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Generalized Samuel Multiplicities of Monomial Ideals and Volumes

Q5 R€udiger Achilles andQ5 Mirella Manaresi

Dipartimento di Matematica, Universit�a di Bologna, Bologna, Italy

ABSTRACT
We describe conjecturally the generalized Samuel multiplicities c0, :::, cd�1 of a monomial ideal I �
K½x1, :::, xd� in terms of its Newton polyhedron NPðIÞ: More precisely, we conjecture that ci equals
the sum of the normalized ðd�iÞ-volumes of pyramids over the projections of the ðd�i�1Þ-dimen-
sional compact faces of NPðIÞ along the infinite-directions of i-unbounded facets in which they are
contained. For c0 proofs are known (Guibert, Jeffries and Monta~no) and for cd�1 a proof is given.
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1. Introduction

In this paper, based on computations with the free softwares
Germenes [14] and REDUCE [11], we give a conjecture that in
the case of monomial ideals links the generalized multiplic-
ities defined algebraically in [3] with volumes derived from
the Newton polyhedra of the ideals, thus extending a result
of Teissier [17].

In 1988, Teissier [17, p. 131] proved that for an
m-primary monomial ideal I of a local ring A the Samuel
multiplicity is equal to the normalized volume of the com-
plement of the Newton polyhedron of the ideal I. In 1999,
Guibert [9] generalized Teissier’s result. Precisely, Guibert
defines the local Segre class of an ideal generated by a
set of germs of holomorphic functions and, under a non-
degeneracy condition, he describes such a class by
Minkowski mixed volumes of polytopes. As a special case he
obtains that for a certain class of monomial ideals the local
Segre class is a normalized volume of the simplex generated
by the origin and the vertices of the Newton polyhedron,
see [9, 4.2]. By [4], the local Segre class is the so called j-
multiplicity of the ideal. In 2013, Jeffries and Monta~no [13]
gave a different proof that the j-multiplicity of a monomial
ideal is the normalized volume of the pyramid of the ideal.

The j-multiplicity of an ideal is different from zero if and
only if its analytic spread is maximal, that is, equal to the
Krull-dimension d of A. A result of Bivi�a-Ausina [6] states
that the analytic spread diminished by one is the maximum
of the dimensions of compact faces of the Newton polyhe-
dron of I.

According to [3] the j-multiplicity is the first coordinate
of the generalized Samuel multiplicity vector cðIÞ ¼
ðc0ðIÞ, :::, cdðIÞÞ: Here we present and illustrate a conjecture
which expresses the other components of c(I) in terms of

the Newton polyhedron of I. Our conjecture holds for c0ðIÞ
by the known result of Guibert and of Jeffries and Monta~no,
and we shall prove it here for cd�1ðIÞ:

2. Generalized Samuel multiplicities

This section is a quick review of a generalization of
Samuel’s multiplicity by a sequence of numbers, the so-
called generalized Samuel multiplicity, which we intro-
duced in [3].

Let A be a d-dimensional Noetherian local ring ðA,mÞ
with unique maximal ideal m or a standard graded algebra
A ¼ �i�0 Ai such that A0 is a field and m ¼ ðA1ÞA is the
unique homogeneous maximal ideal of A. Let I � A be an
arbitrary ideal (not necessarily m-primary).

In order to define the generalized Samuel multiplicity
c(I), consider GIðAÞ :¼ �j�0 Ij=Ijþ1, the associated graded
ring of A with respect to I and the bigraded ring

T ¼ �
i, j�0

Tij ¼ GmðGIðAÞÞ ¼ �
i, j�0

miIj þ Ijþ1

miþ1Ij þ Ijþ1
,

where T00 ¼ A=m ¼ K is a field.
Let Hð0, 0Þði, jÞ :¼ dimKTij be the Hilbert function of the

bigraded ring T and let

Hð1, 1Þði, jÞ :¼
Xj

q¼0

Xi

p¼0

Hð0, 0Þðp, qÞ

be its twofold sum transform. For both i, j � 1 this function
becomes a polynomial in (i, j), which can be written in the form

X
kþl�d

að1, 1Þk, l
iþ k
k

� �
jþ l
l

� �
:

Following [3] define the generalized Samuel multiplicity
to be the vector
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�
að1, 1Þ0, d , að1, 1Þ1, d�1, :::, a

ð1, 1Þ
d, 0

�
¼:

�
c0ðTÞ, c1ðTÞ, :::, cdðTÞ

�
¼: cðTÞ

¼: ðc0ðIÞ, c1ðIÞ, :::, cdðIÞÞ ¼: cðIÞ :

The first coefficient c0ðIÞ plays an important role as an
intersection number and was introduced in [2]. It is called
the j-multiplicity jðIÞ :¼ c0ðIÞ: The last coefficient cdðIÞ is
zero if dimðA=IÞ<d ¼ dimðAÞ, see [3, Proposition 2.3]. In
particular, if I 6¼ 0 is a monomial ideal in a polynomial ring,
then cdðIÞ ¼ 0:

The generalized Samuel multiplicities depend only on the
highest dimensional components of T, see [18] or [3,
Proposition 1.2]:

Proposition 1. Let Qi, i ¼ 1, :::, q, be the highest dimensional
primary ideals in a minimal primary decomposition of the
zero ideal of the bigraded ring T ¼ GmðGIðRÞÞ and Pi their
associated prime ideals. Then there is an equality of vectors

cðIÞ ¼ cðTÞ ¼
Xq
i¼1

lengthðTPiÞ � cðT=PiÞ ¼
Xq
i¼1

cðT=QiÞ :

By analogy with the application of c(I) to intersection
theory, we shall call ckðT=QiÞ 6¼ 0 a movable contribution to
ckðIÞ if there is an integer ‘>k such that c‘ðT=QiÞ 6¼ 0:

3. A conjecture and some results

Let I be an ideal in R ¼ K½x1, :::, xd� ¼ K½x� (K a field) min-
imally generated by the monomials

xv1 :¼ x1
v1ð1Þ � � � xdv1ðdÞ, :::, xvr :¼ x1

vrð1Þ � � � xdvrðdÞ,
that is, v1 ¼ ðv1ð1Þ, :::, v1ðdÞÞ, :::, vr ¼ ðvrð1Þ, :::, vrðdÞÞ are
the points of Z

d
�0 corresponding to the exponents of the

generators of I.
The Newton polyhedron NPðIÞ of I is defined as the con-

vex hull of fv 2 Z
d
�0jxvg 2 Ig in R

d, that is,

NPðIÞ :¼ convðfv 2 Z
d
�0jxvð1Þ1 � � � xdvðdÞ 2 IgÞ

¼ convðfv1, :::, vrgÞ þ R
d
�0,

whereþ denotes the Minkowski sum (for the equality see
[15, Lemma 4.3]). It is well-known (see, for example, [12,
Proposition 1.4.6] that the set of integer lattice points of
NPðIÞ equals the exponent set of the integral closure of I,
which is again a monomial ideal. Our conjectures involve
both NPðIÞ and the generalized Samuel multiplicities c(I),
which are also known to be invariant up to the integral clos-
ure of I, see [7, Proposition 2.7].

A hyperplane

H ¼ fv 2 R
d j hv, ai ¼ bg ðwith a 2 R

d
�0, b 2 RÞ

is called a supporting hyperplane of the Newton polyhedron
NPðIÞ if
NPðIÞ � Hþ ¼ fv 2 R

d j hv, ai � bg and NPðIÞ \ H 6¼ ;:

A subset F � NPðIÞ is called a proper face of NPðIÞ if
there exists a supporting hyperplane H of NPðIÞ such that
F ¼ NPðIÞ \ H: The boundary of NPðIÞ is a set of faces of

dimension d – 1, called facets of NPðIÞ, some of them may
be compact.

The zero-dimensional faces are called vertices or extreme
points of NPðIÞ: We shall denote the set of vertices by
vertðIÞ: Note that the monomials corresponding to the
points in vertðIÞ are part of the set of minimal generators of
I, so by renumbering we will assume that

vertðIÞ ¼ fv1, :::, vsg with some s � r,

hence

NPðIÞ ¼ convðfv1, :::, vrgÞ þ R
d
�0 ¼ convðfv1, :::, vsgÞ þ R

d
�0:

The monomials corresponding to the points in vertðIÞ
generate the unique minimal monomial reduction ideal of I,
see [16, Proposition 2.1].

Any face F can be described using its vertices and infin-
ite-directions. Let ej denote the unit vector with non-zero
jth component, let H be a supporting hyperplane such that
F ¼ NPðIÞ \ H and let a be a normal vector to H. We call
the coordinate direction ej an infinite-direction of F if the jth
component a(j) of a is zero. If vi1 , :::, vis are the vertices of
F, then

F ¼ convðfvi1 , :::, visgÞ þ
X

j:aðjÞ¼0

R�0 ej:

Often we shall write simply vi1 :::vis instead of
convðfvi1 , :::, visgÞ: Of course, the compact or bounded faces
are precisely those that do not have infinite-directions ej.

By the Minkowski-Weyl Theorem for convex polyhedra,
there are uniquely determined finitely many closed half
spaces

Hþ
i ¼ fv 2 R

d j hv, aii � bigðwith ai 2 Z
d
�0, bi 2 Z�0Þ,

i ¼ 1, :::, t,

such that

NPðIÞ ¼ Hþ
1 \ ::: \ Hþ

t :

Then Fi :¼ Hi \NPðIÞ, i ¼ 1, :::, t, are the facets of
NPðIÞ: We will assume that H1, :::,Hu are the hyperplanes
corresponding to the unbounded facets and that Huþ1, :::,Ht

are those corresponding to the compact facets.
To each bounded facet F ¼ convðfvi1, :::, visgÞ of NPðIÞ

we associate the polytope (or pyramid)

F̂ :¼ convð0, FÞ ¼ convðf0, vi1, :::, visgÞ
and denote by voldðF̂Þ its d-dimensional volume and by

VoldðF̂Þ :¼ d!voldðF̂Þ
its normalized volume.

The normalized volumes of pyramids over projections of
bounded faces of NPðIÞ play a crucial role in our conjec-
tures. Since it was known that c0ðIÞ equals the sum of the
normalizes d-dimensional volumes of the pyramids over the
bounded facets of N(I), our guess was that cd�ðkþ1ÞðIÞ should
be a sum of ðkþ 1Þ-dimensional volumes coming from the
bounded faces Fk of dimension k. We succeeded in proving
this for k¼ 0 by projecting the vertices of NPðIÞ on the
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coordinate axes, see Theorem 2. Thus, in order to obtain
cd�ðkþ1ÞðIÞ, we tried to sum up the normalized
ðkþ 1Þ-dimensional volumes of the pyramids over the pro-
jections of the bounded faces Fk of NPðIÞ on coordinate
ðkþ 1Þ-planes. This did not work well, and by [5, Section
2.2] we realized that one should consider only projections
along the infinite-directions of facets Fd�1 that contain Fk.
Then we refined our guess by computing many examples.
To formulate our conjectures, we proceed as follows.

We call a facet F � NPðIÞ an h-unbounded facet if the
normal vector a to its supporting hyperplane has at least
h> 0 coordinates a(j) which are zero, that is, if the facet has
at least h infinite-directions ej.

Let FðkÞ be the set of all ðd�ðkþ 1ÞÞ-unbounded facets
containing at least one k-dimensional compact face Fk, 0 �
k � d�2: We define Fðd�1Þ to be the set of all compact or
bounded facets of NPðIÞ:

If Fd�1 2 FðkÞ and Fk is a k-dimensional compact face
contained in Fd�1, then we associate to the pair ðFk, Fd�1Þ a
ðkþ 1Þ-dimensional normalized volume VolðFk, Fd�1Þ as fol-
lows. Let L � f1, :::, dg be such that fe‘ : ‘ 2 Lg is the set of
all infinite-directions of Fd�1 and let M1, :::,Mq be all sub-
sets of L consisting of exactly d�ðkþ 1Þ infinite-directions.
For i ¼ 1, :::, q, let

pi : R
d !

X
1�j�d, j 62Mi

Rej ffi R
kþ1

be the orthogonal projection which removes from v 2 R
d

the coordinates v(m) with m 2 Mi: Then piðFkÞ is a poly-
tope of dimension at most k. By renumbering, assume that
dimðpiðFkÞÞ ¼ k for 1 � i � p and dimðpiðFkÞÞ<k
for pþ 1 � i � q:Q1

The volume associated to the pair ðFk, Fd�1Þ is
VolðFk, Fd�1Þ :¼ min

1�i�p
Volkþ1ðconvðf0,piðFkÞgÞÞ: (3–1)

Conjecture 1. For each k ¼ 0, :::, d�1, the generalized
Samuel multiplicity of a monomial ideal I is

cd�ðkþ1ÞðIÞ ¼
X

Fd�12FðkÞ
min
Fk

fVolðFk, Fd�1Þg, (3–2)

where the minimum is taken over all compact faces Fk of
NPðIÞ that are contained in the facet Fd�1:

In the extremal cases k ¼ d�1 and k¼ 0 the formula
(3.2) can be simplified.

The case k ¼ d�1: Since Fðd�1Þ is the set of compact
facets of NPðIÞ, Fd�1 2 Fðd�1Þ does not have infinite-
directions. Hence L above is empty, q¼ 1, M1 ¼ ; and p1 is
the identity map on R

d: The only ðd�1Þ-dimensional com-
pact face contained in Fd�1 is Fd�1 itself and

VolðFd�1, Fd�1Þ :¼ Voldðconvðf0,p1ðFd�1ÞgÞÞ
¼ Voldðconvðf0, Fd�1gÞÞ:

Then the formula (3–2) reads

c0ðIÞ ¼
X

Fd�12Fðd�1Þ
Voldðconvðf0, Fd�1gÞÞ: (3–3)

The case k ¼ 0: At first we describe Fð0Þ:

Proposition 2. Let I � K½x1, :::, xd� ¼ K½x� be an ideal gener-
ated by the monomials xv1 , :::, xvr . For j ¼ 1, :::, d, set mj :¼
minfv1ðjÞ, :::, vrðjÞg and

Fj :¼ convðfv 2 vertðIÞjvðjÞ ¼ mjgÞ þ
X

1�i�d, i6¼j

R�0 ei:

Then Fð0Þ ¼ fF1, :::, Fdg:

Proof. Since each v 2 NPðIÞ is the sum of a convex combin-
ation of the vertices v1, :::, vs of NPðIÞ and of some w 2
R

d
�0, we have

vðjÞ � minfv1ðjÞ, :::, vsðjÞg þ wðjÞ � minfv1ðjÞ, :::, vsðjÞg,
hence

mj :¼ minfv1ðjÞ, :::, vrðjÞg ¼ minfv1ðjÞ, :::, vsðjÞg ¼ min
v2NPðIÞ

fvðjÞg:

It follows that F1, :::, Fd are precisely the ðd�1Þ-unbounded
facets of NPðIÞ, that is, Fð0Þ ¼ fF1, :::, Fdg: w

By the preceding proposition, for k¼ 0 the formula (3–2) reads

cd�1ðIÞ ¼
Xd
j¼1

min
v
fVolðv, FjÞg, (3–4)

where the minimum is taken over all vertices v of NPðIÞ
that are contained in the facet Fj. In order to compute
Volðv, FjÞ, note that each Fj has d – 1 infinite-directions,
more precisely, L ¼ f1, :::, ĵ, :::, dg, hence q¼ 1, L ¼ M1,
and p1 : R

d ! Rej sends each v 2 Fj to its jth coordinate
vðjÞ ¼ mj: It follows that Volðv, FjÞ ¼ Vol1ðconvðf0,
p1ðvÞgÞÞ ¼ vðjÞ ¼ mj for each vertex v of NPðIÞ that is con-
tained in Fj, and no minimum has to be taken in (3–4).
Thus the formula of Conjecture 1 becomes

cd�1ðIÞ ¼ m1 þ � � � þmd: (3–5)

Conjecture 2. With the notation of Proposition 1, for each
k ¼ 0, :::, d�1, there is a one-to-one correspondence between
the non-zero cd�ðkþ1ÞðT=QiÞ and the non-zero summands
minFkfVolðFk, Fd�1Þg in the formula of Conjecture 1 such
that the corresponding numbers are equal.

In particular, the number of compact facets of NPðIÞ is
equal to the number of d-dimensional associated prime ideals
of T that contain m ¼ ðx1, :::, xdÞR:

Moreover, if VolðFk, Fd�1Þ 6¼ 0 contributes to cd�ðkþ1ÞðIÞ
and can be obtained by more than one projection pi, then it
is a movable contribution.

Note that in general, if K is algebraically closed and

T ¼ GmðGIðRÞÞ ffi K x1, :::, xd, y1, :::, yr½ �=n,
then the bigraded ideal n is a binomial but not a monomial
ideal, see [8, Corollary 1.9].

Our conjectures are confirmed by many examples, but so
far we do not have a proof except for Conjecture 1 in the
extremal cases k¼ 0 (formula (3–3)) and k ¼ d�1 (formula
(3–5)), as it is stated in the following two theorems.

Theorem 1. (Jeffries and Monta~no [13, Theorem 3.2]).
If I � K½x1, :::, xd� is a monomial ideal and Frþ1, :::, Ft
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are the compact facets of the Newton polyhedron NPðIÞ,
then

c0ðIÞ ¼
Xt

i¼rþ1

d!volðF̂ iÞ ¼
Xt

i¼rþ1

VolðF̂ iÞ:

Theorem 2. Let I be a monomial ideal in R ¼ K½x1, :::, xd� ¼
K½x� generated by xv1 , :::, xvr and mj ¼ minfv1ðjÞ, :::,
vrðjÞg, j ¼ 1, :::, d. Then

cd�1ðIÞ ¼ m1 þ � � � þmd:

Proof. By [3, Proposition 2.3], cd�1ðIÞ 6¼ 0 if and only if
dimR=I ¼ d�1: If dimR=I<d�1, then none of the variables
xj appears in all monomials generating I, hence mj ¼ 0 for
all j, and the result is true. If dimR=I ¼ d�1, then again by
[3, loc. cit.],

cd�1ðIÞ ¼
X
P

eðIRPÞ � eðR=PÞ,

where P runs through all ðd�1Þ-dimensional associated
prime ideals of R/I, that is, prime ideals of the form ðxjÞ for
some j. Therefore IRP ¼ ðxmj

j ÞRP and eðIRPÞ ¼ mj: The
ðd�1Þ-dimensional part of the primary decomposition of I
is ðxm1

1 Þ \ ðxm2
2 Þ \ � � � \ ðxmd

d Þ, which is of degree
m1 þ � � � þmd: w

Corollary 3. Let I � K½x1, x2� be a monomial ideal generated
by xv1 , :::, xvr . We assume that v1, :::, vs ð1 � s � rÞ are the
vertices of the Newton polyhedron NPðIÞ numbered such that
v1ð1Þ> � � �>vsð1Þ, hence v1ð2Þ< � � �<vsð2Þ. Then the set of
unbounded facets of NPðIÞ is

Fð0Þ ¼ fF1 ¼ vs þ R�0 e2, F2 ¼ v1 þ R�0 e1g,
the set of bounded facets of NPðIÞ is

Fð1Þ ¼ fv1v2, v2v3, :::, vs�1vsgð¼ ; if s ¼ 1Þ,
and the generalized Samuel multiplicities are

c0ðIÞ ¼ det

�
v1
v2

�
þ � � � þ det

�
vs�1

vs

�
,

c1ðIÞ ¼ v1ð2Þ þ vsð1Þ, c2 ¼ 0:

Proof. The corollary follows immediately from Proposition
2, Theorem 1, Theorem 2 and [3, Proposition 2.3 (i)]. w

4. Examples

We illustrate the theorems and the conjecture by examples
of monomial ideals I � R ¼ K½x1, :::, xd�, K an arbitrary
field. We set m :¼ ðx1, :::, xdÞR and T :¼ GmðGIðRÞÞ: All the
examples will show a close relation between the summands
in the formula of Conjecture 1 and the highest dimensional
primary components of T and confirm Conjecture 2.

In our first two examples we consider monomial ideals in
polynomial rings of dimension two. Note that Conjecture 1

holds in this case (formulas (3–3) and (3–5)), see the
Theorems 1 and 2 and Corollary 3.

Example 1 (Figure 1). We begin with the simplest case of a
monomial ideal generated by one monomial in two variables
in order to illustrate Corollary 3 if the Newton polyhedron
has only one vertex.

Let I ¼ ðx3y2Þ � R ¼ K½x, y�: We have

cðIÞ ¼ ðc0ðIÞ, c1ðIÞ, c2ðIÞÞ ¼ ð0, 5, 0Þ ¼ 2 � ð0, 1, 0Þ þ 3 � ð0, 1, 0Þ,

where the summands are the contributions of the compo-
nents of the bigraded ring GmðGIðRÞÞ, see Proposition 1.

The Newton polyhedron NPðIÞ has only one vertex v ¼
ð3, 2Þ and two (unbounded) facets F1 ¼ vþ R�0e2 and F2 ¼
vþ R�0e1 (see Figure 1), hence Fð1Þ ¼ ; and c0ðIÞ ¼ 0: We
have Fð0Þ ¼ fF1, F2g and Volðv, F1Þ ¼ 3 and Volðv, F2Þ ¼
2, hence c1ðIÞ ¼ 5:

Example 2 (Figure 2). This example is to illustrate Corollary
3 in the case of two and more vertices. The vertices are
numbered as in the corollary.

Let I ¼ ðx6y, x4y2, x2y5, x3y4Þ � R ¼ K½x, y�: We have

cðIÞ ¼ ðc0ðIÞ, c1ðIÞ, c2ðIÞÞ
¼ ð24, 3, 0Þ ¼ 16 � ð1, 0, 0Þ þ 8 � ð1, 0, 0Þ þ 2 � ð0, 1, 0Þ þ ð0, 1, 0Þ,

where the summands are the contributions of the compo-
nents of the bigraded ring GmðGIðRÞÞ, see Proposition 1.

The Newton polyhedron NPðIÞ has three vertices v1 ¼
ð6, 1Þ, v2 ¼ ð4, 2Þ, v3 ¼ ð2, 5Þ, two unbounded facets F1 ¼
v3 þ R�0e2, F2 ¼ v1 þ R�0e1 and two bounded facets: the
line segments F3 ¼ convðv1, v2Þ, F4 ¼ convðv2, v3Þ (see
Figure 2), hence Fð1Þ ¼ fF3, F4g and

c0ðIÞ ¼ Volðconvð0, F3ÞÞ þ Volðconvð0, F4ÞÞ

¼
���� 6 1

4 2

����þ
���� 4 2

2 5

���� ¼ 8þ 16:

We have Fð0Þ ¼ fF1, F2g and

c1ðIÞ ¼ Volðv3, F1Þ þ Volðv1, F2Þ ¼ 1þ 2 ¼ 3:

Example 3 (Figures 3–5). The purpose of this example is
twofold. It shows that there can be compact faces of NPðIÞ
that do not contribute to the generalized Samuel multiplicity
c(I). Furthermore it aims to discuss a movable contribution
(to c1ðIÞ). In this example, because of the movable contribu-
tion, the number of the highest dimensional components of
T is one less than the number of summands in the conjec-
tured formula (3–2).

Let I ¼ ðx2y, x2z, xy2, xz2Þ � K½x, y, z�: By a computer
computation (using [1]) we have

cðIÞ ¼ ðc0ðIÞ, c1ðIÞ, c2ðIÞ, c3ðIÞÞ
¼ ð9, 3, 1, 0Þ ¼ 3 � ð3, 0, 0, 0Þ þ ð0, 1, 0, 0Þ þ ð0, 2, 1, 0Þ,

where the summands are the contributions of the highest
dimensional components of the bigraded ring T, see
Proposition 1. The contribution 2 in the last vector is a
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movable contribution to c1ðIÞ: This can be read off also
from the Newton polyhedron NPðIÞ, see Figure 5.

According to the program Germenes [14], the compact
faces of NPðIÞ are the vertices v1 ¼ ð2, 1, 0Þ, v2 ¼
ð2, 0, 1Þ, v3 ¼ ð1, 2, 0Þ, v4 ¼ ð1, 0, 2Þ, the line segments
v1v2, v1v3, v2v4, v3v4 and the quadrilateral facet v1v2v4v3: The
unbounded facets are
F1 ¼ v3v4 þ R�0 e2 þ R�0 e3, F2 ¼ v2v4 þ R�0 e1 þ R�0 e3,
F3 ¼ v1v3 þ R�0 e1 þ R�0 e2, F4 ¼ v1v2 þ R�0 e1:

We observe that the set of bounded facets is Fð2Þ ¼
fv1v2v4v3g and

c0ðIÞ ¼ Volðconvð0, v1, v2, v4, v3ÞÞ ¼
2 1 0

1 2 0

2 0 1

�������

�������
þ

2 0 1

1 2 0

1 0 2

�������

�������
¼ 3þ 6 ¼ 9,

see Figure 4.
The set of 1-unbounded facets that contain a compact

one-dimensional face is Fð1Þ ¼ fF1, F2, F3, F4g, and we have

Volðv1v2, F4Þ ¼
1 0

0 1

����
���� ¼ 1,
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Figure 1. Projection along the infinite-directions of the facets gives c1ðIÞ, which is the red distance.

Figure 2. The red area is c0ðIÞ=2, the red distance c1ðIÞ:
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Volðv1v3, F3Þ ¼ min
1 0
2 0

����
����, 2 0

1 0

����
����

� �
¼ 0,

Volðv2v4, F2Þ ¼ min
0 1
0 2

����
����, 2 0

1 0

����
����

� �
¼ 0,

Volðv3v4, F1Þ ¼ min
1 0
1 2

����
����, 1 0

1 2

����
����

� �
¼ 2

(the last minimum is given by two different projections and
is a movable contribution, see Figure 5), hence

c1ðIÞ ¼ Volðv1v2, F4Þ þ Volðv1v3, F3Þ þ Volðv2v4, F2Þ
þ Volðv3v4, F1Þ

¼ 1þ 0þ 0þ 2 ¼ 3:

The set of 2-unbounded facets is Fð0Þ ¼ fF1, F2, F3g: We
have Volðv3, F1Þ ¼ 1, Volðv4, F1Þ ¼ 1, Volðv4, F2Þ ¼
0, Volðv1, F3Þ ¼ 0, Volðv3, F3Þ ¼ 0, hence

c2ðIÞ ¼ minfVolðv3, F1Þ, Volðv4, F1Þg þ Volðv4, F2Þþ
þminfVolðv1, F3Þ, Volðv3, F3Þg ¼ 1þ 0þ 0 ¼ 1:

Example 4 (Figure 6). Here we give a monomial ideal I
such that its Newton polyhedron has compact edges that do
not lie on any 1-unbounded facet and therefore, according
to Conjecture 1, have not to be taken into account in order
to compute c1ðIÞ:

Let I ¼ ðxy4z5, x2y5z2, xy5z3, x5yz2, x2yz5, x5y2zÞ � K½x, y, z�:
By a computer computation we have

cðIÞ ¼ ðc0ðIÞ, c1ðIÞ, c2ðIÞ, c3ðIÞÞ ¼ ð168, 26, 3, 0Þ ¼
¼ 19 � ð1, 0, 0, 0Þ þ 103 � ð1, 0, 0, 0Þ þ 22 � ð1, 0, 0, 0Þþ
þ 24 � ð1, 0, 0, 0Þ þ 7 � ð0, 1, 0, 0Þ þ ð0, 3, 1, 0Þþ
þ 8 � ð0, 1, 0, 0Þ þ ð0, 1, 0, 0Þ þ 4 � ð0, 1, 0, 0Þþ
þ 3 � ð0, 1, 0, 0Þ þ ð0, 0, 1, 0Þ þ ð0, 0, 1, 0Þ,

where the summands are the contributions of the highest
dimensional components of the bigraded ring T, see
Proposition 1. The contribution 3 in the sixth vector is a
movable contribution to c1ðIÞ:

The program Germenes [14] gives the following descrip-
tion of the Newton polyhedron NPðIÞ: The compact faces of
NPðIÞ are the 6 vertices v1 ¼ ð1, 4, 5Þ, v2 ¼ ð2, 5, 2Þ, v3 ¼
ð1, 5, 3Þ, v4 ¼ ð5, 1, 2Þ, v5 ¼ ð2, 1, 5Þ, v6 ¼ ð5, 2, 1Þ, the 9 line
segments v4v6, v2v6, v5v6, v4v5, v3v6, v3v2, v3v5, v1v5, v1v3 and
the 4 triangles (bounded facets) v4v5v6, v2v3v6, v3v5v6, v1v3v5:
There are 7 unbounded facets:

F1 ¼ v1v3 þ R�0 e2 þ R�0 e3, F2 ¼ v4v5 þ R�0 e1
þ R�0 e3,

F3 ¼ v6 þ R�0 e1 þ R�0 e2, F4 ¼ v1v5 þ R�0 e3,

F5 ¼ v2v3 þ R�0 e2, F6 ¼ v2v6 þ R�0 e2,

F7 ¼ v4v6 þ R�0 e1:

From the set of bounded facets Fð2Þ ¼ fv4v5v6,
v2v3v6, v3v5v6, v1v3v5g we get
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Figure 3. Infinite-directions (blue arrows) of the unbounded facets, c2ðIÞ (red distance) and c1ðIÞ=2 (red area).

Figure 4. The volume of the red pyramid is c0=6:
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c0ðIÞ ¼ Volðconvð0, v4, v5, v6ÞÞ þ Volðconvð0, v2, v3, v6ÞÞþ
þ Volðconvð0, v3, v5, v6ÞÞ þ Volðconvð0, v1, v3, v5ÞÞ ¼

¼
5 1 2

5 2 1

2 1 5

�������

�������
þ

2 5 2

1 5 3

5 2 1

�������

�������
þ

1 5 3

2 1 5

5 2 1

�������

�������
þ

1 4 5

2 1 5

1 5 3

�������

�������
¼

¼ 24þ 22þ 103þ 19 ¼ 168:

We have Fð1Þ ¼ fF1, F2, F4, F5, F6, F7g and

Volðv1v3, F1Þ ¼ min
1 4
1 5

����
����, 1 3

1 5

����
����

� �
¼ minf1, 2g ¼ 1,

Volðv4v5, F2Þ ¼ min
5 1
2 1

����
����, 1 2

1 5

����
����

� �
¼ minf3, 3g ¼ 3

(here the minimum is attained twice, that is, by two differ-
ent projections which indicates a movable contribution),

Volðv1v5, F4Þ ¼ 2 1
1 4

����
���� ¼ 7, Volðv2v3, F5Þ ¼ 2 2

1 3

����
���� ¼ 4,

Volðv2v6, F6Þ ¼ 5 1
2 2

����
���� ¼ 8, Volðv4v6, F7Þ ¼ 2 1

1 2

����
���� ¼ 3,

hence

c1ðIÞ ¼ Volðv1v3, F1Þ þ Volðv4v5, F2Þ þ Volðv1v5, F4Þþ
þ Volðv2v3, F5Þ þ Volðv2v6, F6Þ þ Volðv4v6, F7Þ ¼

¼ 1þ 3þ 7þ 4þ 8þ 3 ¼ 26:

We observe that the compact 1-dimensional faces v5v6,
v3v6, v3v5, that is, the edges of the big triangle v3v5v6, do
not contribute to c1ðIÞ since they lie on no 1-unbounded
facet. Moreover, as in the previous example, there is a mov-
able contribution, namely Volðv4v5, F2Þ ¼ 3:

The set of 2-unbounded facets is Fð0Þ ¼ fF1, F2, F3g,
and we have Volðv1, F1Þ ¼ 1, Volðv3, F1Þ ¼ 1, Volðv4, F2Þ ¼
1, Volðv5, F2Þ ¼ 1, Volðv6, F3Þ ¼ 1, hence

c2ðIÞ ¼ minfVolðv1, F1Þ, Volðv3, F1Þg
þminfVolðv4, F2Þ, Volðv5, F2Þgþ
þ Volðv6, F3Þ ¼ 1þ 1þ 1 ¼ 3:
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Figure 6. NPðIÞ with compact (black) and unbounded (blue) facets; projections of compact edges along infinite-directions (blue arrows) give c1ðIÞ=2 (red area).

Figure 5. A movable contribution (to c1ðIÞ=2, red area) can be realized by at least two projections. Here the volume associated to the pair ðv3v4, F1Þ is obtained
both by the projection of v3v4 along the y-axis and the z-axis, that is, along the two inifinite-directions of F1.
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Example 5 (Figure 7). The scope of this example is to give a
monomial ideal in dimension three such that its Newton
polyhedron has three affinely independent vertices v1, v2, v3,
but its local Segre class is zero and thus not equal to the
normalized volume of the simplex generated by the origin
and v1, v2, v3 as erroneously stated in [9, 4.2].

Let I ¼ ðxz, x2y2, yz2Þ � K½x, y, z�: By a computer compu-
tation we have

cðIÞ ¼ ðc0ðIÞ, c1ðIÞ, c2ðIÞ, c3ðIÞÞ ¼ ð0, 7, 0, 0Þ ¼
¼ 2 � ð0, 1, 0, 0Þ þ 2 � ð0, 1, 0, 0Þ þ 2 � ð0, 1, 0, 0Þ þ ð0, 1, 0, 0Þ,

where the summands are the contributions of the highest
dimensional components of the bigraded ring T, see
Proposition 1.

A computation with the program Germenes [14] shows
that the compact faces of NPðIÞ are the vertices v1 ¼
ð1, 0, 1Þ, v2 ¼ ð2, 2, 0Þ, v3 ¼ ð0, 1, 2Þ and the line segments
v1v2, v1v3: There are no compact facets, but 6 unbounded
facets:

F1 ¼ v3 þ R�0 e2 þ R�0 e3, F2 ¼ v1 þ R�0 e1 þ R�0 e3,
F3 ¼ v2 þ R�0 e1 þ R�0 e2, F4 ¼ v1v2 þ R�0 e1,
F5 ¼ v1v3 þ R�0 e3, F6 ¼ v1v2v3 þ R�0 e2:

We observe that Fð2Þ ¼ ;, hence

c0ðIÞ ¼ 0 6¼ Vol3ðconvðf0, v1, v2, v3gÞÞ ¼
1 0 1
2 2 0
0 1 2

������
������ ¼ 6:

This means that v1, v2, v3 are affinely independent, but
the local Segre class is zero and not equal to the normalized
volume of the simplex generated by the origin and v1, v2, v3
as claimed in [9, 4.2]. The reason is that the triangle v1v2v3
is not a compact facet of NPðIÞ:

The set of 1-unbounded facets which contain a compact
1-dimensional face is Fð1Þ ¼ fF4, F5, F6g, and we have

Volðv1v2, F4Þ ¼ 2 0
0 1

����
���� ¼ 2, Volðv1v2, F6Þ ¼ 2 0

1 1

����
���� ¼ 2,

Volðv1v3, F5Þ ¼ 1 0
0 1

����
���� ¼ 1, Volðv1v3, F6Þ ¼ 1 1

0 2

����
���� ¼ 2,

hence

c1ðIÞ ¼ Volðv1v2, F4Þ þ Volðv1v2, F6Þ þ Volðv1v3, F5Þ
þ Volðv1v3, F6Þ

¼ 2þ 2þ 1þ 2 ¼ 7:

The set of 2-unbounded facets is Fð0Þ ¼ fF1, F2, F3g and we
have

Volðv3, F1Þ ¼ 0, Volðv1, F2Þ ¼ 0, Volðv2, F3Þ ¼ 0,

hence c2ðIÞ ¼ 0:

Example 6. With the notation of the paragraph before
Conjecture 1, this example is to have pairs ðFk, Fd�1Þ such
that dimðpiðFkÞÞ<k for some of the projections pi. In our
example we have k¼ 1, d¼ 4, and the pairs ðv1v2, F2Þ and
ðv1v2, F3Þ have the desired property.

Let d¼ 4, I ¼ ðx31x2x3x4, x1x2x3x24Þ: By a computer com-
putation we have

cðIÞ ¼ ðc0ðIÞ, c1ðIÞ, c2ðIÞ, c3ðIÞ, c4ðIÞÞ ¼ ð0, 0, 7, 4, 0Þ ¼
¼ 5 � ð0, 0, 1, 0, 0Þ þ ð0, 0, 1, 0, 0Þ þ ð0, 0, 1, 0, 0Þþ

þð0, 0, 0, 1, 0Þ þ ð0, 0, 0, 1, 0Þ þ ð0, 0, 0, 1, 0Þþ
þð0, 0, 0, 1, 0Þ,

where the summands are the contributions of the highest
dimensional components of the bigraded ring T, see
Proposition 1.

The compact faces of the Newton polyhedron NPðIÞ are
the vertices v1 ¼ ð3, 1, 1, 1Þ, v2 ¼ ð1, 1, 1, 2Þ and the line seg-
ment v1v2: There are no compact facets, but 5 unbounded
facets:

F1 ¼ v2 þ R�0 e2 þ R�0 e3 þ R�0 e4,
F2 ¼ v1v2 þ R�0 e1 þ R�0 e3 þ R�0 e4,
F3 ¼ v1v2 þ R�0 e1 þ R�0 e2 þ R�0 e4,
F4 ¼ v1 þ R�0 e1 þ R�0 e2 þ R�0 e3,
F5 ¼ v1v2 þ R�0 e2 þ R�0 e3:

Obviously Fð3Þ ¼ Fð2Þ ¼ ;, hence c0ðIÞ ¼ c1ðIÞ ¼ 0:
We have Fð1Þ ¼ fF2, F3, F5g and

Volðv1v2, F2Þ ¼ min
3 1
1 1

����
����, 1 1

1 2

����
����

� �
¼ minf2, 1g ¼ 1,

Volðv1v2, F3Þ ¼ min
3 1
1 1

����
����, 1 1

1 2

����
����

� �
¼ minf2, 1g ¼ 1,

Volðv1v2, F5Þ ¼ 3 1
1 2

����
���� ¼ 5:

We observe that in the computations of Volðv1v2, F2Þ and
Volðv1v2, F3Þ the projection of the line segment v1v2 on the
fx2, x3g-plane gives the point (1, 1) and must not be consid-
ered. We obtain

c2ðIÞ ¼ Volðv1v2, F2Þ þ Volðv1v2, F3Þ þ Volðv1v2, F5Þ
¼ 1þ 1þ 5 ¼ 7:
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Figure 7. The triangle defined by 3 affinely independent vertices is not a com-
pact facet.
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The set of 3-unbounded facets is Fð0Þ ¼ fF1, F2, F3, F4g,
and we have

Volðv2, F1Þ ¼ 1, Volðv1, F2Þ ¼ 1, Volðv2, F2Þ ¼ 1,
Volðv1, F3Þ ¼ 1, Volðv2, F3Þ ¼ 1, Volðv1, F4Þ ¼ 1,

hence

c3ðIÞ ¼ Volðv2, F1Þ þminfVolðv1, F2Þ, Volðv2, F2Þgþ
þminfVolðv1, F3Þ, Volðv2, F3Þg þ Volðv1, F4Þ ¼

¼ 1þ 1þ 1þ 1 ¼ 4:

Example 7. This example is to show that in the formula of
Conjecture 1 with k> 0 one needs to take the minimum
over all compact faces Fk of NPðIÞ that are contained in the
facet Fd�1: In our example we have d¼ 5, k¼ 1 and three
compact 1-dimensional faces lie on the same 3-unbounded
facet F3 or F4.

Let d¼ 5, I ¼ ðx31x2x3x4x5, x1x22x3x4x5, x1x2x3x4x55Þ: By a
computer computation we have

cðIÞ ¼ ðc0ðIÞ, c1ðIÞ, c2ðIÞ, c3ðIÞ, c4ðIÞ, c5ðIÞÞ ¼ ð0, 0, 26, 6, 5, 0Þ ¼
¼ 22 � ð0, 0, 1, 0, 0, 0Þ þ 2 � ð0, 0, 1, 0, 0, 0Þ þ 2 � ð0, 0, 1, 0, 0, 0Þþ
þ2 � ð0, 0, 0, 1, 0, 0Þ þ ð0, 0, 0, 1, 0, 0Þ þ ð0, 0, 0, 1, 0, 0Þþ
þð0, 0, 0, 1, 0, 0Þ þ ð0, 0, 0, 1, 0, 0Þ þ ð0, 0, 0, 0, 1, 0Þþ
þð0, 0, 0, 0, 1, 0Þ þ ð0, 0, 0, 0, 1, 0Þ þ ð0, 0, 0, 0, 1, 0Þþ
þð0, 0, 0, 0, 1, 0Þ,

where the summands are the contributions of the highest
dimensional components of the bigraded ring T, see
Proposition 1.

The program Germenes [14] shows that the compact
faces of NPðIÞ are the vertices v1 ¼ ð3, 1, 1, 1, 1Þ, v2 ¼
ð1, 2, 1, 1, 1Þ, v3 ¼ ð1, 1, 1, 1, 5Þ, the line segments v1v2, v1v3,
v2v3 and the triangle v1v2v3: The facets, all of them
unbounded, are:

F1 ¼ v2v3 þ R�0 e2 þ R�0 e3 þ R�0 e4 þ R�0 e5,
F2 ¼ v1v3 þ R�0 e1 þ R�0 e3 þ R�0 e4 þ R�0 e5,
F3 ¼ v1v2v3 þ R�0 e1 þ R�0 e2 þ R�0 e4 þ R�0 e5,
F4 ¼ v1v2v3 þ R�0 e1 þ R�0 e2 þ R�0 e3 þ R�0 e5,
F5 ¼ v1v2 þ R�0 e1 þ R�0 e2 þ R�0 e3 þ R�0 e4,
F6 ¼ v1v2v3 þ R�0 e3 þ R�0 e4:

Obviously Fð4Þ ¼ Fð3Þ ¼ ;, hence c0ðIÞ ¼ c1ðIÞ ¼ 0:
We have Fð2Þ ¼ fF3, F4, F6g and

Volðv1v2v3, F3Þ ¼ Volðv1v2v3, F4Þ

¼ min

3 1 1

1 2 1

1 1 1

�������

�������
,

1 1 1

2 1 1

1 1 5

�������

�������

8><
>:

9>=
>; ¼

¼ minf2, 4g ¼ 2,

Volðv1v2v3, F6Þ ¼
3 1 1

1 2 1

1 1 5

�������

�������
¼ 22:

Observe that in the computations of Volðv1v2v3, F3Þ and
Volðv1v2v3, F4Þ four projections of the compact triangle
v1v2v3 give a line segment and must not be considered.
Summing up we get

c2ðIÞ ¼ Volðv1v2v3, F3Þ þ Volðv1v2v3, F4Þ þ Volðv1v2v3, F6Þ
¼ 2þ 2þ 22 ¼ 26:

The set of 3-unbounded facets containing 1-dimensional
compact faces is Fð1Þ ¼ fF1, F2, F3, F4, F5g, and we have

Volðv2v3, F1Þ ¼ min
1 1
1 2

����
����, 1 1

1 5

����
����

� �
¼ minf1, 4g ¼ 1,

Volðv1v3, F2Þ ¼ min
3 1
1 1

����
����, 1 1

1 5

����
����

� �
¼ minf2, 4g ¼ 2,

Volðv1v2, F3Þ ¼ Volðv1v2, F4Þ ¼ min
3 1
1 1

����
����, 2 1

1 1

����
����

� �

¼ minf2, 1g ¼ 1,

Volðv1v3, F3Þ ¼ Volðv1v3, F4Þ ¼ min
3 1
1 1

����
����, 1 1

1 5

����
����

� �

¼ minf2, 4g ¼ 2,

Volðv2v3, F3Þ ¼ Volðv2v3, F4Þ ¼ min
2 1
1 1

����
����, 1 1

1 5

����
����

� �

¼ minf1, 4g ¼ 1,

Volðv1v2, F5Þ ¼ min
3 1
1 1

����
����, 2 1

1 1

����
����

� �
¼ minf2, 1g ¼ 1,

hence

c3ðIÞ ¼ Volðv2v3, F1Þ þ Volðv1v3, F2Þþ
þminfVolðv1v2, F3Þ, Volðv1v3, F3Þ, Volðv2v3, F3Þgþ
þminfVolðv1v2, F4Þ, Volðv1v3, F4Þ, Volðv2v3, F4Þgþ
þ Volðv1v2, F5Þ ¼ 1þ 2þ 1þ 1þ 1 ¼ 6:

From the list of the facets we see that there are five 4-
unbounded facets, precisely Fð0Þ ¼ fF1, F2, F3, F4, F5g and
we have

Volðv2, F1Þ ¼ 1, Volðv3, F1Þ ¼ 1, Volðv1, F2Þ ¼ 1,
Volðv3, F2Þ ¼ 1,
Volðv1, F3Þ ¼ 1, Volðv2, F3Þ ¼ 1, Volðv3, F3Þ ¼ 1,
Volðv1, F4Þ ¼ 1,
Volðv2, F4Þ ¼ 1, Volðv3, F4Þ ¼ 1, Volðv1, F5Þ ¼ 1,
Volðv2, F5Þ ¼ 1,

c4ðIÞ ¼ minfVolðv2, F1Þ, Volðv3, F1Þg þminfVolðv1, F2Þ,
Volðv3, F2Þgþ
þminfVolðv1, F3Þ, Volðv2, F3Þ, Volðv3, F3Þgþ
þminfVolðv1, F4Þ, Volðv2, F4Þ, Volðv3, F4Þgþ
þminfVolðv1, F5Þ, Volðv2, F5Þg ¼ 1þ 1þ 1þ 1þ 1 ¼ 5:
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