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Equilibrium and Dynamics of a Multi-Bath Sherrington-Kirkpatrick Model
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In this paper we study the equilibrium statistical mechanical as well as the dynamical properties
of a Sherrington and Kirkpatrick model in a multi-bath setting introduced in [4]. We show that the
free energy per particle in the thermodynamical limit obeys a variational principle of Parisi type.
The relation between the resulting order parameters is discussed.
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To Giorgio Parisi on his 70-th birthday

INTRODUCTION

The equilibrium statistical mechanics of a disordered system (in general a system where the degrees of
freedom can be divided in two different families) is described with two extreme prescriptions known, in
the literature, as quenched and annealed. The spin-glass case, for instance, is defined by the quenched
measure where the random coupling disorder J is kept fixed while the spins σ are thermalised according
to the Boltzmann distribution. This perspective is considered physically relevant because the relaxation
time of the disorder interaction variables is much slower than the one for the spin variables. Conversely, in
the annealed prescription the disorder variables thermalise together with the spin ones. However one can
also consider a different equilibrium measure depending on a real positive number ζ with thermodynamic
pressure
P (ζ) =
where ZJ =

P

σ

1
log EZJζ ,
ζ

(1)

e−βH(σ) is the partition function given J, a random variable depending on the disorder

J obtained integrating on the spins. By definition we have that P (0) corresponds to the quenched
equilibrium while P (1) to the annealed one. Hence ζ can be viewed as a scale parameter in the unit
interval interpolating between the quenched case with annealed one [2]. The origins of (1) are to be
found on the replica approach to spin glasses [14] where ζ is at the outset an integer. Almost thirty
years ago Kondor [12] calculated (1) using the replica trick for the partition function of the Sherrington

Kirkpatrick model. He found that the computation is essentially the usual one for a Parisi ansatz x(q),
but with ζ ≤ x ≤ 1. This does not mean that the solution itself is the usual x(q) truncated at x = ζ,
but rather that the Parisi equations have to be solved in this interval. A rigorous proof of this result has
obtained by Talagrand in [19].
In this work we consider a generalization of (1) consisting a multi-scale equilibrium measure obtained
by successive independent integration on a suitable class of variables. The idea of studying a system at
different energy scales is common in physics at least since the early days of the Euclidean approach to
renormalisation group in quantum field theory (see [10, 17]). For two scales ζ0 and ζ1 the model is defined
in terms of an interaction J = (J0 , J1 ) with independent components:
eζ 1 P

(0)

= E1 ZJζ1 ,

(2)

and
eζ0 P = E0 eζ0 P

(0)

.

(3)

For r scales ζ0 < ζ1 < . . . < ζr−1 < ζr = 1 the recursion relations are
eζl P
where 0 ≤ l ≤ r, Er eP

(r)

(l−1)

= El eζl P

(l)

,

(4)

= ZJ and P = P (−1) .

The relation (4) is also referred to as multi-bath in [4, 5] where it was applied to a class of out of
the equilibrium dynamical systems in the limit of small entropy production. Those papers presented
analytical and numerical evidences suggesting that one can introduce several effective temperatures and
partial thermalizations derived from the functional form (4) such that correlation and response functions
behave as in a multiple equilibrium bath. In [13] the functional form (1) is used to get information about
the landscape of the free energy of a given statistical mechanics model. More precisely, for a model with
Hamiltonian H(σ), the idea is to introduce an auxiliary field φ weakly pinned with σ but frozen. Keeping
fixed the field φ, the variables σ thermalize in the usual Gibbs setting at inverse temperature β. Then
the resulting free energy is used as an effective Hamiltonian function acting on the field φ at temperature
ζ. The examples given in [13] show how the previous construction can detect hidden metastable states
of a glassy system.
An important observation is that under quite general assumptions on the randomness it is possible to
express the relation (4) by coupling a suitable Hamiltonian function with a Ruelle probability cascade
(RPC) [3, 8, 15, 18]). This structure is the core of the Guerra’s Replica Symmetry Broken bound [11] for
the SK model where a random field, described by a linear covariance, is coupled to a RPC.
In this work instead we consider and exactly solve a disordered mean field model where the Hamiltonian
includes an SK term ( two-spin interaction) and is coupled with a given RPC. From the physical point of
view the effect of coupling a disordered Hamiltonian with a RPC corresponds to replacing the standard

Gibbs equilibrium measure with a multi-bath thermalisation defined through a hierarchical sequences of
averages (4) tuned by several effective ”temperatures”. In section 2 we introduce the model and presents
its solution. It turns out that the thermodynamical limit of the free energy can be expressed as a Parisilike variational problem. In section 3 we give a dynamical interpretation of the multibath equilibrium
and discuss some aspect of the solution we found.

THE MODEL AND THE SOLUTION

Given N ≥ 1 let us consider a system of N spins σ = (σi ) i≤N ∈ ΣN = {−1, 1}N . Fix an integer r ≥ 1
and a two sequences

0 = ζ−1 < ζ0 < ζ1 < . . . < ζr−1 < ζr = 1

(5)

0 = γ0 < γ1 < . . . < γr = 1

(6)

For any l = 1 . . . , r consider an independent random Hamiltonian function
s
HN (σ, l) = −

N
N
2
X
X
γl2 − γl−1
(l)
σi
Jij σi σj − h
N
i=1
i,j=1

(7)

(l)

2
where Jij is family of independent centered gaussian with variance γl2 −γl−1
and h ∈ R is a given external

magnetic field. The family HN (σ, l) is a gaussian process on (σ, l) ∈ ΣN × {1, . . . , r} with covariance

E HN (σ 1 , l)HN (σ 2 , l) = N

q

2
2
γl2 − γl−1
qN (σ 1 , σ 2 )

(8)

where
qN (σ 1 , σ 2 ) =

N
1 X 1 2
σ σ
N i=1 i i

(9)

is the usual overlap. Then we define the pressure density as
pN =

1
log Z0,N
N

(10)

where Z0,N is obtained recursively in the following the general scheme in (4). We denote by El denotes
the average w.r.t. the randomness in HN (σ, l + 1) and starting from

Zr,N =

X Y
σ

1≤l≤r

e −βHN (σ,l)

(11)

we define
ζ

ζ

l−1
l−1
Zl−1,N
= El−1 Zl,N

(12)

for any 0 ≤ l ≤ r − 1.

We mention that for r = 1 and a generic ζ0 > 0 the model was studied and solved by Talagrand in
[19]. If ζ0 → 0 we recover the SK model at inverse temperature β.
The recursive definition (10) of the pressure per particle entails an equilibrium measure characterized
by a hierarchical sequence of averages. As example, by (12) and using gaussian integration by parts, the
internal energy of the system can be represented as follow
β2
∂pN
=
∂β
2

r
X
2
1−
(ζl − ζl−1 )γl2 q12

!
l

(13)

l=1

where q12 is the overlap (9) and h il is a suitable average ( see [3, 11] for a precise definition) representing
the partial thermalization at the level l.
The multi-bath equilibrium can be described as follows: we start supposing that the spin variables
thermalize at inverse temperature β and then , for any l = 1, . . . , r, we thermalize the random couplings
J (l) with an inverse temperature β/ζl−1 and an effective Hamiltonian log Zl,N an so on.

The order parameter and the variational problem

It turns out [3] that the order parameter of the model is a distribution function on [0, 1], however,
comparing to the Sherringhton-Kirkpatrick model, here it must satisfy an additional condition that
preserves the multibath structure fixed at the beginning (see eq. (13)). Consider an arbitrary integer
k ≥ r and a sequence ξ = (ξj )j≤k such that
0 = ξ−1 < ξ0 < ξ1 < . . . < ξk = 1

(14)

ζ⊆ξ

(15)

Moreover we assume that

Now given the sequence ξ in (14) consider the following subset of {0, . . . , k}

Kl = { j : ζl−1 < ξj ≤ ζl , 0 ≤ j ≤ k}

(16)

for any l ≤ r. Given the sequence γ in (6) we construct a new sequence γ
e = (e
γj )j≤k defining for any
j≤k

γ
ej = γl if j ∈ Kl

(17)

We also introduce an arbitrary sequence q = (qj )j≤k such that

0 = q0 ≤ q1 ≤ . . . ≤ qk = 1

(18)

c = (γ˜j qj )j≤k

(19)

and we define a sequence

Given the sequences ξ and c the order parameter of the model is the piecewise constant function
x : [0, 1] → [0, 1] defined as

x(c) = ξj , c ∈ [cj−1 , cj )

(20)

for any j = 1, . . . , k and x(1) = 1.
Then the order parameter x(c) ∈ Xζ , where Xζ is the space of distribution functions on [0,1] that
contains ζ in the image. Physically x(c) represents the distribution of the overlap w.r.t. the multi-bath
equilibrium measure previously introduced. Notice that conditioning on the event Kl you get

E(c2 ) =

r
X

P(Kl ) γl2 E(q 2 |Kl ) =

(21)

l=1

=

r
X

(ζl − ζl−1 ) γl2 E(q 2 |Kl )

l=1

that corresponds to the finite volume decomposition in (13).
For example in the case r = 2 the model is determined by the parameters ζ0 , ζ1 and γ1 and a possible
choice for x(c) with k = 6 is showed figure 1. In this case we have that the sets defined in (16) are

K2 = {6, 5, 4}, K1 = {3, 2, 1}, K0 = {0}

(22)

γ
e6,5,4 = 1, γ
e3,2,1 = γ1 , γ
e0 = γ0

(23)

and then (17) leads to

Figure 1: An example of an allowed trial parameter x(c) in the case r=2 and k=6, the ζ coordinates are the
pinning points given a priori by the multi-bath equilibrium measure.

We want to emphasize that two important properties of x that holds for any choice of r, ζ and γ
- condition (17) implies that limc→0+ x(c) = ζ0 , namely there is always a jump discontinuity in 0 with
gap ζ0 .

- any possible order parameter x has at least r levels of replica symmetry breaking.

In the next section we will give a physical interpretation of the above properties in the dynamical
framework of the multibath equilibrium [4, 5].
Finally the solution of the model is given in terms of the following variational problem.
Let f (c, y; x) be a function of the variables c ∈ [0, 1], y ∈ R, depending also on the order parameter x
as the solution of the Parisi PDE
∂f
1
+
∂c
2

∂2f
+ x(c)
∂y 2



∂f
∂y

2 !
=0

(24)

with final condition
f (1, y) = ln cosh(βy)

(25)

We define the Parisi functional for the Multiscale SK model the quantity

β2
P(x) = log 2 + f (0, h; x) −
2

Z

1

x(c)c dc

(26)

0

Then it’s possible to prove [3] that the thermodynamic limit of the quenched pressure density of the

Multiscale SK model pN exists and is given by
lim pN = inf P(x)

N →∞

(27)

x∈Xζ

Sketch of the proof

The strategy is to start with the following representation of the recursive definition (12). Let us denote
by α ∈ Nr an auxiliary degree of freedom of the system. A configuration is now is
(σ, α) ∈ ΣN × Nr ≡ ΣN,r

(28)

Let (να )α∈Nr be the random weights of Ruelle Probability Cascade associated to the sequence ζ (see
[3]). For α, β ∈ Nr we denote

α ∧ β = min {0 ≤ l ≤ r | α1 = β1 , . . . , αl = βl , αl+1 =
6 βl+1 }

(29)

where α ∧ β = r if α = β. It’s useful to think Nr as the set of leaves of an infinite tree A =
N0 ∪ N ∪ N2 . . . ∪ Nr of depth r and root N0 = {∅}. Then α ∧ β denotes the level of their common
ancestor.


Let g(α)

α∈Nr

be a family of centered gaussian random variables with covariance
E g(α1 ) g(α2 ) = (γα1 ∧α2 )

2

(30)

Consider a gaussian process HN on ΣN,r defined by

N
1 X
HN (σ, α) = √
gij (α) σi σj
N i,j=1

(31)

where (gij (α))i,j=1,...,N is a family of i.i.d. copies of g(α).
Given two configurations (σ 1 , α1 ), (σ 2 , α2 ) ∈ ΣN,r the covariance of the process HN is

2

E HN (σ 1 , α1 ) HN (σ 2 , α2 ) = N (c12 )

(32)

c12 = γα1 ∧α2 qN (σ 1 , σ 2 )

(33)

where

Notice that qN (σ 1 , σ 2 )

is the usual overlap between two configurations σ 1 , σ 2 ∈ ΣN while γα1 ∧α2 is the overlap between two
points in the space Nr equipped with the random measure (να )α∈Nr .
Then the pressure density of the Multiscale SK model defined in (10) can be represented as

pN (β) =

1
E log ZN (β)
N

(34)

X

(35)

where
ZN (β) =

να e HN (σ,α)

(σ,α)∈ΣN,r

Within this formalism the proof of the main theorem is obtained by means of the upper bound
obtained by a suitable interpolation and a lower bound by the cavity method. The main issue is to
understand the distribution of c12 under the limiting Gibbs measure. The key point is that we have to
know the joint probability distribution of the two covariances qN and γ. This situation is very similar to
the case of the Multispecies SK model [1, 16] where it turns out that the Hamiltonian can be suitably
perturbed in order to satisfy a synchronization property that allows to generate the joint probability of
different overlaps functions using the same RPC.

DYNAMICS

In [5] a dynamical approach, in the Langevin, as well in the Montecarlo setting, was proposed to study
the multi-bath equilibrium for a spin system. We notice that it’s possible to modify the algorithm proposed
there in order to get the equilibrium measure of the model considered here. Let start for simplicity with
the case r = 1 where the parameters of the model are ζ0 and γ1 , the general case r > 1 can be obtained
trough a similar construction. The recursive definition (12) implies that the equilibrium measure can be
written as

µN (σ, J) = µN (J)µN (σ|J)

(36)

where
µN (σ|J) =

e −βHN (σ)
ZN

(37)

(ZN )ζ0
E(ZN )ζ0

(38)

and
µN (J) =

The algorithm given in [5] is modified as follows. Consider a system of N spins σ = (σi )i≤N with
energy
H(σ, J) = Γ

X

Jij σi σj +

i

kX 2
J
2 ij ij

(39)

where Γ, k > 0 are two real parameters and J = (Jij )i,j≤N is a set of couplings. The dynamics goes as
follows :
• the σi evolve with any dynamics (Glauber, Monte Carlo) associated with energy (39) and temperature T =

1
β.

• the Jij (for i ≤ j and Jij = Jji ) evolve according to the Langevin equation:

γ J˙ij = −kJij − Γσi σj + ρij (t)

(40)

The ρij are uncorrelated white noises with zero mean and variance 2T ∗ where T ∗ = 1/β ∗ represents
the temperature of the second equilibrium bath.
Given the spin configuration σ(t) then (40) implies that
Z
0
k
Jij (t) = dt0 e− γ (t−t ) (−Γσi (t0 )σj (t0 ) + ρij (t0 ))
Let us now define the timescale of the slow bath τo =

γ
k,

(41)

and assume that the equilibration time of the

dynamics of the spins σ at given J is bounded by τeq . Clearly, τeq may depend on the size of the system,
and become infinite as N → ∞.
Considering now the case of timescale separation τo  τeq we may replace in (41) the product
σi (t0 )σj (t0 ) with its average hσi σj iJ with respect to the stationary measure
e−β (Γ ij Jij σi σj )
.
µ(σ|J) =
Z(β, J)
P

(42)

Since
hσi σj iJ = −

1 ∂
log Z(β, J) ,
Γβ ∂Jij

(43)

the (40) becomes:
1 ∂
γ J˙ij = −kJij +
log Z(β, J) + ρij (t)
β ∂Jij

(44)

and provides the following stationary measure for the J:
µ(J) =

e−β

∗ 1
(2k

P

ij

2
1
Jij
−β
ln Z(β,J))

Z̃(β, β ∗ )

(45)

where Z̃(β, β ∗ ) is the normalization factor. It’s easy to check that (45) matches (38) by setting β ∗ /β = ζ0
and β ∗ k = 1/(γ1 )2 .
A first remark is that if T ∗ = T the system is in contact with an equilibrium bath of temperature
T , whatever the timescales involved, or equivalently β ∗ /β = ζ0 = 1 corresponds to the annealed regime
where the variables σ and J thermalize together. Instead if T ∗ goes to infinity then ζ0 goes to zero and
the equilibrium is described by the usual quenched measure

Stationarization

What we have argued above is that if the times τo are sufficiently long, and the system size N is finite,
the dynamic process above yields all the expectation values associated with the generating functional
1
ζ0

log E(Z ζ0 ). Let us discuss here, at a more phenomenological level, what we expect to happen in the

case that the N → ∞ limit is taken first. When the Jij are kept fixed, the dynamics never becomes
stationary (two time correlations C(t, t0 ) never become a function of (t−t0 ): the system ages [6]. In order
to understand what happens when the Jij continuously change, we need to recall the physical intuition
we have of the SK model
landscape. What we know about this landscape is that if we change the Jij by
P
0
J
Jij
ij
ij
small amount pP
=
P
2
02
kl Jkl
k0 l0 Jk0 l0
where  is a small number of O(1), the structure of the lowest energy states is completely reshuffled.
This strongly suggests, and indeed there is numerical evidence for this, that if the Jij are continuously
changing at a certain rate, the dynamics enters a regime in which it becomes stationary C(t, t0 ) = C(t−t0 )
(and yet, nonequilibrium), E(t) = const, and follows the evolution at that rate. For the SK model one
also believes, again based on the dynamic solution [6], that when τ0 goes to infinity even after N → ∞,
the stationary value of the energy density is the same as the one with the limits reversed ( N → ∞ after
τ0 → ∞). This commutation of limits need not hold for other models such as the p spin mean field
model for p > 2, but, importantly, is expected to happen for finite dimensional spin glasses with short
range interactions, the Edwards-Anderson model, for example. The argument in the latter case is simple,
and may be seen as a simple generalization of the one given in [9] (more about this below): physical
arguments indicate that metastable states of high free energy are unstable with respect to nucleation of
a lower free-energy phase, the more unstable the higher they are. In a situation with slowly evolving
couplings, there is a competition between the nucleation time τnucleation (a decreasing function of the
free energy difference with the ground state) , and the rate at which couplings change τ0 . One expects
then, roughly speaking, that all states with τnucleation will be constantly relaxed, and that one is left for
τ0 → ∞ with states close in free energy to the equilibrium one.

A phenomenological heat-exchange understanding

We make now an even more severely phenomenological discussion, which we believe however is illuminating. The out of equilibrium dynamics of the Sherrington Kirkpatrick model has been solved (to the
level of rigour of physics) in the out of equilibrium regime [6]. The two main actors of this solution are
the two-point correlation function C(t, t0 ) and the integrated response χ(t, t0 ) to a magnetic field that
has been acting during an interval [t0 , t], i.e. the magnetization at time t per unit field acting on this
interval. A result of the theory is that for large times, the parametric plot χ(t, t0 ) versus C(t, t0 ) tends to
a function χ(C) that for the Sherrington Kirkpatrick model happens to be directly related to the Parisi
function x(q) through
dχ
dC

= x(q)

(46)

C=q

Franz et al. [9] have argued that this coincidence between Parisi and dynamical relations must hold
true for all finite dimensional systems. Note that this is very surprising, because the dynamical results
are obtained in the t, t0 → ∞ limit taken after N → ∞, while equilibrium results concern the opposite
limit. Although these developments are for the aging systems, the same can be done in the presence of
multiple baths and the inversion of limits τ0 → ∞ and N → ∞. Another development of dynamics is
the fact (see [7]) that the function x(q) has the interpretation of an effective temperature that depends
on the scale q, given by Tef f (q) =

T
x(q) .

We are now in a position to interpret one of the main consequences of the solution of the model
at the equilibrium presented in the previous section. Let us recall that any trial parameter x must
satisfies the condition limc→0+ x(c) = ζ0 , namely the Parisi solution starts at xmin = ζ0 . It means
that all effective temperatures Tef f (q) =
∗

T
x(q)

are smaller or equal than the effective temperature of the

∗

multibath T = 1/β = 1/βζ0 . But this is just saying that the couplings Jij need to be hotter than the
internal effective temperatures of the system, something automatically guaranteed by the quenched case
where β ∗ = 0. This in turn means that the system does not give heat to the Jij .

Perspectives for simulations and bound in finite-dimensional systems.

We want to emphasize that if the arguments of stationarization and of commutation of the N → ∞ and
τ0 → ∞ limits hold, one is then in a position to simulate a finite dimensional Edwards-Anderson model
for any given ζ0 , and check whether there is a transition line in the T − ζ0 plane, a necessary condition
for arguing in favour of a Parisi RSB solution. One may would also be able to check the nature of the
transition, which in turn might give an indication on the nature of the low-temperature phase. Studying
a glass problem around its transition is of course much more efficient that deep in the glass phase, as

witnessed by the work done over the years for the deAlmeida-Thouless line.
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