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This version: May 6, 2019

Abstract

We study a class of R%valued continuous strong Markov processes that are generated, only locally,
by an ultra-parabolic operator with coefficients that are regular w.r.t. the intrinsic geometry induced
by the operator itself and not w.r.t. the Euclidean one. The first main result is a local It6 formula for
functions that are not twice-differentiable in the classical sense, but only intrinsically w.r.t. to a set of
vector fields, related to the generator, satisfying the Hérmander condition. The second main contribution,

which builds upon the first one, is an existence and regularity result for the local transition density.

Résumé

Dans cet article on étudie une classe de processus de type Markov forts continus & valeurs dans R?
qui sont engendrés que localement par un opérateur ultra-parabolique avec des coefficients réguliers par
rapport a la géométrie intrinseque induite par le méme opérateur et non par rapport a la géométrie
euclidienne. On obtient au moins deux résultats importants. Le premier est une formule locale d’Ito
valable pour des fonctions qui ne sont pas deux fois différentiables dans le sens classique, mais que
intrinsequement par rapport a un ensemble de champs de vecteurs, liés au générateur, satisfaisant la
condition d’Hérmander. La deuxiéme contribution, qui s’appuie sur la premiére, est un résultat d’existence

et de régularité pour la densité de transition locale.

Keywords: Hérmander condition, intrinsic geometry, intrinsic Holder spaces, Kolmogorov equations, local
densities, strong Feller property.
Acknowledgements: The authors are grateful to the anonymous Reviewer for their thorough reading and
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1 Introduction

We study an R%valued continuous strong Markov process X that is generated, in a way that will be specified

later, only locally on a domain D C R? by the degenerate operator

1 Po Po
A= 3 ;1 i (t, )0z, + ;ai(t,x)axi +(Bx,V,)  t€0,Ty[, = € D. (1.1)
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Above, py < d and B is a (d x d)-matrix with constant real entries. In this paper, the focus is mainly on the
case py < d, which implies that no ellipticity condition on A; is satisfied (i.e. the second order part is fully

degenerate). The main structural assumption on the local-generator A; is the following

Assumption 1.1. The matrix B is such that the Kolmogorov operator

1 Po
K= z;a;i +(Bx,V,)+ 8, xz€R (1.2)
= =Y

is hypoelliptic on R x R?. Equivalently, the vector fields 0, ,...,0, and Y satisfy the Hormander condition

PO

rank Lie(0yy,...,0,, ,Y) =d.

» Y Tpg o

Assumption [[Tlis the only hypothesis required for the first main result of the paper, namely the instrinsic

1t6’s formula. The second main result, about the local density of X, is stated under the following additional
Assumption 1.2. There exist « € (0,1], N € NU{0} and M > 0 such that:
i) aij,a; € Ch (10, To[xD) for any i,j = 1,...,po, with all the (Lie) derivatives bounded by M:;

ii) the following coercivity condition holds on D:

Po
M7EP <Y ay(ta)6é < MIEP,  te]0,Tol, v e D, £ R,

4,j=1

The spaces Cg’a(]O, To[x D) appearing above are the intrinsic Holder spaces induced by the vector fields
Ozyy--+50z, and Y: their definition is recalled, for the reader’s convenience, in Section Thanks to
condition i7) above, (0; + A:) can be seen as a perturbation of the hypoelliptic operator X in (L.2).

Operators of the form (1) appear in various applicative fields; in physics, they describe the dynamics of
some stochastic Hamiltonian systems (see e.g. [19] and [21]). In mathematical finance, a relevant prototype
example that fits Assumptions [LT] and [L2]is the stochastic process X = (X!, X?) defined by

dX} = X}dW,

(1.3)
dX? = X}dt,
which is generated by the operator
a? 2
A= 78961951 + I18x2, (Il, IQ) S R>0. (14)

This operator is related to the valuation of a class of path-dependent financial derivatives known as arithmetic
Asian options. The process X} is a geometric Brownian motion and represents the price of a risky asset,

whereas X7 represents its time-average. The operator fulfills Assumption [Tl in that the commutator
[02,,Y] := 05, Y — YOy, = Osy,

and also satisfies Assumption for any D =]a, co[ with @ > 0. Although more sophisticated models, with
more flexible dynamics (local-stochastic volatility) for the price of the underlying asset, were proposed to

price Asian options, the prototype process (I.3) is complex enough to exhibit some interesting mathematical



properties. In fact, the problem of analytically characterizing its joint transition density is still partially
open, and sharp upper/lower bounds were established only recently in [4].

We remark that, besides the fact that the partial derivative 0y,y, is missing in the generator A in (4,
the coefficient of the second order derivative 0,,,, also degenerates near zero. Nevertheless, the local nature
of our study allows us to handle such diffusions and derive local results on a suitable domain. More generally
(see Proposition B4l below for the precise statement), the class of stochastic processes that we consider

includes locally-integrated diffusions of the form
dXt = /L(t, Xt)dt + O'(t, Xt)th,

with g1 : [0, To[xR? — R? and o : [0, To[xR? — R4*™ such that, for any (¢, ) € [0, Ty[x D,

/L(ta I) = (al(ta I)a e 7a100(t5 I)a 07 T 70) + B.I, (15)
Alt, 0 _
UUT(t,:E) — ( ( JI) po X (d—po) ) , A= (aij(tvx))i7j:17..,7p0 , (16)
O(@—po)xpo  Od—po)x(d—po)

and with B and a;;, a; satisfying Assumptions [[1] and respectively. We mention that SDEs with a
similar chained/blocks structure of the drift (in the sense of Lemma 2] below, but not necessarily linear)
were studied in [5]. In this reference, the coercivity condition on the first pg components of Assumption
[[2Hi) is also common, and the Holder-regularity of coefficients and their derivatives is similar. On the other
hand, the norms used to account for the multiscale behavior of the process, due to the Hérmander condition,
are different from those used in this paper.

We emphasize that no assumption is required on the generator of X outside the domain D, although the

process X “lives” on R%, meaning that its trajectories are allowed to go in and out D.

1.1 Main results and comparison with the literature

Here we report and discuss the main results of the paper comparing them to the related literature. Granted
that precise definitions will be given in the sequel, namely in Sections 2l and Bl we will provide here a heuristic
explanation of all the objects that appear in the statements below.

The first main result of this paper is a local intrinsic Itd formula for X. In the following statement, P; ,
represents the probability under which the process X starts from the point = at time ¢ with probability one

and F! is a filtration to which (X7)r>; is adapted. Moreover, we denote by £ the differential operator

1 Po Po
L= Jz::l aij(t, )0z, + ;ai(t,x)azi +Y (1.7)

where Y is the vector field as defined in (L2)).

Theorem 1.3 (Intrinsic Ité formula). Let X be a local diffusion on R? generated by A; on D (in the
sense of Definition[32) and let Assumption[Idl be in force. Then, for any fized (t,z) €]0, To[xR?, a €]0,1]
and f € Cé’a with compact support in |0, To[x D, we have

T
F(T, X7) = f(t X)) +/ Cf(u, Xo)du+ M, t<T <T, (1.8)
t
where M is a zero-mean Ft-martingale under P ., and
T Po
Etm“M%H = Etm[/ Z a;ij (8, Xs)Op, f(5,Xs)0r, f(5, Xs)ds|. (1.9)
tog =1



Formula (L8] is a local result since no assumption is made on the generator of X outside D. Moreover,
the It6 formula above is stronger than the classical one as it is proved for a class of functions that are not
twice-differentiable in the classical sense, but only with respect to the non-Euclidean geometry induced by
the vector fields 0z, ..., 0z, and Y in Assumption [L.Il Roughly speaking, we say that f € CJQB’O‘ (10, To[x D)
if Oy, f,...,0p,, [ and Y f exist on 10, To[x D and they are a-Holder continuous with respect to the semi-
distance

T —t|"? + |y —eT D82, (t,2),(T,y) e R xR,

with | - |p as in (22). Note that Y f is meant as a Lie derivative and not as a combination of Euclidean
derivatives: in principle, 0;f and 0., f with ¢ > po do not exist; on the other hand, the Euclidean space
C?* is included in Cé’a. We also highlight the fact that Assumption is not required in Theorem
Deferring the precise definition untill the next section, |- |p is an anisotropic quasi-norm on R that accounts
for multi-scale behavior of the diffusion. As an example, in the case of the model seen before for arithmetic

Asian options, the quasi-norm reads as
|(I1,ZE2)|B:|{E1|+|$2|%, (I15I2)€R27

and

3
u(t,iE17$2):|iE2—C|2, CER,

is an instance of function of class 0123’1, but only C1'/2 in the classical sense. We refer the reader to 13,
Section 3.3] for more examples of functions whose intrinsic regularity is strictly higher than the Euclidean
one, including functions of class CJQB’O‘ but only C%? in the classical meaning.

Just like the classical It formula is based on the standard Taylor expansion, the cornerstone of (L8] is

a non-Euclidean Taylor formula, proved in [I3] and [14] for functions in C’5®, which roughly states that

F(Ty) =T f(T,y) + O(T = t|%) + O(jy — eT=952[ ") as (T,y) = (t,2) €]0,Ty[xD,  (1.10)
where
Po
T F(Toy) = f(t,2) + (T = Y f(t,2) + > (y— eTP2) 0, f(t,) (1.11)
=1
1 Po - -
+5 > (=T ) (y — T Pa) 0, 0 f(1,2).

i,j=1
With (LI0)-(CII) at hand, it is possible to outline the main arguments the proof of Theorem [[3] is built
upon. Analogously to the classical case, the key step is proving that

Ev o f(T, X1)] — f(t, )
Tt

— Lf(t,x) as T —t— 0T, (1.12)

uniformly w.r.t. € R%, for any f € 0123’0‘ with compact support in |0, To[x D. Applying (LI0) yields

_ 24«
Bl (1. X)) = f(t.) _ B [T I (T X) = f18.0) s [O(xr — 77, +0(IT —1]7)
T—t N T—t T—t '
=:g1(t,T) =:92(t,T)

It is then clear that (I.I2]) holds true if

gl(taT)HLf(taI)a 92(t,T)—>O, aST_t_)OJra



uniformly w.r.t. € R% Now, while the proof of the first limit above is quite straightforward and stems
simply from the fact that X is locally generated by A: on D (see Definition B.2]), the second limit is a deeper
result and represents the main element of novelty in the proof of Theorem In particular, we note that

g2(t,T) — 0 is a consequence of the fact that

24«
Bra |11y 21 <o | X7 — eT=0Ba] 1]

li -0, 48>0,
T i+ T—t

uniformly w.r.t. z € H compact subset of D, and we emphasize that the latter is stronger than the classical

general estimate for diffusion processes (see [§] or [2])

f Bre[Lixe—ai<oy | Xr — 2]
1m
T—t—0+ T—1

=0, >0,

since the intrinsic quasi-norm |-|g on R? is such that |z| = o(|z|5) as # — 0 along the degenerate directions.

The second main result of the paper is the theorem below that states the existence of a local (on D)
transition density I'(¢,2z; T, &) for X, reveals its intrinsic regularity w.r.t. both the forward and backward
variables, and shows that it solves a forward and a backward Kolmogorov equation on |, To[x D and ]0, T[x D,
respectively. Before stating the result, we need to introduce the last additional assumption, which is only

needed to prove the regularity w.r.t. the backward variables.

Assumption 1.4. X is a Feller process on D, i.e. for any T €]0,Ty[ and bounded ¢ € C(R%) the function
(t,x) — By 4[p(Xr)] is continuous on ]0, T[x D.

Note that, since the coercivity condition in Assumption [[.2Hi) only holds on D, the Feller property for
the semigroup ¢ — Ey .[¢(X7)] is not ensured. This is due to the fact that the trajectories of X are allowed
to leave and re-enter the domain D, but no assumption is made on the generator of X outside D. Had
Assumption been satisfied for D = R, the Feller property would stem from PDEs arguments, namely
the existence and regularity results for the fundamental solution of £ on R? that were proved in [17] and [6]

be means of the so-called parametrix method.

Theorem 1.5. Let X be a local diffusion on R? generated by A; on D (in the sense of Definition[3.3) and
let Assumption Il be in force. Denoting by p(t,x; T, ) the transition distribution of X, we have:

a) if Assumption[2 with N = 0 is also in force, then X has a local transition density T' on D, namely a
non-negative measurable function T'(t,z;T,y) defined for any 0 <t <T < Ty and x € R%, y € D, such
that

p(t,z; T, A) = / Lt T,y)dy,  A€B(D).
A
Furthermore, T'(t,z;T,-) is continuous on D and locally bounded uniformly w.r.t. x € R%;

b) if Assumption[LAwith N = 2 is also in force, then for any (t,x) €0, To[xR? the function T'(t,x;-,-) €

CE*(Jt, To[x D) and solves the forward Kolmogorov equation
L¥u =0, on |t, To[x D, (1.13)

where L* is the formal adjoint of L;



¢) if Assumption L3 with N = 0 and Assumption [I4] are also in force, then for any (T,y) €]0,To[xD
the function T(-, - T,y) € Cx*(]0, T[x D) and solves the backward Kolmogorov equation

Lu =0, on |0, T[xD. (1.14)

This statement partially generalizes [9], Sec. 4, where analogous results were obtained under the as-
sumption that the coefficients of the generator are smooth on D. In particular, the main assumption in the
latter reference is a sort of local hypoellipticity condition for the generator, expressed in terms of Malliavin’s
matrix, on a given domain D of R%. So, if on the one hand the framework in [9] is more general, on the
other hand our assumptions are weaker in that we assume the coefficients belonging to the intrinsic Holder
space C%® (or O for the regularity w.r.t. the forward variables). Again, we stress the fact that Cy®
(C?B’O‘) not only does contain C°°, but also includes the standard Hélder space C% (C?%). Recent results
on the local density assuming standard regularity of the coefficients were proved in [3], under local strong
Hoérmander-type conditions, and in [I6], under local weak Hormander-type conditions for two-dimensional
diffusions.

The proof of Theorem partially relies on some existence and regularity results (see [6] and [7] among
others) obtained in a PDEs’ context for the fundamental solution and the Green functions of Kolmogorov
operators, as well as on some Schauder estimates (see again [7]). However, it is important to stress that
the latter results alone are not enough to prove Theorem This is due to the fact that our structural
assumptions on the generator of X only hold on D, whereas there is no assumption on what is the behavior
of the process outside D. For this reason, it will be necessary to combine the PDE results mentioned above
with some probabilistic interlacing techniques and a crucial role will be played by the It6 formula of Theorem
Lol

More in detail, we adapt and customize the localization technique introduced in [9], Sec. 4. We first
prove a Feynman-Kac formula (Lemma[£2]) that allows to link the solutions of the Cauchy-Dirichlet problem
for £ on suitable cylinders of ]0, To[x D to the semigroup of the stopped diffusion. As this step is based on
the application of Itd formula to the solution of the Cauchy-Dirichlet problem and the latter is not of class
C? in the classical sense but only intrinsically, it is clear that the It6 formula needed here is the one in
Theorem and not the classical one. The proof of the existence of the local density can be then completed
by following closely the procedure employed by Kusuoka and Stroock, which makes use of a sequence of
stopping times that keep track of when the process exits and re-enters the domain D.

Once Part a) is proved, we need to depart from the latter procedure in order to prove part Part b) and
Part ¢). In particular, to obtain the intrinsic regularity of the local density T'(¢,z;T,y) w.r.t. the forward
variables (T, y) € D, it will be crucial to employ the Schauder internal estimates for the solutions of Lu =0
proved in [7], combined with the Gaussian upper bounds for the Green function of £ proved in the same
reference. Once we have proved that T'(¢, ;) € C5*(]t, To[x D), then the fact that I'(t, z; -, ) solves (LI3)
simply follows because the latter is satisfied by the transition probability kernel of X in the distributional
sense (see Remark [B377).

To prove that T'(-,;T,y) € Cx*(]0, T[x D) and solves (LI4), we first show that the same holds true for
the function (t,7) — F; . [p(X7)] for any ¢ € Cy(R?). This step is based again on a Feynman-Kac formula
and a crucial role is played one more time by the intrinsic It6 formula of Theorem [ 3l Finally, Part ¢) follows
by proving that the same properties hold true for any bounded measurable function ¢ on R?. We remark

that this last step is based on the fact that X actually enjoys the strong Feller property, namely the property



in Assumption [[.4] extended to bounded measurable functions, which we prove in Lemma by assuming
the standard Feller property. Here we heavily rely again on the Schauder estimates in [7]. We point out
that the latter result, i.e. proving the strong Feller property starting from the standard one, might enjoy
an independent interest as it generalizes some previous results obtained in [I8] under stronger assumptions,
basically existence and uniform boundedness of the global transition density.

The rest of the paper is organized as follows. In Section 2l we recall the definition of B-quasi-norm, the
B-intrinsic Holder spaces and the related intrinsic Taylor formula. In Section Blwe give the precise definition
of Ay-local diffusion on R? and prove Theorem [[3l In Section B we prove Theorem In Appendix [Al we
collect some useful PDE results for £-like operators, and in Appendix [Bl we recall some classic construction

procedures for Markov processes.

2 Preliminaries: Holder spaces and Taylor formula

We recall the following useful characterization of Assumption [Tl proved in [10].

Lemma 2.1. Assumption[L1l is fulfilled if and only if B takes the block form

x % x ok
By x * %

B = 0 By -+ *x (2.1)
0 0 B, x

where Bj is a (p; X pj—1)-matriz with full rank (equal to p;) for j = 1,...,r, the x-blocks are arbitrary,

po>pr>--2pr>landpo+pr+---+p=d

We introduce the quasi-norm in R?

T Dj J
2lp = > |mM® pi=> pr, poa=0, (2.2)
k=0

J=0i=p;_1+1

that is homogeneous with respect to the dilations group
Do(\) = diag (Apy, NI, , ..., AT, ), A>0. (2.3)
For any (t,z) € R x R%and i =1,--- ,po, we denote by

% (t, x) = (t,x + de;), eV (t,x) = (t +6,e°Ba), 4 >0,

the integral curves of the vector fields 9y, - ,0;, ,Y starting at (t,z). Here e; denotes the i-th element of

the canonical basis of R?. Now, let Q be a domain in R x R%. For any (t,z) € Q we set
O(t,2) = Sup {5 €]10,1] | %=1 (t,z), - ,e‘sazpo (t,z), e‘sy(t, z) € Q for any § € [—6, 5]} .

If V is compactly contained in @ (hereafter we write V' € Q), we set oy = ( ir;f v d(1,)- Note that dy €]0,1].
t,x)e



Definition 2.2. Let oy €]0,1], ap €]0,2] and i = 1,--- ,po. We say that f € C3' (Q) and g € C3*(Q) if

the following semi-norms are finite

‘f (6685% (tvx)) B f(tv‘r)’ ’g (eéy(tv‘r)) —g(t,x)’

”fHCaaji(V) = (fﬁgv HE ) ||9Hc§;2(v) = (t’sxgv |5|% ’
0< 8| <8y, 0<[8]|<dy

for any V € Q.

We can now define the so-called B-Holder spaces. We point out that slightly different versions of such
spaces were previously adopted in several works (see [7] and [II] among others). Here we use the definition
given [I3], which is basically the one required in order to prove an intrinsic Taylor formula where the

remainder is in terms of the intrinsic quasi-norm.
Definition 2.3. Let Q a domain of R x R? and let o €]0, 1], then:
i) felyQ)if feC(Q)and f e C5..(Q) for any i = 1,...,po;
ii) feCp™Q)if f e CLr(Q) and 8, f € CX*(Q) for any i = 1,.. ., po;
iii) for n € Nwithn>2, f € Op*(Q)if Yf e Cp>%Q) and d,, f € Cp "*(Q) for any i = 1,.. ., po.

Moreover, for f € C5“(Q) and V € Q, we set

Po
||f||c;;(v>+Z||f||cgzi(\/), n=0
i=1
Po
||f||cg’ﬂ(V) = ||f||c;+1(v) + Z ||6z¢f||c%va(v)a n=1

i=1

Po
1Y Flley2eqy + 3 105 f

=1

n > 2.

legrewy

If f € Cp*(Q) and has compact support then we write f € Cj'g (Q).

The next result was proved in [I3] in the particular case when the %-blocks in (21 are null and then

extended to the general case in [14].
Theorem 2.4. Let Q be a domain of R x RY, a €]0,1] and n € No. If f € C5*(Q) then we have:
1) there exist

YRl fe o), 0<2k+[8p <n,

where [B]p denotes the height of the multi-index 8 defined as

T Dj

Ble=2 > i+1)8;

2) for any (to,x0) € Q, there exist two bounded domains U,V , such that (tg,x0) € U CV C Q and

n s n+ao
f(t2) =T, £(t.2)| < eoull fllegen (It =2 +a=e Py | ), (ta), (s.) € U, (2.4)



where cp,y 15 a positive constant and TEZ)U) is the n-th order intrinsic Taylor polynomial of [ centered

at (s,y) given by

n 1 t—s
TESL)f(t, x) = Z W(Ykagf(s, y))(t - s)k(x — el )By)ﬁ, (t,z) € R x RY.

k€No, BENT
0<2k+[B]p<n

Corollary 2.5. If f € Cy'5(Q), then @) holds true with U = supp(f) and V = Q.

3 Local diffusions and intrinsic Ito0 formula

For a given Ty > 0 we consider a continuous R?-valued strong Markov process X = (X¢);e(0,7,[ (in the sense
of |8 as it is recalled in Appendix [B) with transition probability function p = p(t,x; T, d€), defined on a
space

(Qv F, (f%)OStST<T07 (Pt,w)0§t<To.,z€]Rd) .

For any bounded Borel measurable function ¢, we denote by

Ey.[p(Xr)] = (Tore) (@) = /

p(t,z; T,d)p(€), 0<t<T<Tpy =R
Rd

the P, z-expectation and the semigroup associated with the transition probability function p, respectively
(cf. Chapter 2.1 in [§]). Hereafter we also fix a domain D, which is an open and connected subset of R?.

Notation 3.1. For a given function f(¢,T) with T €]0,Ty[ and ¢ € [0, T'[, we set

lm f(T) = lim f(Lt+0) = lm f(t=ht), e[0T

T—t—0t
when the second and the third limits exist and coincide with each other.

The following two sets of limits will be used to give the definition of local diffusion.

[Lim-i)] For any t € [0,Tp[, § > 0, and H compact subset of D, there exist the limits

t,x;T,d
Tjirilo+ / % =0, uniformly w.r.t. z € R?, (3.1)
{l¢—=|>63nH
t,x;T,d
Tjiri10+ / % =0, uniformly w.r.t. z € H. (3.2)
|§—z|>6
[Lim-ii)] For any ¢ € [0,Tp[, 6 > 0, and H compact subset of D, and for any ¢ = 1,--- , d, there exist the limits
t,x;T,d ai(t,x) + (Bx); ifi=1,---,
lim / (g_x)iw: (t,z) + (Bu) Do | (3.3)
e =t o ifi=py+1,,d

. p(t,x; T, dE aij(t,r) ifi,j=1,---,po
i, [ (€=l ), T = 0 R
Tﬁt%olﬁ—w|<6 - 0 ifiorj=po+1,---,d

uniformly w.r.t. € H, for some B as in (1)) and a,;,a; € L3.([0, To[x D).

loc



Definition 3.2. Let A; an operator as in ([LI). We say that X is a local diffusion generated by A; on D
(an A¢-local diffusion in short) if [Lim-i)] and [Lim-ii)] hold. In case they hold with D = R? then we call
X a global diffusion generated by A; (an A¢-global diffusion in short).

The following proposition is useful for the applications because several models are defined in terms of solutions
to stochastic differential equations. It shows that (stopped) solutions of SDEs are local diffusions in the sense
of Definition

Remark 3.3. Since we are dealing with stopping times, we point that we did not impose any right-continuity
assumption on the filtrations Ft. This is justified by the fact that, in the next proposition as well as in the
rest of the paper, we will only consider hitting times of closed sets, which appear to be stopping times even

if the the filtration is not right-continuous (see [§], Theorem 2.2 p. 25).

Proposition 3.4. Let (X;) 0.To| be a continuous Markov process defined as X; = Xt/\T, where:

te]

i) X is a solution of the SDE
dXt = ‘U(t, Xt)dt + O'(t, Xt)th

where W is a n-dimensional Brownian motion and the coefficients p and o are continuous and as in
i) T is the first exit time of X from a domain D' containing D.

Then X is a A¢-local diffusion on R in the sense of Definition [3.2.

Proof. The statement is a particular case of Lemma 2.3 in [12], which proves that [Lim-i)] and [Lim-ii)]
hold for the kernel of X. O

We have the first key result, whose proof is deferred to Section 3.3

Proposition 3.5. Let Assumptions 1 be in force. Then X is an As-local diffusion on R¢ if and only if
[Lim-i)] holds and for any t € [0,To[, 6 > 0, and H compact subset of D, we have

: _ _(T-t)B p(t,:C;T,df): .
T_lller_I)loJr / (E—e x)iiT—t a;(t, x), (3.5)
|E—z|<d
. T—)B r-py Pt T, dE)
i [ (e 0P (g e 0m) PEERE) o) (36)
[§—z| <o
. _ t,x; T, dE)
| _ prnypy2 Pt 23T, dE) 3.7
e Bl 57
[é—z| <o

for any i,j=1,--- ,po, uniformly w.r.t. x € H, for some B as in 1) and a;j,a; € LS. ([0, To[x D).

The following lemma, whose proof is also deferred to Section B:2] formalizes the fact that A; as in (1)) is
the generator of X on [0, Tp[x D, and shows that the function space for which the semi-group is differentiable
is o'y (10, To[x D).
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Proposition 3.6. Let X be a A;-local diffusion on R* and Assumption [I1 be in force. Then, for any
v € Cp(]0,To[xD) and f € Cg:g (]0, To[x D) we have

Ll s |(Te,re(T, ) () — p(t, x)| = 0, (3.8)
. (Tt,Tf(Tu ))(‘T) - f(t,.’l]) _
o im s T —Lf(t,x)| =0, (3.9)
for any t €]0,Ty[. Moreover, it holds that
d
d—T(Ttny(T, N(@) = Tor (Lf(T,)) (), 0<t<T<Ty =zcR (3.10)

Remark 3.7. By Theorem [[3]it is clear that, for any (,x) €]0, To[xRY, p(t, z;-,-) satisfies

L*u=0 on Jt, To[x D,

in the sense of distributions, with £* being the formal adjoint of £, i.e.

To
/ /Dp(t,x;T, dOVLF(T, T =0,  fe C(t, To[x D). (3.11)

The rest of this section is devoted to the proofs of Theorem [I.3] Proposition B.6] and Proposition

The following scheme summarizes the logical implications among these statements:

Proposition
(non-Euclidean limits) — Pl"OpOSitiOIl _— . ’Ifhepre;n m .
Theorem 2.4 (differentiability of the semigroup) (intrinsic 1t6 formula)

(intrinsic Taylor formula)

3.1 Proof of Theorem [I.3] (Intrinsic It6 formula)

We prove here the intrinsic It6 formula in Theorem The proof relies on the results of Proposition

Proof of Theorem [[L3 First observe that the right-hand side term in ([BI0) is bounded. This stems from
the fact that the coefficients of £ are locally bounded on D (by Definition B2), f € Cg:g (0, To[x D), and

T, - is a contraction. Therefore, we can integrate [B.10)), and obtain the identity

T
(Tt,Tf(Tv'))(x)_f(tvx):/t Tir (Lf(7,) (x)dr, T €lt,Tol. (3.12)

Consider now the process M* defined through (L8). For 7 € [t,T] we have

T
Brw (MY | Ft] = M!+ Boy | £(T, Xr) = f(r, X,) — /

T

Lf(u, Xy,)du | }'ﬁ} = M!+ (1, X;)
where, by the Markov property,

O(r,z) = E;

T
F(T, X7) — f(r,2) — / £ f(u,Xu)du]

(by Fubini’s theorem)
T

= (Tr2 f(T,)) (l’)—f(ﬂx)—/ Tru (£f(u, ")) (z)du

T

11



which is 0 by (312).
To conclude we need to show that

T Po

Vi = (M) _/t 3" (8, Xs)u, (8, X5)0a, (5, X )ds,

ij=1
has null P; ;-expectation. First note that

Po

Z aij(stS)azif(Sa XS)aCEjf(S7XS) = sz(sa Xs) - 2f(57Xs)[4f(57Xs)7

ij=1
which implies
Yi=Yp' 4 Yt Yy,

with

T
Yyt = fAT, Xr) - / Lf2(u, Xo)du + f2(t, Xy),

t

T
vt =2sx0( [ erxod -5 xn),
t
2

vt = —2/tT (F(T, Xr) — fu, X)L f (u, Xo)du + (/tTLf(u,Xu)du) .

Now, by applying the first part of Theorem [[3lto f? and f respectively, it is clear that Y''* and Y%! are

martingales with null P, ,-expectation. Finally, the identity

(/tTLf(%XU)du)2 — 2/tT (LTLf(S7XS)dS>Lf(U,Xu)du

along with (L8] yields
T
vt = —2/ (M4 — ML)Lf (u, Xo)du,
t

which shows that Y3 has null P; ,-expectation and thus concludes the proof.

3.2 Proof of Proposition

We prove here Proposition 3.6l The key ingredients of the proof are the limits in Proposition [3.5] combined

with the intrinsic Taylor formula reported in Section

Proof of Proposition[3.6l The proof of (8.8) is identical to the proof of [12, Eq. (2.6)] as it is only based
on the limits (3) and (32). The same goes for (BI0), which is a corollary of (Z8)-(3) and whose proof
coincides with the proof of [I2, Eq. (2.9)].

Therefore, we only need to prove (B9). Set f € C’g:g (]0, To[x D) whose support is contained in the
interior of 0, To[x H, with H C D a compact subset. We have

Tt,Tf(Tv ‘T) - f(ta I)
T—1

=Liri(z) + Irr2(x)

12



where

T,&) — f(t,x t,x
na@) = [ penrag EEIOD g - LD [ g,
H T - t T - t Rd\H
First note that, by B1l), if z ¢ H it holds that
Lri(x)+ Lra(x)=Lri(z) —0 asT—t— 0, unif. w.r.t. z € R?\ H.

We now consider the case © € H. By B.2) the term I, r2(z) is negligible in the limit. As for I; r1(z), the
intrinsic Taylor formula of Corollary [2.5] yields

FT.8) = flt2) =(T = OF f(t,2) + 3 (€ = 7 0P2)i0n. 1 1:2)

(3.14)
+5 Z e(T=0B z)i (€ — e(Tit)Bx)jari,mj ft.x) + R(t, 2T, €).
ZJ 1
with R such that
24«
R(t,z;T,6)| < c T —t|"2 4 |¢ — T-DBy t,x), (T, &) €]0, To[x H. 3.15
| (7 ) 7§)| H,B | | 5 B ) ) ) 75 > 40
Next we prove that
ap(t,z; T, d
lim / € — eT-0B|2F pEBTAS) i et m e B (3.16)
T—t—0+ T—1
For any = € H and ¢ > 0 suitably small we have
/ ’5 (T t) B 2+O¢p(t ) T dg) C p(tavaudg)
T—t H\Ds(tx,T) 1 —t
a 2 p(t,z; T, d¢
+5/ ¢ —e Tt)B’Tit),
Ds(t,z,T) -

where Djs(t,z,T) = {£ € R? | ’{ e(T-0By ’B < ¢} and C' is a positive constant. By B2) and B71) we
obtain T J
« t
limsup/ ‘f e(T-1)B |2+ Ptz 5) < C10%, unif. w.r.t. z € H.

T—t—0t
This proves ([3.10) since § is arbitrary.

Eventually, (B3] follows by plugging (BI4)) into (BI3]) and passing to the limit using (320), B3), B0)
and (BI5)-@I6). This concludes the proof. O

3.3 Proof of Proposition

The following preliminary result is necessary in order to carry on with the proof of Proposition B.5 It states
that the results in Theorem hold true if the transformation f is twice differentiable in the Euclidean

sense with compact support on ]0, To[x D.

Proposition 3.8 (Classical It6 formula). Let X be a local diffusion on R? generated by A; on D (in
the sense of Definition [33) and let Assumption [I1l be in force. Then, for any fized (t,z) €]0,Ty[xR?,
and f € C?(0,To[x D) with compact support in 10, To[x D, Eq’s (LR)-@C3) hold true with M?! zero-mean

Ft-martingale under P ..

13



Proof. In [12] Lemma 2.2] it was proved that (3.8), 39) and BI0) hold true for any ¢ € Cy(]0,To[x D),
f € C2(]0, Ty[x D). In particular, with ([3I0) at hand, the proof of Proposition 3.8 is identical to the proof
of Theorem Note that no circular argument is employed here, because, for ¢ € Cy(]0,To[x D) and
f € C2()0, Ty[x D), the proof of B.8)-(B.9)-(B.I0) does not rely on Proposition B.5 O

The proof of Proposition also relies on the following

Lemma 3.9. Under the hypothesis [Lim-i)], for any H € D and for any 0 <t < T < Ty, § < 6 :=

dist(H,0D), we have
lim / ph T de) ooy (3.17)
T—t—0+ (T —t)™
{lg—z|20}nH

uniformly w.r.t. v € H.

Proof. Let o) € C&° (D) be a family of functions with partial derivatives uniformly bounded w.r.t. x € H,
and such that ¢(®)(z) = 0 and
=0 =1 on H\ B(z,d).

Note that Proposition B.8] gives

T
o(X7) = 0(Xt) +/ Asp(Xg)ds + M,
t

where M' is an F'-martingale under P; , with

T Po
Etm“MHQ] = Et,m[ Z akl(s,Xs)([)zkga(Xs)) (8ml<p(Xs))ds} (3.18)
togi=1
Thus we obtain
2(m+1) 2m+1 T 2omtD) 2 1
p(t,a; T, d€) < By o[ (p(Xr)) | <22mt Et,m[ / Asp(X)ds + | M Pt ﬂ
t
{l¢—=z|>6}nH
T 2(m+1) 2(m+1)
2(m—|—1) m—+1
<22’”+1Em/ so( X - Ey o [|ML?
<ot (B | [Catrgn) ]+ (e e[,

where we used [8, Lemma 3.8, p. 71] and Jensen’s inequality in the last step. Eventually, (8I7) stems from
(BI8) combined with the fact that ¢ € C§°(D) and the coefficients of A are in LS ([0, To[x D). O

We are now in the position to prove Propostion 3.5l

Proof of Proposition [3.5.

Part 1: if We assume [Lim-i)] to be satisfied together with the limits (B.30)-(@.0)-(@B.1), and prove that
[Lim-ii)] holds. Let ¢ € [0,Tp], § > 0, and H compact subset of D be fixed. All the following limits are
uniform w.r.t. z € H.

We first prove (B3). For any i = 1, ..., d, it holds that :
p(t,l’,T, df) — lim / (5_ e(T—t)B$+e(T—t)B$ _:I;)p(t,flf,T, dg)

li —x); =
T—il—r>lo+ (€=2) T—1t T—t—0+ v T—1

lz—&|<d lz—€&|<é
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. _ t,x; T, dE)

_ _r-npy) PGT ) o 3.19
T to0+ / (5 ‘ I)l T—-1 +(Bz) ( )
lz—¢&|<é

Here we used the property
li t,x;T,df) =1 3.20
o im /p(,:v, yd§) =1, (3.20)
le—g|<s

which follows from [Lim-i)]. Now, for i = 1,--- ,po, (B3) stems from (BH) and B.IJ). On the other hand,
for i =pg+1,--- ,d, note that condition (1) is equivalent to

lim sup / |(§—6(T HB )‘7M<oo

T—t—0t
|E—z|<d

for a certain g; > 3. Therefore, fixing € > 0, for any p €]0, 6] we obtain

R R

T—t—0+ t
|E—z|<d
2 (t,x;T,d 2 (t,x;T,d
timswp [ (gme08) [AEEIDE [ e rong i eb D)
T—t—0+ t t
[E—z[<p p<|é—x|<8
2 (t,x;T,d t,x;T,d
Stmowp [ (gm0 [FREELE 5 gy, s ot T 06)
T—t—0+ -1 T—t
[§—z|<p p<|é—z|<8
(by B.2))
= g / (& - e(T—t)Bx).|q%+€p(t7x;Tu ds)
T—t—0+ ! r—t
[E—z[<p
2 p(t,x; T, d
< lim sup (p+|x|’]d—e(T tB’) / ’(f e(T-0)B ) ’ xif)
T—t—0t
[E—z[<p
< p° limsup / }(5 e(T-1)B ) |_M,
T—t—0+
[E—x| <o
which in turn implies
2 (t,z; T,
lim sup / (6 = T-DBg). }”Ew 0, (3.21)
T—t—0+ t
|E—z|<d
and thus, as ¢ is arbitrary,
. - t,x; T, dE)
1 _ e(T-1)B iuzo_
T—zlfr—I>10+ /(5 c z) T—t
lz—¢&|<é

The latter, combined with (3I9), proves B3) for i =pg+ 1, - ,d.
We now prove [B.4]). By using B3) it is straightforward to show that
. p(t,x; T, dE) . (T—t)B (T—t)B p(t,z; T,dE)
B B e i L B N
|§—z|<s le—a|<é
Now, for i,j =1, ...,po, B4) simply stems from (B.6]). In the case i > py or j > pg, by the Cauchy-Schwarz

inequality we get

_ t,x;T,d - bz T d :
/ ‘ T t)B )Z(g_e(T t)BI)j‘% < < / (g—e(T tﬂi’t)f%)

|§—z|<é le—z|<§
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_ (Tft)B 2p(t7 €3 Ta dé.) :
X ( / ({ e x)jiT—t ,
[E—x| <o

and the limits of the right-hand side integrals are both finite, at least one of each being zero. Indeed, by

BX) and (B32I) we obtain

(g_e(Tft)Bx)Qp(t,fE;T,dg) _ a/k?k?(t7x) lfk: 17 7p0

BTt if k=
|<s 0 ifk=pog+1, ,d.

Therefore, we can conclude that for i > pg or j7 > pg

- - _ t,a; T, de)

1 _ e T-B) (¢ _ (T-t)B M —0

T—il—r)loJr (5 € x)z(g € :E)J T —1t )
|E—z|<d

which, combined with [B3.22)), yields (34]).

Part 2: only if. We now assume [Lim-i)]-[Lim-ii)] and prove the limits B35)-B0)-B1) to be true. Fix

t €[0,To[, 6 > 0, and H compact subset of D. Again, all the following limits are uniform w.r.t. z € H.
The limits 33 and (B6) stem again from @BI9)-B22) with 4,7 =1,---,po. Thus to conclude we only

need to prove ([B.7). We remark that, by (8:2), it is not restrictive to assume § < dist(H, D). By B.6) and

by Jensen’s inequality, it is sufficient to prove

2
] 2i+1

lim sup LEtﬁz “ (X1 — e(Tft)B:E)j |11{\XT—z|<6} < 00, (3.23)

T—t—o+ L —1

for any fixed i € {1,---,r} and j € {Zz;lopk +1,---,d}. We prove B.23) in two different steps:
Step 1. We prove that

, 1 _ T
lim sup —tEt’m D (XT —eT t)Baj)j}ll{‘XT_wK(;}} o
T—t—0+ + —
2
1 r ; i
< limsup =—— (/ Ei. [KB(]),XS — e(s_t)BI>‘1{|Xs—w|<5}}ds) , (3.24)
T—t—0+ -1 t

for any i > 1 and j = {po + 1,--- ,d}. Here and further on, BY) denotes the j-th row of B.
Let gagm) € C§°([t, To[xD), j =po+1,---,d, be a family of functions with partial derivatives uniformly
bounded w.r.t. (¢,z) € [0,To[xH and such that

0i(5,6) = " (s, =& — (e Pa) , Je—al <4 (3.25)
Note that we have
Bspj(s,6) = —(BY), elsBy)
Oe 0i(s,6) =1
ks 23(5:€) . seltTol [E—2| <6 (3.26)
e, pj(5,€) =0 for k # j

a&kﬁl Pj (Sv 5) =0

By Proposition B.8 we have

T
o3(T, Xr) = 05 (1, X)) + / (O + A (5, X.)ds + M
t
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(by (3:25)-(3.26))

T T
= ¢;(t, X3) +/ (BY, X — e DBy x, oj<syds +/ (0 + As) @i (8, X)L {1 x, —a|z8yds + M,
t t

where M' is an F'-martingale under P; , with

T Po
Et,m [|M%|2] = Et,m |: Z akl(qus)(amk(pj(Squ)) (aml(pj(S,Xs))dS]. (327)
togi=1
Therefore, for any ¢ > 1 and j = po + 1, -+ ,d one obtains

3
< Bu [y (1, X)) 77 < ST 157 (1,05,
k=1

2:+1

Bro || (X1 = ¢T™%2) |11, 21<s)]
where

T
Il (t, T, T) = Et,z |: / (85 + AS)%-(S, Xs)ﬂ{\Xs—m\Zé}dS
t

:|a IQ(tv'I?T):Et,zHM%Hv

J

where we used that ¢; (¢, X;) = 0 P y-almost surely. Since the coefficients of A are locally bounded on
[0,To[xD and p; € C§°([t, To[x D), we obtain

T
Is(t,z;T) = Em[ / (BD, X, — eC DBV v, 4j<syds
t

T T
plt, @35, d¢
Il(t, €, T) S O/ Et,z [11{\Xs—m|26}11{XsEsupp(gaj)}}ds = C/ (S — t) 2 / 7(( t) 2i+1) ds
t t S — 2

(I€==z[>8)Nsupp(p;)

(by BIT) with m = 2£1)

T 141 2141
gO/ (s—t)*ds < C(T —t)* =T,
t

for any ¢ > 1, which proves
1

2
i I (L T) =0, i1

Similarly, Jensen’s inequality yields
I(t,2:T) < By o [|MA?]?

(by (3Z1) combined with (3:28]))
1
3

T Po
= Et,m|:/ ]l{|Xsfm|25} Z akl(qus)(amk(pj(Squ)) (8wl(pj(57Xs))d3
¢ k=1

(by using again the local boundedness of ay; on [0, Tp[x D and ¢, € C§°([0,To[x D))

1
2

T
< CEt,z |:/t 11{Xs—m25}]l{Xse:supp(cpj)}ds:| )

and by proceeding as we did to estimate I;(¢,2;T) it easily follows that

1 =2
T}?Em ﬁIQ%H (t,z;T) =0, i > 1.
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Finally,

2
2i+1

lim sup %I;% (t,2;T) < limsup % (/T FEi o [‘<B(j),Xs — e(s_t)B$>|]l{|Xsm|<6}}d5)
T—t—ot+ 4 — T—t—ot+ 4 — t

yields B24)) for any 7 > 1.

Step 2. We prove ([3.23) by induction on . To start the inductive procedure, set ¢ = 0 and prove (3.23)

for any j € {1,---,d}. If j € {1,...,Po}, then [B.23) stems from (B.0) by applying Jensen’s inequality. If

je{po+1,---,d}, then B23) follows trivially from (B:24) by observing that

|<B(j),Xs _ e(S—t)Bgzj>|11{\Xs—1\<5}

is uniformly bounded.
Set now i € {0,---,r — 1}, assume ([3.23) true for i =i and j € {Zi;lopk +1,---,d} and prove it true
fori=i+1andje€ {22:0 pr+1,--- ,d}. Now, by the block structure of B ([21), we obtain
T d T
/ Eia {|<B(i)7Xs _ e(sft)3x>|11{\xs—m\<5}}d5 <C Z / Ei, “(XS _ 6(87t)3$)k|ﬂ{\xs—m\<5}}dS
' k=55 h prctl

(by inductive hypothesis)

2(i4+1)+1
2

T i1
gc/ (s—t) T ds<C(T—t) 7,
t

which, combined with ([B.24)), yields exactly (3.23) for i =i + 1 and concludes the proof.

4 Local densities

This section is devoted to the proof of Theorem We will adapt and customize a localization procedure
first introduced in [9]. From now on, throughout the rest of this section, we will always assume the structural
Assumption [I1] for the matrix B to be in force, and that the coefficients a;j, a; satisfy Assumption for
some «, M and with N = 0. Assumption with N = 2 and Assumption [[.4 will be only required in the
proof of Part b) and Part ¢) of Theorem [[L5] respectively.

4.1 Proof of Theorem [I.5], Part a),b)

We start by observing that the nature of Theorem a),b) is strictly local for what concerns the existence
of the transition density and its regularity w.r.t. the forward space-variable. In other words, it is enough to
prove it for T'(t, 2; T, €) defined for any 0 <t < T' < T and z € R?, ¢ € D’ and for any sub-domain D’ € D.
Therefore, it is not restrictive to assume that there exists a family a;;, a; :]0, To[de —-R,i,5=1,---,po,
such that (@;;,a;) coincide with (a;j,a;) on ]0,To[xD and, if Assumption is satisfied for a certain N,
then:

(i) @ij,ai € Cy*(]0, To[xR?) for any i,/ = 1,.. ., po, with all the (Lie) derivatives bounded by M;
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(ﬁ) the following coercivity condition holds on R?

Po
M7UEP < Y @t a)&s < MIEP,  te]0,Ty[, x € RY, £ e R,

i,j=1

Let us denote by flt the operator defined as

. 1 Po _ Po B
A = 5 ijzl aij(t, :1:)8901% + ;ai(t, :1:)8961 + <B$, Vz> t e [0, To[, T € Rd,

where B is as in (). We consider an auxiliary R%valued continuous strong Markov process X =
(Xt)te(o,1,[ defined on a space (NQ,}', (};itf)ogth<To’ (Pt’z)0§t<To,w€]Rd)’
tion p = p(t, x; T, d€), such that X is an A;-global diffusion on R? in the sense of Definition 3.2} in Appendix

[Bl we briefly recall the standard construction of such X. In particular, it will result in p(¢, z; T, d€) having a

with transition probability func-

density f(t, x; T, ), which coincides with the fundamental solution of the operator

- _ 1 Po _ Po _
L=A+0: = 3 Z i (t, )00, + Zai(t,:v)am +Y, t €[0,Tp], x € RY. (4.1)
ij=1 i=1

In Theorem [A1] in Appendix [A] some previous results are reported about the existence of I, its regularity

and some sharp Gaussian upper bounds for [ and its derivatives.

Notation 4.1. For any z € R?, ¢t < T and ¢ €]0, 1], we set the cylinder
H.(t,x;T) :=]t, T[xSc(x), Se(x) := Bi(z —ee1) N By(x + gey),

where B,.(r) C R? is the Euclidean (open) ball with radius 7 centered at x and e; = (1,0,---,0) is the first
vector of the canonical basis of R?. We define the lateral boundary and parabolic boundary of H.(t,z;T),

respectively, as
OsH (t,x;T) :=]t, T[xIS:(t, x), OpH (t,x;T) := 0gH.(t,x; T) U ({T} X S’a(x)).

We also denote by G = G(t,z; T, §) the Green function of (9 +A+) for H.(0, zg; Tp), which is defined for any
0<t<T<Tyand z,£ € Sc(xg) and enjoys the properties listed in Lemma [A2] In the latter, we report
some preliminary existence (and uniqueness) and regularity results for the solution of the Cauchy-Dirichlet

problem on H, (0, zo; To) and in particular for the Green function G.

Roughly speaking, the following result shows that, prior to the exit time from Se(z¢), X and X have the
same law whose density coincides with the Green function G. The proof is based on the crucial fact that the
Itd formula (L) is valid for functions that are C? in the intrinsic sense, i.e. C%, and not only for functions

the are C? in the Euclidean sense.

Lemma 4.2. Let 29 € D and € €]0,1[ such that Se(z¢) C D. Then, for any (t,x) € H:(0,z0; To) we have

P, (XT cA > T) - / G(t,2;T,€)de = Py (Xp € A, 7D >T),  Telt,Tyl, AeB(Se(x)),
A

where 7 and T are the t-stopping times defined, respectively, as

7 = inf{s > t: X, ¢ S.(z0)}, FO = inf{s > t: X, ¢ S-(z0)}- (4.3)

19



Before proving Lemma we want to stress the following

Remark 4.3. By ([@2]) we obtain

/ G(t,a;T,€)dE < Py o (Xp € A) = / D(t,a;T,€)d¢, A€ B(S:(x0)),
A A

which implies

Gt,x;T,&) <D(t,z;T,¢&), 0<t<T<Ty, =x&E€S(xp). (4.4)

Proof of Lemma[Z.3. Throughout the proof we will set 7 := 7(® to shorten notation. Note that (2] is

equivalent to

Ei o [o(X7)lrs7] = /

o, CmT RO = B [T, € CF (Selan).

Denote by f the unique solution in C’® (He(0,20;T)) N C((Hz UOpH.)(t,20;T)) (see Lemma[A2) of

Lf=0 on H.(0,z0;T),
f = 0 on aZHE(O7xO; T)u (45)
f(T,)=¢ on S (xo)

which is given by
fto)= [ Gt opEd
SE(LE())

Now, by Corollary [[.3] combined with Optional Sampling Theorem, the process M, . with M* as in (I.8) and
[ asin [@H), is an F'-martingale under P ,: we notice explicitly that, even if f is not defined on [0, Tp[x D

as required by Theorem [[.3] a standard extension-truncation argument can be employed. Thus
Bt [p(Xr)1r<r] = Evo[£(T A7, Xrne)| = f(t,).

On the other hand, since A = A on 10, To[x D, X is also an A¢-local diffusion on D and thus it holds
Erw [¢(X0)rs| = Eoa [F(T A7, Xrnz) | = F(t,2),

which proves (£2) and concludes the proof.
O

Proof of Theorem[L.d a),b). Fix (t,z) €]0,To[xR? and o € D and let ¢ €]0,1[ such that S.(xg) C D. Let

also U and V' be two non-empty open subsets such that zo € U € V € S (z0).

(t)

Define now Tét) =t and the families (Un and (Tr(f))n cn through the following recursion:

)nGN
o® = inf {s> 7'7(:)1 1 X, eV},

and 73" := 7o) according to notation (43), which is

7-7(lt) — jnf{s > 0'7(:) s X ¢ Ss(‘TO)}'
() (

Hereafter, whenever it is clear from the context, we will drop the suffix (¢) in 7 ,Unt) to ease the notation.
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Part a): note that for any T' € |¢, Ty[ the event X € U is included in the disjoint union UneN( O« <1 ))

Therefore, for any A € B(U) one obtains

p(t,z; T, A) = Z P.(XreAo,<T<m,)= Z P (Xr € Ao, <T < 7))

n=1

3
Il
-

o)

M

Et@ [Pt’m (XT € A7 on < T < T(U")

3
Il
-

Eie|Pro(Xr € AT < 7|, )1, 7]

M

3
Il
-

(by the strong Markov property)

Bt |Poy(Xr € A7 >T)| 0 To,cr] = ZEM[/GUH,XUH,T §)d¢ 1o, <z

n=1

tqu

3
Il
-

(4.6)

where we used ([£2)) in the last equality. Our derivation of (&6]) follows closely the original argument by [9]
even if here we go a step further using the representation in terms of the Green kernel ([@.2]), which is crucial
in the subsequent study of the regularity properties of the local density of X.

From (€8] and since xg is arbitrary, it follows that p(¢, z; T, ) is absolutely continuous w.r.t. the Lebesgue
measure on D and therefore admits a density I'(¢, z; T, £). Moreover, for any xg € D and € €10, 1] such that

S-(20) C D, we have the local representation
L(t,a;T,€) = ZEM (0n: Xo, i T, )10, <7], T €T, € € Se(w0). (4.7)
Assume now that there exists C; > 0, independent of ¢, z and T, such that
Z P.(o) <T)<Ci, TeT (4.8)

Then, by the continuity of G(t,x;T,-) on Sc(x¢) combined with (£4]) and the estimates (A.T]), it follows that
['(t,x;T,-) is continuous and bounded on S (), uniformly w.r.t. = € R%. Therefore, to conclude the proof
of Part a) we only need to prove (4.8]).

Start by observing that

i Pio(on<T) < i Pio(ma <T), (4.9)
n=2 n=1
and that, by classical maximal estimates (e.g. [I5], p. 296), it holds that
Poy(7®) <T)<Ce™ o5, 0<s<T<Ty yedV, (4.10)
where C' > 0 only depends on Ty and Ay, but not on s,T and y. Therefore, for any n > 1 we have
P (Tn < T) =Ei. [Et,m[ﬂr<f’n)<T|]'—an]] =FEi s [Es,y[1T(SJ<T]|s:Umy:XUJ
(by @.I0))

< Ce TTNP, (0, <T) < Ce TT0P, (11 < T),
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which yields P, , (7, <T) < (Ce~ e )". This combined with (@) proves (&8) for T —t < T* and for a
positive T* suitably small only dependent on T and A;. To prove (@8] for a generic T € ¢, Ty[ consider a
partition t =ty < t1 < --- <ty =T, such that txy1 — tx, < T*. Define ix := inf{n € N: a(t) >t }. We first

observe that

[e'S) [e'S)

L T o
Z tkgaﬁf)<tk+1 )<tk 1 £+m<tk+1
n=1 n=itg m=0

(since we have U ) e {o(tk) t’“)} and thus, by induction, 01( )er > §t_|;:7)n)

Sz]lagﬁk)<tk+1’ k:O’.”’N_l'
m=1
Hence
N—-1 oo N—-1 oo
ZPt @ t) < T) = Z Pt,z(tk < 07(;) < tk+1) < Z Pt,m(%(ff) < tk+1)
k=0 n=1 k=0 m=1
N—-1 oo N—-1 [e’s}
= Z By o [Pro(ol®) <ty |FL)] = Etm[z Py y(olt) < tk+1)|y_X ,
k=0 m=1 k=0 m=1

which proves (L.8).

Part b): We assume here Assumption to be in force for N = 2. By combining the representation of G in
[7], p. 36, with the internal estimates in the same reference that are reported in Theorem [A3lb) below, it

follows that

0, G (s, s T, &) + |0g,e, G5,y T, )| + WG,y T,§) | < C2, 0<s<T <Tpy, yedV, €U,
(4.11)
for any 4,5 = 1,--- ,po. This and (&) allow us to employ bounded convergence theorem and differentiate
twice under the sign of expectation the right-hand side of (1)) w.r.t. £&. For any T €]t, Ty[, £ € U we obtain:

8Eir(t5 z; T, 5) = Z Et,z [afiG(Unv KXo T, §>ﬂdn<T] )

n=1

afifjr(t5 x; T, 5) = Z Et,z [a&fj G(Um Xon i T, 5)]1UH<T} ,

n=1

fori,j=1,---,po. As for YI'(¢,z;-,-), we have

I‘ t,z; T+ h,e"Be) —T(t,z;T,§)

2 (Bt [Gon: Xoi T+ B € P€) L, <rn] = Ero[Glons X, i T, )L, <1 )

Et x [ G(O'n, Xan ; T + h, eth)]ngan<T+h]

::Il,n(h)

lim 3" B[ (Glon, Xo T+ b €56) = Glow, X0, i T,6) 1y, <1 ]
1

12,71(}7/)
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Remark [4.3] together with (A.J)) on one hand, and mean value theorem on the other, yield

1
Ell,n(h) < Clr<e,<T+h,

1 ~ = ~
Elgyn(h) =Y7¢G(0n, Xo,; T+ h,e"PE) 1y, cr,  with |k < h.
Here the low index in Y7 is meant to stress that Y is computed with respect to the variables (T,€). By

(@8] and (@IT)) we can apply bounded convergence theorem and obtain
YT,EF(taI;Tv 5) = ZEEE [ﬂa’n<TYT,§G(Un7XUn;T7 5)]5 T G]t,To[, 5 eU.
n=1

Proceeding analogously, by employing again the Schauder estimates reported in Theorem [A3lb), one also

proves
O, T(t,x;-,-) € C§,+“(]t,To[xU), Og,e, Tt ;-,-), YT (¢, 25-,-) € C%’a(]t,To[xU), ,5=1,---,po,

which is T(t, z;-,-) € Cx*(]t, To[xU). Eventually, (¢, z;-,-) € Cy*(t, To[x D) follows from the fact that zg
is arbitrary. The fact that I'(¢, x; -, -) solves (LI3) is now a straightforward consequence of Remark B by
integrating by parts the left-hand side of [BI1]) and since f is arbitrary.

o

4.2 Proof of Theorem [L.5, Part c)

Hereafter throughout this section we assume Assumption [[.4] to be in force as well.

Notation 4.4. For any T €]0,Ty[ and any ¢ bounded and Borel-measurable on R¢ (in short ¢ € mBy), let
g7 :]0,T[xD — R be the function defined as u,, r(t, ) := (Te,re)(z).

Lemma 4.5. Let T €10, To| and ¢ € mBy, such that u, v € C(J0, T[xD). Then, u, 7 € C3*(]0,T[xD) and
solves the backward Kolmogorov equation (LI4).

Again, the proof is based on the crucial fact that the Itd formula (L8] is valid for functions that are C?
in the intrinsic sense, i.e. C%, and not only for functions the are C? in the Euclidean sense.

Proof. Let 6 > 0, 9 € D, ¢ €]0,1] such that S¢(z9) C D and denote by f the unique solution in
Cé’a(Hg(O,xo;T —6)) N C((H: UOpH.)(0,30; T — 6)) (see Theorem [A2) of

Lf=0 on H.(0,z0; T — 6),
f=upr on OpH (0, z0; T — 9).

(4.12)

For any t €]0,T—6[let now 7 = 7() be the t-stopping time as defined in (&3). By Theorem 3 combined with
Optional Sampling Theorem, the process MY, ., with M as in (L8) and f as in ([@I2)), is an F'-martingale
under P; .. Thus

f(ta I) = Et,m [u@7T((T - 6) AT, X(T—é)/\‘rﬂ = Et,m [Eﬁﬁy[w(XT)]|s:(T—6)/\T,y:X(T,5)A.,.}

(by Strong Markov property)

= Ei o |Erolo(X0)| Fir-siar)] = Erale(Xr)] = upr(t, x).

Since z and § are arbitrary, then u, 7 € C3*(]0, T[x D) and solves (L.14). O
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Lemma 4.6 (Strong Feller property). For any T €]0,To[ and any ¢ € mBy, u, v € C(]0,T[xD).

Proof. First note that, by Assumption [L4] combined with Lemma BB, uyr € C5%(]0,T[xD) and solves
the backward Kolmogorov equation (LI4), for any v € Cy(R9). Thus, by the internal Schauder estimates
reported in Theorem [A.3la), for any bounded domain V' €10, T[x D we have

g, rll ooy < C sup fuy,r| < Cf¢|oo,
10,T[x D

where C' is a positive constant independent of . In particular, by Theorem 24 for any (to,z¢) €10, T[xD
there exists a neighborhood Uy, ) such that

‘ul/hT(tv T) — ul/hT(t/vx/)‘ < C”SD”OO”(t/v x/)il o (tvx)”Bv (t, z), (tlvx/) € U(toyﬂco)a

for any 1 € Cy(R?) such that [|1)]|oc < ||¢]lcc- Therefore, in order to prove that u, 7 is continuous in (¢, zo)
it suffices to prove that, for any (£,x) € U, ,z,), there exist a sequence of functions ¢, € Cy(R?) with
[¥nllsc < [[#lloc such that

Uy, 7(t, ) —> upr(t, ),  wy, (to, T0) — w7 (to, zo) as n — 0o. (4.13)
To see this, let 1 be the measure on B(R?) defined as
u(dz) = p(t,z; T, dz) + p(to, v0; T, dz).

Note that we have
p(t,z; T,dz), p(to, zo; T, dz) < p(dz). (4.14)

Moreover, p is a finite measure and thus, by Proposition 3.16 in [I], there exists a sequence of 1, € C,(R?)
with ||¢n]lec < ||¢@|leo such that

1¥n — @llL1 By, — 0 asn — oo.

Therefore, by (@I4), ¥, — ¢ both p(t,z;T,dz)- and p(to, zo; T, dz)-almost everywhere. Thus bounded
convergence theorem yields (£I3]) and concludes the proof. O

Proposition 4.7. For any T €]0,Ty[ and any ¢ € mBy, upr € Cx*(J0,T[xD) and solves the backward
Kolmogorov equation (L14).

Proof. Tt is an immediate consequence of Lemmas and O
Lemma 4.8. For any 0 <t <T < Ty and § € D, the function T'(t,;T,&) € mBy, and
D(t,2;T,8) = B o[ (s, X; T,€)] = (Te.sT' (s, T,6)) (2), t<s<T, xR (4.15)

Proof. The boundedness is already contained in Part a) of Theorem [[LBl We first prove the measurability of
L(t,T,€). Let (¢n)nen a family of functions in Cy(D) such that ¢,, — d¢, i.e.

/D F@Wen(y)dy — f(§) asn — oo, fec).

Therefore, since I'(t, z; T, ) € C(D) (again by Part a) of Theorem [[H]), we have

n—roo

D(t,z;T,&) = lim on(YI(t, z; T, y)dy = lim u,, r(t, ), z e RY, (4.16)
D n— o0
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and since u,, 7(t,-) is continuous (by Assumption [[4)), I'(t,-; T, &) is measurable as it is the pointwise limit
of a sequence of measurable functions.
We now prove [@I5). By (I8) along with Markov property, it holds that
L(t,z;T,¢) = nh_)ngo Et,w[@n(XT)] = nli,néo Ei s [Et,w[spn(XT)l]:z]] = lim E;, [Es,y[‘Pn(XT)]ly:XJ

n—oo

= lim Etw[ucpn, (Squ)] :Et)m[F(S,XS;T,f)],

n—00

where, in the last equality, we employed again (£I6]) with ¢ = s and = X along with bounded convergence

theorem (it is not restrictive to assume ||¢y|[z1(py = 1 and thus, since I'(s, z; T, -) is locally bounded on D

uniformly w.r.t. @ € RY, uy,, (s, X;) is bounded uniformly w.r.t. n). O
Proof of Theorem[LA,c). Tt is a straightforward consequence of Proposition 7] and Lemma [£§ O

A Preliminary PDE results

In this appendix we collect some useful results about the operators £ in (IL7) and £ in (@.).

Theorem A.1l. Let Assumption[I1] be in force and let the coefficients a;;,a; in (L7) satisfy Assumptions
(7) with N =0 and (ﬁ) at the beginning of Section[{.1l There exists a unique fundamental solution for Z,
namely a continuous non-negative function T = f(t, x;T,€) defined for any 0 <t < T < Ty and x,& € R?
enjoying the following properties:

a) for any (T,€) €0, To[xRY, the function T(-,;T,&) € C%*(]0, T[xRY) and is a solution of
Lu=0 on |0, T[xR%,
U(Tv ) = 557

where the terminal condition is in the distributional sense, i.e.

lim [ Tt T &p(x)de = o), ¢ € Co(RY);
t— R4

Moreover, for any 0 <t <T < Ty, x,£ €R? andi,j =1,...,pgy, we have

(t x;T,8) < CTp(t,2; T, €), (A1)
‘\/—I‘l (t7'r;T,§)7
O, Tt T,6)| + \Yt th&] Mt T,€),

where C' is a positive constant that depends only on B, M, Ty and where

! exp (—%<C_1(T —t)(y — e(T_t)Bx), (y— e(T_t)B:E)>>

V/(2m)ddet C(T —t)

f‘M(tu X, T7 5) =

is the fundamental solution of a constant coefficient Kolmogorov operator of the form (L2l with co-

variance matrix
C(s) = /S e < M, Opox(d-po) ) "Bl dr,
0 O(d—po)xpo  O(d—po)x (d—po)
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b) if Assumption (i) with N = 2 is also in force, then for any (t,z) €0, To[xR?, the function T(t, ;-,-) €
CH(It, To[xR?) and is solution to

L*u=0 on |t, To[x R4,
u(t, ) = Oq,
where £* is the formal adjoint ofz. Moreover, for any0 <t <T < Ty, z,§ € R andi,j=1,...,po,
we have
- c _
‘ale—‘(tvvaug)‘ < T tPM(tu:E;Tag)u
_ - c _
Oe.e, T(t, 2T, 5)’ n }YT,EF(t,x;T, 5)} < = Tu(t s T.8).
Proof. See Theorems 1.4 and 1.5 in [6]. O

In the next result, the sets S.(z9) C RY are as defined in Notation .11

Theorem A.2. Let zg € D and e €]0,1[ such that Sc(xo) C D. Then, under Assumptions[I1 and L2 with
N =0, foranyT €]0,Ty[ and h € C(BPHE(O, Zo; T)), there exists a unique solution in Cé’a (HS(O, T0; T)) N
C((H-U0pH.)(0,20;T)) to

Lf=0, on H(0,x20;T),

f=h, on OpH(0,20;T).

Moreover, if h|ag . (0,00:7) = 0, then the following representation holds:
ft)= [ GsTOMT.OE  (ta) € (HUOPH.) (0raniT),
SE(:EO)

where G denotes the Green function of L for H.(0,x0;Tp), namely a continuous non-negative function

G(t,z;T,€) defined for any 0 <t <T < Ty and z,£ € S:(xg) enjoying the following properties:

a) for any (T,€) € H.(0,z0; Ty), the function G(-,T,€) € CH" (He(0,20;T)) N C((H-UsH.)(0,20;T))
and solves
Lf=0 on H.(0,20;T),

f=0 on OsH.(0,z0; T),
f(T,-) =238 on Se(xo);

b) if Assumption with N = 2 s also in force, then G is also the Green function of the formal
adjoint L* for H.(0,z0;To). In particular, for any (t,z) € H.(0,20;Tp), the function G(t,x;-,-) €
Cé’a(Hg(t,:vo;To)) N C’((H8 U@gHE)(t,xo;To)) and solves

L*f=0 on Hc(t,xo;Tp),
f =0 on aZHg(t,fI;Q;TQ),
ft,) =6, on S:(x9).

Proof. See [11] and [7), Section 4]. O
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Theorem A.3. Let Q C R x R? be a bounded domain. Then, under Assumptions[I1 and L2 with N =0,
for any domain Qo € Q there exists ¢ > 0 such that:

a) if u is a bounded function in C’ga(Q) such that Lu =0 on @, we have

Po
sup (3 10,0
Qo \i={

Po
+ Z |0, ul + |Yu|> + HuHc%ﬂ(Qo) + HuHcgﬂ(Qo) + |‘u|‘c§ﬂ(Qo) < ngpuv (A2)
i,j=1

b) if Assumption with N = 2 is also in force, and w is a bounded function in Cy™(Q) such that
L*u=0 on Q, then (A2) holds.

Proof. Tt is a particular case of [7, Theorem 1.3]. O

B Fundamental solutions and Markov processes

We recall some basic notions about Markov processes as given in [§] and [20]. A transition distribution is a
kernel p(t,z;T,-) that satisfies:
1) p(t,z;T,-) is a probability measure on (R%, B(R?)) for all 0 < ¢ < T < T and = € R%;
2) p(t,; T, A) is B(R%)-measurable for any 0 <t < T < Tp and A € B(R?);
3) if0<t<s<T <Ty xR and A € B(R?), the following Chapman-Kolmogorov identity holds:
p(t,x;T,A):/ p(s,& T, A)p(t, z; s, d).

Rd

A Markov process with transition distribution p is a stochastic process X = (X;)o<t<T1, defined on the quartet
(Q, F, (Fi)o<t<r<Ty, (Pra)o<t<Ty wcre) such that:
(a) (9, F) is a measurable space and (Fi)o<i<r<T, is a family of filtrations satisfying Fi C ]—'%/, for
t<t,T<T and F = ]—'%0 (i.e. F is the smallest o-algebra containing all F%.);
(b) (X7)i<r<T, is adapted to F* for any ¢ € [0, Tp|;

(c) for any (t,z) € [0, To[xR?, P, is a probability measure on (Q, F, ) satisfying

Pt,m(Xt = JI) = 1,
P (X1 € A|FY) =p(s, Xs; T, A), t<s<T<Ty, AcB(RY).

Theorem 2.2.2 in [20] guarantees that for any transition distribution p there exists a Markov process X =
(Xt)tefo,1,[ having p as transition distribution.

A transition distribution can be defined from a differential operator £ of the form 1) satisfying condi-
tions (i)-(ii) at the beginning of Section LIl Indeed, if I' denotes the fundamental solution of £ in Theorem
[AT] then

pt,z;T,A) = / D(t, x; T, €)dE, 0<t<T<Tpy z€R: AecBRY (B.1)
A

defines a transition distribution. In virtue of the properties of I' in Theorem [AJ] if p is as in (B then the
associated Markov process admits a continuous version and is an A;-global diffusion on R? in the sense of
Definition This is a consequence of Kolmogorov continuity theorem (see, for instance, Theorems 2.1.6

and 2.2.4 in [20]) and the estimate given in the following
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Lemma B.1. Let X = (Xt)te[O,To[ be a Markov process with transition distribution p in (BI). Then for

any q > 1 there exists a positive constant C' such that
Eo|Xr - X,|'] <CA+ 2T -3,  t<s<T<Tp zeR™ (B.2)
Proof. We recall the definition of Dy in ([2.3]) and notice that
|z = |Do(\) Do (A1) 2| < CA|Do (A1) 2|,  z€eR%, 0<A<1 (B.3)
Now we have
Bro[|Xr - K] = Bra | B, 5, [| X0 - X,|"]] = /R L(t,2;5,€) /R D(s, & Toy) [y — €| dydg
<c [ Puttaisg) [ TulseTon) (o= | (97 1)) ayac

(applying estimate (B3) with z = y — e(T=)B¢, X\ = (T — s)2 and by Proposition 3.5 in [6], for some
M’ > M)

<o -9 [ Tultaisng [ a6 T e

+O(T - s)q/

Dor(t2:5,) / (€9 s (5, €: T, ) dyde
R4 R4

that yields (B.2]). O

We finally observe that Theorem [A.1] also implies that X is a Feller process on D in the sense of As-
sumption [[4] and as such it is a strong Markov process (see [§], Corollary 2.6, p. 28).
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