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A QUANTITATIVE STABILITY ESTIMATE
FOR THE FRACTIONAL FABER-KRAHN INEQUALITY

LORENZO BRASCO, ELEONORA CINTI, AND STEFANO VITA

Remembering Rosalind Elsie Franklin on the centenary of her birth

ABSTRACT. We prove a quantitative version of the Faber-Krahn inequality for the first eigenvalue
of the fractional Dirichlet-Laplacian of order s. This is done by using the so-called Caffarelli-
Silvestre extension and adapting to the nonlocal setting a trick by Hansen and Nadirashvili. The
relevant stability estimate comes with an explicit constant, which is stable as the fractional order
of differentiability goes to 1.
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1. INTRODUCTION

1.1. The Faber-Krahn inequality. The celebrated Faber-Krahn inequality asserts that for every
open set Q C RN with finite N —dimensional Lebesgue measure, we have the sharp estimate

(1.1) Q% A(Q) > |B|¥ A\(B),
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2 BRASCO, CINTI, AND VITA

where B is any N—dimensional ball. Moreover, equality in (1.1) is uniquely attained by balls.
The quantity A(Q2) is the first eigenvalue of the Dirichlet-Laplacian on Q. In other words, it is the
smallest real number A such that the boundary value problem

—Au = Au, inQ,
u = 0, on 0f,

admits a nontrivial solution u € Dé’2(Q). The latter is the homogeneous Sobolev space, defined as
the completion of C§°(§2) with respect to the norm

1

<p|—>(/ |V<p|2dx> .
Q

By observing that A scales like a length to the power —2, it is easily seen that the inequality in (1.1)
is scale invariant. Moreover, the Faber-Krahn inequality can be equivalently rephrased by saying
that balls (uniquely) solve the shape optimization problem

min{\(Q) : © c RY open set with |Q| = ¢},

for every ¢ > 0.

We briefly recall that a way to prove (1.1) is by using the Schwarz symmetrization. In other
words, given v a non-negative function, we can construct the unique radially symmetric decreasing
function u* such that

Hz : u(z) >t} = {z : v (x) > t}, for every t > 0.

By construction, the two functions v and u* are equi-measurable, thus all the L? norms of u and
u* coincide. Moreover, by the well-known Pdlya-Szegd principle we know that

(1.2) /|Vu|2dx2/ \Vu*|? de,
Q Ba

where Bg is the ball centered at the origin, such that |Q] = |Bgq|. By using these two facts and the
variational characterization

s = win | [ VuPde sl =1,
u€Dy " (2) Q
one immediately gets (1.1).

Starting with the works of Hansen & Nadirashvili [22] and Melas [30], there has been a surge
of interest towards the stability issue for the Faber-Krahn inequality. In other words, one seeks for
quantitative enhancements of (1.1), containing remainder terms measuring the deviation of a set
Q from spherical symmetry. We refer to the book chapter [5] for a comprehensive treatment of the
subject. Here we only wish to recall that, at present, the best result of this type is (see [6, Main
Theorem])

(1.3) Q)% A(Q) — |B|F A(B) > C A()?,
where C' = C(N) > 0 and A is the so-called Fraenkel asymmetry, defined by

QAB
A(Q):inf{| Ql | : B is a ball with |B|:|Q}

The symbol QAB stands for the symmetric difference of the relevant sets.
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Observe that the quantitative Faber-Krahn inequality (1.3) gives an L! control on how far Q is
from being a ball, in terms of how far € is from attaining equality in (1.1). Moreover, we recall
that (1.3) is sharp, in the sense that the exponent 2 on the asymmetry can not be lowered.

1.2. The fractional case. The main goal of this work is to investigate the same kind of question
for the fractional Laplacian of order s, where 0 < s < 1. This operator, which eventually became
quite popular in the last years, is defined by
. u(@) — u(y)
(—A)’°u(x) = lim — 2 dy.
NO SN\ B (o) [T — Y|V
The usual Laplacian operator is (formally) recovered in the limit as s 1, up to a suitable rescaling,.

For our purposes, it is important to remark that such a linear operator has a variational nature.
Indeed, it arises as the first variation of the nonlocal quadratic functional

u(y)|?
s : dr dy.
[ We2(RN) //]RNxRN |m—y\N+25 Y

Remark 1.1 (Limiting cases). It is noteworthy to recall that the nonlocal quantity |- }Ws 2(RN) has
an interpolative nature, i.e. it can be thought as a real interpolation with parameter s of the two

quantities
/|u|2dx and /|Vu|2dac.

Then it is natural to expect that

C
[u]%VS,Z(RN) ~ ; /|U|2d$, for s \l 07
and
2 c 2
[U}WS,Q(RN) ~ m ‘VU| dl‘,, for s /‘ 1.
This can be made rigourous, see [29] for the first result and [4] for the second one.

The first eigenvalue of the fractional Dirichlet-Laplacian of order s on §2 is defined as the smallest
real number A such that the following boundary value problem

(=A)u = Au, inQ,
u = 0, in RV \ Q,

admits a nontrivial solution u € DS’Q(Q). In analogy with the local case, this space is defined as the
completion of C§°(§2) with respect to the norm [ - Jyys2@~). We will indicate the first eigenvalue by
As(€2), while a nontrivial solution u will be called a first eigenfunction for Q.

Observe that the operator (—A)® is nonlocal in nature. Accordingly, the boundary values are
prescribed in a nonlocal sense, as well.

It is not difficult to see that the first eigenvalue has the following variational characterization

As(©) =  min {uzs, s |ul|p2) = 11
@)= iy (e ol =1)
Then, as in the case of the Laplacian previously discussed, one can use symmetrization techniques
and prove the following fractional Faber-Krahn inequality (see for example [7, Theorem 3.5])

(1.4) |

2s

¥ A(Q) > |B|F A\ (B),
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where B is any N—dimensional ball. The proof is the same as in the local case, but in place of
(1.2) one has to use the nonlocal Pdlya-Szegd principle

(1.5) [l e2 vy 2 [ Tfe 2 ey

proved in [1, Theorem 9.2]. Moreover by using the characterization of equality cases in (1.5) (see
[16, Theorem A.1]), one can also characterize balls as the unique sets giving the equality sign in
(1.4).

Remark 1.2 (Other proofs). As in the case of the Laplacian, for (—A)?® it is possible to adopt
a probabilistic point of view, as well. Accordingly, it is possible to give a proof of the fractional
Faber-Krahn inequality by using probabilistic techniques, see [2, Theorem 5|. In a PDEs-friendly
language, the proof of [2] is based on the following idea: if one considers the solution ug to the
following nonlocal diffusion problem

—(=A)’u = wu, inQx(0,400),
u = 0, in(RY\Q)x][0,+00),
w(0,9) = 1, inQ,

one can prove that
(1.6) ug(z,t) <upg(0,1), for t > 0.
As before, Bq is the ball centered at the origin, such that || = |Bgq|. By using this pointwise
bound and the long-time behavior
uq(x,t) ~ Ce At for t — +o0,

we get the Faber-Krahn inequality by taking the logarithm on both sides of (1.6) and passing to
the limit as t goes to +o0.

We also wish to mention the alternative proof of [34, Theorem 6.1], which is quite close in spirit
to that of [2].

The question we want to address in this paper is the following one: is it possible to add a
remainder term in (1.4), in such a way that the deficit

QAF A () ~ 1B A(B),
controls the lack of spherical symmetry of Q2

1.3. Main result. We give a positive answer to this question. Actually, at the same price, we can
treat a more general family of Faber-Krahn inequalities. In order to present our main result, let us
introduce some further notation.

For N >2and 0 < s <1, we set

or _ 2N
® N-2s5
Then for every 1 < ¢ < 2%, we consider the sharp Poincaré-Sobolev constant

As.g(2) =  min {u25,2 |ul| pe :1}.
() weDi () [uliy (RN) llullLa(o)

The particular case ¢ = 2 coincides with the first eigenvalue of (—A)® defined above. For g # 2,
any solution of the variational problem above solves the following semilinear problem

(=A)u = )\syq(Q)|u|q’2u, in €,
u = 0, in RV \ Q.
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By using (1.5), one immediately gets a Faber-Krahn inequality for this quantity, i.e.
Q15T H A (@) 2 Bl TR AL (B).
The main result of this paper is the following one.

Theorem 1.3. Let N > 2, 0< s <1 and1 < q < 2% For every Q C RY open set with finite
measure, we have
01775 () - B AL(B) 2 7A@

for an explicit constant o1 = o1(N, s,q) > 0, which is uniform as s /1.

Remark 1.4 (Limit cases). By keeping in mind Remark 1.1, it is natural to expect that for s /1

C .
Aol ~ T M@ where Ao (@) = i {IVulfqo ¢ lullzoo = 1},
uco

and thus Theorem 1.3 should give a quantitative Faber-Krahn inequality for the local case, in the
limit.

This is actually the case. More precisely, if we keep ¢ fixed and let s go to 1 in Theorem 1.3, by
using the controlled behavior of the constant o7 and Lemma A.1 in the Appendix, we end up with
the quantitative Faber-Krahn inequality for the Laplacian

2137 A g(Q) — B3 TR Ay (B) > CAQ)°.

The latter has been already proved by the first author and De Philippis in [5, Theorem 2.10], by
adapting the idea of Hansen and Nadirashvili contained in [22].
On the other hand, if we keep 0 < s < 1 fixed and let ¢ go to 2%, by Lemma A.3 we get

lim (1013715 X,,(Q) = [BIi 75 A(B)) =0,
q.2%

which shows that

lim o1 = 0.
a2

Apart for the case ¢ = 2, also the case ¢ = 1 deserves to be singled out. In analogy with the
local case, we call the quantity

1 2
Ts(Q) := = max /udx):uzs, =1y,
() As,1(82) ueDg=2(Q){( sz' | (el @)
fractional torsional rigidity of order s of . It is not difficult to see that
T(Q2) = / we o dz,
Q

where w, o is called s—torsion function of €2 and is the unique solution to the boundary value
problem

(=A)Pu = 1, in€Q,
u = 0, inRN\Q.
We refer to [17] for a detailed study of some interesting features of this function. As a straightforward
consequence of Theorem 1.3, we obtain the following
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Corollary 1.5. Let N > 2 and 0 < s < 1. For every Q C RY open set with finite measure, we

have T.(B) 7@
Sst_ SNZSZ 1_8“49%7
S o 202 (-9 A@)

for an explicit constant oo = o2(N, s) > 0, which is uniform as s /1.

1.4. Strategy of the proof. For ease of presentation, we now stick to the case ¢ = 2. The first
naive idea would be to try and insert quantitative elements in the nonlocal Pélya-Szegé principle
(1.5). Already in the local case, this idea is quite complicate to implement and proofs exploiting
this route usually produce stability estimates with non-sharp exponents on the Fraenkel asymmetry
(see for example [19, 31, 35]). At present, the best estimate obtained in this way is

(1.7) Q1% A(Q) — |B|¥ \(B) > C AQ)?,

which is the result of [5, Theorem 2.10] already mentioned in Remark 1.4.

In addition to this, this approach is even more complicate in the nonlocal case, due to the absence
of a true Coarea Formula for nonlocal integrals. Indeed, the proof of (1.5) is based on the Riesz’s
rearrangement inequality, whose identification of equality cases is quite subtle (see [11]).

Thus, the first step is to give another proof of the Faber-Krahn inequality, which circumvents the
nonlocality of the problem. This is done by adding one extra variable z and considering a suitable
extension problem in the upper half-space {(z,z) € RN x R : z > 0}. Since the appearing of the
paper [12], this procedure has become standard in the field.

In the context of stability estimates for nonlocal energies, this idea has been previously employed
by Fusco, Millot and Morini in their paper [21]. In the latter, the authors proved a quantitative
stability estimate for the fractional isoperimetric inequality of order s, i.e.

s—N s—N
Q"7 Ps(Q) > |B| ¥ Py(B),
where B is a ball and P, stands for the s—perimeter of a set, defined by
1
P,(Q) = [1o]? = =2 ———dx dy.
(0 = Maly s //QX(RN\Q) o — s

In order to give a better understanding of our strategy, we give a sketch of the proof of the fractional
Faber-Krahn inequality by using this extension procedure. We refer to Section 3 for more details.
Given a first eigenfunction u for  with unit L? norm, we know that

(18) As(Q) - [uﬁ/{/s,z(RN) - C ﬂ Z172S |VU|2 dm dZ,
RNXR+

where U is the unique solution of the following variational problem

min{// 2725 |\VV2drdz - V =wuon {z:O}},
RN xR

and C' > 0 is a universal constant. By making a slight abuse of notation and indicating by U* the
Schwarz symmetrization of U with respect to the variable x, we have as in [21]

(1.9) // A28\ VU P dedz > // 728\ VLU de dz,
RNXR+ RNXR+

and

(1.10) // 27240, U2 de dz > // 2172510,U*|? dx d=.
RN xR RN xR
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Moreover, U* coincides with u* on the boundary {z = 0}. Thus we get

// z123|VU*|2dxdz2min{// 2725 |VV|Pdrdz 1 V =u* on {zzO}},
RNX]R+ RNXR+

so that
(1.11) C // 72 |\VU P dedz > [0z @y
RN xRy

By observing that u* is admissible for the variational problem which defines A;(Bgq), we can now
get the fractional Faber-Krahn inequality by combining (1.8), (1.9), (1.10) and (1.11).

In order to prove the quantitative statement of Theorem 1.3, the idea is now to insert quantitative
elements in the proof of (1.9). We will follow the ideas of Hansen and Nadirashvili, from their
above mentioned paper [22]. By using the Coarea Formula and the sharp quantitative isoperimetric
inequality (see [20]), we can proceed as in the local case of [5, Theorem 2.10]. This leads to a
quantitative enhancement of the form

()~ A(Ba) 2 /

R

+o0o
Z172s ( A(E; ,)? dt> dz,
i 0

where E; . = {z € RN : U(x,z) > t} are the “horizontal” level sets of the extension U. There is
now a twofold difficulty: at first, we have to relate the asymmetry of this “artificial” level sets to
those of the first eigenfuction u, i.e. = {z € @ : u(x) > t}. In other words, we wish to prove
something of the type
A(E; ) ~ A(), for t < 1and z < 1.

Secondly, we need to relate all these asymmetries to that of ), i.e. the zero level set of u. On the
other hand, in this process particular attention should be put in avoiding the zero level set of the
extension U: indeed, by the minimum principle this would coincide with the whole RY and the
information on the propagation of the asymmetry would be completely lost.

Remark 1.6 (Sharpness). We do not expect our estimate to be sharp. Indeed, it is natural to
conjecture that Theorem 1.3 should hold with A(€2)? in place of A(£2)3/.

We point out that, already in the local case s = 1, the sharp quantitative Faber-Krahn inequality
of [6] comes with an unknown stability constant. Indeed, the method of proof is based on the so-
called selection principle and is not constructive.

At present, for s = 1 the best result with an explicit constant is (1.7), where the Fraenkel
asymmetry has an exponent 3. Then our result can be seen as the natural fractional counterpart
of this last result.

1.5. Plan of the paper. In Section 2 we settle all the definitions and the machinery needed in the
sequel of the paper. In particular, we introduce the extension problem to the half-space RV x R_.
We show in Section 3 how to exploit this extension problem in order to prove the fractional Faber-
Krahn inequality.

We then pass to consider the stability issue: at this aim, we need some technical results about
the propagation of asymmetry from the set {2 to the “horizontal” level sets of the solution of the
extension problem. This is the content of Section 4.

We eventually prove our main result Theorem 1.3 in Section 5. Then in Section 6 we briefly
show how it is possible to improve our stability exponent 3/s with the same method, provided the
sets considered are smoother (Theorem 6.3).

The paper ends with two appendices, aimed at proving some technical results.
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2. PRELIMINARIES

2.1. Fractional Sobolev spaces. Let 0 < s < 1, for a measurable function v : R — R we define

[ulwe2@yy = // ()|2 dx dy E.
RN xRN |~”U_ |N+25

Accordingly, we consider the Sobolev-Slobodeckit space
WH2(RY) = {u € L*(RN) ¢ [u]wesmny < +oo}.
It is a classical fact that
WeARY) = 1o (®) = {Fe S®Y) 5 [ (1416 IFle)Pds < 4o}

with the usual notation
1 .
~ _ —i &z
90(6) - (2 ’/T)N/2 /]RN @(x) (& d1'7

for the Fourier transform.
For N > 2, by the fractional Sobolev inequality we have the continuous inclusion

W3 (RY) C L*(RY),
thus, by duality, we get the following continuous inclusion for the topological dual spaces
(2.1) LEY (RY) € (W (R))* = H™*(RY).

For any open set Q& C RY, we define the homogeneous Sobolev-Slobodeckii space ’DS’Q(Q) as the
completion of C§°(§2) with respect to the norm

u = [U]Ws,2(RN).

Observe that the latter is indeed a norm on C§°(2).
For N > 2, by the fractional Sobolev inequality we have that DS’2 (Q) is always a functional
space, such that

Dy?(Q) € Dy*(RY) € L% (RY),
with continuous inclusions.

Lemma 2.1. Let N >2,0<s< 1 and 1< q < 2% For every Q C RN open bounded set, we have

/\S’q<Q) = 1nf {[’U/]%/Vgg(RN) . / |u|qd$ = 1} > 0
Q

ueC§e ()

Moreover, the infimum above is attained by a function ug € D5 (Q) N L®(2) N CP(Q) with 0 <
B < min{2s,1} and such that ug > 0 in Q.
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Proof. The compactness of the embedding D5 (Q) < L9(Q) (see for example [7, Corollary 2.8])
entails that A, ,(€2) > 0 and that there exists a minimizer ug € Dy?(€2). The fact that we can
choose ug to be non-negative follows from the fact that

(lullws2@yy < [ulwe2@n).
Such a minimizer is a non-negative weak solution of
(—A)5u = Ag () ui™, in .

By using [23, Theorem 3.2], we have that ug € L (). The claimed continuity of ug then follows
from [8, Theorem 1.4], for example. Finally, we have ug > 0 in Q by the minimum principle. O

The next simple result will be useful.

0<T<N<1—1>.
p 2

Then we have the continuous inclusion

Lemma 2.2. Let 1 <p <2 and

LPRY)N LA*(RN) c H™(RY).
More precisely, for every uw € LP(RV) N L2(RY), we have

1/2 2p T 1—2p T
2.2 —27\a 2d <C (RN N 2(RN e
en ([ @) <o (lwam) T (lean)
for a constant C = C(N,7,p) > 0, which blows-up as 7 /N (2 —p)/(2p).

Proof. The assumption u € LP(RN) N L2(RN) entails that & € L2(RN) N LP (RY). Moreover, we
have

”a”LP'(]RN) < Cnp HUHLP(RN) and ||a|\L2(RN) = ||U||L2(RN)~

Hence, by fixing A > 0 we obtain

1/2 1/2
(/ a”a@n?dg) s(/ |§|27|a<§>|2d5> +</ |527|a<§>2ds>
RN {1€1<A} {1€1>X}

y2
25/

’ 2p
_T%L i~
< @l o vy </{£</\} [ df) + A7 U] 2 ey

Np/;,zf'r —T
SCN 2p lull Lo vy + A77 [Jull L2 @vy -

-2 1 1
NEZZ o N(=-Z)-r>0,
2p p 2

then by taking the minimum over A > 0, we get the desired conclusion (2.2). O

1/2

Observe that
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2.2. The extension problem. We set Rf“ := RY xR, and denote by (z, 2) the points in Rf“,
ie. z € RN and z > 0. We now define the Sobolev space that will be exploited for our purposes.

Definition 2.3. Let N > 2 and 0 < s < 1. We define the weighted Sobolev space ”Hl’s(Rf“) as

HES(RYH) = {U RV SR : U2 € LARY ) and VU |22 eLQ(MH)}.

We endow such a space with the norm

||UH7_[1 (RN+1) = (//N+1 ‘U|2 + |VU| ) dx dz)

We need to consider traces of functions in the previous space. The following result is a trace
theorem for H*(RY ™). Recall that ORY ! = {(z,2) : z =0} ~ RV.

1
2

Lemma 2.4 (Trace space). Let N > 2 and 0 < s < 1. There exists a linear and continuous trace
operator

trace : H*(RY 1) — W2(RN),

which is surjective. Moreover, the closed subspace
HY (R = {U e H R & trace(U) = 0},
coincides with the closure of C§°(RY ™) in HLs(RYT).

Proof. By using [27, Section 5], we know that there exists a linear, continuous and surjective
operator
trace : H*(RY 1) — W2(RN),

where

+o0 _ 2
W2(RY) = {u € L*(R") Z/RN/ u(z +Qils-)25 u@)l dodx < +oo}.

By using Proposition B.1, we get for every u € C5°(RY)

L T Ju(e + oeq) — u(@)]
rol WézRN)_Z/l%N/ JSETF dodx < Clu ]sz(RN)

By density, this in turn implies that W3 (RY) = W52(RN).
The proof of the second statement can be done as in [3, Theorem 5.1, point iii)], which deals
with the case s = 1/2. We leave the details to the reader. (]

We now set

1
5Ns 1
. Py(z) = — PNs wh L= e |
B ROy e </ (1 JoP) )

and for every z > 0, we consider the rescaled function

1 x 22
P.(z) = prl (;) = BN,s

2s °

(2 + |22) 7
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Remark 2.5 (The Fourier side of P;). We observe that P; € L' (RV)NL>(RY) for every 0 < s < 1
and that
a=1, if s> 1/2,
P € L*(RY) N L>®(RY), where

_ if 0 <1/2.
a>N+2s—1’ ifo<s<1/

In particular, by using Lemma 2.2 and the properties of the Fourier transform, we get

(2.4) / €27V =22 | Py ()2 d€ < +oo0, for 0 < s < 1,
RN
and!
(2.5) / |2~V =25 WP (€)2 dE = / €2~ N=25 |2 Py |? d¢ < 400, for 0 <s<1.
RN RN

We recall that, as established in [12], P, is the Poisson kernel for the Dirichlet problem (2.7)
below. Indeed, for any given ¢ € W*2(RY), let us denote by U, the function on Rf“ defined by

1
(2.6) Uy(x,z) = P, x () = / — P (y) o(z —y) dy, (z,2) € Rf“.
RN 2 z

Then, U, is a solution to the following boundary value problem
(2.7) —div(z!17?5VU,) = 0 inRY xRy,

’ Uy(-,0) = ¢ inRM.
As such, it verifies the following weak formulation
(2.8) //N 2 725VU, - Védrdz =0, for every ¢ € C’OOO(RJ_XH).

RY*

In what follows, with a slight abuse of notation we will denote by IZD the partial Fourier transform,
taken with respect to the x—variable.

Proposition 2.6. Let N > 2 and 0 < s < 1. For every
p € W2(RN) N L= (RY),

the following variational problem

(2.9) min // 2725 |\VU P drdz : trace(U) = ¢ p ,
UeHl,s(Rf+1) ]Rf*l
admits a unique solution, which coincides with U, given in (2.6). Moreover, we have
2 1-2: 2
(2.10) [SO}WS,2(RN) = YN,s //RN+1 z ’ |VU<,0| dr dz,
+
and
(2.11) 1Up(+2) = l3a@ry < (Brs [Penan)) 225 Jorace. 2>0.
For 0 < s < 1/2, we use Lemma 2.2 with p = a given above. We observe that in this case
2 -« N+2s—2 N
N > = a< ——,
2« 2 N+s—1

which is feasible, by recalling the limitation on a.
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Here BN s is the constant in (2.3) and yn.s is a positive constant whose precise value is given in
Remark 2.7.

Proof. We first observe that by surjectivity of the trace map given in Lemma 2.4, the class of
admissible functions in (2.9) is not empty. We need to show that U, is in the relevant Sobolev
space, i.e.

(2.12) //Rf“ 21725 (JUL 2 + |VUL|?) dadz < +oc.

In order to prove this, one can argue as in the proof in [12] and use the partial Fourier transform.
Indeed, by (2.6) we have U, (&, 2) = @(§) Pi(2&) and P is a radial function, i.e.

Pi(z€) = v(z[¢]),

for a suitable function v. The key point is that
“+oo
() ::/ 2725 (Jof? £ o' 2) dz < +oo.
0
Indeed, by using spherical coordinates and the radial symmetry of ﬁl, we have
+o0 +oo
/ zl—?s (|1}|2+|U/|2) dz:/ Z2—N—2s (‘UlQ—‘rIU/'Z) ZN—l dz
0 0
+oo
:][ / 42-N-2s (|v|2+|v’|2) N1 g gy N1
sv-1.Jo

1 N (15 _
[ (1R + AR de

NwN

which is finite, thanks to (2.4) and (2.5). By using Plancherel’s identity, we get

//R o Wl e = // g OO de
+oo
-/ (/ zl-2S|v<z|£|>|2dz) () de
RN 0

“+oo
-/ ( / t”ﬂv(t)ﬁdt) P 15 de
RN 0

<T0 [ PR ds

The last integral is finite, thanks to the fact that ¢ € L2i-¢)"(RY) and recalling (2.1).

With a similar computation, one can show that 2!=2%|VU,|? € L*(RY ™) (see [12, Section 3.2]).
This concludes the proof of (2.12).

We now show that U, is a minimizer of our variational problem. Uniqueness then will follows
from strict convexity of the functional. By convexity of the functional, for any admissible function
V' we have

// 21’28|VV|2dxdzZ// 272V, P drdz + 2 // Z72VU, - V(V - Uy) dadz.
R R R+
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By using that U, — V € H*(RYF!) and the density of C5°(RY 1) in Hy®(RY 1), from (2.8) we
get
// 272 VU, - V(V = Uy)drdz =0,
RN+1
¥
which implies the minimality of U,.

For equality (2.10), we refer to [13, Theorem 3.1 & Remark 3.11], where the precise value of the
constant yn s is given (we recall it in Remark 2.7 below).

2 dh

Finally, in order to prove (2.11), we observe that
e(-+h)—o()
L2(RN) R[N

(y)[? /
R —d dy =
Plives ) = // o —yvt2e YT Ly Bk

which follows with a simple change of variable. By using Minkowski’s and Hoélder’s inequalities, we
have

100(2) = eliegusy = | [ P ot =) = ol

L2(RN)

< / P.() o(- — 1) — o() |2 dy
RN
el =y — o)

2 dy 3 1
= / E TN (/ P.(y)* [y|N+2* dy)
RN |y| L2(RN) |y‘ RN

1
1 Y 2 2
= [SD]WS""(RN) (/RN ZZ—NPl (;) |y|N+2$ dy)
1

1
1 y 2 s 2 s s 2 s
([ ) s ([ i) <5

thus we get the conclusion. a

We now observe that

Remark 2.7. The constant Sy s (see e.g. [21]) is given explicitly by

N +2s
Z;F< 2 )

L(s) 7

/BN,S =7

and therefore:
® [(n,s is uniformly bounded for s 7 1;
e Ons~s,ass\0.
The value of the constant vy s can be found in [13, Remark 3.11], and is given by
2ds
= m,

where
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Hence, in particular, we have that:

® YN is uniformly bounded as s 1,
o YN~ s 2 as s\, 0.

3. THE FRACTIONAL FABER-KRAHN INEQUALITY BY EXTENSION
As explained in the Introduction, we want to give a proof of the fractional Faber-Krahn inequality
As,q(2) > X 4(B), where B is any ball such that |B| = |Q],

by using symmetrization techniques in Rf +1 The proof of Theorem 1.3 will be based on introducing
quantitative elements in this proof.

The following expedient result will be useful. It asserts that in order to prove the fractional
Faber-Krahn inequality (and its quantative version) for sets with finite measure, we can reduce to
consider bounded sets. The proof is quite easy, we leave it to the reader.

Lemma 3.1 (Reduction to bounded sets). Let 0 < s < 1 and 1 < g < 2%. For every open set
Q C RN with finite measure and every R > 0, we define

QOp = QOBR(O)
Then we have

Jim A (@Qr) = A (@) and lim A(Qp) = AQ).

As in [21], we define in Rf 1 the partial Schwarz symmetrization U* of a nonnegative function

U e H17S(Rf+1). By construction, the function U* is obtained by taking for almost every z > 0,
the N—dimensional Schwarz symmetrization of

x> Ulz, 2).

More precisely: for almost every fixed z > 0, the function U*(-,z) is defined to be the unique
radially symmetric decreasing function on RY such that for all ¢ > 0

Hz e RY : U*(z,2) >t} = {x € RY : U(x,2) > t}].

Proposition 3.2. Let N > 2 and 0 < s < 1. Let o € W52(RN) N LZi-) (RN) be a nonnegative
function. By taking U, € ’HLS(RJXH) to be the minimizer of (2.9), we have that

U € HUS (R,
and the following Pdlya-Szegd inequality holds

. z rdz < z Tdz.
(3.1) // 12 VU dad // 1725 \VU, |2 dx d
]RN+1 ]RN+1
+ +

Moreover, we have trace(U;) = ©*. In particular, we get
(3.2) YN, s //RM1 12 |vU;‘2 dr dz > [w*]%VS,Q(RN).
+

Proof. For the first statement, we follow the ideas contained in [21, Lemma 2.6]. First, it is easy

to see that
// Z172¢ |U:,|2 dedz = // 2725 \U, 2 dx dz,
Rf“ Rf-%—l
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since U, (-, z) and U:j,(~7 z) are equi-measurable. Moreover, by the classical Pélya-Szeg6 inequality
for the Schwarz symmetrization of z +— U(z, z) in RY for a.e. z > 0 fixed, one has also

// 2172 \VxU;F drdz < // 21725\, Uy | dx dz.
Rij+1 Rf+1

We only have to prove that

1-2s * |2 1-2s 2
(3.3) //RNH z |0.U3|" dedz < //RN“ z |0.U,|" da dz.
+ +

Since our space Hl’s(Rf *1) is contained in the functional space used in [21], then the result for
0 < s < 1/2 follows immediately from [21, Lemma 2.6].

For the case 1/2 < s < 1 some care is needed, due to the singularity of our weight. In this case,
we define the regularized weight

ps(z):(52+22)%, >0, z€eR,
and set (. 2) ;

- B Uy(z, 2), or z >0,

Up(2,2) = { Uy, —2), for z < 0.

By construction, we have

ﬂ' 1“WUPM>/1 0.0, dz = ﬂi 2) 10,0, 2 d=.
N+1 N+1

We can now reproduce step by step the proof of [21, Lemma 2.6]. This is based on an iterative use
of Steiner symmetrizations in the x—space, in conjuction with the weighted Pdélya-Szegé inequality

of [10, Theorem 1]. This shows that
dxdz<// |6U |2 dz.
RN+1

//R . pe(2)

It is only left to observe that ((7 )* is still even in the z—variable, thus we obtain

ﬂ; 1%wU\w>/’ 2) .U d.
Ry

By taking the limit as € goes to 0 and using Fatou’s Lemma, we get (3.3).
Once we obtained that U is in the relevant Sobolev space, the fact that

trace (U;) € W* Z(RN),

9.(U,)*

follows from Lemma 2.4.
In order to identify the trace of U}, we use the estimate (2.11) and the fact that the Schwarz
symmetrization is non-expansive in L2 (RM) (see [25, Theorem 3.5]). This entails

||U;('7Z) - SO*HL2(RN) <|Uu(:,2) = ‘PHLz(]RN) < Bn,s e ]Wsﬂ(]RN) 2, for z >0,
which shows that
Ug(2) = ¢"  in L*(RY), as z — 0%,
This permits to conclude that trace(Uj) = ¢*.
Finally, let us prove (3.2). We take U,- € H*(RY ™) to be the minimizer of (2.9) with boundary
datum ¢*. It is now sufficient to use the minimality of U,- and the fact that

trace(Uy,) = trace(Uy+) = ¢,
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// 21728 |VU;,|2 dx dz > // 21725 | VU
R$+1 R$+1

By recalling (2.10), we eventually get the conclusion. |

to get that
2 dz dz.

Theorem 3.3 (Faber-Krahn inequality). Let N >2,0<s < 1 and 1 < q < 2%. For every Q C RN
open set with finite measure, we have
2_q42s 2_q 2s
|2 N As,q(§2) > |Bls N As,q(B),
where B C RN is any N —dimensional ball.

Proof. By Lemma 3.1, it is enough to prove the result under the further assumption that € is
bounded. By scale invariance of the Faber-Krahn inequality, we can assume without loss of gener-
ality that Q| = 1. We now take uq € D3*(€) positive such that

[uallza@) =1 and [U'Q]%/VS’Q(RN) = A5 ,q(2).
For ease of notation, we denote by Uq the extension of ug, obtained by the convolution in (2.6).
Observe that for an open bounded set Q C RY, we have
D5 () € W (RN) N L)' (RY),
thus by Proposition 2.6, we know that Ug € Hl’S(RfH). Moreover, recalling (2.10) and using the
generalized Pdlya-Szegd principle (3.1), we get
(3.4)

As,q(Q2) = [UQ]?/Vs,z(RN) = TN,s //]RN“ 2172 VU dadz > VN, s //RN“ 2172\ VUG da dz.
+ +

By further using (3.2), we get
Xs,g(Q) > [ug) Ty z @y

Since u* € W#2(RY) and ug;, = 0 almost everywhere in RY \ Bg, by [9, Proposition B.1] we get that
ut, € Dy*(Bg). We recall that By denotes the ball centered at the origin and such that |Bg| = |€).

Moreover, by construction,

|ug e (Bo) = lluallLe@) = 1.
Thus we get
Xs,a(Q) = [ug)fye2(mny = As.q(Ba),

as desired. |

4. ESTIMATES ON LEVEL SETS

4.1. An expedient estimate. The following technical result will be useful in order to transfer
the asymmetry from a set to another. This is a generalization of [5, Lemma 2.8].

Lemma 4.1 (Transfer of asymmetry). Let Q, E C RN be two measurable sets with finite measure,
such that

QAE
| o] ‘S’YA(Q),

for some 0 <y < 1/2. Then
1—2~
Cy

—_

i IENQ =0,

AlE) 2 1424, if[E\Q|>0.

A(Q), where ¢, = {
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Proof. We can suppose that A(£2) > 0, otherwise there is nothing to prove. We take a ball B such
that |B| = |E| and
|EAB]
A(E) = ;
|E|
and call B’ the ball concentric with B, such that |B’| = |Q|. We recall that

[QAE] = 1o = 1&]L1 @),

thus by using the triangle inequality, we get
EAB Q QAB’ B'AB QAFE
A(E):I |>||(| | | |>
|E| [E[ \ 1€ € 1€

] L 0AE|
Z|m(Am)2 MI>

)
> 151 (1 -2 A@).

Observe that in the second inequality we used that

|B'AB| =

9] - |Bl| < [QAE],

while in the third one we used the hypothesis. In order to conclude, we only need to bound from
below the ratio |Q|/|E|. If |E\ 2| = 0, then we get
2 _ €

Laipe > 1.
Bl [E\NQ[+[ENQ] —

If |[E\ ©] > 0, we observe that
[ I
[E]  |[E\Q+|QNE| ™ |QAE|+ |9 — 14+~vAQ)

By recalling that the Fraenkel asymmetry is always smaller than 2, we get the desired conclusion. [

4.2. Closeness of level sets. For an open bounded set Q C RY such that A(2) > 0, throughout
this section we fix ug to be the optimal function for A, ,(€2) defined in Lemma 2.1. As in the
previous section, we set

Uq(z,z) = P, x ug(x), (z,2) € R

Then we define
(4.1) T :=sup {t >0: {z e : ug(z) >t} > |9 (1 - ;A(Q)) } .
Observe that we have T' > 0, since the function
t— [{x € uglz) >t}
is non-increasing right-continuous and
{z € Q ¢ up(z) > 0} = |0

Moreover, still thanks to the right-continuity, it is easy to see that

(4.2) Hz e : ugle)> T} < |9 (1—;,4(9)).
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Lemma 4.2. We fit T > 0 as in (4.1) and a > 0, then

1
s

T T
for every — <t < §T and for every 0 < z < ,
4 8 8 V O‘BN,S As,q(Q)
we have
T N 1
’ xeQ: uQ(z)>§ \ {z eRY : UQ(I,Z)>t}’SE7
and
N T 1
{z eRY : Ug(z,2) >t} \{z € : UQ(.’E)>§ Sa.
Proof. By (2.11), we have
Ul z) — uQ||2L2(RN) < BNs Asq() 225, for a.e. 2> 0,
where we also used the minimality of ug. Then by using Markov-Chebychev’s inequality, we get
for z >0
1
(4.3) {z e RN : |Uq(z,2) — ua(x)| > /Brn.s Xsg(Q) a2} < =

We now take ¢t and z as in the statement, then for every x such that uq(x) > T/2 and Uq(x, 2) < t,

we have
T

T
UQ(I) - UQ(J?,Z) > 5 —t2> g > /BN,S )\s,q(Q)azs7

that is
T N
( reN: UQ($)>§ \{zeRY: ng(:ﬂ,z)>t})
C {x eRY : |Uqg(x,2) —uq(x)] > 1/Bn.s )\qu(Q)azS} .
By using (4.3), we get
T N 1
xeQ: UQ(I)>§ \ {z eRY : Uq(z,2) >t} Sa,

as desired. The second estimate is proved in a similar way, we leave the details to the reader. [

Proposition 4.3. We fit T > 0 as in (4.1), then

st e rocss (VARE L)
we have
(4.4) [ {z € RY : Ua(w,2) > t}| - Jl| < % QI A(9),
and
(4.5) A({z €RY : Un(z,2) > 1)) > %A(Q).
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Proof. For ease of notation, we set

O ={z € : uqg(x) >t},

and
T Q0 s
Et,z:{$€RN!UQ(x,z)>t}, forte[,gT} and z € |0, AW [ T
48 24 \/BN.s As.q ()
By definition (4.1) of the level T, we have that
12\ QT/2| 1
= e (%)
(4.6) a5 AQ)

We now observe that by using (4.6) and Lemma 4.2 with the choice

9
o= ——
A(€) 19
we get
|E-AQ] |2\ By . |Et,2 \
€] 12| 12
12\ Qr/al Q72 \ Er 2| Bz \ Qrysl
] |€2] |€2]
Q\Qrpl 21 1
BAPrel 2 1 1)
ST Tage S5t

Finally, by triangle inequality we have
9 = [Er A0 < |Ep 2| < 10| + | B -AQ],

thus by joining the last two estimates we get (4.4).
We can now apply Lemma 4.1 with v = 1/3, so to obtain

2
1-Z=
1
A(BL:) > —3 AQ) = £ A9),
1+
3
which proves (4.5). O

4.3. A remainder term. We now introduce some quantitative elements in the proof of the Faber-
Krahn inequality presented in Theorem 3.3. With this aim, we need to recall the sharp quantitative
isoperimetric inequality

(4.7) Q"7 P(Q) — |B|'F P(B) > Oy A(Q)?,

proved in [20, Theorem 1.1] (see also [15, Theorem 4.3]). Here P denotes the distributional perimeter
of a set. A possible explicit value for the constant ©y is computed in [18, equation (1.12)]. In our
notation, this reads
3
(2-27)
_ /N

On =wn “gmzNis
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Proposition 4.4 (An enhanced Pélya-Szegé—type estimate). Let 0 < s < 1 and let @ C RY be an
open bounded set. Fort >0 and z > 0, we set

E, .= {x eRV . Ug(zx, z) > t} and e (t) = | Ey 2.
Then for every ball B C RY such that |B| = |Q|, we have

N-—1 2
e 1-2s e 2 (,uz(t) " )
As,q(2) = X5 4(B) > C4 / z A(E, ) ~————dt | dz,
0 0 —p(t)

where the constant C1 = C1(N,s) > 0 is given by
(4.8) ¢y =2NwN Onn. >0,
and YN is the same as in (2.10).

Proof. We introduce some quantitative informations into the generalized Pdlya-Szeg6 principle used
n (3.4). We have seen that
(4.9)

As,q(Q) = [UQ}[Q/VS,z(RN) = N,s //]RN+1 21_25 ‘VIUQF drdz + IN,s _//RN+1 21_28 ‘8ZUQ|2 drdz.
+ +

For the z—derivative, we already observed that

// 21729 10,Uq|* dadz > // 21725 10,047 dadz.
Rf+1 Rf+1

For the x—derivative, we proceed as in the local case: by using the coarea formula, this can be

written as
// 725 |V, Ug|? de dz
RYT!

+oo +o0 N-1
- / A% / / 9, U2 o) 1) g
0 0 {z€RN :Ugq (z,z)=t} |VIUQ|

>/+oo L1-2s /+Oo P(E;.)? dt | dz
~Jo 0 / dHN ()

{z€RN : Ugq (z,z)=t} |szQ|

(4.10)

where P(E, ) denotes the perimeter of the set F; ., and we have used Jensen’s inequality. Following
the same computation as in [5, Lemma 2.9], defining

E;Z ={z e RY Us(x, z) > t},
and using the quantitative isoperimetric inequality (4.7), one can prove that

N—1
P(E;.)? > P(E;,)? +2Nwy N On pa ()25 A(E, )2
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Thus we obtain

“+o0 +oo P(E* 2
// 21725 |vaQ|2 dx dz > / 21725 / ( t,z) dt ) dz
!
RYH 0 0 — s (t)
N—1

2
400 400 ,uz(t)T A(Et,z)2
+2NW}V/N@N/ A2 / ( u)’(t) dt | de.
0 0 Mz

Observe that in the right-hand side, we also used the fact that
dHN~1(z)

(4.11) SACEN @)

{z€RN : Uq(z,z)=t} |VCDUQ|

We remark that one has equality in (4.10) for a radial function, since the modulus of the gradient
is constant on each level set. Moreover, the isoperimetric inequality is obviously an equality in the
case of balls. Finally, for the symmetrized function U, one has the equality also in (4.11) (see [21,
Proposition 2.4]).

By using these facts, we can conclude that

+o00 +oo p(E* )2
/ -2 / PEL) ) g - // 21725 |V, U do de.
. o L)

Moreover, we have seen in the proof of Theorem 3.3 that
YN, // A2\ VUL dedz > N 4(B).
RY*
Hence, coming back to (4.9), we have

Asq(Q) = INs // 21720 VUl dudz + Y s // 21725 10,Uq | da dz
Rf+1 Rf+1

N-1)2
1N +oo +oo (uAt)T) A(Et,z)z
> As,q(B) + Q’YN,SNWN ON /0 21728 / —p/ (lf) dt | dz.
0 z

This concludes the proof. (]

5. PROOF OF THE MAIN RESULT

5.1. Proof of Theorem 1.3. Thanks to the scale invariance, we can assume that 2] = 1. By
Lemma 3.1, we can further assume ) to be bounded. Thus we have to prove that

(5.1) Aeqg(Q2) = Aag(B) > C AQ)?,

where B is any ball such that |B| = |[©2] = 1. We also observe that if As 4(2) > 2 X, 4(B), then by
using that A(Q) < 2

Xeg(B) .5 Asq(B) s
Mal8) =g (B) > Aug(B) = 2B ot (2B 40
i.e. we get the desired estimate (5.1), with
As,q(B)
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Thus, we can confine ourselves to consider the case

(5.2) As,q(2) <2 X5 4(B).
We now set
1 /2 2s
5.3 Co=-|-4+—-1]).
(53) 9 (q N )
Observe that Cy > 0, thanks to the fact that ¢ < 2%. We define
Co
To = ———— A(Q),
O 41+ Cy) ()

then we have two possibilities for the value T' defined in (4.1):
either T <Tp or T>1T.

Case T < Ty. This is the easy case, here we do not need to work with the extension in Rf“. In
particular, Proposition 4.4 is not needed here.

We consider the set Qr = {x € Q : uq(z) > T}, which is open thanks to the continuity of ug.
We also verify that this set is not empty. Indeed, by using Minkowski’s inequality and the fact that

ug < (ug —T)4 + T,

we have (recall that Q| = 1 and [, uf, dz = 1)

(- = (- 7r)
> (/Qu?zdx)ll —TIQs =1-T.

By observing that T' < T < 1/2, the last estimate ensures that Qp has positive measure.
We now use the function (ug — T')4 in the variational definition of A 4(Q7), we get

(5.4)

2

(e = T)4]

No(Qr) < E—
(/ (ug —T)% dm) ’
Qr
By using that
2
{(UQ - T>+i| We2(@N) [UQ]%/VS=2(RN) = As,q(2),

we then obtain
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In the second inequality we used the Faber-Krahn inequality for A ,, applied to the open set Qr.
By using (4.2) and basic calculus?, we get

9 N

By recalling the definition of Cs, up to now we have obtained

2 2. 1 -i-% 1 /2 2
[ i (1—9A(Q)> >1+ - <q+s—1> A().

2

q

(5.5) Noa(Q) = Mog(B) (14 Cs AQ)) ( /Q (ugy — T)1. dx> ,

T
We now estimate the L? norm of (ug — T')4+: by raising to the power 2 the estimate (5.4) and
observing that T' < Ty < 1/2, we get

2

q C’2
-T)%d >(1-T)2>1-2Tp>1— ——— AQ).
([wn-rra) =017 2120 21 570 aw)
We insert this estimate in (5.5), so to obtain
Cs
The right-hand side can be estimated as follows
Co
14 Ce A2 1———A(Q
1+ A@) (1- 57 Am)
Co C2 9
=14+ |Co— ———— Q) — ———— A(Q
+ |0 sae] A0 - rrtay A0
Cs C? }
>14|Cy— — Q
=i { ETIEeS S rewen | Rt
Cs
=1+—"A0
* 2(1+4Cs) AK),

thus we eventually get
Ca Xs,4(B) ( Ca \s 4(B) ) 3
Asq() = As g(B) > =202 A(Q) > | —28 2 ) A(Q)5,
o®) = AealB) 2 ST A 2 (05 ) A@)
as desired.

Case T > Ty. If we set for simplicity

1

(5.6) 20 = ASY Y T | ,
24 \/2BN,s As q(B)

by assumption (5.2), we have

(5.7) 20 < A [ T .
24 \/BN,s As,q(£2)

2We use the convexity of the function t — (14 &)=, for o > 0.
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We now want to use the enhanced Pdlya-Szeg6—type estimate of Proposition 4.4, in conjunction
with Proposition 4.3. Thus, we have

N-1 2
B i 2 (uz(t)T>
)\3711(9)7)\57,1(B)201/ 212 A(E, 2~ it | dz
0 0 —ps(t)
—1\2
oy [T | [ (=07 dt | d
- 1/0 ’ O

> gA(Q)2 / Zm2s /gT(MZ(t)NNl)Zdt dz
~ 25 0 T —1(t) ’

where we used Proposition 4.3 in the third inequality, which is possible thanks to (5.7).
We observe that by using (4.4) and the fact that A(Q) < 2, we get

1
3’

A(Q)Q/zoz““ /gT L) a-
0 z —p(t)

In order to estimate the integral in ¢, we use Jensen’s inequality

1 T 3
pe(t) >1— §A(Q) > for every 1 <t< gT,

This in turn implies that

N-—1

Ci (1\ ¥
_ > - (=
heal® < Aea8) 2§ (3)

dt > — > .
T —,u’ (t) — 64 T — 64 |Ez | — |E§ |
z / —,U,, (t) dt T 7 g T,z

T q T2 1 T2 1
/ >

4
T

4

By using (4.4) with t = T'/4 and t = 3T'/8, we get (recall that || = 1)

1 1 2
Er | —|Es <14+4-AQ)—(1—-—=A(Q) | = = A(Q).
Byl = 1Bgrad <14 540 - (1- 340 ) =2 4@)
In conclusion, we obtain
3¢, (1\' ™ T2 [ [
1 1-2s
_ e i
(5.8) . No1

By recalling the definition (5.6) of zo and that

Co
T>Ty=—02 —
ST 010y

we get the desired conclusion in this case, as well.
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1—s }
)

] G m9AB) 3 0 (1N G N | S
1= 1+ 0y 92 956 25 \ 9 1(1+ Cy) 2576 By Aeg(B)

where B is any ball with |B| = 1. The constants C; = C1(N,s) > 0 and Cy = C3(N, s,q) > 0 are
given in (4.8) and (5.3), respectively. We then observe that:

e by Remark 2.7

Remark 5.1. From the proof above, we can extract the following explicit value for o

. . . 1/N . )
il/n%Bst < +o0, and llfm1 Ci=2Nwy On (11/11%’)/1\/73 > 0;

2 2
2421 .
(Z+x-1)>0

lim (1 — 8) Asg(B) = -2 Ay, (B),

e by definition

1
lim Cy = -
a2 T
e by Lemma A.1 below

51 2
and
lim (Asyq(B)) 1T = lim exp (1 —3 log ((1 —5) /\s7q(B)) Lz log(1 — s)) =1.
571 s 1

This shows that o; has the claimed stability property as s 1.

5.2. Proof of Corollary 1.5. We can suppose that |2] = 1. We then take B a ball such that
|B| = |©2| = 1. Observe that if

Ts(Q) < 5 Ts(B),

N =

then
T.5) - T@) 2 5 TB) = T2 ).

s

As usual, we used that A(2) < 2. This gives the desired stability estimate, under the standing
assumption on 74(2). On the other hand, if

(5.9) TQ) > S T(B),
we can use Theorem 1.3 with g =1
1 ]. g1 §
T@ T -
i.e. T(B) — T o %
TET@ - 19"

By using (5.9), we get

1 s 2 3
T(B) — To(@) > ;g@;m)s,

which proves the stability estimate in this case, as well. The proof is complete.
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Remark 5.2. An inspection of the proof shows that the constant oo in Corollary 1.5 can be taken

to be
i) L TB) o (TB)N?
72 = o3 1 -5’72 \1-5 ’

where B is a ball such that |B| = 1. By observing that (see Lemma A.1)

im 2B _ 2y,

s/ 1 1—s WN

we get that the constant oo has the claimed controlled behavior, as s approaches 1.

6. SMOOTH SETS

In this section, we briefly explain how on smoother sets we can improve our quantitative estimate,
by lowering the exponent on the Fraenkel asymmetry. We will use the same notation as before.

We start by showing that when the trace has additional smoothness properties, we can upgrade
the L? control of (2.11) to an L™ one.

Lemma 6.1. Let us suppose that o € W*2(RN) N LE1-2) (RN) is such that

p(z+h) —p(x)

< +00.
|h|®

[¢lo,s == sup sup
z€RN |h|>0

Then we have
1Up (5 2) = @l Lo @ny < Cplos 2°5
for a constant C' = C(N,s) > 0.

Proof. By using that the Poisson kernel has integral equal to 1, we have

Ua(,2) — ()] = &@Hﬂx—w—¢@H@’

RN

gé P.(y) o — y) — p(x)| dy

N
<ol [ Pl dy == lelos [ Pr(w) ol du.
RN RN
By defining
c= [ Piw)ll* du,
RN
we get the desired conclusion. O

Lemma 6.2 (Closeness of level sets, L case). Let Q@ C RY be an open bounded set and let
0 < s < 1. Let us suppose that there exists a constant C > 0 such that

(6.1) [Ua(:, 2) — uallpe@y) < C 2%, for z>0.
We fix T > 0 as in (4.1), then

=~

3 T\ =
for every §t§§T and every O<z§<> ,

b

we have

|~

T
{$EQIUQ($)>2}CE75,ZC{$EQ:UQ($)>
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In particular, for t and z as above, it holds E; . C ) with
1
91 = Bl < 5 191 A®),

and

7
A(E.) > ﬁA(Q).
Proof. We take a point = € Q such that ug(x) > T/2. By using (6.1), we get for every 0 < z <
(T/(8C)Y*

T
Ua(z,2) > ug(z) —C2° > - —-Cz2° > -T.

2

ool w

This shows that for every T//4 <t < 37T/8, we have
{r € : uq(x)>T/2} C Es . CEtz,

where for the second inclusion we used the monotonicity of the level sets. This shows the validity
of the first claimed inclusion.

We now take x € RY such that Ug(x,z) > t and use again (6.1). We get for every 0 < z <
(T/(8C))Y*

T
ug(x) > Uq(x,z) — C2° > Z—C’zs >

|~

This shows that for every T/4 <t <3T/8

T
EmC{xEQ : uQ(x)>8},

as desired.
In order to prove the lower bound on the asymmetry of Ej ., it is sufficient to reproduce the
proof of (4.4) and observe that this time

1Q7r/2\ Et 2| = |Et,. \ Qrys| = 0.

This gives
|E-AQ _ 12\ Qrp| 1
: S S " A(Q)a
€ €2 9

thanks to the choice (4.1) of T. We now get the conclusion by applying Lemma 4.1 withy =1/9. O

Then for regular sets  C RY we can slightly improve the exponent on the asymmetry in our
quantitative estimate, according to the following

Theorem 6.3. Let N > 2, 0 < s < 1and1 < q < 25 Let Q C RN be an open bounded set,
satisfying one of the following conditions:

A. either Q2 is Lipschitz and Q satisfies the exterior ball condition, with radius p;
B. or 0Q is CH*, for some 0 < a < 1.

Then we have

C

— S

2177 A g () — BT A g(B) = 1 A@)*,

for a constant C > 0 depending on N, s, q and p and the Lipschitz constant of OQ (case A) or the
CY2 norm of 9Q (case B).
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Proof. We start by observing that, under the standing assumptions, uq is a function of class
C*(RY), thanks to [32, Proposition 1.1] (when assumption A is in force) or by [33, Proposition
1.1] (if assumption B is taken). Moreover, the C®*—norm of uq is bounded by a constant that
depends on N, s, ¢, on the relevant regularity parameters of 992 and on A 4(£2). Hence, by Lemma
6.1, we have that assumption (6.1) of Lemma 6.2 is satisfied with a constant C' which depends on
the above quantities. As before, it is sufficient to perform the proof under the restriction (5.2), thus
we observe that the dependence on A 4(£2) can be removed.

We proceed now as in the proof of Theorem 1.3, by using the same notations. The case T < Tj
follows exactly as before.

For the case T > Ty, we use Lemma 6.2 (in place of Lemma 4.2) and we set

(Y
zZ1 = SC .

By proceeding as before, we now get

N-1 2
A 9 A B)>C o 1-2s %TAE 2 (ﬂz(t) " ) dt | d
e Al A I K
N-o1)2
49 Cy o [ -2 /gT ('uz(t) N )
> _— .
2 o1 A(Q) /0 z . o) dt | dz

By arguing as in the proof of Theorem 1.3, we deduce that

Me.q(Q) = Ao q(B) > C A(Q) T? (/O 21728 dz)

S
~2(1-3s)

By recalling the definitions of z; and Tj, we get the conclusion. O

AQ) T2 2079,

Remark 6.4. Observe that, differently from the proof of Theorem 1.3, the level z; does not depend
on the asymmetry itself. This explains why the resulting exponent on A(Q) is smaller. Also observe
that even this improved exponent converges to 3, as s goes to 1.

Remark 6.5 (Fractional torsional rigidity). By taking ¢ = 1 in Theorem 6.3 and recalling that

1
7; Q) = ’
( ) )\S,l(Q)
we can obtain
7;(3) 7;(9) ’ 2+1
6.2 N+2s stchQ )
(62 |BITFS TR )

for every open bounded set  C RY which satisfies the assumptions of Theorem 6.3. It is sufficient
to repeat the proof of Corollary 1.5 and use Theorem 6.3, in place of Theorem 1.3.

We point out that, after the completion of this paper, the manuscript [24] appeared. There the
author proved the very same estimate (6.2), without any further regularity assumption on £, see
[24, Theorem 1.8]. The proof in [24] starts from our estimate (5.8) for ¢ = 1 and exploits the
possibility of writing 7,(2) as an integral of the distribution function t — |{z : ug > t}|, in order
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to get a (slightly) better control in terms of A(2). However, this approach can not be generalized
to cover all the range 1 < ¢ < 25.

APPENDIX A. ASYMPTOTICS FOR THE POINCARE-SOBOLEV CONSTANT

In the next result, we use 2* to denote the usual Sobolev exponent, i.e.

2N
= iN>3
o) N2 B

400, if N =2.
For 1 < ¢ < 2%, we recall the notation

= i 2 . —
Ma@ = min{IVulta ¢ el =1},

Lemma A.1. Let N > 2 and 1 < q < 2%, then for every Q C RN open bounded set, we have

(A.1) limsup(L = 5) A,y () < ¥ A1 ().
s,/

If in addition Q has Lipschitz boundary, then
. WN

(A.2) i (1= 8) X (@) = 2 204(9).

Proof. In order to prove (A.1), it is sufficient to use the Bourgain-Brezis-Mironescu convergence
result

s 1
see [4]. Indeed, by taking ¢ € C§°(€2) with unit L? norm and using the definition of A, 4(2), from
the previous formula we get

limsup(l — s) As () < lim (1 — s) [(p]%vs,z(RN) =N / V| d.
s 1 s 2 Q

lim (1 — s) [SD]IQ/VS,Q(RN) = MTN /Q |Ve|? d, for every ¢ € C5°(9),

By taking the infimum over all admissible ¢, we get (A.1).

We now show (A.2). The case ¢ = 2 is already contained in [9, Theorem 1.2], we thus treat the
case q # 2. We take 1 < ¢ < 2* and fix

We then observe that
sop=1-No<s<l1 = g <2
From now on, we thus work with sy < s < 1. We start by observing that [9, Corollary 2.2] entails

s(1—s) [u]%VS,Q(RN) <C Hu||2Lg1(5;) ||Vu||2L§(Q)7 for every u € C5°(9),

for some C' = C'(N) > 0. In particular, by using the definition of A 4(£2), we get
2(1-s s
(A.3) 5 (1= ) X g(®) [ullfaqe) < C llull 75y [Vl ).

We have to distinguish two cases:
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o if , we use in (A.3) the Gagliardo-Nirenberg inequality

lull 2 (@) < Cnvg llullzafoy VUl 220y,
where ¢ is determined by scale invariance, i.e.
__ (@2-9gN
2N —q(N-2)
This yields
5 (1= ) A () [l gy < C lul20i57 O ) 28150 7+,

for a possibly different constant C = C(N,q) > 0. By dividing on both sides by ||ul|%,, we

get
(1—s)9+s
||VU||2L2(Q) >

||U||%q(g)

s(1=38)XAsq()) <C (

Since this holds for every u € C§°(£2), we finally get

(A4) sl ag@ < (r@) 7

o if , we use in (A.3) Hoélder’s inequality

lul2a0) < 1907 Jull20q)
This now gives
—s 2(1—s
5 (1= 8) Mg () 2y < C10210H) =) )3 0o Va2 -

By proceeding as in the previous case, we thus obtain

(g=2) (1=s)

(A5) 5 (1= ) Aeg(@) < 10175 (A 4(@)
From (A.4) and (A.5), we have obtained that there exists a constant C' = C(N,¢,€, ) > 0 such
that
(A.6) s(1—8)Asq(Q) < C, for every sp < s < 1.
Then for every sequence {sg}ren C (so,1) converging to 1, we take
uy, € DF3(Q), up > 0in Q,

to be a minimizer of the variational problem which defines A, 4(€2). By definition and estimate
(A.6), we have

(A7) (1= si) [un]fyer vy = (1= 85) Asyq () < C, for every k € N.

By using [9, Lemma 3.10], up to consider a subsequence, we have

(A.8) [y —ullz2) =0,

for some u € Dé’Q (©2). With a simple argument, from the previous estimate we can also infer

i — =0.
kgf;o [k UHLq(m
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Indeed, for 1 < ¢ < 2 this simply follows from Holder’s inequality. For ¢ > 2, we can use the
fractional Sobolev inequality and the interpolation inequality of [9, Proposition 2.1], so to get

lug = ul|Fay < Na(Q) [ur — uffya @y

8
Sk -£) S,

s 2 S
< Ol =l (0= i) T = ulyeaan) ) ™

where 0 < 8 < sy is a fixed exponent, taken so that 23 = ¢. Hence, by the fact that u € Dé’2(Q)
and using (A.7) and (A.8), we obtain also in this case that

. . l_i
klggo luk — ul| (o) < klirr;oC lluk = wll 23y = 0,

since the constant C' > 0 in the last inequality can be taken uniform as k goes to oo.
In particular, the function w has unit L? norm. By using the I'—convergence result of [9, Propo-
sition 3.11] and the minimality of u, we get

WN wWN .
7 )\Lq(Q) S 7 /Q |VU|2 d:C S hknigf(l — Sk) [uk]%/VSk’Q(IRN)

= liminf(1 — sx) As,, 4(2).
k—oo

(A.9)

By using (A.1), we thus get
w .
5 Ma() = lim (1 - s¢) Asy ().

2 k—o0
This in turn implies that equality must hold everywhere in (A.9), thus the limit function u is optimal
for A1 4(€). This concludes the proof. O

Remark A.2 (Irregular sets). The hypothesis of Lipschitz regularity on 99 could probably be
relaxed. However, for a general open bounded set 2 C R the equality (A.2) is not true. Indeed,
we can produce a counter-example by using a similar construction to that of [26, Section 7], which
deals with a related phenomenon.

By using [28, Section 10.4.3, Proposition 5], we can exhibit a Cantor-type bounded set F' C RV
such that

cap;(F) >0 but cap,(F) = 0 for every s < 1.
Here cap,(F') denotes the s—capacity of F. In this way, if we consider the open set B\ F', the set
F'is “invisible” for every A; ¢(B\ F'), when s < 1. Then we get

lim (1= 5) Asg(B\ F) = lim (1~ 5) Aoy (B) = %N ALg(B) < %N Ag(B\ F).

s 1

The last strict inequality follows from the fact that F' has positive capacity when s = 1.
Lemma A.3. Let N >2 and 0 < s < 1. We define the sharp Sobolev constant in R

o Ny _ : 2 . 2% _
SN7S = AS,Q: (R ) = ueclgI.}f(‘RN) {[U]WS,Q(RN) . /RN |U s dr = 1} .

Then for every 2 C RN open set with finite measure, we have

Jim Ao g(©) =S

s
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Proof. The proof is standard, we give it for completeness. We set

Ue) =(1+0) 7 ,

then we know that functions of the form

P

|z — o]
t

), t>0, zo € RV,

are such that

[U 3T ]2 S,
(A.10) PROWRRRY) o = Sh

« 23
(], o)

see [14, Theorem 1.1]. Since 2 is an open set, there exists Br(zo) C Q. We consider the “truncated”

extremal r
<pt(x)<u(|m_‘”°>u<>>, zeq.
t t)).

Then the function ¢;/||¢¢||za(n) is admissible in the variational problem which defines A, 4(£2).
Thus we get

Spt]%/(/s,z(]RN) [Ut,xo]%/{/s,z(RN)

limsup As 4(€2) < limsup

a2} q.2} ”Spt‘l%rz(g) o _ 2% 2
Joo (1 (557) = (F))
Br(zo) t t

tN—2s [U]%,Vs,z(RN)

(N—2s /35{(0) <Z/I(|:c) —u <Jf)>2: dx

By taking the limit as ¢ goes to 0 and recalling (A.10), we can infer

limsup As 4(Q2) < Sns-
2%

m*‘“

v
m*‘“

In order to prove that

liminf As 4(€2) > Sn s,
q.72%

it is sufficient to use Hélder’s inequality. Indeed, this gives that
2_ 2
As,2:(Q) < Q7 2 A 4 (), for ¢ < 27.
By observing that A 2« (RY) < Ag2:(€2), we can now get the desired conclusion. O
APPENDIX B. TWO EQUIVALENT SEMINORMS IN W*2(R¥)

For every measurable function « : RV — R and every i = 1,..., N, we define

1
Foo lu(z + o0e;) — u(z)]? 2
[u] W (RN) —(/ /RN TS dwdg) .

In Lemma 2.4 we used that the sum of these seminorms is equivalent to the standard Sobolev-
Slobodeckii seminorm. Even if this result should belong to the folklore on Sobolev spaces, we have
not been able to find a reference for this fact.
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Proposition B.1. Let 0 < s < 1, then for every u € C§°(RY) we have

2

6 SQ(RN 7[ ]WSZ(]RN <CZ >2RN),

for a constant C = C(N) > 1.

Proof. We prove the two inequalities separately. In order to prove the first one, we define the
K —functionals

K(t,u) = inf { — +t||V },
(t,u) veclon(]RN) [|lu U||L2(RN) l ’U||L2(RN)
and
K;(t,u) = inf [ — +t||vg. }, p=1,...,N.
( 'LL) UGCIOH(]RN) ||7.L U”LZ(RN) ||’U Pl L2(RN) 1

Observe that we trivially have
Ki(t,u) < K(t,u), i=1,....N
By using this and [36, Theorem 35.2], we have

N

([ (5 v

1=1
thus in order to prove the first inequality in the statement, we only need to prove that

- 2 .\ 2
(B.1) [u] o2 gy < C (/ <Kz(t,u)) dt) . fori=1,....N.

To prove (B.1), we take ¢ > 0 and g > 0, then there exists v € C§°(RY) such that

2@y) < (1+¢) K; (§7U> :

4
(B.2) lu = vllz2@n) + 5 [va,
2

Thus we get?

R e ]

o(z + o)) —v(@)? | \?
+ (/RN JIEEF dx

_1_ _1_
SQQ 2 SHU*’UHL2(RN)+£)1 2 S“Uzi

L2(RN)
1
= 2075 (Jlu = vllpan + 3 a2 ) -
By using (B.2), we then obtain

ju(z + ) = u(a)P e g (2
f st ()

3Tn the second inequality, we use the classical fact

(/RN ‘U(Q?+Q|egi|)2*v(m)|2 dm)% < </RN |vzi\2dx)%.
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We now integrate with respect to ¢ > 0 and make a change of variable. This yields directly (B.1),
as desired.

In order to prove the second inequality, we observe that

= (], )

sv-1.Jo RN 0?* 0

For w = (w1, ...,wn) € S¥=1 we use the triangle inequality so to get

oo (z + ow) — u(x)[?
/ /]RN EEE dx do

/+oo/ aﬂ—kzz 10W; ez) — u()
RN

1+2s

’ 2

dx do

2

dx do

\ /\

Q1+2$

N 400
_ T+ owje;) — U($)|
= ;/ /RN ST dz do,

where we used the simple change of variable

N-1 4o x—i—ZZ 1 szel> —u(x—i—Zﬁ\!lj*lgwiei)
| Lk

N—j—1

T+ Z ow; € =Y.
i=1

We thus obtain

N +00 2
2 ( + owj ;) — u()|
[U]WS,Q(RN) < N Z/N ) / /]RN 1+2s dx dQ
N oo
Z/ /* / u(e+owse) —u@)l” 0
j=1 {w;>0}NSN -1 RN 1+2b
N

~+o0 2
u(z+owje;) —u(z)|
+ N / / / dx do.
Z {w;<0}NSN -1 RN olt2s

We can use the change of variable w; ¢ =t in the first integral and w; ¢ = —t in the second one, so
to obtain
+00 2
(x +te;) —u(x)]
[u]fye2mny < N / w?* dHN / / J dz dt
Ws:2(RN) Z {; >0}NSN -1 wj RN t1+2s

+N2N: / w2 AN /m/ wle —tey) —u@)l 4 gy
{w;>0}NSN -1 RN ti+2s .
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In conclusion, we obtained

3 [N H
N—
ey < V2N / r P2 ) Sl
{w1>0}NSN -1 = J
By using some standard algebraic manipulations, we then obtain the desired inequality. O

(1]
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