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LOW DEGREE MORPHISMS OF E(5;10)-GENERALIZED VERMA
MODULES

NICOLETTA CANTARINI AND FABRIZIO CASELLI*

Abstract. In this paper we face the study of the representations of the exceptional Lie
superalgebra E(5,10). We recall the construction of generalized Verma modules and give a
combinatorial description of the restriction to sls of the Verma module induced by the trivial
representation. We use this description to classify morphisms between Verma modules of
degree one, two and three proving in these cases a conjecture given by Rudakov [8]. A key
tool is the notion of dual morphism between Verma modules.

1. Introduction

Infinite dimensional linearly compact simple Lie superalgebras over the complex numbers
were classified by Victor Kac in 1998 [3]. A complete list, up to isomorphisms, consists of ten
infinite series and five exceptions, denoted by E(1;6), E(3;6), E(3;8), E(5;10) and E(4;4).
See also [1, 9, 10, 11] for the genesis of these superalgebras. Some years later Kac and Rudakov
initiated the study of the representations of these algebras [4, 5, 7, 6] developing a general
theory of Verma modules that we briefly recall.

Let L = j2zLj be a Z-graded Lie superalgebra, let L = j<lj, L+ = j=olj and
L o=Lo L+ We denote by U(L) the universal enveloping algebra of L. If F is an
irreducible Lg-module we define

M(F)=UL) uve oF

where we extend the action of Lo to L ¢ by letting L+ act trivially on F. We call M(F) a
minimal generalized Verma module associated to F. If M(F) is not irreducible we say that
it is degenerate.

In [4, 5, 7, 6], a complete description of the degenerate Verma modules for E(3;6) and
E(3;8) is given, as well as of their unique irreducible quotients. In [6] some basic ideas
and constructions are settled also for E(5;10). In this case Kac and Rudakov conjecture a
complete list of Lo-modules which give rise to the degenerate Verma modules (see Conjecture
4.6).

In 2010 Rudakov tackled the proof of the conjecture through the study of morphisms
between Verma modules. The existence of a degenerate Verma module is indeed strictly
related to the existence of such morphisms of positive degree (see Proposition 3.5). In [§]
Rudakov classified morphisms of degree one and gave some examples of morphisms of degree
at most 5. He also conjectured that there exists no morphism of higher degree and that
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his list exhausts all the examples. A more general family of modules, possibly induced from
infinite-dimensional Sls-modules, had been studied in [2], where some of Rudakov’s examples
in degree one and two had been obtained through the use of the computer.

In this paper we study morphisms between generalized Verma modules and to this aim we
analyze the structure of the universal enveloping algebra U = U(L ) as an Lo-module. This
analysis has its own interest and provides an explicit combinatorial description of the action
of Lg. This description is the main ingredient in our study of morphisms, together with a
systematic use of the dominance order of the weights of the Lo-modules. Our main result is
the proof of Rudakov’s conjecture in degree two and three (see Theorems 9.8, 10.15). A useful
observation that we made is that if there exists a morphism ” : M(V) ¥ M(W) between
generalized Verma modules of degree d, then there exists a dual morphism : M(W ) ¥
M (V ) of the same degree. This duality is here proved in low degree for the purpose of this
work but it holds in a much wider context as a consequence of the fact that the conformal
dual of a Verma module is itself a Verma module. This will be shown in a forthcoming paper.

The paper is organized as follows: in Section 2 we recall the basic definitions and fix the
notation. Section 3 is dedicated to Verma modules. Here we characterize degenerate Verma
modules in terms of singular vectors and morphisms. In Section 4, following [8], we give
examples of morphisms of degree one, two and three. Section 5 contains our first main result
on the structure of U as an Lg-module: we construct an explicit basis of U and describe
its combinatorial properties. Section 6 is dedicated to the analysis of the dominance order of
the weights of the basis elements of U . In Section 7 we develop the idea of dual morphism
between generalized Verma modules and establish sufficient conditions for the existence of
such a morphism (see Remark 7.2). Finally, Sections 8, 9 and 10 contain the classification of
morphisms of degree one, two and three, respectively.

We thank Victor Kac for useful discussions.

2. Preliminaries

We let N = f0;1;2;3;:::9 be the set of non-negative integers and for n 2 N we set
nNf=fi2Nj1 i ng.

If P is a proposition we let p =1 if P is true and p = 0 if P is false.

We consider the simple, linearly compact Lie superalgebra of exceptional type L = E(5; 10)
whose even and odd parts are as follows: L consists of zero-divergence vector fields in five

(even) indeterminates Xj;:::;Xs, i.e.,
X -
Lo =S5 =fX = fi@i j fi 2 C[[xq;:::; Xs]]; div(X) = 0g;
i=1
where @i = 0, and L; = Qg, consists of closed two-forms in the five indeterminates X1;:::; X5

[dei N de ; ngk N dX|] = "ijk|fg@tijk|
where, for i; j; K; 1 2 [5], "ijxi and tiji are defined as follows: if jfi; j; K; Igj = 4 we let tiji 2 [5]
be such that jfi; j; K; |; tijugj = 5 and "jjiu be the sign of the permutation (i; j;K; I; tiji). If
ifi; J; k; 1gj < 4 we let tjjig = 1 (this choice will be irrelevant) and "jji = 0.
From now on we shall denote dx; /™ dx;j simply by dij.
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The Lie superalgebra L has a consistent, irreducible, transitive Z-grading of depth 2 where,
for K 2 N,

K.
Note that Lo = sls, L , = (C°) , L ; = V2C5 as Lo-modules (where C® denotes the
standard sls-module). Weset L =L , L3, L+ = jsobjand L ¢ =Ly L+ We
denote by U (resp. U ) the universal enveloping algebra of L (resp. L ). Note that U is an
Lo-module with respect to the adjoint action: for X 2 Lo and u2 U |

X:U=[X;u] =Xu ux:

We also point out that the Z-grading of L induces a Z-grading on the enveloping algebra
U . It is customary, though, to invert the sign of the degrees hence getting a grading over
N. Note that the homogeneous component (U )4 of degree d of U under this grading is an
Lo-submodule. Section 3 will be dedicated to the study of these homogeneous components.
We fix the Borel subalgebra hx;@;; hij = Xi@ Xj@ j i < ji of Lo and we consider the

usual base of the corresponding root system given by  15;:::; 459. We let A be the weight
lattice of sls and we express all weights of Sls using their coordinates with respect to the
fundamental weights 15; Vo3; Vg5 Uys, i€, for 2 A we write = ( 12;:::; 45) for some
ii+1 2Ztomean = 1l + 4+ 45l
For 1 < J we denote as usual
<
ij = kk+1
k=i
and i = ij- For notational convenience we also let i = 0. Viewed as elements in the

weight lattice we have

12=(2 L0;0); 2s=0( 1,2, 10); sa=(0; L2 1) 45=(0;0; 1,2):

If 2 Ais a weight, we use the following convention: for all 1 1<j 5 we let
<
ij = kk+1-
k=i

If V is a sls-module and v 2 V is a weight vector we denote by (V) the weight of v and by
ij (V) = ( (V))ij-
If = (ajb;c;d) 2 A is a dominant weight, i.e. a;b;c;d 0, let us denote by F( ) =
F (a;b;c;d) the irreducible sls-module of highest weight . In this paper we always think of
F(a;b;c; d) as the irreducible submodule of

2

Sym*(C%)  Sym®( A(C%)  Sym( (C%)) Sym9((C))

basis of C°, Xjj = X; X, and X; and Xjj are the corresponding dual basis elements. Besides,
for a weight = (a;b;c;d) welet = (d;c;b;a),sothat F( ) =F( ).
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Notice that L; = F (_1; 1;0;0) and that Xsdss is a lowest weight vector in L;. Moreover, for
j 1, wehavel; =1L1.

3. Generalized Verma modules and morphisms

We recall the definition of generalized Verma modules introduced in [4]. For the reader’s
convenience we also sketch some proofs of basic results. Given an Lgo-module V we extend it
to an L g-module by letting L4+ act trivially, and define

M(V):U u(L o)V:

Note that M (V) has a L-module structure by multiplication on the left, and is called the
(generalized) Verma module associated to V. We also observe that M(V) = U ¢V as
C-vector spaces.

If V is finite-dimensional and irreducible, then M (V) is called a minimal Verma module.
We denote by M( ) the minimal Verma module M (F( )). A minimal Verma module is said
to be non-degenerate if it is irreducible and degenerate if it is not irreducible.

De nition 3.1. We say that an element w 2 M (V) is homogeneous of degree d if w 2
(U )a V.

De nition 3.2. A vector w 2 M (V) is called a singular vector if it satisfies the following
conditions:
(i) Xi@j+1w = 0 for every i = 1;:::;4;
(ii) zw = 0 for every z 2 Ly;
(iii) w does not lie in V.

We observe that the homogeneous components of positive degree of a singular vector are
singular vectors. The same holds for its weight components. From now on we will thus assume
that a singular vector is a homogeneous weight vector unless otherwise specified. Notice that
if condition (i) is satisfied then condition (ii) holds if XsdssW = 0 since Xsss is a lowest weight
vector in L;.

Proposition 3.3. A minimal Verma module M (V) is degenerate if and only if it contains a
singular vector.

Proof. Let w 2 M (V) be a singular vector. We may assume that w is homogeneous of degree
d > 0. Hence the singular vector W generates a submodule of M (V) which is proper since it
is contained in ¢ ¢(U )k V.

On the other hand, if M (V) is degenerate let us consider a proper non-zero submodule W
of M(V). Let z 2 W be a non-zero vector. By repeatedly applying L; to z if necessary we can
find a non-zero element w 2 W such that L;w = 0, since the action of L; lowers the degree
of the homogeneous components of z by 1. We observe that L; vanishes on the Ly-module
generated by W. Any highest weight vector in such a module is a singular vector.

Degenerate Verma modules can also be described in terms of morphisms. A linear map
>:M(V) & M(W) can always be associated to an element ® 2 U  Hom(V; W) as follows:
foru2U andv2V we let
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P P
where, if & = ,u; jwithu; 2U , ; 2 Hom(V;W); we let ®(v) =
say that ” (or @) is a morphism of degree d if u; 2 (U )q for every i.

Uj i(V). We will

The following proposition characterizes morphisms between Verma modules.

Proposition 3.4. [8] Let 7 : M (V) ¥ M(W) be the linear map associated with the element
®2U Hom(V;W). Then ” is a morphism of L-modules if and only if the following
conditions hold:

(a) Lo:® = 0;

(b) t®(v) =0 for every t 2 L, and for every v2 V.

We observe that if M (V) is a minimal Verma module and condition (a) holds it is enough
to verify condition (b) for an element t generating L; as an Lo-module and for v a highest
weight vector in V.

Proposition 3.5. Let M( ) be a minimal Verma module. Then the following are equivalent:
(a) M( ) is degenerate;
(b) M( ) contains a singular vector;
(c) there exists a minimal Verma module M( ) and a morphism * : M( ) ¥ M( ) of
positive degree.

Proof. We already know that condition (a) is equivalent to condition (b) by Proposition 3.3.
Assume condition (c) holds: if s 2 F( ) is a highest weight vector, then 7 (1 s) is a singular
vector in M ().

On the other hand, if w is a singular vector in M( ), we can define > : M( (w)) ¥ M( )
as the unique morphism of L-modules such that *(1 s) = w, S being a highest weight vector
in M( (w)).

Remark 3.6. Let > : M(V) ¥ M(W) be a linear map of degree d associated to an element
®2U  Hom(V;W) that satisfies condition (a) of Psoposition 3.4. Then there exists an
Lo-morphism  : (U )4 ¥ Hom(V;W) such that ® =, u; (u;) where fu;;i 2 19 is any
basis of (U )q and fu;;i 2 19 is the corresponding dual basis.

De nition 3.7. Let M( ) be a minimal Verma module and let :M( ) U  F( ) be
the natural projection, F( ) being the weight space of F( ) of weight . Given a singular
vector W2 M( ) we call (w) the leading term of w.

Proposition 3.8. If w is a singular vector in M( ) then:
(1) (w) & 0;
(ii) if two singular vectors in M( ) have the same leading term then they coincide.

Proof. If w is a weight vector homogeneous of degree d then we can write w = ;u; Vv; for
some basis fu;g of (U )q consisting of weight vectors and vi 2 F( ) , for some weight . Let
i, be maximal in the dominance order such that vj, 6 0. Then vj, is a highest weight vector
in F( ). Indeed, for r <s we have:
> <
0=x@w= " [X@s;ui] Vi+ Ui XBsvi
1 1

By the maximality of j, it follows that X,@s:vi, = 0. (ii) follows from (i).
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4. Examples

In this section we give some examples of singular vectors and the corresponding morphisms
of Verma modules. These were described in [8]. We will need the following technical result.

Lemma 4.1. Let M() T M(W) be a morphism of Verma modules of degree one
associated to & = ;_; dj; ij and let s be a highest weight vector in F( ). Let W be

an Lo-module containing W and let j; 2 Hom(F( ); W) be such that the map (U ), ¥

Hom(F ( ); W) given by di; A i is well de ned and Lo-equivariant. Then ;(s) = (s)
implies (V) = (v) forallv2 F( ).

Proof. It is enough to show that if (V) = j(v) for some v 2 F( ) and all i & j, then
ij (Xh@k:V> = jj (Xh@k:V) for all i 621 and h & k. We have:

i n0cV) = Xk (V) (%nBk: i) (V) = Xn@k( 5 (V) + hi (V) 4+ nj (V)
= Xn@k( ij(V)) + ni kj(V) + nj ik(V) = ij Xn0k:V)
where we used Remark 3.6 in order to write the action of Ly on the jj’s. Namely, we have:
Xn@k: ij =  hi kj  hj ik
where if r >s, = .

Example 4.2. Let us consider the Verma module M (m; n;0;0). We first observe that dq,

Xi@i+10d12  X{'X7, = 0;
besides,
X5d45d12 XTX?Z = X5@3 XTX?Z =0
By Proposition 3.5 we can define a morphism of Verma modules rpa : M(m;n+ 1;0;0) ¥
M (m; 0.0; 0) by setting ra(l s)=d, XPx%,. By Lemma 4.1 used with W = Sym™(C®)
Sym" (" *C®) we have that Ira is associated to:
> @
dij M 2U Hom(F (m;n+ 1;0;0); F(m; n;0;0)):

ample 4.3. Let us consider the Verma module M (m;0;0;n + 1). One can check that

?22 dij  XI"X;(X5)" is a singular vector in M(m;0;0;n + 1), with leading term ds
X"(x5)"*1. By Remark 3.5 we can define a morphiszpn of Verma modules rg : M(m +
1;0;0;n) ¥ M(m;0;0;n+ 1) by setting rg(1 )= [_,dij XI'Xj(Xs)". By Lemma 4.1,
we have that rpg is associated to

i<j

dij  (xi@ x;@):
i<j
Example 4.4. We shall now exhibit a singular vector in M (0;0; m + 1;n). To this aim it is
convenient to think of F(0;0;m + 1;n) as the dual Lo-module F(n;m + 1;0;0) . We shall
later investigate the role of duality between Verma modules in Section 7, where we will show,
in particular, that the morphism we are going to construct can be seen in a certain sense as
the dual of the morphism ra defined in Example 4.2.



7

P
Let us observe that the vector — ;_; dij  Xjj(X45)™ (X5)" is a singular vector in M (F (n;m+
1;0;0) }with leading term dss (X45)M* 1 (X5)"). Indeed, one immediately checks that

Xk @k+1( i<j dii X (X45)™(X5)") = 0 for every k = 1;:::; 4. Besides, we have:
x

Xslas( dij  Xj5(Xg5)™(X5)")
i<j

= Xs5@3X1p(Xs5) ™ (X5)"  X5@2X13(Xs5)™ (Xs)" + X5@1X3(Xg5)™ (Xs5)"

= M(Xg5)™ *(X5)" (X12Xz4 + X13Xa2 + X14Xa3)  N(Xg5)™(Xs)" T(XypXg + XogXg + Xg1Xp) = O
Notice that, in fact,

XapXed T XacXdp + XadXpe = 0
and
XapXe + XpcXa + XeaXp =0
in F(n;m+1;0;0) for all a;b;c;d 2 [5], as one can check by applying these elements to the
highest weight vector X{x[3** in F(n;m + 1;0;0) and using the Lo-action.
By Remark 3.5 we can thus define a morpgism of Verma modules rc : M (0;0;m;n) ¥

M(F(n;m+1;0;0) ) by setting rc(1  s) = ;dij  X;j(Xs5)™(X5)". Once again, Lemma
4.1 implies that the morphism ¥¢ is assggiated to

i<j
Examples 4.2, 4.3 and 4.4 imply the following result.
Proposition 4.5. Let m;n 0. Then M(m;n;0;0), M(m;0;0;n) and M(0;0; m;n) are
degenerate Verma modules.

Kac and Rudakov proposed the following conjecture [6]:

Conjecture 4.6. Let a;b;c;d 0 be such that M(a; b;c;d) is a degenerate Verma module.
Thena=b=0o0orb=c=0o0orc=d=0.

By Proposition 3.5 a possible strategy to prove Conjecture 4.6 is to construct all possible
morphisms between minimal Verma modules. One of the main results of this paper is a
complete classification of such morphisms of degree at most 3.

Example 4.7. The following are nonzero morphisms of degree 2:
rgra:M(m;1;0;0) ¥ M(m 1;0;0; 1);

rcrg:M(1;0;0;n) ¥ M(0;0;1;n+ 1);
rcra:M(0;1;0;0) ¥ M(0;0;1;0);
Indeed, X
g r‘A(l xTxlz) =Ip <d12 Xrln) = m dlgdlj XT 1Xj 60
x>
rere(l X (xg)") = dijdhk  XpeX; (x5)" &0
i>1 h<k
X
rera(l X)) = dipdij  X;5 € O

i<j
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We observe that the leading terms of these singular vectors are dipdis X7 1X5, d15d45
X45(Xs)" 1 and dppdss X4, respectively. (We also observe that the other compositions
Falg, Falc, Fgkc are not defined). Moreover, one can also verify that r,%\ = I‘ZB =
r2 = 0 whenever they are defined: this will also be a consequence of the general treatment
of morphisms of degree 2 in Section 9.

Example 4.8.

rcrgra:M(1;1;0;0) ¥ M(0;0;1;1)
is a nonzero morphism of degree 3. We have that rc FgFra(XiX12) = >1ik<l
is a singular vector in M (0;0; 1; 1) with leading term dip0150ss  Xy5Xs -

dlzdlj dk| Xj Xyl

We will prove that the morphisms described in this section are all possible morphisms
between minimal Verma modules of degree at most 3.

5. Structure of U

In order to classify morphisms between generalized Verma modules of a given degree we
need to better understand the structure of U as an Lg-module. The main result of this
section is the construction of an explicit linear basis of U which realizes its structure of
Lo-module in a combinatorial way.

We recall that (U )4 denotes the homogeneous component of U of degree d. We let

ly=Fl =(I;::5;0g) - Lhb=(ii;Jy) with 1 iy;j; 5 for every | = 1;:::;dg:

We have that (U )q is spanned by all elements of the form d; as | varies in l4. One can
also consider the following filtration of subspaces of (U )g: for all k  d=2 we let

(U )gk = Spanf@+d, : T 2 [5]k; 1 2 14 %0:
We have the following chain of inclusions

(U J)a=U Jao (U Jax (U )ap
We observe that for all k  d=2 the subspace (U )gk is also an Lo-submodule of (U )4 and
so we have the following isomorphism of|\|7i)—modules

(U )a= (U )ax=(U )dk+1;
k d=2
where we let (U )gx = 0 if kK > d=2. For example, we have
(U )s = (U )so (U )sa

(U )sa (U )sp2
Moreover, one, gan cly;ck that there is an isomorphism of Lo-modules : (U )gx=(U )gk+1 ¥

(U sy

SymK(C% ) d 2I(( ?C5): this isomorphism is simply given by extending multiplicatively
the following formulas

and so we have that M



as Lo-modules. The main goal of this section is to explicitly construct such isomorphism.
We need some further technical notation. If 1 i;j 5 we let (i;j) = (j;i). There is a

natural action of By, the Weyl group of type B and rank d, on l4 that can be described in

the following way. If W = ( 1 1;:::; ¢ q) 2 By, where = ( 1;::1; ¢) is a permutation of

[d] and j = 1 forallj 2 [d], we let

w(l)=J
where C
3= b b=l
|j if j= 1:

The fact that this is a Bg-action is an easy verification and is left to the reader.
We let Sy be the set of subsets of [d] of cardinality 2, so that jSqj = g :
Note that elements in Iy are ordered tuples of ordered pairs, while elements in Sy are
unordered tuples of unordered pairs.
If fk;1g 2 Sq and 1 2 14 we let ty,.1, = tiijii, and "1, = "icjic, (see Section 2).
Note that the definitions of t ., and "y, do not depend on the order of k and | but only
on the set Tk;lg. We also let
1 |+kl| .
ka;'Q(') = 5( 1) |k;||@'(|k;|I 2 (U )2'
For example, if | = ((1, 2), (2, 3), (3, 5)) 2 |3 then Dfl;gg(l) = %( 1)4"12354@4 = %@4
De nition 5.1. A subset S of Sy is self-intersection free if its elements are pairwise disjoint.

For example S = TF1; 3g; F2; 5g; T4; 799 is self-intersection free while TF1; 3g; ¥2; 5g; f3; 799
is not. We denote by SIFy the set of self-intersection free subsets of Sq.

De nition 5.2. Let Tk;lg; fh;mg 2 Sy be disjoint. We say that fk;lg and fh; mg cross if
exactly one element in fk;Ilg is between h and m. If S 2 SIFy we let the crossing number
c(S) of S be the number of pairs of elements in S that cross.

For example, if S = FF1; 3g; ¥2; 5g; F4; 7gg then F1; 3g and 2; 59 cross, f1;3g and 4; 79 do
not cross, and F2; 59 and f4; 7g cross, so the crossing number of S is ¢(S) = 2 (see Figure 1
for a graphical interpretation).

Y
Ds(1)=  Ds,(1)2 (U )ar
j=1

if r 2 and D.(l) = 1 (note that the order of multiplication is irrelevant as the elements
Ds; (1) commute among themselves).

be obtained from | by removing all Ij such that j 2 Sy for some k 2 [r].

For example, if d = 7 and S = FFf1; 4g; 2; 7gg then Cs(l) = (I3; Is; lg). We are now ready
to give the main definition of this section.
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Figure 1. A graphical interpretation of the crossing number

De nition 5.5. For all | 2 I4 we let

< S
I = ( D*®Ds(1)dcgay 2 (U )a:
S2SIFg
For example, if | = (21; 13;45;25) 2 14 we have

D;(I) =1

Df1;3g(|) = %@3;

Df2;3g(|) = +%@2§

Dr.ag(l) = +%@45

Dfl;39;f2;4g<|) = Df1;3g(| )Df2;4g(|) = %@3@4

and all other Dg(l) vanish. We also have, ¢(ff1;3g; f2;49g) = 1 so

1 1 1 1
) =d; —-0@3013055 + —@2021025 + —@40210s45 + —@304:
2 2 2 4
Proposition 5.6. For all I 2 14 and all g 2 B4 we have

oy = ( 1)@y

So=( 1;2;3;:::;d) and sp;:::;8¢ 1 the usual simple transpositions.
Proof. It is enough to verify the statement for g 2 fSg;:::;Sq 10. If § = So we have, for all
k;l,1 k;1 d:

"So(l)k:So(l)l = ( 1) 12fk;|g"|k;|l;
tSO(I)k;SO(I)I =t
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hence Dg(So(1)) = ( 1) 25Dg(l) while degsoa1yy = (1) *28dcgqy, and therefore we have

Yooy = ( 1)*®Ds(so(1))dessowm)
= (D 1) 25Dg(1)( 1) =5dcg (1)
S2SIFq
= I
Now let h 2 f1;:::;d 1g and, for notational convenience, let = s,. We have:
" OO I " @il ay

Ly i =1 gt
( 1)k+| =( 1) )+ D+ hafkigt nrizfkig

hence Ds( (1)) = ( 1) hzs™ n+12sD (1), where “h 2 S” means that h belongs to some
element of S. We also observe that

( 1)0(5) :< 1)0( (5))< 1) h2S; h+12S; fh;h+1g2S
i.e. the parity of the crossing number of S is opposite to the parity of the crossing number of

(S) precisely if h and h 4+ 1 belong to two distinct elements of S. Moreover we observe that
des¢ ay) = de & if h or h + 1 belong to S. If h;h + 1 do not belong to S we have

dcs( m = dc 0] 2th;h+1g(|>dC M

where S is obtained from S by adding the pair fh;h + 1g. We are now ready to compute
' 1y). We have

<
m = ( D*®Ds( (1))des( ay)

S2SIFq > o
= ( D*™Ds( (1))des( ay
S3hor S3h+1but S8fh;h+1g
X

+ ( D*Ds( (1))degsoay +( D*Ds( (1))dey ay
SB8h;h+1
_ (1) nzsinmazs( 1)0( (S))( 1) h2s* h+12s) (S)(l)dc &0

S3hor S3h+1but SB8fh;h+1g
X

n ( ) Op ©(( dc o)  2Dgnrig(1)de (S)(,)) +( 1)COIp & (1dc N0
SB8h;h+1

X
= ( DCED (g(Nde o) ( DCED (g(Nde o)

S%h(or83h+1but88fh;h+19 S8h;h+1
n ( 2)( 1) ©p ) (1) Dsnzh+ag(1)dc (S)(,)) +( DCEIp s(Dde N0
S8h;h+1

= ( )COD g)(1)de )
S2SIFy
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where we used that D (s)(1)Dh:n+1(l1) = D (5)(1) and ( HECEN = (- 1)cC BN,

for some j  k, then 1, =0.

once in Iy for some b we let 1”S7 be the sequence obtained from | by substituting the letter
rin I, by s. We want to prove the following

X
XS@I’:!l - !|b;s;r:
b=1
Proof. For notational convenience, since r and s are fixed in this proof, we simply let 1° = 1%S¥
forall 1 b c. We start by calculating the left-hand side. We have

< S
Xs@r: 1) = Xs0r: ( 1)C( )DS(”dCs('):
S

Now we observe that Xs@r:Dsi:1g(1) is non zero if and only if Iy and I} have the four indices
distinct from S, hence K and | cannot be both less than or equal to ¢ or both strictly greater
than ¢. We then assume that K ¢ and | > ¢; in this case we have

1 I 1 +|+1n
Xs@r:Driig(S) = Xs@y: 5( 1)k I Ik;lu@tnk;n, = 5( 1)k o s Or!
So we have
= 1 K+1+1n = c(S)
X0 1y = —( 1) Ik;l|@r ( 1) DS(I)dCS[fk;Ig(I)+
k c<l;s2ly;s2l, Sek;l
+  ( 1)*®Dsg(I) desamy:
S b c;b2S
Now we compute the right-hand side:
XX < X
!|b = ( 1>C( )Ds(l )ng(Ib):
b ¢ bc S

Now we observe that if b 2 S we have Dg(1°) = Dg(l) and so we reduce to prove the following:
> 1 k-+l+1n > e(S) = c(S) b

S 1) @ D)™Ds(degpaegm = ( DDs(1”)dcsary

k c<l;s2ly;s2l, Sek;l S;b:b c;b2S

We notice that if fb;b'g 2 S with both b;b’ ¢ then Ds(1°) = Ds(1"") hence we reduce to
prove that
X 1 X
_( 1)k+l+1"|k;|l@r ( 1)C(S)DS(I )dCS[fk;Ig(I) =
k c<l;s2ly;s2l, Sek;l %
= ( 1)C(S)be;|g(|b)DS“b)dCs[fb;lg('b):
b c<IS:S8bl



13

Finally, in order to prove this last equation we observe that if b ¢ < | then Dgy,g(l b) is
nonzero only if 8 2 Iy; I, that in this case "(b),.qv), = "1:1,5 that Depg(1 by = L 1)o@

2
and that dcs[fb;lgub) = Qe ppug()- The proof is complete.

Ds!r(!l) = r;il!((s;jl);lz;:::;ld)+ r:jl!((il;s);lz;:::;ld)+ r;iz!(Il;(s;jz);ls;:::;ld)+ + r:jd!(ll::::;ld 1;(ia:8)) -

Xs@r!l = Ds!r<!l):

Proof. If there exists k such that ix = jk then I} = 0 and clearly also Dsu (1)) = 0 since
all summands in the definition above vanish except possibly two of them which cancel out.
If such k does not exist let W 2 By be such that J = w(l) satisfies the following property:
there exists 0 ¢ d such that r appears in Jq;:::;Jc and does not appear in Je+1;:::; Jg.
By Theorem 5.8 we know that the result holds for J hence the result follows since Dguy
commutes with the action of By (we leave this to the reader).

Corollary 5.10. The map

M PN 7\
TooosymCt) () 1 (U )
k
given by

> Y, Ny, . _ . . .
(th th Xijs Xig 2xid 2k> - @tl @tk!(llul):iii;(ld 2k:dd 2k)

is a basis of (U )g.

6. Properties of the dominance order

In this section we establish simple combinatorial criteria to determine whether the weights
of vectors in U and (U ) are comparable.

Remark 6.1. If > : M (V) ¥ M(W) is a linear map of degree d which satisfies condition (a)
of Proposition 3.4 letl_ : (U )y ¥ Ham(V;W) be as in Remark 3.6. By Corollary 5.10 we can

identify (U )4 with —, Sym*(C®) 9 2K(72(C5) ) and we let for all T = (ty;::1;t) 2 [5]¥

T :
[ (th X Xigjy h AXid 2kld 2k)'
We observe that g(l) = ( 1)@ T for every g 2 By 2 hence @1, | is invariant with
respect to the action of By 2« on I. We can thus write
> > .
P = e+ 1y -

T=(t1;:5t): 121g 2k=Bg 2k
1 tp tx 5
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Moreover, we have:

T ST h T | T
XS@I" | —Xs@r 110509 2k As!r 1 Dr!s |
h=1 =1
h T\ 10t 1Sith+aintk
where Ady () = rty | and
| Ty _ . T T .
Dr!s( I)— UFCEN PR FRE (o1 T) H IR FIT + Sho Izl 4G hassslg 2kt

We now study the dominance order on the weights of the elements dy, 1} and . This will
turn out to play a fundamental role in the study of morphisms of Verma modules.
We observe that dy is a weight vector for Lg. Indeed we have:

hijidial = Cik + i1 ik j)bka
and so jj(dx) is the number of occurrences of i minus the number of occurrences of j in
Tk;lg. If I = (iy;:::;1q) is a sequence of integers and we let

my(l) =jfs 2 [d] : is = kgj
be the multiplicity of K in I, we have
ij(dkl) = mi(k;l) mj(k;l):
More generally, if I = Fiq;J1;:::;1q; jag and dy =d;,5, d
ij (i) =mi(l)  m;(l):
In order to understand when the weights of d; and dk are comparable in the dominance
order, we first observe that the weight of d; does not depend on the order of its entries. If
I = (ig;::0;009) we let 1o = (i%;:::;i%) be the non decreasing reordering of 1. We write
I Kifiy  kj;oinily kKgand I < Kif I K and at least one of the previous
inequalities is strict (notice that this is different that requiring 1 6 K).

Proposition 6.2. For all I;K 2 I4 we have (d;) (dg) ifand only if I K.

igjg We have

and K = K,. We express the difference of the weights as a linear combination of roots. First
assume that all entries of I and K coincide except in position r and that I, = hand k, = h + 1.
We have mi(1) = m(K) for all 1 & h;h+1, my(1) = my(K)+1 and mps1 (1) = mp(K) 1
Therefore |;|+1(d|) = |;|+1(dK) for all | & h 1;h; h + 1, h 1;h(d|) = h 1;h(dK) + 1, (lf
h 6 1), h;h+1<d|) = h;h+1<dK) 2 and h+1;h+2(dl) = h+1;h+2(dK) +1 (lf h & 4). Therefore

(dy) (<) = nh+tt
From this we can deduce that

(dl) (dK): inki T igke T T izaikaa-

In particular, if iy Ky;::i;i9  Kog then (dy) (dk ). Now we assume that the inequali-
ties i1 Kii:iiiiog  Kog are not all satisfied and we let r be minimum such that i, > k. If
we express (d;)  (dk) as a linear combination of the simple roots then . ., ., necessarily
appears with a negative coefficient and we are done.

Corollary 6.3. For all 1;K 2 14 and all T;R 2 [5] we have:
i) (7)) (L ifandonlyifl K;
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i) (7)) (PifandonlyifT R.

Proof. In order to prove (i) it is sufficient to notice that ( |)= ( (@+%))= (@r) (dy)
and then use Proposition 6.2.

In order to prove (ii) it is convenient to introduce the following notation. For t 2 [5] we
let t < t@ < t® < t® guch that ft; tD;t@;1®;t®g = [5] and, for T = (t3;:::;t) 2 [5],
Te = (P12 9: ;tﬁl)tf);tf)tf)) 2 1. Then it is enough to notice that (@r) =

(drec) and that T R if and only if T® R®. Then one can use (i).

7. Duality

Consider a morphism ” : M(V) ¥ M(W) of generalized Verma modules of degree d
associated to an element ® 2 (U )y Hom(V;W). We ask the natural question: does it
exist a “related” morphism : M(W ) ¥ M(\5) of the same degree d? The first natural
candidate to look at is the following: if & = ;u; i, where fu; j i 2 1g is any basis
of (U )g and ; 2 Bom(V; W) then we can consider the linear map : M(W ) T M(V )
associated to U = .u; ;, where, for all 2 Hom(V;W) we denote by 2 Hom(W ;V )
the pull-back of given by () =F for all f 2 W . One can easily check that the map

does not depend on the chosen basis fuj j 12 1g of (U )g. It turns out that for d = 1 the
map is also a morphism of L-modules, but this is not the case in general if the degree d is
at least 2.

In this section we develop some tools which will allow us to construct a morphism of L-
modules :M(W ) ¥ M(V ) starting from a morphism ” : M(V) ¥ M(W) of degree at
most 3 and we conjecture that our construction provides such morphism in all degrees.

The main result that we will need is the following.

X X
ai i(v)+ bk zii( j(v)+ j(zv) =02W
i jik
forall v2 V. Then
X X
ai i (F)+ bk z:(( ;)F)+( j)zf) =02V
i Jik

forall f 2 W .
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Proof. For all v 2 V we have

< >
a ()4 bz ) ED) W
! > " P
= af(iv)+ b j(0))@ev) + @) (V)
< b4

aj; bj.x 2 C be such that
> >
a v+ b 22 5(V) (@ )(v) —02W
i ik
for allv 2 V. Then
> >
ai i (F)+ b 2za(( 5)(F) (z( j)(F) =02V
i jik
forall F2W .

gonjecture 7.3. Let 7 : M(V) T M(

7. 07 Y | for some | 2 Hom(V;
associated to \If = 1 @T-. (1) M
T 2 [5]%, we let “(T) = k.

W) be a morphism of degree d associated to ¢ :=
;W). Then the linear map : M(W ) ¥ M(V )
1) is also a morphism of Verma modules, where if

In the following sections we will verify Conjecture 7.3 for morphisms of degree at most 3
as a straightforward application of Proposition 7.1.

De nition 7.4. Let  : M( ) ¥ M( ) be a morphism of Verma modules. The weight
is called the leading weight of .

The reason of the terminology in the previous definition is motivated by the following
observation.

Remark 7.5. Let > : M ‘3 ) be a morphism of Verma modules of leading weight

If 7 is associated to ® = ;U;  j, Where fui ji21gis a basis of (U )g consisting of weight
vectors, let i, be of maximal weight such that j,(S) 6 0 for a highest weight vector s 2 F( ).
Then ,(S) is a highest weight vector in F( ) and so the weight of j, is the leading weight

of 7. Therefore if ” has leading weight the leading term of the singular vector ”(1 s) is
>

Uj i(S)Z
ii ()=
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We also say that 2 Hom(V; W) has the leading weight of 7 if (s) & 0 and the weight of
is . A general strategy to study a morphism ” : M (V) ¥ M(W) is to understand elements

2 Hom(V; W) which have the leading weight of ”; in particular we will often show that
there is no such morphism by showing that there is no 2 Hom(V;W) that may possibly
have the leading weight of a morphism.

Whenever Conjecture 7.3 holds the next result allows us to simplify the classification of
morphisms.

Remark 7.6. Let > : M(V) ® M(W)and :M(W ) ¥ M(V ) be morphisms of Verma
modules and let = (a;b;c;d) be the leading weight of 7. Then the leading weight of is
= (d;c;b;a).

8. Morphisms of degree one

In this section we classify morphisms of degree one between generalized Verma modules,
slightly simplifying Rudakov’s argument [8].

We let C(a; b; ¢) be the set of cyclic permutations of @; b; ¢, i.e., C(a;b; c) = f(a; b; c); (b; c; a),
(c;a;b)g.
Theorem 8.1. Let > : M (V) ¥ M(W) be a linear map of degree one associated to

X
|2|1=Bl
such that Lo:® = 0. Then ~ is a morphism of Verma modules if and only if for all distinct
a;b;c;p 2 [5] and for all v 2V we have
X

(1) Xp@ :( (v)) =0

(55 )2C(abic)

Proof. By Proposition 3.4 it is enough to check when Xpdpq®(v) = 0 for all p;q 2 [5]. For
notational convenience we let Q = (p;q) and fa;b; c; p;qg = [5]. We have:
X X

Xde(I)(V) = Xde L |(V) = Xde d| |(V)
1211=B; 121,=B;

= "t Xplto, ( 1(V)) = "pgane Xp@ :( (V)
121,=B1 (5 5)2C(ahic)

Remark 8.2. We point out that Equation (1) satisfies the hypotheses of Proposition 7.1
since in this case
X0 :( (V)= (%0 :v)
hence we can write
1

%0:( (V) =5 %0:( (V)+ (%8:v):

Conjecture 7.3 then holds in degree one. This will be also confirmed by Theorem 8.4.
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Proposition 8.3. Let > : M( ) ¥ M{( ) be a morphism of Verma modules of degree one
and let . have the leading weight of >. Then if i < j are distinct from h;k we have

ij = i<h<j i<k<j-

Proof. Consider Equation (1) with p =j, ¢ =1i,a=h, b=k and v = s a highest weight
vector in F():

Xi@i:( nk(s)) + X0 ( in(S)) + Xi@n:( «i(s)) = 0
Now we apply Xi@j to this equation. We have
hij:( hk<5)) i<k<j kh(s) i<h<j kh(S) =
and the result follows.

Theorem 8.4. Let ” : M( ) ¥ M( ) be a morphism of Verma modules of degree one. Then
one of the following occurs:

=(m;n+1;0;0), = (m;n;0;0) for some m;n 0 and, up to a scalar, > = ra.
= (m+1;0;0;n), = (m;0;0;n+1) forsomem;n 0 and, up to a scalar, > = rg.
= (0;0;m;n), = (0;0;m+ 1;n) for some m;n 0 and, up to a scalar, > = rc.

Proof. Let pk have the leading weight of ”. By Proposition 8.3 we have that if (h;Kk) &
(1;2);(1;5); (4;5) we can find i;j such that ;j < 0, a contradiction. Proposition 8.3 also
provides

35 = 0 if (hi k) = (1;2);

and the rest follows using Lemma 4.1 and Proposition 3.8 recalling that ( nk) =  (dnk)-

9. Morphisms of degree 2

In this section we provide a complete classification of morphisms between Verma modules
of degree 2. We will make use of the following preliminary result which holds in a much wider
generality. Here and in what follows we denote by (p; g; &; b; ¢) any permutation of [5] and we

set Q = (p; Q).

P

Lemma 9.1. Suppose that & = . @r!, | de nes a morphism of Verma modules
M) T M(W). Then forall ty:::ty, 2 [5], I3;:::; 1k 2 I and v 2V we have

> N X

"Q;IXD@thndJl ds, |]J:’;;.ZE’;|PI1<;|;J1;::Z;Jr(V> =2 “paancdn,  du,
1;,d1;:53r 211 ( ; :)2C(abc)
Hqi;inHe 211
t1;0th X s t1;th X s t1;0th
I1;:0 0k H1;:::;Hr(xp@ V)+ Ap' | R 1% Hl;:::;Hr(V) D ¥p Iq;l H1;:::;Hr<v>
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Proof. Using the definitions of D2y, of Ay ,; of Etl'; and of the action of Ly on the latter
elements, we have

> _— <
" Lyeeny h _ L1
Q;lxp@tQ;ldJl dJr Il;:::;lk;l;Jl;:::;Jr(V) = 2 andeHl dHr
1;31;:5dr (; ; )2C(a;b;c)
Hq;nHe 211
ty; t X t1; 1 X ty; t
1300 h S 15000 h S 1300 h
(Xp@ Ik Hl;:::;Hr)(V) Ap! | ERE S Hl;:::;Hr<V)+ D Tp Ig;l Hl;:::;Hr(V)
s=1 s=1

.....

from which the thesis follows.

We are now ready to state the following characterization result.

Theorem 9.2. Let > : M (V) ¥ M(W) be a linear map of degree 2 associated to

> X .
d = LI 1. + @
(1;3)21,=B; t=1

such that x:® = 0 for all x 2 Lo. Then ” is a morphism of Verma modules if and only if for
all K21, and all v2V we have

L, >
(k2B,Q) "(V) + 5 poabe (%@ ): ik (V) +2%@ (1 k(v)) =0
(. )2C(ashic)

Proof. By Proposition 3.4 we have that ” is a morphism of Verma modules if and only if

X X .
Xpdo Lo (VM) + 0 H(v) =0
(1;3)21,=B; t

for allv 2 V. It is convenient for us to consider the first sum running over all (1;J) 2 I, and
so we have

1 X X
Xpdo o M+ G Y(v)
(1;:9)215 t
1 X< 1 <
(2) =Xpdo <= (didy  ="120.,) 13 (V) + @ (v)
1;J t

We split Equation (2) into three parts:
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In the first part of Equation (2) we have, using Lemma 9.1,

X
Xpdo — didy (V)= "ou(Xplio)ds Toudi(Xplig,) 13 (V)
1;J I;J)( X
=2 dH "pqabc ;H(XP@ :V)
> < )
2 di pgae (15 (%@ V) Diyprn (V)
I
x x 1
=4 du pgae A8 V) + 5060 1 n) (V)
H
X X 1
=17 e %0 w0 068wV
H
where the sums run over 1;J;H 2 I, and ( ; ; ) 2 C(a;b;c).
In the second part of Equation (2) we have
%!

5 1900 (V) =0
1;J

since the term indexed by (1;J) cancels the term indexed by (J;1).
In the third part of Equatign( (2) we have:

Xpdolr (V)= do  P(v):

t
Putting the three parts together Equation (2) becomes

1 X X .
Xpdo ¢ Loy oW+ @ (V)
1,921, t
>< > 1
= di (k2B:Q) "(V) + "pgane B Xpl@ 0k (V) %0 (0 ik (V)
K21:=B; (  )2C(abic)

and the result follows.

We deduce that Conjecture 7.3 holds for morphisms of degree 2 and in particular we have
the following duality result for degree 2 morphisms.

Corollary 9.3. Let > : M(V) & M(W) be a morphism of Verma modules of degree 2

associated to > >
¢ = Lo o+ @ &
(|;J)2|2=Bz t
Then the linear map :M(W ) ¥ M(V ) associated to
< < .
v = Lo gt @ ()
(1;2)21,2=B> t

is also a morphism of Verma modules.

Proof. This is an immediate consequence of Remark 7.2 and Theorem 9.2.
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Corollary 9.4. Let  : M( ) ¥ M{( ) be a morphism of Verma modules and s 2 F( ) a

highest weight vector. Then for all K 2 1; we have
x
2 k2B1Q"peabe "(S) + (1)P" (%0 k)(s)+2 p> %0 :( k(s)) =0
( )2C (abc)

Proof. This result immediately follows from Theorem 9.2 by observing that if p <  then
Xp@ s = 0.

In the following regalts we fix a mqephism * : M( ) ¥ M( ) of Verma modules of degree
2 associated to ® = LETS) g+ 0 t and we exploit Corollary 9.4 to obtain some
constraints on the weights and . The next result is analogous to Proposition 8.3.

Proposition 9.5. Let h;k;I;m 2 [5] be such that xim has the leading weight of ”. Let
1 1<) b5besuchthat j& h;k;l;mandi & h;k. Then
ij = i<h<j i<k<j-
Proof. By Corollary 9.4 used with a =1, b=h, c =k, p=j and K = (I;m), observing that
Xj@ : .k =0forall (; ; )2C(i;h;k), we obtain the following relation
X @i:( hicim(S)) + h<iXi@hi( kiim(S)) + k<jXj@i:( inxi(s)) = 0
Applying X;@; to this equation we have
hij:( hicim(S)) + h<j Xi@n:( kiam(S))  Xj@n:( kjim(S))
+ k<j X0 (inm(s)) X0 ( jram(s)) =0

Since pk;im has the leading weight of 7, if h < j we necessarily have j.im(S) = 0, by Corollary
6.3. Similarly, if k < j, we have jnim(S) = 0. Therefore the previous equation becomes

hij:( hkim(S)) +  h<iXi@n:( kim(S)) + k<jXi@k:( inam(S)) =0

Again, if i > h, we have j.;m(S) = 0 and otherwise we have Xi@h:( ki:im(S)) =  knam(S) and
similarly for the other term, and so we have

hij:( hicim(S))  h<j i<h knim(S)  k<j i<k kh:m(S) =0
ie.,
hij:( hk;lm(s)) = ( i<h<j t+ i<k<j) hk;Im(S):

Proposition 9.6. Let i;h; k;1;m 2 [5], with i; h; k; m distinct and i < m, be such that px.im
has the leading weight of . Then

Rim:( hkim(S)) =
1 " i 1
5 i<h<m i<k<m hk;lm(s) mlhki (S) 5

Proof. We consider Corollary 9.4 with a = h, b =k, ¢ =1, p=m and K = (I;m). We
observe that

(1) hkm(S) +( 1) ™ hma -

pgabc K2B1Q = 'mghki I=q =  mihki
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and so we obtain

1

"minki T (S) + 3 (D™ im(S)+ (1) ™ jna(S)  nkit(S)
+  hemXm@ni( kiim(S)) + kemXm@«:( iham(S)) + Xm@i:( nk:im(S)) =0
We apply Xi@m to this equation and we obtain
. 1
"minki ' (S) 3 (D)™ gmn(S)+( 1) *™ mna(S) + nkemi(S)
i<h<m kh:im(S) i<k<m kh:im(S) + Nim:( hkam(S)) =0

and the result follows.

Proposition 9.7. Let h;k;m;i 2 [5] be distinct, i < m, be such that x.nm has the leading
weight of > : M( ) ® M( ). Then

iim — k<m i<h<m i<k<m
and

i'm =  k<m i<h<m i<k<m L

Proof. We use Proposition 9.6 with | = h and deduce

1
himi( hk;hm(S)): 5 i<h<m i<k<m hk;hm(S) 5( 1) K<™ hmikh
1
= 5 5( 1) ksm i<h<m  i<k<m  hk:hm(S)
=( k<m i<h<m i<k<m  hk:hm(S):

and the first part of the statement follows. The second part is an easy consequence since

i;m( hk;hm) =1:

Theorem 9.8. Let > : M( ) ¥ M( ) be a morphism of degree 2. Then one of the following
occurs:

(1) =(1;0;0;n), =(0;0;1;n+1) for some n 0 and, up to a scalar, > = rcrg;
(2) =(n+1;1;0;0), =(n;0;0;1) for some n 0 and, up to a scalar, > = rgra;
(3) =1(0;1;0;0), =(0;0;1;0), and, up to a scalar, > = rcra.

Proof. We first make the following observation that will allow us to simplify several arguments.
If 2 Ais any weight, by Corollary 9.3, if the statement holds for all morphisms of leading
weight  then it holds also for all morphisms of leading weight

We let s be a highest weight vector of F( ) and we suppose that py.m has the leading
weight of 7. Let us first assume jfh; K; |; mgj = 3 i.e., without loss of generality, h = I.

By Corollary 9.4 with K = (p;a) we have:

(C ) =r+( 1) °) ancals)
(3) +2 a<pXp@a:( bepalS)) +2 b<pXp@hi( capalS)) +2 c<pXplc:( appa(S)) = 0:
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Using this equation with @ = h, b = k, ¢ = m, since nk.nm has the leading weight of ”, we
immediately obtain

(( 1) =P+ ( 1) ™P) nphm(S) = 0:

In particular, if we can choose p such that p > k;m or p < k;m we have penm(S) =0, a
contradiction. So we reduce to study the following cases: (a) K = 1;m = 5; (b) kK = 2;m =
5h=1;(c)k=1,m=4,h=25:

(a) By duality, since ( 21.25) = ( ( 4145)) , it is enough to consider only the cases
h = 2;3; we have, by Proposition 9.5,

14 =  1<h<4 1<s5<4 = 1

a contradiction.
(b) In this case we have, by Proposition 9.5

23 =  2<1<3 2<5<3 = 0

and by Proposition 9.7 we have

3 = 2<5 3<1<5 3<2<5 = L.

Since the leading weight of ” is ( 1205) = ( 1; 1;0;1) we conclude that =
(n;0;0;1) for somen 0andso = (N+1;1;0;0). The leading term of the singular
vector (1 S) is !12;15 12;15(5) = d12d15 12;15(3) hence, up to a scalar, T =rgra
by Proposition 3.8.

(c) Since ( s1:54) =  ( 1215) this follows from case (b) and we obtain in this case the
morphism recrg.

This concludes the study of all possible pxm having the leading weight of * with h; k; I;m
not distinct.
In order to deal with the case where h; k; I; m are distinct we let p be different from h; k; I; m.
If p = 4;5 we apply Proposition 9.5 with i = 1 and j = p and we get that 1, < 0 hence
hk:im does not have the leading weight of ”. By Corollary 9.4 we also have P(s) =0 and so
also P can not have the leading weight of ~.
Forp=1wehave ()= (% andifp=2wehave (2)= (%) andso these
cases follows from the previous discussion by Corollary 9.3.
For p = 3 Proposition 9.5 with i = 1, j = 3 shows that 1405 and 1524 cannot have the
leading weight of 7, i.e. 1425(S) = 1524(S) = 0, and that if 15.45 has leading weight then
1.3 = 0. Besides, by Corollary 9.4, 1545(S) = 2 3(s). By Proposition 9.6 we immediately
get

has:( 1245(S)) = 12.45(S)

and so 35 = 1. Since the leading weight is ( 1245) = (0; 1;1;0) we conclude that =
(0;0;1;0) and so = (0;1;0;0). The leading term of *(1 s) is
Vious  1245(S) + @3 3(s)=dpdss  3(s)

hence, up to a scalar, > = rcra by Proposition 3.8.
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10. Morphisms of degree 3

This section is dedicated to the study of morphisms of Verma modules of degree three. We
consider a linear map ” : M( ) ¥ M( ) of degree three associated to

> X .
o = !| 1+ @t!l |-

1213=B3 t2[5;1211,=B1

As in the case of morphisms of degree one and two, our goal is to establish necessary and
sufficient conditions to ensure that ” is a morphism of Verma modules.

Lemma 10.1. If x:® = 0 for every x 2 Lo, then the following relation holds for every
V2F( ):

X X
Ly (V) = d (V)
1213 1213
Proof. Indeed we have
> >
!| |(V) = d| |(V)
1213 1213
< 1, 1, 1,
+ ( 5 |1;|2@t|1;|2d|3+§ |1§|3@t|1;|3d|2 5 |2§|3@t|2;|3d|1) |1;|2;|3(V)
I1;12;13

and the last sum vanishes since the coefficients of ,.1,.1,(V) and 51,1, (V) coincide.

Theorem 10.2. Let us assume that x:® = 0 for every x 2 Lo. Then ~ is a morphism of
Verma modules if and only if for every H;L 2 I, every permutation (p;q;a;b;c) of [5] and
every v 2 F( ), the following equations hold:

(4)
1 X
L2810 p(V) + 5 paabe (X0 © h)(V) +2%0@ (0 sh(v) =0
(:;)2C(ashic)

(5)

1 1 1ll X a . a

Z ab;bc;cq (V) + Z ac;ch;bg (V) + 5 pgabc (Xp@ : )(V) + 2Xp@ ( (V)) =0

(5 3 )2C(abio)

6) ¢

Xp@ (P (v)) =0

(55 )2C(abic)

(7)
> 1
" pgabe Xp@ :(* (v)) B abibeica(V) = 0:
(55 )2C(abic)



25

Proof. By Proposition 3.4 we need to compute X,do®(v) for v 2 F( ). We compute the
different summands separately. Using Lemma 10.1 and Lemma 9.1 we have

X 1 X
Xpla Lok nok(V) = 5 Lok nak(V)
(1)3;K)213=B3 ;K213
1
= —Xpdq dydydk 1k (V)
48 1;J;K
1 X
- 48 ("Q?'Xp@tQ:IdeK di"qQ Xp@tQ;JdK + dldJ"Q;KXp@tQ;K) 1ok (V)
1;J;K
1 X D SR ,
T drde  2%pgane D%p (V) +2D% sy (V) +3%0 (0 sh (V)
H;L

where the sums run over 1;J;K 2 1, and ( ; ; )2 C(a;b;c).
Recalling that dyd, = Ty, + %"H;L@tH;L we have:

X
Xpdq Lok 1ak(V)
(1;J;K)213=B3
1 > >

T Phin 2%pgane D2!p HL (V) +2D3!p L (V) +3%@ 1 (V)
H;L

1 X X , .
+E @tr.  "HiL"pgane D%p (V) +2D%gp  mi (V) +3%0@ (0 (V)
H;L
1 > X
=3 i 2%qaee 12D%5p (V) +12D% (V) +24%00 (0 hi(V))
(H;L)212=B>2
1 X o X ) .
+E (. H;L pgabc 4Dy (V) +4D% ey hiL(V)
(H;L)21,2=B>
X 1 X
= T 5" paabe (X0 © ) (V) +2%00 (0 sha(V))
(H:L)212=B>
1 >

+8 gama®)+ 0 (Wt o)
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We also need the following computation

X X 1 X 1 X XX
Xpda @ty (V)= 5 dodi T(V)+ 5 OGxpde 1(v)
t2[5] 1211284 121, t I
| < < X t
= 3 dod, (V) + @t "pgabe  Xp@ :( T (V)
I t
1 X 1, > . X .
=2 Mg o) P B w8 (V)

Now we can use these two relations and compute

X X X
Xpd®(V) = Xpdq Lok nak(V)+ Gty (V)
(1;3;K)213=B3 t2[5]1211:=B1
X 1 XX
= e 5 poabe Xp@ ) (V) +2X%0@ (0 (V)
(H:D)212=B2
1 =< 1
+ 0q B abbeca(V) + @ Z( gV g(v)
X ) 1, ) X . X o
+ (e 1(V) O et 1 (V) + @ "pgae %@ (7 (V)
1211=B; t
X X 1
= Thio L28:0 h(V) + "pgase §(Xp@ Do) (V) %0 (e (V)
(H;L)212=B2
X X 1
+0  pgae  Xp@ (P (V) + 0 Tpgae  Xp@ (7 (V) B abibesca (V)
=< 1 1 . 1, _
+ 0@ 1 L q(V) + 1 q(V) + "poae 5 (V) + Xp@c:( an(V))

+%p0:( ca(V)) + Xp8al( (V)

This completes the proof of Equations (4), (6) and (7). In order to deduce Equation (5) we
consider the coefficient of @, in the previous equation (the coefficients of @, and @, provide
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equivalent conditions) and we have

1 1
1 abibe;cq (V) + 1 aciebibg (V) + poabe 5 be(V) + Xp@c:( 35(V)) + Xp@0:( %(V)) + Xp@a:( 5c(V))
1 1 1
= 7 avoea(V) + 7 acma(V) + pgase 5 (Xp0al o) (V) + (Xp@o: o) (V) + (Xp@c: 3)(V)
+ Xp@c:( 35(V)) 4+ Xp@:( ca(V)) + Xp@a:( 5c(V))
1 1 1, X . . _
=1 abibeiog (V) + 1 acicbipg (V) + 5 Ppaabe (Xp@ : % )(V) +2%0@ :( % (v)) :

Corollary 10.3. Let > : M( ) ¥ M( ) be a morphism of Verma modules of degree 3

associated to > X X
O = LY 1+ 01 }:
1213=B3 t2[5]1211=B1
Then the linear map :M( ) ¥ M( ) associated to
< <X X .
U= Ly | T @ ()
1213=B3 t2[5]1211=B;

is also a morphism of Verma modules.
Proof. This is an immediate consequence of Remark 7.2 and Theorem 10.2.

If we consider Equation (4) on a highest weight vector s 2 F( ) (and we multiply it by
2" pqanc) We obtain the following equation:

X
(8)  2"pgabc L2B1Q p(S)+ ()" (%0 1 1)(S)+2 p> %@ :( i(s) =0

Remark 10.4. If Xy@c: apn; has the leading weight of ” then p= X,@ :( .n:.(S)) =0 for
all ( ; ; ) 2C(a;b;c) and so we obtain the following

(9) 2"pgabe 128:0 1(S)+ (1) P7 (%@ 1w )(S) =0

This equation has several immediate consequences.

Lemma 10.5. If a;b;c;d 2 [5] are distinct then ,p.ac.aq does not have the leading weight of

Proof. Without loss of generality we can assume that the fifth element p is either bigger than
both b and ¢ or smaller than both b and ¢. Otherwise we can rename b;c;d accordingly.
Remark 10.4 applies with H = (a;p), ¢ = d and L = (a;d) so we have

(1) P apacad(S) + (1) P apacaa(S) = 0

Lemma 10.6. If a;b;c 2 [5] are distinct then ac.ca does not have the leading weight of ~.
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Proof. Without loss of generality we can choose p such that p is either bigger than both a
and ¢ or smaller than both a and ¢. Remark 10.4 applies with H = (b;p) and L = (c;a) so
we have

(1) P abicieal(S) + (1) P abpeeal(s) = 0

Lemma 10.7. If x;y;z;w 2 [5] are distinct and yy.,w.xw has the leading weight of ~, then
xyzwaw = 1245k for some K; | 2 £1;2; 4; 5g.

Proof. Let us first assume that fX;y;z;wg & f1;2;4;5¢g. This assumption ensures that we
can assume that the fifth element p is either bigger or smaller than both y and w (otherwise
exchange the roles of X;z and y;w). Use Remark 10.4 with a = X, b=y, ¢c =w, q = z,
H = (x;p), L = (z;w). Then we have:
(1) " xyowzw(S) + (1) P syixwizw(S) = 0:

Now let £X;y;z;wg = T1;2; 4; 59. If either fy;wg = f1;2g or fy; wg = f4; 59 then we can use
the same argument as above.

Now let fy;zg = f4;59 so that 1y.2,:1» has the leading weight of ”. Equation (8) with
a=1,b=29g=3,c=yp=2z,H =(2;p) and L = (1;2) gives

XZ@Z:( 1y;22;12(s)) =0

hence if we apply X,@, we get hp;:( 1y:27:12(S)) = 0 which implies in particular that 34 = 0.
Since  34( 1y:22:12) = 1 this contradicts the dominance of . The thesis follows.

Lemma 10.8. The elements 154514, 12:45:25 @nd 12.45.24 d0 NoOt have the leading weight of

Proof. Use Equation (8) witha=1b=2c=4,gq=3and p=>5,H = (4;5) and L = (1,2).
We obtain

(10) 24:41:12(8) +  41:42:12(S) + 2X5@1:( 24:45:12(S)) + 2Xs5@2:( 41:4512(S)) = 0:

Assume 154514 has the leading weight of ”. Then 4.45.12(S) = 0 and we apply X,@s to
Equation (10) to obtain

54:41:12(S) 24:41:15(S) 41:45:12(S) 41:42:15(S) + 225 ( 41:45:12(S)) = O:
But by Lemma 10.7 we have 24:41:15(S) = 0 and so we have
2 41:45:12(S) + 2hos:( 41:45:12(S)) = 0:

It follows that 25( 41;45;12(5)) =1 and so 34( 41;45;12(3)) 1 and, since 34( 41;45;12) = 2 this

would imply 34(S) 1, a contradiction.
By Corollary 10.3 the element 15.45.25 does not have the leading weight of ” since ( 12.45.25) =
( 12:45:4) -

Now we assume that 17.45.24 has the leading weight of >. We apply X105 to Equation (10)
to obtain

24;45;12(5) 24;41;52(5) 45;42:12 41:42:52 + 2h151( 24;45;12(5)) + 2X1@2:( 41;45;12(5)) =0
Lemma 10.7 ensures 24.41:52(S) = 0 and so we obtain

2 24:45:12(8) + 2N15:( 24:45:12(S) 2 42.45.12(S) =0
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and we conclude
his:( 2445,12(8)) = O:
We obtain a contradiction with the same argument used in the other case.

Lemma 10.9. Assume that i,.15.45 has the leading weight of ”. Then = (1;1;0;0), =
(0;0;1;1) and ” = rcrgra (up to a scalar).

Proof. Use Equation (8) witha=1,b=2,¢c=4,9q=3,p=5,H = (1;5) and L = (4;5).
We obtain
12;14;45(3) + 24;15;41(5) + 41;12;45(5) + 41;15;42(5) + 2X5@41( 12;15;45(5)) =0
since 24;14;45(3) = 41;15;45(5) =0. Applylng X4@5 we get
12;15;45(5) 25;15;41(5) 51;12;45(5) 41;15;52(5) + 2h453( 12;15;45(3)) =0:
By Lemma 10.7 we have 35.15.41(S) = 0 and so we obtain
2 12:15.45(8) + 245 ( 12:15.45(8)) =0
and so
a5( 12:15145(8)) = 1:
Now we consider Equation (8) witha =1,b=3,¢c=5,9g=2,p=4, H = (1;2) and
L = (4;5). We obtain
35:12:15(S) + 51:12:35(S) + 2Xa@3:( s51:12:45(S)) = 0:
Applying X3@4 to this equation we have
45;12;15(3) 51;12;45(5) + 2h341( 51;12;45(3)) =0
and from this we get 34( 12;15;45(5)) =1.
Finally, we use again Equation (8) witha=1,b=4,¢c=5,9q=2,p=3, H = (1,2),
L= (1, 5) which gives 2X3@1:< 45;12;15(5)) =0, hence
13( 12:15.45(S)) =0

proving that = (0;0;1;1). It follows that = (1;1;0;0) since ( 121s45) = ( 1; 1;1;1).
By Remark 10.4 we have 2 3:(S)  121545(S) = 0 hence the leading term of the singular

vector ’(1 S) is !12;15;45 12;15;45(5) + @3d15 55(S> = d12d15d45 12;15;45(5). It follows
that ” = rcrgra due to Proposition 3.8.

In the next result, for notational convenience, for all a;b 2 [5] we let ( 1)3<P = ( 1) a<»,

Proposition 10.10. Let fx;y;z;w;tg = [5] and let s be a highest weight vector in F( ).
Assume that y.x,.wt has the leading weight of . Then the following equations hold:

(11) 2"xyzwt %y(S) + ( 1Y~ satyw(8) + (1) saiyiw(S) + (1) xzixtyw(S)
+ (17 syxtzw(8) + (1) xyxwize(S) = 0

(12)  2"yzwt 3y(S) + ( 1= swityz(8) + (1) sawiyitz(8) + (1) sty (S)
+ (DY syxewz () + (1) syize(S) = 0
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(13) 2"yzwt %y(8) + (1"~ sawixzyt(S) + (1)Y= swixyizt(S) + (1) sxwixzyt(S)
+ (D syt () + (1) syixtwz(S) =0

(14) 2"yzwt %2(8) + (17" syitzw(S) + ( 7™ syixzitw(S) + ( 1% syixtizw(S)
+ (D" saxtyw(s) + (17 xanwyt(s) =

e}

(15) 2"zt 22(S) + ( 1)7 swixtizy () + ( 1)7™" swixzsty (S) + (17 swixtizy (S)
+ (DY saxtwy(8) + (1" saxyme(S) =0

(16)  2"yzwt x(8) + ( 1) swixyzt(S) + ( 1Y swixayt(S) + ( "™ swixyiza(S)
+ (D7 szpymt(S) + (1" szxtwy(8) =0

(17) 2"zt xit(S) + (DY sayiw(S) + (DY saxtyw(S) + (17 szxyiw(S)
+ (D™ siyizw(8) + (1™ stxwizy(s) =0

(18) 2"zt xt(8) + (D™ sty (S) + ( D™ sty () + ( 1) saiwity (S)
+ (D xwizy(5) + ( D™ xixyizw(s) =0

(19) 2"yzwt () T (1™ sxymawtz(8) + ( 1) stz (8) + ( 1) syiwitz(S)
+ (D™ stowyz(8) + ( 1) stxzyw(s) =0

(20) 2"zt w(S) F (DY syxenz(S) + ( DY oz (8) + ( D™ xyixtwz (S)
+ (DY swxtyz(S) + ( D" xwixziyt(S) = 0

(21)  2"yzwt yw(S) T ( D™ sty (8) + ( D™ sty (S) + ( DY sty (S)
+ (D" swxtizy(8) + (D™ swxyize(s) = 0

(22) 2"yzwt w(S) + ( D sapywt(S) + ( D™ sapawyt(S) + ( D™ saiynt(S)
+ (D" swxyaze(S) + (D™ swxtizy(s) = 0

Proof. We use Remark 10.4 twelve times with L = Q = (p;q) any ordered pair in fy;z;w;tg
and H = (X;p) to obtain the stated equations. More precisely we get Equation (11) with
p =Y, q =w; Equation (12) with p =y, q = z; Equation (13) with p =y, q = t; Equation
(14) with p = z, @ = w; Equation (15) with p = z, g = y; Equation (16) with p =2z, q = t;
Equation (17) with p =t, ¢ = w; Equation (18) with p =t, ¢ =y; Equation (19) with p =t,
q = z; Equation (20) with p = w, q = z; Equation (21) with p = w, q = y; Equation (22)
withp=w,q=t.

Proposition 10.10 provides 12 linear equations in the ten unknown yy.xz:wt(S) = Fut,
xy;xw;zt(S) = th; xy;xt;zw(s) - fZW7 xz;xw;yt(s) = Iyt xz;xt;yw(s) - ny7 xw;xt;yz(s) - fy27
'Xyzwt xy(S) - by, ")(yzwt )Z(Z (S) — bZ7 ")(yzwt ;I(VW(S) — bw, ")(yzwt )t(t(S) — bt We are Nnow lnter—
ested in the study of the weights i;j( xyxzwt(S))-
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Proposition 10.11. Let fp;q;a;b;cg = [5] with ¢ < p, let s be a highest weight vector in
F( ), H;L 2 1, and assume that ... has the leading weight of >. Then we have

2hep:( ap;L(S)) =
2"pqane L281Q(Xclp: 1)(S) + (Xe@p:(Xp@c abi))(S) + (1) P=(Xc@p:(X%p@0: cayriii))(S)
+ (1) =2 (Xelp:(Xp@a: beii))(S) 2 cxbp(Xelb! cami)(S) 2 c<a<p(Xc@al besiL)(S)
Proof. Equation (8) is equivalent to the following
2"pgare 128,0 m(S)  (Xp@c: anri)(S) + (1) PP (Xl casi)(S) + (1) P2 (Xp@a: bt )(S)
+ 2Xp@c:( ap;H:L(S)) + 2 p=pXp@h:( cariL(S)) +2 p=aXp@ai( beHiL(S)) = O:
We apply X:@p to this equation and we obtain
2"pgabe L2B1QXelpi( i(S))  (XeBp:(Xp@e: apshi))(S) + (1) P~ (Xe@p:(XpBo: carrt;i))(S)
+ (1) P2 (Xe@p:(Xp@al i) (S) + 2Nepi( apiiL(S)) + 2 c<bep(Xelb: carhiL)(S)
+2 c<a<p(Xclal b )(S) = 0
The result follows.

Corollary 10.12. Let fx;y;z;w;tg = [5] and assume that ,y.x,.wt has the leading weight of
. Then we have

ifz<w,
(23) 2hzw:fwt = 2(bw bz) + fzt + fwt + ( 1) = (fyw + fyz) 2 z<x<wfwt§
ify <z,
(24) 2hy e =2(by b))+ (1) =( faw  Fyw) +( 1) "= (Fre + Fye)
2 yat<z(Fat +Fyw) 2 yaw<z(far i)
ifw<t,
(25) 2hwt.fwt - ( 1) y<t<fyw + fyt) + ( 1) X<t(fyt + fyw)
2 w<y<t(fwt fyt) 2 wex<t(Fwt fyw)3
if w<z,
(26)

2hy e =Fwe+ T+ (1) = (Fue + Tor) + 2 wey<z( Tt + Fyr) +2 wex<z( Tt + Fyw)
if x <y,
(27) 2hyy Fe = (( 1) =+ ( 1) >™)( Fyw + Fye + fy2)
2 x<t<y (fwt + fyt fzt) 2 X<W<y (fwt + fyW fyz)

Proof. The statement follows from Proposition 10.11 with the following choices:

() a=xb=y,c=z,p=w,qg=t, H=(x;2), L= (w;t).
2)c=y,p=z,a=w, b=t qg=x,H=(xy), L=(z;x).
B)c=w,p=t,a=x,b=y,q=2z,H=(x;2), L= (w;t).
4 c=w,p=z,a=x,b=y,g=t H=(x;2), L= (w;t).
B)c=x,p=y,a=wb=t,g=2z, H=(x;y), L=(Xx;2).
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Proposition 10.13. Let s be a highest weight vector in F( ). For ¢ <p we have

4hep:( 3(8)) = ( 4 c<b<p 4 c<a<p) (S) +(2 4 c<a) 5c(S) +( 2+4 p<a) Ep(s)
+"anbC ab;bp;cq(3> + ab;bC;pq<S) + ap;cb;bq(s) +  acph; bq( )
Proof. We start from Equation (5):
(28)
abbeieq(S) + aciehba(S) +paabe 2 he(S) +4XpBc:( 35(S)) +4XpBh:( &(S)) +4Xp0ai( f(S)) = 0:

We want to apply Xc@p to this equation and so we do the following two preliminary calcula-
tions:

Xe@p:(Xp@0:( a(S))) = c<uXclp:(Xploi( calS)))
= c<tXelbi( a(S)) + c<Xp@:(Xc@pi( ca(S)))
c<b bal(S)  c<oXpBb:( pals))
c<b a(S) + c<b p<b ea(s)
= c=n(l p<p) 2(S)

= c<b<p ab(S)

Xe@p:(Xp@ai( 5c(S))) = c<aXc@p:(Xp@a:( c(S)))
= c<aXclai( 5c(S)) +  c<aXp@al(Xcp:( 5c(S)))
c<al 5c(S)  £alS)) c<aXp@a:( t?p(s))
+ c<a a(S)  c<a p<al Ep(s) pa(S))
p<a Ep(s) + c<a<p ab(S)

Therefore, if we apply X.@p to Equation (28), using the previous computations, we obtain

c<a be(S

~— —

= c<a pc(S

abibpicq (S) abibeipg (S) apichibg (S) acipbing (S) + "pgabc 2 po(S) + 2 p( s)
+ 4hepi( 55(S)) +4 c<b<p @(S) +4 c<a 5(S) 4 p<a bp( ) +4 c<a<p @(S) =0

hence we get the statement.

Proposition 10.14. Let fh;k;l;m;ng = [5]. Then nkni:mn @and £, do not have the leading
weight of ~.

Proof. We first assume h = 1 and we let X = 1,y =2,z =3, w =4, t = 5. We use
notation introduced after the proof of Proposition 10.10 and we observe that, up to a sign,

lk;ll;mn(s) 2 ffzg; f24; f25; f34; f35; f45g and ll(k (S) 2 sz, b3, b4, b5g We solve the linear system
provided by Proposition 10.10 and we have:

f35 = f45 = f34
f24 = f25 = f23
2b, = 33 + 2,3
2b3 = 2bs = 2by =  Tas.
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We use Proposition 10.13 witha=4,b=1,¢c=2, p=3, g =5 and we obtain
1 1 1
h23:by =§b2 §b3 + Z(fzs + T35 + T34 + Toa)
1 1 1
= Z( 33y + 2F3) + Zf34 + Z(fzs Tag+ T3 Ta3)

= %f34 + %fzs

therefore
hosifas = Fan  Tos:

Now we use Equation (24):

2hg3:fas = 2(by  b3)  Tay  Tog + (Fa5 + Tos)
i.e.

2hogifay = 3fay +2F3 + T3y T+ Tz Tau+ Tz = 4f3 +4F
or
hogifas = 2F34 + 2F2:
Comparing this with the previous equation we obtain fz4 = f3.
Now we use Equation (27):
2hyoifys = 2F,,  2F5  2F53
i.e.
2hypifay = 2F3  2F  2f = 6Fgy

This implies that f34 = fo3 = 0. It follows that 1x.11:mn(S) = 0 and X (s) = 0.

Nowleth=2and x=2,y=1,z =3, w=4,t=>5. Similarly as above we have, up to a
sign, 2k;2|;mn(s) 2 Tfi3; F14; F15; Fa; f35;f45g and Iz(k(S) 2 Thy; bs; by; b5g We solve the linear
system provided by Proposition 10.10 and we have:

fis = fis= T3y
fuu= Tis= T3
2b1 = f34 + 21:13
2b3 = 2b4 = 2b5 = f34
We use Proposition 10.13 witha=4,b=2,¢c=1, p=>5, ¢ = 3 and we obtain:

1 1
his:hy = §f34 + §f13

ie.,
hisifa = fan T3
Now we use Equations (23), (24), (25) and we obtain:
hisifay = 2F13 T3y
It follows that:
23 Ty = T3y T3
i.E., fi13 = 0, hence hys:f3y = T34 which implies f34 = 0. It follows that ox.21:mn(S) = 0 and
o = 0.
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Nowleth=3and x =3,y =1,z =2, w =4, t=>5. Similarly as above we have, up to a
sign, 3k;3l;mn(s) 2 ff]_z;f14; f15; f24; f25;f45g and ng(S) 2 fbl, b2, b4, b5g We solve the linear
system provided by Proposition 10.10 and we have:

fis=Ffu= fx= fyu
fas = 20p= 2b5= 2Fy fp

2b; = 2b, = 1o
We use Proposition 10.13 witha=2,bh=3,c=1, p =15, ¢ = 4 and we obtain:
1 1
his(b2) = §f12 §f14

ie.,
his(fi2) = s T2
Now we use Equations (23), (24), (25) and we obtain:

his(fas) = 3F14 + Foo:
It follows that: )
his:F1a = Ehlsi(f45 +fp) = 2fyu

hence fi4 = 0 and hys:f1p = F1» from which it follows that f1» = 0. We conclude that
If h = 4;5 the result follows from Corollary 10.3.

Now we can summarize the classification of morphisms of degree 3 in the next result.

Theorem 10.15. Let ” : M( ) ¥ M( ) be a morphism of degree 3. Then = (1;1;0;0),
=(0;0;1;1) and up to a scalar > = rcrgrc.

Proof. This follows from Lemmas 10.5, 10.6, 10.7, 10.8, 10.9 and Proposition 10.14.
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