(pfln)npfs)‘ < opstipes,

0<a<y n

Here C' > 0 is a suitable constant independent of p and ¢ is given in
Theorem (A.1). This bounds the S§ y-seminorms of (1—x(p~'D,))D?~*
needed to apply the Calderon—Vaillancourt theorem (see Thm. (A.1)
in the appendix) so that we obtain that

11 = X (™" Dy)) Dy~ z2,12) < CP7 PP,

for a new positive constant C'. Hence, using the definition of the cutoff
function ¢,, we deduce

p
10 =X Dy))ep Dyl < Eieyyﬂ“ﬁﬂwﬁw
s=0
P D C\°
< CpHC’prHuHZ( > (ﬁ)
5=0 5
< O

where C) is independent of p if we choose C' > C,,, which is always
possible.
Consider now the second summand in (2.10). We have

Ix(P™" D) Dyul
_ 1 1 1 _ 1 1 P
=p i lpmFx(pT Dy ) D7 0 Dy Djull,

where D* = Op ((1+ [¢]*+7?)*/?), for any s € R. Again using the
support of y we see that

o (pm*ﬂx(pley)D*m%l)

1
= prrtx(p ) (1 + €2 + n?) T € 5,
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with the 5870—seminorms uniformly bounded w.r.t. p. Thus the Calder6n-
Vaillancourt theorem yields

where C' is a positive constant independent of p. So we have

IR -
pmit X(p Dy)D m+1 H|$(L2,L2) < C’

- __1 _1
Ix(p™' D)@, D2ul < Cp~ i || D, Dbl

1
< Cp mtllgpDyull 1.
This completes the proof of the proposition. 0

In the next sections we are going to examine the terms in (2.8)
originating from the scalar product on the r.h.s. and containing the
X; and those containing the X, separately. As we shall see the main
contribution comes from those X; whose coefficients are represented as
points below the Newton polyhedron.

3. PROOF OF THE THEOREM: DEALING WITH THE FIELDS X
Let us consider the scalar product
(3.1) <PgopD’y’u, gopD?’ju>
in (2.8). We write
Py,Dyu = ¢, Dy Pu + [P, gong} u.

Since we are assuming that Pu is of Grevrey order s at least in a
neighborhood of the point we are looking at, it is easily seen that the
scalar product containing the first summand above yields an G* growth
rate when we bound it via Cauchy—Schwartz.

We have to treat the commutator term. First of all, by (1.1),

N n N’
(2 [PeD) =Y [XeD] + 33 [KeD).
j=1 k=1 j=1

Furthermore we have, for a generic vector field X and a generic cutoff
function ¢,

(3'3) [XQ’QDDP] =2X [Xv @Dp] - [X7 [X, QDDPH :

First of all observe that our cutoff function ¢, depends on y only.
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Now from (2.8) and (3.3) we obtain that
8.4) [(PoyDlu, Dl
< |(g0pD’y’Pu,<,0pDZu |+ |¢ [P epDP] u, gppruM

C (llep D2 Pull® + || DPull?) Z [([XZ. 0, D8] u, 0, Dlu)]
j=n+1
n N’ ~
#3022 ([KheeoDt] wepDp|
k=1 j=n

Moreover we observe that when Pu € G* the first term in the next to
last line above is easy to estimate:

lep Dy Pul| < CPHpl*

The second term in the next to last line of (3.4) is treated using Propo-
sition 2.1 and this yields the term p~ T HcppruH - that can be re-

absorbed in the Lh.s. of (2.8) since p >> 1.
Let us estimate the terms containing the X?. By (3.3) we have

(3.5) <[Xg27@pD§] u, ppDyu)
= 2(X; [Xj, gopDﬂ u, gppDZ’/’u> — ([Xj, [Xj, gongH u, gongu>

In this section and in the sections 4 and 5 we estimate the single and
double commutator terms containing the fields X;, for j = 1,..., V.
In the last section we include the estimate for the vector fields X as
well as the final argument.

There are several cases:

i) The vector field X; is one of the X; when j =1,...,n
ii) We have X; € 2. In particular for these X; we have a; = 0.
iii) The field X; is such that a; > 0.

3.1. Case i). For j = 1,...,n, X; = Dj, so that [X;,p,DV| = 0 as
well as [Xj, [Xj, p,D¥] | = 0. Thus these fields give no contribution.
One might object that this is due to the fact that we chose a simple
case where the coefficients of the vector fields X;, j = 1,...,n, are 1.
No doubt this is true and simplifies the argument at this stage, but a
more complicated model in which the sum Z?Zl DJQ- is replaced by an
elliptic operator of the form Z?,s:l ars(,y) X, Xs would have also led
us to the same conclusion of Theorem 1.1, provided the coefficients are
real valued, a,s € C¥(Q2) and the quadratic form is uniformly elliptic,

e, 325 amy ara(7, 9)6r6s = cl€].
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This takes care of the first case.

3.2. Case ii). Let us consider the case when n < j < N and a; =0,
ie. X; =cjxz*D,, a; € Z7, and of course |a;| > 0. Here Z, denotes
the non negative integers. Note that these fields correspond to points
that are either on the Newton polyhedron or above it.

Let us consider the commutator

¢; [x% Dy, pp,D¥] = c;xi ) DP,

where we use the notation cpl(,k) = D’y%pp.

Using the formula

p—1
(36) @, Db = (1) Dyl IDr o (~1)Pe Y,
(=0

we may write

(3.7) ¢ [z Dy, ¢,Dl]

|
—

p

= (=1)fe;a® Dyt DP 1 (—1)Peja ol

~
Il
o

p—

1
_ Z(_l)ZXjSOI()€+1)D5717£ + (—1)p0j$ajg01(,p+l).
/=0

Let us estimate the first summand in the r.h.s of (3.5) for the X;’s
considered in this section. Since the X; are formally self adjoint we
have, for a positive ¢ small enough

(3-8) 2 ‘<XJ [Xja @pDzy?} u, ()OPDZUH
=2 |<[X]7 (pngﬂ u, X]@PD‘ZU’M

1
< 21X, D3l + 551l [X 0, 08] wll.
The first term can be absorbed on the left hand side of (2.8) provided &
is sufficiently small. As for the second term, we have, because of (3.7),

1 1221 L C
5l (X, 0p D8] ul| < 52 12X, D=1ty || + g\l@é”“)uw
=0

where C' > 0 is a constant depending on the support of ¢,, on «a;, but
independent of p.

Keeping into account the estimates (2.3) for ¢, and the inductive
hypothesis (2.7), the above terms can be bounded as we claimed, i.e.
by Cf“ps’)-
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The procedure followed above allows us to decrease the y—derivatives
on u and correspondingly increase the y—derivative on the cutoff func-
tion ¢,. Since the latter has actually an analytic behaviour, by abuse
of terminology we say that the terms yield an analytic growth rate.
Consider now the double commutator term in (3.5). We have

(3.9 [([X), [X), 0o D5]] u, 0p Dhu) |

_ 2 ai I Mp aj D
= ¢j |(z T, Db, Jgopru)|

1 o o
<c (;ux DV 4 fsopDijuHQ)

p—1

1 _ 1

< Cy (E EHXJ'SOZ(;HZ)DZ (U y)|? + EH%()Z’H)UHQ
=0

p—1
S X0 D +p2||¢;p>uu2) |
/=0

Each term above, by the properties of ¢, and the inductive hypothesis
give once more an analytic growth rate.

Hence we have bounded all terms originating from the vector fields
considered in Case ii).

3.3. Case iii). Consider now vector fields of the form
X; =cy"x“D,, a;>0.

Depending on the value of the multiindex «;, these fields may be repre-
sented with points below the Newton polyhedron or inside the Newton
polyhedron. The latter are very easy to treat and we shall mention
them in Section 5. Hence we are going to assume that

(3.10) a; ¢ NP(B).
Of course (3.10) implies that dist(a;, ONP(B)) > 0.

Remark 3.1. We point out explicitly that if y is bounded away from
zero there is nothing to prove, since these vector fields can be treated as
we just did in the previous section, since at that point we may divide
by y. This in particular gives that the operator P in (1.1) is analytic
hypoelliptic away from y = 0.

Let us start with the simple commutator in (3.5).

[Xj790pD§] = ¢z (yaj [DyaSopDﬂ + [yajNPng} Dy)
= cjx%y" @;DZ + cjz% g, [y“j, DZ] D,.
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Since

a; S p a;! Nk, a;—k —k
(3.11) [y, D}] = - (’f)(CL‘—i’f)!(_Z) y“ Dy,

k=1 J
we may write
(X 0Dy] = ey, Dy
il ]
o D a;! I
(3.12) e, 3 (f)m-—if)'(_l)@ -t
j !

(=1

Using (3.6) to reconstruct a vector field in the first term on the right
of the above identity, we may conclude that

P
(X5 epDj] = D (=D X Dy
k=1
(3.13) ey (—1)Pplt)
Qi S p a—fl _1\¢,,a;—¢ pp—£+1
C].Z' ](IDPZ(K) (aj_e)'( 1)y] Dy .

{=1

Let us now examine the scalar product

2(X; [Xj,gopD?’;] u, op Dhu)
= 2([ X}, ¢p D8] u, X0, Dbus)
QG 0l
+ 2<[XJ790PDZ] u, TJy ! lx JSOPDZU%

since the field X; is not formally self adjoint. Here u is a function in
CeR(92).

We can now estimate the modulus of the above scalar product; for
a convenient positive small §

(3.14) 2|(X; [X;, ¢ DP] u, c,ppDé’u)‘
< C A+ [X;, 0pD8] ull® + 02| X0, D2ull* + [lp Db ul|?]

The second term above is absorbable on the left hand side of (2.8)
provided 0 is chosen conveniently small. The last term is treated as
indicated in Proposition 2.1. We are left with the norm containing the
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commutator, for which we have the expression (3.13). Thus

P
(3.15) 1| [X5.0,05] ull < 311X, D *u
k=1
a;
+ Cille Ml + Ca 3§l o, 05l
=1
where C, Cy are positive constants independent of p but depending on
the support of u.

By the inductive hypothesis (2.7) the norms in the first sum above
give an analytic growth rate with respect to p, since they are exactly of
the same type as our starting term, with less derivatives landing onto
u.

The term with o™ can be bound using the estimate (2.3) of the
cutoff function ¢,. We remark also that the constant C'; can be chosen
to be small if we shrink the neighborhood of the origin 2 where the
support of u is contained. Hence this term gives an analytic growth
rate too.

We are left with the terms in the second sum above.

First observe that

(p) =D p—lHD

( (! =
Hence we are going to estimate
(3.16) Cop®[|a®iy®~ o, Db~ |, (=1,...,a,.
We are going to use the elementary estimate
oyt 1 1
3.17 < — 4+ = >0, —+—=1.
( ) xy — )\ + ,LL ) m7 y p— bl )\ + M

Pick a 0 €]%=* 1]

a;

pé‘y‘ajfé _ p(179)z ‘peﬁ‘y’ajfé < p(lfa)é)\ _}_peeﬂ/’y’(ajfz)ﬂ
P éaj
< pU0u iyl

if A=+ 7! =1 and we choose
a; aj

aj—ﬁ

If ¢ = a; we simply skip this step.
Note that the choice of # in the interval specified above is a sort of
Ansatz that we shall verify in what follows.
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Thus we get

(3.18) pEHxajyaj—E@ng—é—&-luH < p(1—9)aijajS0pD5+1—£uH

La

+ p@‘ljzz Hyajxaj (pngJrlfeuH.

Consider the second term in the r.h.s. above. Using the identity

p'—1
(3.19) @D = (=1)Dypd) DV 4 (=1 o), pf <,
=0

we have

La

0—4 0 0 o _
(3.20) p T [|ly“ iz, DP T ||

p—¢ la; la;
<O P XDy | + O O

h=0
Let us look at the terms in the sum above. First note that the decrease
in the y-derivatives of w is strictly positive since ¢ + h > 1.

Our second remark is that, since [p®| < Cg*lph, a decrease of h

units in the order of D, contributes a factor p”, while a decrease of ¢
units in the order of D, contributes a factor

a.:

P

A similar argument holds for the second term in the right hand side of
(3.20).

Hence an iteration of this procedure yields a growth rate of the form

923

(3.21) pl it

ajj—f

since 6 > 1 by our Ansatz above.

Let us now focus on the first term in (3.18). First remark that
p(lfe)aj ’xaj| — pp . p(lfe)ajfp‘xaj |7
so that, by (3.17) we have

p(lfe)aj ’maj| < pP01 + p((lfa)ajfp)@ ’x@o‘j ’7

where

1 1
— 4+ = =1.
01 ()]

Choose now, for reasons that will become clear in a short while,

oy = t(ay),
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where the right hand side has been defined in (1.11). Note that this
is fine since t(«;) > 1 by definition when «; lies below the Newton
polyhedron. The above choice gives

t(a;)
t((l/]‘) —1 )
For the sake of simplicity we shall write just ¢ instead of ¢(c;). Replac-

ing 0, j = 1,2 with their values, we see that the first term in (3.18) is
estimated as

o1 =

(3.22) U0 |2 g, DI ful| < pPT [, DY

+ p((l—G)aj —p)t”xtaj @pD5+1_£u||-
We note at this point that the choice of p > 0 can be done so that the
exponents of p above are > 1. We may state this as an Ansatz that
will be confirmed later.

Consider the second term on the right hand side of (3.22). By defini-
tion ta; € ONP(B). This implies that ta; belongs to a face of ONP(B).
Since we may always suppose that the faces of the Newton polyhedron
are convex, we get that there are finitely many vertices of ONP(B),
say fB1,- .., ¢ € N depending on «; only, and ¢ numbers ¢4, ..., 1,
with ¢, €]0,1[, >°7_, t, = 1, such that

q
taj = § trﬂra
r=1
whence we have

q
|l,taj| < Ztr|1ﬁr|-
r=1

Therefore it follows

q
2%, D | <Y (|20, DY .

r=1

This is bounded, using (3.19), as

(3.23) p((1—9)aj—p)t||xtaj¢pD§+1_euH

q p—L
< pl=0mr Y [Z & Dyl D ul| + ||x%§f“—f>u||]
A

r=1 =0

q p—¢
< Oplta=ty [Z 1,05 DP | + Hsog’“‘%II] ,

r=1 LA=0
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X, being the vector fields chmﬁ““Dy, r=1,..,4q.

An argument similar to that which led us to (3.21) allows us to con-
clude, using the inductive hypothesis, that the terms under the inner
summation give a growth rate

(3.24) pl(1=0a=e).

Finally the last term || ~“u|| appearing in (3.23) is easy since it

gives a growth rate of analytic type due to (2.3). We are left then with
the first term on the right hand side of (3.22)

(3.25) PP |0, DEH |

for which is not possible to reconstruct a vector field. To treat this term
we have to resort to the subelliptic part of estimate (2.8). In particular
we would like to pull back a fraction of the y-derivative. The problem
is that a fraction of a derivative is a pseudodifferential operator and we
have to commute it with the cutoff function ¢, whose derivatives we
can estimate up to order Rp—see Definition 2.1. To this end we are
going to use Lemma B.1 and Corollary B.1 of [1], but before that we
introduce a couple of auxiliary cutoff functions, x,, w, (see also 1] for
the method used in the following.)

Let wy, X, denote Ehrenpreis cutoff function in C'°(R), such that
Wp, Xp are non negative and moreover wy(z) =1 for |z| > 2, w,(x) =0
for |z| < 1. We also assume that x,(x) = 0 for |z| < 3 and x,(z) =1
for |z| > 4. Then w,Xx, = Xp-

Consider the norm in (3.25). We have

(3.26) ||‘Ppr+lizu“ < lgp(1 — Xp(pilDy))DSHJUH

Y
+ HSopo(p_lDy)Dzy)H_eUH-

Now the first term is easily bounded by arguing as done in Prop. 2.1
since on the support of 1 — x,, || < 4p. Hence

_t _ _
PP lop(1 = xp(p™ ' Dy)) D2 u|| < CFpl

and we get

_t _ _t_ — —
(3.27) Pl DYl < pPT | gpx (p DY) DY | + CTpl.
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Consider the other summand above. We have

(3.28) ||¢po(p_1Dy)Dly)+l_£UH

_ = e
= |lepwp(p 1Dy)Xp( 'D ) Dy HDP u||
_ = p—lt
< ||Wp<p 1Dy)Dy +1‘PPXP( 'D )D u||
— T p—l+ 1
+ | lwp(p™ ' Dy) Dy, ) xp(p~ "Dy Dy .

In view of the Calderén-Vaillancourt theorem (see Theorem. A.1 in
Appendix) w,(p~'D,) is L* bounded and we conclude that

(3:29) [lopXp(p DY) DE )| < Jlopxp(p ' Dy) Dy | o

m—+1
_ =L _ O+
+ || [w,(p lDy)Dy o] Xp(p 1Dy>DZ .
Summing up (3.27), (3.29) we obtain
t _ t
(3:30) p’7Tllep Db ull < PPl (0 DY) Dy |

m+1

i B # _ p— é—‘rm
+ pPiT H[Wp(p 1Dy>Dy +17S0p] Xp<p lDy)Dy HUH

where the harmless term C?p! is omitted.
The first term above allows us to apply the inductive hypothesis, as
we shall see in the following. We only have to take care of the norm
containing the commutator.

For clarity let us state the lemma we need

Lemma 3.1 ([1] Appendix B). Let 0 < 0 < 1. Then

(3-31) [Wp(p_lDy)Dgagop(y)]Xp( 'D )Dp e

= Z ap,k:<y7Dy)Xp(p_lDy)DZ_z—i_ly
k=1

where a,j is a pseudodifferential operator of order —k such that
(3.32)
10705 ap iy, m)| < Cyrtretfpitatby=hze 1 <k <p—l+1,0,6 <p.

Furthermore
Corollary 3.1 ([1] Appendix B). For 1 <k <p—/{ in (3.31) we have
(3:33)  api(y, Dy)xp(p~' Dy) Dy~

00 —1)--(0—k+1)
N k!

Dk ( )X;D( Dy>Dly)_é+1_k~
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Using both Lemma 3.1 and Corollary 3.1 we deduce that

llwy(p™" Dy) Dy “,@p] o0t Dy) D) |

p—L+1

= Z ||ap,k(y>Dy)Xp(p_lDz)DZ_é—Hu”

—¢
oy xp(p™" Dy) Dy~ "l
1

‘ﬁ

e
I

+ Hap,P*erl (y, Dy)Xp(p_lDy)Dg_E—HuH.
If we go back to (3.30) we find that

(3.34) P71, D u

_t _ p—+
<y [prxp(p D)0y

+Z||90§,’“)xp D,) Db~y

+lapp—e+1(y, Dy)Xp(pilDy)D57€+1U,Hj|

Let us start by discussing the first term on the right hand side of the
above inequality:

P lepxp(p DYDY " s

m—+1
We have by the Calderén-Vaillancourt theorem
p—L+ H

m+1
p O+

ppmHSOpo( ~'D,)D )

< ppt I{|pp Dy

“”ﬁ

1

+ppf ! H‘Pp(l — Xp(p ~'D )) H—

m+1
i+

< p'ei Dy full s+ Ol

We may use the estimate (2.8) and induction, to obtain a bound of the
type

pi -1 p—l+0 p+1,151(p)
P lenp™ D)D) T ] s < crripn ),
where
t m -1 t m+ 1
3.35 (e— ) _ -
(8:35)  sile) =3 (0= PYr21 tm+ 1) —
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On the other hand from (3.24) and (3.21) we found the exponents

Yo and sy(0.0) = ((1-0)a; - p)

(3.36) @w):e%_g,

We choose 6, p so that

(3.37) s1(p) = s2(0) = s3(0,p).

This is the sole choice allowing us not to lose regularity in two out of
three of the terms examined. We thus obtain

t(m+1)(a; — 1)

(3.38) T at(m+ 1) —m(t—1)

and
(3.39)

a'ét(m—l—l)—(t—l)m (t—1)((m+1)—m)
C Haitm+ 1) —(t—1m (¢ —-1)lm+1)—m)+Lm+1)
The Gevrey regularity we get—the common value of s; for j = 1,2,3—
is then

1 1IN m \ !
(3.40) 55 = 50 ( %( t)m+J ,

which is the value we want to find if the index «a; is the only point
underneath the Newton polyhedron (see (1.12)).

First of all we have to make sure that the Ansatz (or the Ansdatze)
we made are indeed verified.

Now 6 > (a; —{)/a; is easily seen since sg = Gajiz > 1. Let us verify
that 1 — 6 > 0.

aj—ﬁ

1-60=1- s9 >0

a;j

1
o> (1=
t)m+1

and this is obvious since both factors on the right are less than 1.
Next we verify that p < (1 — 6)a;. We have
! H_Et(m—i—l)—(t—l)m
Cat(m+1) = (t—1)m’

is equivalent to

so that
t—1D(m+1)—m)
(t—1)Wm+1)—m)+L(m+1)

and the fraction is less than 1.

p=a;(1—0)
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Let us go back to (3.34) and discuss the other terms:

t _ 41
P oS X (0™ DY) DY
k=1,...,p—/{, and
_t . _
th,1 ”ap,p—f-i-l(yaDy)Xp(p 1Dy)D§ E—HUH'

The last norm, by Lemma 3.1, (3.32), and by the Calderén Vaillan-
court theorem, keeping into account the support of x,, is bounded by
C§+1p”ﬁpp < CP™pl, so that it gives an analytic growth rate.

Consider one of the norms involving derivatives of ¢, in (3.34), for
C=1,...;a;5,k=1,...,p—¢,

P’ Py, (p D) D Ry

To evaluate this we are in the same position as before—see (3.28) and
(3.29). An iteration of the above procedure and using the properties of
the cutoff ¢,, we see that this type of terms have a bound of the form

Cp+1p!8(f,k) ,
where
t 1 k
But
t 1 - = k
5(€7k):p m m+17n + m
K_L k
m—+1
= Sp poes + — < Sp,

by (3.35) and (3.40).

This accomplishes the estimate of the single commutator terms in
(3.5) for the vector fields where a; > 0. We must now estimate the
double commutator terms.
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4. CASE 111). THE DOUBLE COMMUTATOR TERMS

Let us go back to equation (3.5) to estimate the double commutator
summand for the vector field X; = ¢;y¥2® D,. From (3.12) we have

(X5, [ X5, 00 D] ]
—= C? |:ya] l‘aj Dy yu‘] :L‘aJ SOprj|
45 1
_ 2 a; Oz]'D p a]' . 0 (o7 aj—er—Z-‘rl
E [y 00,3 () Lo

=B - B,

B is readily computed using the formula

(4.1)  [a(z,y)Dy ,e(y)alz,y)Dy] = a(z,y)*¢ (y) D}
= (p = Dalz,y)e(y)a,(z, y) Dy

where ¢'(y) = Dyp(y) and ag) (z,y) = Dja(z,y). Hence replacing a
with y%2% and ¢ with ¢, we obtain

(4‘2) B, = < QaJyQaJ@//Dp ( _1)( ) QO‘Jyz“j_lgo;D’y’

;!
_ .7' 204]' 2aj —L 1 Dp-‘rl —L .
Z ( ) —ort Y )

Let us consider By. We have the formula

(4.3)  [a(z,y)Dy ,be(z,y)Dr~ ] = alz, y)by(x, y)DET
pr1—t

p+1— o
- ( )bm,y)D’;a(x,ywz” ek

where 0)(z,y) = Dybe(z,y).
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Replacing a with z%y% and b, with (’;)L(—i)zxaﬂ'yaﬂ'*%p, we

(aj —é)'
obtain that

aj

p a;! N o205, 2a—€ 1 1-¢

4.4) By=c? e L st DPF
4 (—Z) (aj _ E)anjymijflSOpD?z;Jrlff

a;
p+1 —4) a;! Nk, 205, 2a;—(—k 20—k
- —— (=) My T, DY
p ( k (a; — k)! e

Thus from (4.2) and (4.4) we finally get

(45) [X;,[X;, @ngﬂ

— C? [an]'yQajSOZDZ _ aj (p _ 1)<_Z~)x2ajy2aj—1¢;D5

_ S DY, e a;! 2, 2a;—L, 1 Pyp+1—L
23 ()G g

(=2
+ ipa;x?®iyt o DP
4 N
p VAN a;: 20 2a;—0—1 +1—¢
— —1 —_— Ny D?P
S (1) ot

aj a; P\ (p+1— 6) Ok aj!Z
" (=)
(=1 k=1 (€> < K (a; — 0)}(a; — k)!

. anj y2a]' 7f7kg0pD§+2*ka .
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Using this identity we compute the scalar product in (3.5) containing
the double commutator:

(46) <[Xj7 [Xju @pD H u, @PDPU>
— 02 [< 2a yQa] gOIIDpU, SOngU)
+ia;(p — 1)<x2“9’y2“j_1¢;D5u, pDhu)

a;
p ; a;! aj, 2a;
o} ( )(—N%w syt DPAy o D)

o\ aj —0)!
a;j—1 |
p N a;: 205, 2a;—(—1 14
- (£> (—1) m(w Y gpng u, %Dgw
aj  aj D p+ 1—¢ aj!Q ok

=1 k=1

. <x2ajyZaj—Z—kSOpDz—i-Q—é—ku’ QOPDZU>]

Let us estimate A, p=1,...,5.
4.1. A;. Observe that

1
A = C§<Z—)x“fy“fso§§D§u,pxo‘jy“jsopDZW

We want to reconstruct, when possible, a vector field in each factor of
the above scalar product. To this end we use (3.6) where ¢, is replaced
by the cutoff function appearing in the factors. Note that we consider
the factor p as part of the cutoff since its role in A; is that of balancing
the growth of the cutoff w.r.t. p.

Thus

o 1 1
_ C§<$agy g[ (_1>€Dyp901()”2)Dp 1=t 4 (=1)? p(pf(”pﬂ ]%

J

p—

x“jy“j[Z( )" Dyppl I DP=17 4 (—1) pcpﬁ,p)] u).
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As a consequence

p—1 (£+2)
/ 12 11— / Ay
A1 _ Z (_1>Z+€ <Xj( P )D]gj 1 éU,Xj(pst(f))Dly) 1 ZU>
0,0'=1 p
p—1 (+2)

+) (=) [(Xj (wpp >D5_1_éu, 2y (ppl? Ju)
=1

1
+ (z%y™ ]—)soép”)u, X; (Wé”)%“@]

o a~1 o, aj
+ ¢ (z%y J;pg’”)u,x Ty pelu)

p—1 p—1
Z A + Z(Al,zz,+ + A1) + Asp.
(=1

0,0=1
The last term has a straightforward estimate since
|[Avo| < COCT|Ju]*p™*,

where C, is the constant in Definition 2.1, C' is a positive constant
depending only on the operator and 0 can be taken small since the
neighborhood of the origin where u has its support can be chosen small.

Let us estimate next A, o, since this motivates the insertion of the
factor p on the left hand side of the scalar product to balance the higher
derivative of .

We have

SD(e+2) / /
[Aveel = 106 (=) D5, X el ) D)

(£+2)
¥ _1- / 1y
<16 (2= ) Dyl 1 e Dl

The above estimate allows us to apply the a priori estimate (2.8) with
a slightly modified cutoff function p‘1<p§,é+2) or pgp,(f/), respectively. Di-
viding the first function by C, and multiplying the second by the same
positive constant we have that these two functions satisfy estimates of
the form of those in Definition 2.1. Thus the term A, . yields only
analytic growth.

Next we want to bound A; 1. This is actually a blend of the two
previous estimates:

(6+2)

¥ 1
sl £ COCE 1, (P22 Dyt
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with an analogous meaning of the constants as well as 6 > 0. The norm
above is treated as before. Finally the term A;,_ is dealt with in a
completely analogous way and we omit it.

4.2. As. We write

Ay = iajcf-(xajy“flgo;DZu, (p— 1)a"y" p,Dbu).
Hence, using formula (3.6) once more on the second factor of the scalar
product,

(4.7) [As] < Clla®y» ™ g, Dhulll|cja®y® pyp, Diyul|
p—1
< Clla®y g, Dbull | > 11Xl Db ful| + oplleull |
=0

Here C' and § have a meaning analogous to that of the previous sub-
section.

Now we already saw how to estimate the terms in brackets obtaining,
at least for this branch of the induction tree, an analytic growth rate.
On the other hand the first factor is a norm we already bounded in
(3.16), obtaining a Gevrey-s, growth rate. Note that strictly speaking
the difference between the factor in (4.7) above and the norm in (3.16)
is that the norm (3.16) with ¢ = 1 has no derivative of ¢,, but has an
extra factor p in front. The two situations are analogous as far as the
estimates are concerned.

4.3. As. We are going to estimate

_ (P o ay! 20, 2a;—1 10
tas = () (=0 g D, D).
the generic summand in (4.6) for ¢ = 2, ..., a;. Since the binomial factor
is bound by p’, we have

(4.8) |Asg| < C(p™a%y® =@ DI u, 2%y i pp, Dhu) |

/
<0 (g (S2) Dl ) (ol gy D5l
where we used the fact that, near the origin, |y%| < |y%~1|.

Both norms above are of the form we bounded in (3.18). The first
corresponds to the case when ¢ derivatives have been performed and
we remark that the cutoff function p~t¢, satisfies the same estimates
as ¢,. The second norm corresponds to the case £ =1 in (3.18). As a
consequence we get a Gevrey—sg growth rate from this term.
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4.4. A,. Using the same notation as in the preceding subsection, we

set, for £ =1,...,a; — 1

P _ a;! s 92—l _
Aot (e)(_z)m(%_—é—l)!@? YT oDy gDy

and we observe that
(4.9) |Ayl < C’|p£<$°‘]’y“j_€gopD§+1_£u,x‘“jyaj_lgpnguH
< C(plla®iy = o, D ull) (plla®iy®~ o Diull) -

Note that the constant C has different meanings in different terms.
Moreover here we just increased by one the number of p-factors in
order to exactly match the expression already bounded in (3.18). As
above we get a Gevrey-sy growth type.

4.5. As. Again we bound the summand

e ()0 Yo

2a, 2a;—0—k p+2—L—k V4
(@M yP ), DY u, p Dyu)

in the last term of (4.6) with ¢ =1,...,a;, k =1, ..., a;, by noting that

(4.11)  |As ] < CpH*
s yaj—(E-i-k—l)gppDZ-i-l—(Z-i-k—l)u? 2% yaj—1<ppD§u>|
<C (pZ‘Fk*]. Hxajyaj*(4+k*1)¢pD5+1’(5+k71)uH)
- (pllz*y® = g, Dhul)

and again both norms above match the norms bounded in (3.18) thus
yielding a Gevrey-so growth rate.

This completes the estimate of the double commutator terms for the
vector fields X.

5. THE VECTOR FIELDS X; IN THE NEWTON POLYHEDRON

In this section we study the vector fields X; = c;y*z*D,, a; >0
that belong to the Newton polyhedron NP (B).
From (3.4) we have to estimate
= 2<Xj [Xj? ‘PpDZ] u, (PPDZU> - <[XJ [Xj7 SO:DDZH u, SOPDZU>'
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We proceed as done in Sect.3 Case iii) and we start by considering the

first term with a single commutator in the r.h.s. above. Arguing as in
(3.14) and in (3.15), we have

p
(5:2) 1| [X; 0D ull < D 1Kl Dy F

a;
+Culleg Ml + a3 (4l o, 05l
(=1

By the inductive hypothesis (2.7) and from the regularity property
(2.3) of the cutoff ¢, the first two summands in r.h.s. of (5.2) gives an
analytic growth rate.

Therefore we are left with the last summand in the r.h.s. of (5.2).
Since % belongs to the Newton polyhedron, there are finitely many
vertices of ONP(B), say f1,..., 0, ¢ € N depending on «; only, such
that

q
9] < C Y o™,
r=1

on the compact support of u. Thus we get

q
(0) b Dyl < Cof 3 g,

r=1
Using the formula

p—t+1
(5.3) pp DI = Z( 1)k DM DP=F 4 (—1)ppe1=0),
k=0

we can reconstruct the vector fields corresponding to the vertices 34, ..., 3,

of ONP(B)
(5.4) X, = cjrmﬂTDy, r=1,..,q.
Thus we get

p—{+1

ZZHOC[BT%D” i = CPZZ Z 16,08 Db~ Ful|
r=1

+ ot Oull |

It is easy to see that the terms in the r.h.s. yield an analytic growth
rate.
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Finally we are left with the double commutator term in (5.1) and by
(4.6) we have

5
([X: [ X5 0 Dy] ] u, p Diyu) = ZAP'

p=1

Arguing as done above, in each summand A, we can reconstruct the
vector fields (5.4) in both sides of the scalar product, yielding again
terms with an analytic growth rate and this completes the analysis of
the vector fields in the Newton polyhedron.

6. THE VECTOR FIELDS X

In this section we examine the terms produced by the second sum-
mand on the right hand side of (3.2). We fix j € {1,..., N’} and
k € {1,...,n} and want to evaluate (3.3) when X is replaced by
X = ¢jpybiaPir Dy, This is used in the right hand side of (3.4) in
the same way as we did for the vector fields X;. Thus we have
6.1) ([ X2 005 ., Dpu)

= 2<X]k |:Xjk7 SOPDS] U, SOPDZU’> - < [X]ka [X]IW SDPDZ:H U, SOPDS,LO

First of all using the same argument we did for (3.14) we see that

the only terms we have to treat are of two types:

)
I [Kono 0005 wl;
8)
(per preena | Ee 03

6.1. Estimate of the norms in «). First of all we compute

(X 05| = 0y [ Ko D3] = iy [174 Dy, D)
= &inpp [y, DY) 2% Dy, = =y [ DY, "] 2% Dy
_ i p b]k‘ (_ -)0'~' bjr—0 BjkDp—aD
= o m 1 Cjkgppy xXr Y k-
o=1 J

It is of course understood that o < bjj, or, in other words, that the
involved factorials have a non negative argument.
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Plugging this into the norm in the first item above we obtain

6.2) I [Xe, 0005 ul
<3 (1) G aplenlla®ste,0g Dl

<C Zp"IIwﬁj’“ybf’“*”sopDS"’Dkull
o=1

p
< 06> 1| Xy D27l
o=1
where § > sup{|zP*yb#*=°| | (z,y) € suppu} and X}, has been defined
n (1.2).
Each summand above is ready for an application of the inductive
estimate (2.7).
We deduce thus that the Gevrey-s regularity (see (3.40)) is again
an upper bound for the growth rate of the terms in «).

6.2. Estimate of the scalar products in /). Using the expression
above for the simple commutator we get that

[Xjk, [Xjk, SOpDZ] ]

p
D big! o~ Y o B p—0
- _Z( )(b (1), 275" Dy, ppy 7 DI Dy

o) (bjr —o)!

p
p\ bl . e .
:_Z< >—(b, - ),(—z) oy [Pyt Dy, w%% D7 Dy
; !

p—t o k— O
p
_ p bjk' \o ~2 bik—0o (.05 2 p—o , bik
N pr (U) (bjr — cr)!(_z) Cnpny ™7 (4 Di)* (DY, 4]

LS\ (p—o0 bir!? )
=2 i (~1)7e,
o a ) (bjr —o)l(bjr, —o')! J

oy (2% Dy )P Dh

with the usual convention about the factorials. We observe that this
convention allows us to replace the p of the upper limit of the summa-
tions with b, since p is definitely a large integer.

Note that

($ﬁjka)2 = mzﬁjsz + —<ﬁjk_’ ek>x25jk_3ka’
7
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where e, denotes the unit n-vector in the direction of the k-th axis.
Then finally we have

(6.3) [ij [Xjkv ‘PPDZ} }

S S D1 (4] g B S
o o ) (bjr, —o)l(bjr — o’)! ik

o=1o¢'=1 ’

2bi,—o—a' 28k M2 Np—o—o’
“epy x= DkDy

+bjzkbjzk p p_a b]k"Q (—1)U+UI62
o o ) (bjx —o)l(bjr, — o’)! ik

o=1o0'=1 ’

. <5jk, €k>

]

(pprbjk—U—leQﬁjk—@k DkD]y)—O'—O'/
= Fy,+ E;.

Denote by E3,, and by E;,, the summands for E, and for E; re-
spectively. We start by estimating

(Es 500, gongu}.
Because of (6.3), integrating by parts w.r.t. x; and taking into account
that supp v is a compact set, we have
|<E2,U,U’uv @ngI;uH
< Cp [|(%yb"’“_U_U/$ﬁijkD§_U_g/U, XppDyu)|
i 8 XD g, Dl
< Cop™* (|| Xy Dy ull || Xy D]
+ 11Xk D ull iy Diull]

where § > sup{|y%* 7~ zfx=e| | (x,y) € supp u}.

The second factor in each summand above can be absorbed on the
right hand side of (2.8), so that, modulo a square, we are left with
P77 || Xkpp D=7~ u]|, which can be by the induction (see (2.7)). The
same argument applies to the second factor of the second summand
with just obvious changes.

Consider next £ ,,. We have to estimate

(Er g0t gpngu>.

The above term is easier than the preceding one, since we cannot, in-
tegrate by parts. The only remark is that the cutoft function ¢, can
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slide past the vector field X}, since it does not depend on z, so that
(Bt D30} < CO5™ | Xisg D ~"ul gy D3l

The above quantity can be treated exactly as we did for the second
term in Ej, 5.
This ends the proof of the theorem.

A. APPENDIX

For the sake of completeness we recall here some well-known facts
used throughout the paper.

Definition A.1. For anym € R, p,0 e R with 0 <d < p<1,§ <1,
we denote by S5 the set of all the functions p(x,§) € C®(R*") such
that for every multi-index o, B there exits a positive constant Co g for
which

0807 p(x, €)| < Caple)™ "1,

where (€) = (1+[¢*)z.
We denote by OPS]s the class of the corresponding pseudodifferential
operators P = p(z, D) .

It is trivial to see that the symbol class S;’f(; equipped with the semi-
norms
pl{"™ = max sup{|9¢a7p(x, &)|(g)~ "IN} re N
la+BI< (g.¢)
is a Fréchet space.

The Calderén-Vaillancourt theorem shows the L2-continuity proper-
ties of the pseudodifferential operators in the above classes (see [6] or,
for a more general setting, [12] Chap. 7, Th.1.6). We state below a
formulation of such a theorem for pseudodifferential operators of order
zZero.

Theorem A.1 (Calderén-Vaillancourt). Let P = p(x,D) € OPS);
with p < 6,0 < 1. Then there exist a positive integer £ and a positive
constant M (depending only on n) such that

1Pull < Mp|\||ull,  for everyu € L*(R™).
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