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GENERALIZED SAMUEL MULTIPLICITIES OF
MONOMIAL IDEALS AND VOLUMES

R. ACHILLES AND M. MANARESI

ABSTRACT. We describe conjecturally the generalized Samuel mul-
tiplicities ¢g,...,cq—1 of a monomial ideal I C Klzy,...,24] in
terms of its Newton polyhedron I'(I). More precisely, we conjec-
ture that ¢; equals the sum of the normalized (d — ¢)-volumes of
pyramids over the projections of the (d—i—1)-dimensional compact
faces of T'(I) along the infinite-directions of i-unbounded facets in
which they are contained. For ¢ proofs are known (Guibert, Jef-
fries and Montano) and for ¢4—; a proof will be given.

1. INTRODUCTION

In this paper, based on computations with the free softwares Germe-
nes by A. Montesinos [11] and REDUCE [12] by A. C. Hearn [8] and
REDUCE developers, we give a conjecture that in the case of monomial
ideals links the generalized multiplicities defined algebraically in [3]
with volumes derived from the Newton polyhedra of the ideals, thus
extending a result of B. Teissier [14].

In 1988, B. Teissier [14, p. 131] proved that for an m-primary mono-
mial ideal I of a local ring A the Samuel multiplicity is equal to the
normalized volume of the complement of the Newton polyhedron of the
ideal 7. In 1999, G. Guibert [7] generalized Teissier’s result. Precisely,
Guibert defines the local Segre class of an ideal generated by a set of
germs of holomorphic functions and, under a non-degeneracy condition,
he describes such a class by Minkowski mixed volumes of polytopes.
As a special case he obtains that for a certain class of monomial ideals
the local Segre class is a normalized volume of the simplex generated
by the origin and the vertices of the Newton polyhedron, see [7, 4.2].
By [4], the local Segre class is the so called j-multiplicity of the ideal.
In 2013, J. Jeffries and J. Montanio [9] gave a different proof that the
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2 R. ACHILLES AND M. MANARESI

j-multiplicity of a monomial ideal is the normalized volume of the pyra-
mid of the ideal.

The j-multiplicity of an ideal is different from zero if and only if
its analytic spread is maximal, that is, equal to the Krull-dimension d
of A. A result of C. Bivia-Ausina [5] states that the analytic spread
diminished by one is the maximum of the dimensions of compact faces
of the Newton polyhedron of I.

According to [3] the j-multiplicity is only the first coordinate of
the generalized Samuel multiplicity vector ¢(I) = (co(1),...,ca(1)).
Here we present and illustrate a conjecture which expresses the other
components of ¢(I) in terms of the Newton polyhedron of I. Our
conjecture extends the known result of G. Giubert and J. Jeffries and
J. Montano regarding cy(I), but we shall prove it here only for c¢;_1(1).

2. GENERALIZED SAMUEL MULTIPLICITIES

This section is a quick review of a generalization of Samuel’s mul-
tiplicity by a sequence of numbers, the so-called generalized Samuel
multiplicity, which we have introduced in [3].

Let A be a d-dimensional Noetherian local ring (A, m) with unique
maximal ideal m or a standard graded algebra A = @, , A; such that
Ay is a field and m = (A;)A is the unique homogeneous maximal ideal
of A. Let I C A be an arbitrary ideal (not necessarily m-primary).

In order to define the generalized Samuel multiplicity ¢(/), consider
Gr(A) := @, I7/I’*, the associated graded ring of A with respect
to I and the bigraded ring

mif 4 [t
T = @Tij = Gu(Gr(A)) = @ Ty TEE
4,520 4,520

where Toy = A/m = K is a field.

Let H®9(4,5) := dimg Tj; be the Hilbert function of the bigraded
ring T" and let

i
HYD G, )= Y H(p,q)
q=0 p=0

its twofold sum transform. For both 4,5 > 1 this function becomes a
polynomial in (4, j), which can be written in the form

anft+k\(7+1
S (.
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Following [3] define the generalized Samuel multiplicity to be the vector

(a&f), atb, ,a&g)) = (co(T), cr(T), . .., ca(T)) =: ¢(T)
=: (co(D),c1(1),...,cq(I)) =:¢c(I).

The first coefficient (1) plays an important role as an intersection
number and was introduced in [2]. It is called the j-multiplicity j(I) :=
co(1).

The generalized Samuel multiplicities depend only on the highest
dimensional components of T', see [15] or [3, Proposition 1.2]:

Proposition 1. With the preceding notation,
c(I) =c(T) = length(Tp) - ¢(T/P),
P

where P runs through all highest dimensional prime ideals of T

By analogy with the application of ¢(I) to intersection theory, we
shall call ¢;(T/P) # 0 a movable contribution to ¢;(I) if there is an
integer k > i such that cx(T/P) # 0.

3. A CONJECTURE AND SOME RESULTS

Let I be an ideal in R = K{[z1,...,24] = K[x] (K a field) minimally
generated by the monomials

X" = :cl”l(l) e xdvl(d), o, X = xl”r(l) ... xd”“"(d),

that is, vy = (v1(1),...,v1(d)), ..., v, = (v:(1)...v,.(d)) are the points
of Zio corresponding to the exponents of the generators of I.

The Newton polyhedron T'(I) of I is defined as the convex hull of
{vezi,|x"} eI} inRY that is,

I(I) := conv({v € Z%, | W gt @ e Ty
= conv({v1,...,v.}) + RL,

where + denotes the Minkowski sum (for the equality see [13, Lemma 4.3]).
A hyperplane

H={veR|(v,a) =b} (witha€eR%), beR)
is called a supporting hyperplane of the Newton polyhedron I'(7) if
N(I)c H ={ve R (v,a) > b} and T(I)N H # (.

A subset F' C T'(I) is called a proper face of I'(I) if there exists
a supporting hyperplane H of I'(I) such that F' = I'(/) N H. The
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boundary of I'(I) is a set of faces of dimension d — 1, called facets of
I'(I), some of them compact.

The zero-dimensional faces are called vertices of T'(I). We shall de-
note the set of vertices by vert(/). Note that the monomials corre-
sponding to the points in vert(I) are part of the set of minimal gener-
ators of I, so by renumbering we will assume that

vert(l) = {vy,...,vs} with some s <,
hence
(1) = conv({vy,...,v.}) + Rio =conv({vy,...,vs}) + R‘;O.

Any face F can be described using its vertices and infinite-directions.
Let e; denote the unit vector with non-zero jth component, let H be a
supporting hyperplane such that ' = I'(/) N H and let a be a normal
vector to H. Then the infinite-directions of F' are given by those e;
such that the jth component of a is zero. If v;,, ..., v;, are the vertices
of F', then

F = conv({vi,,...,v;,}) + Z R>ge;.
J+a(j)=0
Of course, the compact faces are precisely those that do not have infi-
nite directions e;.
By the Minkowski-Weyl Theorem for convex polyhedra, there are
uniquely determined finitely many closed half spaces

Hj_ = {’U € Rd|<v,ai> } bz} (Wlth a; € Zio, bl € Z}O), 1= 1,...,t,

such that
r(l)y=H{n---NH.

Then F; := H;,NI'(I),i = 1,...,t, are the facets of I'(). We will
assume that Hy, ..., H, are the hyperplanes corresponding to the un-
bounded facets and that H,.q,..., H; are those corresponding to the
compact facets.

To each bounded facet F' = conv({v;1,...,v;}) of ['(I) we associate
the polytope (or pyramid)

F = conv(0, F) = conv({0, v;1, . .., v3s})

and denote by voly(F) its d-dimensional volume and by

~ ~

VOld(F) =d! VO]d(F)

its normalized volume.
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A facet F' C I'(1) is called an h-unbounded facet if the normal vector a
to its supporting hyperplane has at least h > 0 coordinates a(j) which
are zero, that is, the facet has h infinite-directions e;.

Let F(k) be the set of all (d — (k + 1))-unbounded facets containing
at least one k-dimensional compact face F*, 0 < k < d — 2. We define
F(d —1) to be the set of all compact or bounded facets of I'(1).

To each couple (F* F471), with F* a k-dimensional compact face
and F4=1 € F(k) containing F* we associate a (k + 1)-dimensional
normalized volume Vol(F*, F4~1) in the following way. A normal vector
to the facet £~ lies on at least d — (k+1) coordinate hyperplanes. We
project F'* on all linear subspaces R¥*! C R? obtained by intersecting
d — (k + 1) of these coordinate hyperplanes, that is, we project F*
along all possible choices of d — (k + 1) infinite-directions of the facet
F4=1. We obtain polytopes of dimension at most k. We consider
only the k-dimensional polytopes prgr+1(F*) C REFL obtained by the
aforementioned projections and set

F* = conv ({0, prgs (FF)}),

which has dimension k or k 4+ 1. The volume associated to the couple
(F* Fi=1) is
Vol(F*, F4=1) := min Vol (F*).

RkE+1
Conjecture 1. For each k = 0,....d — 1, the generalized Samuel
multiplicity of a monomial ideal I is
_ : k pd—1
Co—ren(I) = D min {Vol(F*, F=1)} |
Fd=1eF(k)

where the minimum is taken over all compact faces F* of I'(I) that are
contained in the facet F4~1.

Conjecture 2. Fach summand in the formula of Conjecture 1 corre-
sponds, in the sense of Proposition 1, to the contribution of a highest
dimensional primary component of T' = Gn(G1(R)) to ca—i1y ().

In particular, the number of compact facets of I'(I) is equal to the
the number of d-dimensional associated prime ideals of T' that contain
m = (zq,...,24)R.

Note that in general the zero-ideal n of T' = K[xq,...,Za, Y1, .., Yr|/0
is a binomial but not a monomial ideal, see [6].

Our conjectures are confirmed by many examples, but so far we do
not have a proof except for Conjecture 1 in the extremal cases k = 0
and k =d — 1, as it is stated in the following two theorems.
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Theorem 1 (Jeffries and Montano, [9]). If I C Klzy,...,z4] is a
monomial ideal and F,. 1, ..., F, are the compact facets of the Newton
polyhedron T'(I), then

Z d!vol(F, Z Vol(F,

i=r+1 i=r+1
Theorem 2. Let I be a monomial ideal in R = K[z, ..., x4] generated
by 2,0 1@ @D gnd my = min{vy (5), ..., 00(5) 1,

g=1,...,d. Then
cd,l(f):m1+-~~+md.

Proof. By [3, Proposition 2.3], ¢4_1(/) # 0 if and only if dim R/ =
d—1. If dim R/I < d — 1, then none of the variables z; appears in all
monomials generating I, hence m; = 0 for all j, and the result is true.
If dim R/I = d — 1, then again by [3, Proposition 2.3],

ca-1(I) =Y e(IRp)-e(R/P),
P
where P runs through all (d—1)-dimensional associated prime ideals of
R/1, that is, prime ideals of the form (z;) for some j, see [10, Satz 9.
Therefore IRp = (z;”)Rp and e(IRp) = m;. By [10] the (d — 1)-
dimensional part of the primary decomposition of I is (z7") N (z5%) N
-~ N (z'*), which is of degree m; + - - + my. O

The following corollary of Theorem 2 states that the Conjecture 1 is
true for £ = 0.

Corollary 3. Using the preceding notations, for j =1,...,d set
F; := conv({v € vert(I) | v(j) = m;}) + Z R-pe;
1<i<d,i#j

and vert(F;) := vert(I) N Fj.
Then F(0) = {F1,..., Fy}. If v € vert(F}), then Vol(v, F};) = m;
and it holds

ca—1( Z min {Vol(v F)}.

v Evert

Proof. Since each v € I'(I) is the sum of a convex combination of the
vertices vy, ..., v, of I'(I) and of some w € RZ;, we have

v(7) 2 min{or(5), .+, vs(5)} + w(g) = minfei (5), .., vs() 7,
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hence

m; = min{v;(j),...,v.(J)} = min{v1(j),...,vs(j)} = vrérllj(r}){v(j)}.

It follows that F7,..., Fy are precisely the (d — 1)-unbounded facets of
I'(I), that is, F(0) = {F1,..., F4}.

Since the projection of R — R with center Zlgig a4 Re; sends
v € vert(F}) to v(j) = m;, we have Vol(v, F;) = v(j) = m;. Then, by
Theorem 2, we obtain the desired formula for ¢;_;, which finishes the
proof. O

4. EXAMPLES

We illustrate the theorems and the conjecture by examples of mono-
mial ideals I C R = Klzy,...,24, K an arbitrary field. We set
m:= (z1,...,24)R and T := G(G[(R)). All the examples will show a
closed relation between the summands in the formula of Conjecture 1
and the highest dimensional primary components of 7.

We begin with the simplest case of a monomial ideal generated by
one monomial in two variables. The first two examples are covered by
Theorems 1 and 2.

Example 1 (Figure 1). Let I = (z*y?) C R = K[z, y]. We have
C<I) = (CU(I)701(1)702(1)) = (07570) =2 (07 170) +3- (07 170)7

where the summands are the contributions of the components of the
bigraded ring G (G;(R)), see Proposition 1.

The Newton polyhedron I'(/) has only one vertex v = (3,2) and
two (unbounded) facets Fy = v + Rspey and Fy = v + Rspe; (see
Figure 1), hence F(1) = ) and ¢o(I) = 0. We have F(0) = {Fy, F»}
and Vol(v, F1) = 3 and Vol(v, F») = 2, hence ¢;(I) = 5.

Example 2 (Figure 2). Let I = (2?5, 23y*, 2%y?, 25)) C R = K[z, y].
We have

c(I) = (co(I), er (1), co(1))
=(24,3,0)=16-(1,0,0) +8-(1,0,0) +2-(0,1,0) + (0,1,0),
where the summands are the contributions of the components of the
bigraded ring G (G;(R)), see Proposition 1.

The Newton polyhedron I'(]) has three vertices v, = (2,5), v =
(4,2), vy = (6,1), two (unbounded) facets Fy; = vy + Rxpeq, Fo = v4 +
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FI1GURE 1. Projection along the infinite-directions of the
facets gives ¢; (1), which is the red distance.

FIGURE 2. The red area is ¢y([)/2, the red distance ¢;([I).

R>eq and two bounded facets: the line segments Fy = conv(vy, vs), Fy =
conv(vs, vy) (see Figure 2), hence F(1) = {F3, F4} and

4 2
2 5

6 1

=1 .
4 9 6+8

co(I) = Vol(conv(0, F3)) + Vol(conv(0, Fy)) =

We have F(0) = {Fy, F»} and
01(1) = VOI(Ul,Fl) + VOI(U4, Fg) =2+1=3.

In the following example some of the compact faces of I'(1) do not
contribute to the generalized Samuel multiplicity ¢(). In this example
there is also a movable contribution, therefore the number of the highest
dimensional components of 7" is one less than the number of summands
in the conjectured formula.
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F1cURE 3. Infinite-directions (blue arrows) of the un-
bounded facets, co(I) (red distance) and c¢;(I)/2 (red

area).

FIGURE 4. The volume of the red pyramid is ¢q/6.

Example 3 (Figures 3, 4 and 5). Let [ = (2%, x%z, xy?, wz2%) C
K[z,y,z]. By a computer computation (using [1]) we have

() = (co(1), ex (1), ea(1), e3(1))
=(9,3,1,0) = 3-(3,0,0,0) + (0,1,0,0) + (0, 2,1,0),

where the summands are the contributions of the highest dimensional
components of the bigraded ring T', see Proposition 1. The contribu-
tion 2 in the last vector is a movable contribution to ¢;(I). This can
be read off also from the Newton polyhedron I'(1), see Figure 6.
According to the program Germenes [11], the compact faces of I'(])
are the vertices v; = (2,1,0), vo = (2,0,1), v3 = (1,2,0) , v4 = (1,0, 2),
the line segments vivs, v1v3, vovy, v3vy and the quadrilateral facet
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FIGURE 5. A movable contribution (to ¢;([)/2, red area)
can be realized by at least two projections.

v1V204v3. The unbounded facets are

Fy =wvsvs +Rypgea +Rxges, Iy =04 +Rxypep + Rxges,
Fs=vvs+Rype; + Rypen, Fy =002 +Rxypey.

We observe that the set of bounded facets is F(2) = {vyvov4v3} and

co(I) = Vol(conv (0, vy, ve, v4,v3)) =

[N R )

10 210
2 0|+(1 2 0|=3+6=09,
01 1 0 2

see Figure 4.

The set of 1-unbounded facets that contain a compact one-dimensional
face is F(1) = {Fy, F», F3, Fy}, and we have

10

Vol(vivg, Fy) = 0 1=

Vol(vyv3, F3) = min

1

Vol(vzvy, F1) = min L 9

{
Vol(vavy, Fy) = min{ 8 ! 0 } =0,
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6

FI1GURE 6. I'(I) with compact (black) and unbounded
(blue) facets; projections of compact edges along infinite-

directions (blue arrows) give ¢;([)/2 (red area).

(the last minimum is given by two different projections and is a movable
contribution, see Figure 5), hence

c1(I) = Vol(vyvg, Fy) + Vol(vyvs, F3) + Vol(vavy, Fp) + Vol(vsvy, F)

=14+0+0+2=3.

The set of 2-unbounded facets is F(0) = {Fi, Fy, F3}. We have
VOI(U:;, Fl) = ]_, V01(1)4, F1> = ]_, VOI(U4, Fg) = O, VO](Ul, Fg) = O,
Vol(vs, F3) = 0, hence

co(I) = min{Vol(vs, F}), Vol(vy, F1)} + Vol(vy, Fy)+
+ min{Vol(vl, Fg), VOI(Ug, Fg)} =14+0+0=1.
Example 4 (Figure 6). Let [ = (xy?25, 2%°22, xy523, 2%y2?, 22y2®,
25y?2) C K|[z,vy, z]. By a computer computation we have
e(I) = (co(I), e (D), ea(D),e3(1)) = (168,26,3,0) =
=19-(1,0,0,0) + 103 - (1,0,0,0) +22-(1,0,0,0)+
+24-(1,0,0,0)4+7-(0,1,0,0) + (0,3,1,0)+
+8-(0,1,0,0) 4+ (0,1,0,0) +4 - (0,1,0,0)+
+3-(0,1,0,0) + (0,0,1,0) + (0,0,1,0),
where the summands are the contributions of the highest dimensional
components of the bigraded ring 7', see Proposition 1. The contribu-
tion 3 in the sixth vector is a movable contribution to ¢; (7).

The software Germenes [11] gives the following description of the
Newton polyhedron I'(I). The compact faces of I'(I) are the 6 vertices
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v = (1,4,5), va = (2,5,2), v3 = (1,5,3), vy = (5,1,2), v5 = (2,1,5),
ve = (5,2, 1), the 9 line segments v4vg, VoV, V5Vg, V4Us, V3V, V3Vs, V3Vs,
v1vs, v1vz and the 4 triangles (bounded facets) vqvsvg, Vav3Vg, V3V5VE,
v1v3v5. There are 7 unbounded facets:
F1 :U1U3+R20 62+R20 €3, Fg :U4U5+RZO €1 +R20 €3,
F3=vs +Rxpe1 + Rxpea, Fy=wvvs+ Rxpes,
Fs = vous + Rxpea, Fg =06 +Rspea, Fr=v406+Rxpe;.
From the set of bounded facets F(2) = {v 0505, 20306, V30506, V10305 }
we get
co(I) = Vol(conv(0, vy, vs,v6)) + Vol(conv (0, vq, v3, v6)+

+ Vol(conv(0, v, v, vg) + Vol(conv(0, vy, v3, v5) =

5 1 2 2 5 2 15 3 1 4 5
= 2 1|+|1 5 3|+12 1 5/+1]2 1 5=
15 5 2 1 5 2 1 15 3

=24 +22+103 + 19 = 168.
We have F(l) = {Fl,Fg,F4,F5,F6,F7} and

_ 1 4] |1 3 .
Vol(vyvs, F1) = mln{ I Y } = min{1,2} =1,

5 11 2 '
Vol(vgvs, Fy) = mm{ 5 11'l1 5 } =min{3,3} =3

(here the minimum is attained twice, that is, by two different projec-
tions which indicates a movable contribution),

2 1 2 9
Vol(vyvs, Fi) = ||| =7, Vol(vous, F5) = || 5 =4,

5 1 2 1
V01<UQUG7 FG) = 9 9 = 8, Vol(v4v6, F7> = . 92 — 37

hence
C1 (I) = V01<1}1U3, Fl) + V01<U4U5, Fg) + VO](U1U5, F4)+
+ Vol(vyus, F5) + Vol(vgug, Fg) + Vol(vgvg, Fr) =
=143+7+4+8+3=26.

We observe that the compact 1-dimensional faces vsvg, v3vg, v3V5,
that is, the edges of the big triangle vsvsvg, do not contribute to ¢ (1)
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FiGURE 7. The triangle defined by 3 affinely indepen-
dent vertices is not a compact facet.

since they lie on no 1-unbounded facets. Moreover, as in the previous
example, there is a movable contribution, namely Vol(vyvs, F3) = 3.

The set of 2-unbounded facets is F(0) = {Fy, F», F3}, and we have
Vol(vy, Fy) = 1, Vol(vs, F1) = 1, Vol(vy, ) = 1, Vol(vs, Fy) = 1,
Vol(vg, F5) = 1, hence

c2(I) = min{Vol(vy, Fy), Vol(vy, F1)} + min{ Vol(vy, F»), Vol(vs, F3) }+
+V01(06,F3) =14+1+1=3.

Example 5 (Figure 7). Let [ = (zz, 2*y?, yz?) C K[z,y,2]. By a
computer computation we have

c(I) = (co(I),e1(I), (), e3(1)) = (0,7,0,0) =
—2.(0,1,0,0) +2-(0,1,0,0) + 2 (0,1,0,0) + (0, 1,0,0),

where the summands are the contributions of the highest dimensional
components of the bigraded ring 7', see Proposition 1.

A computation with the program Germenes [11] shows the the com-
pact faces of I'(I) are the vertices v; = (1,0,1), vo = (2,2,0), v3 =
(0,1,2) and the line segments v1v9, v1v3. There are no compact or
bounded facets, but 6 unbounded facets:

Fi=v3+Rypes +Rxypes, Fr=v +Rsper +Rxyges,
Fs=vy+Rsper +Rxger, Fy=uvv2+Rxygeq,

F5 = v1v3 + RZO €3, F6 = V1V9V3 + Rzo €9.
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We observe that F(2) = (), hence
1 01
co(I) = 0 # Volz(conv({0, vy, v9,v3})) = |2 2 0] =6.
01 2

This means that vy, vy, v3 are affinely independent, but the local Segre
class is zero and not equal to the normalized volume of the simplex
generated by the origin and vy, vq, v3 as claimed in [7, 4.2].

The set of 1-unbounded facets which contain a compact 1-dimensional
face is F(1) = {Fy, Fs, Fs}, and we have

20 2 0
VOI(UlUQ, F4) = 0 1 = 2, v01(’011)2, F6) = 11 = 2,
11 10
Vol F5) = =2, Vol ) = =1
ol(v1vs, Fs) 0 2 ) ol(vyvs, Fg) 0 1 )

hence
c1(I) = Vol(vyvg, Fy) + Vol(vive, Fg) + Vol(vyvs, F5) + Vol(vyvs, Fg)
=2424+24+1="7.
The set of 2-unbounded facets is F(0) = {F}, Iy, F3} and we have
Vol(vs, F1) =0, Vol(vy, Fy) = 0, Vol(ve, F3) =0,
hence ¢y(1) = 0.

In the following example there is only one 1-dimensional compact
face, but it lies on three 2-unbounded facets.

Example 6. Let d = 4, [ = (23x9w374, T1727373). By a computer
computation we have

e(I) = (co(I),e1 (1), ea(D),e3(1),eq(I)) = (0,0,7,4,0) =
—5.(0,0,1,0,0) + (0,0,1,0,0) + (0,0,1,0,0) + (0,0,0,1,0)+
+(0,0,0,1,0) + (0,0,0,1,0) + (0,0,0,1,0),

where the summands are the contributions of the highest dimensional
components of the bigraded ring 7', see Proposition 1.

The compact faces of the Newton polyhedron I'(]) are the vertices
v = (3,1,1,1), vo = (1,1,1,2) and the line segment vyvy. There are
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no compact facets, but 5 unbounded facets:

Fi =vs+Rspea +Rxpes + Rypey,
Fy =vve + Rxyper + Rypez + Ryp ey,
Fy =vvs +Rspe; +Rspea + Rxpey,
Fy=v1+Rype1 +Rypea + Rypeg,
Fy =v1v3 + Rspea +Rxpes.

Obviously F(3) = F(2) = 0, hence ¢y(I) = ¢1(I) = 0. We have
.F(l) = {FQ,Fg,F5} and

3 1 11 .
Vol(vyvg, Fy) = min{ L1l o }=min{2,1} =1,
, 3 11 |1 1 )
Vol(vyvg, F3) = mln{ L1l 9 } =min{2,1} =1,
31
Vol(vyvg, F5) = L ol = 5,

We observe that in the computations of Vol(vyvq, F») and Vol(vy v, F3)
the projection of the line segment vivy on the {z,x3}-plane gives
the point (1,1) and must not be considered. We obtain (1) =
Vol(vyvg, Fy) + Vol(vyvg, F3) + Vol(vyvg, F5) =14+ 1+5=17.

The set of 3-unbounded facets is F(0) = {F}, Fy, F3, F;}, and we
have

VOI(’UQ, Fl) =
VOI(’Ul, Fg) =

VOl(Ul, Fg) =
VOI(UQ, Fg) =

VOI(’UQ, FQ) =

L, L,
1, ]_, VOI(Ul, F4) =

hence

c3(I) = Vol(vg, F1) + min{Vol(vy, Fy), Vol(va, F3) }+
+ min{Vol(vl, Fg), VOI(UQ, F3)} + VOl(Ul, Fg) =
=14+14+1+1=4.

We now present an example in dimension 5 in which several compact
1-dimensional faces lie on the same 3-unbounded facet.
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Example 7. Let d = 5, [ = (2320132475, 1125037475, T102T30473).
By a computer computation we have

c(I) = (co(I), (1), ea(D),e3(1),ca(l), e5(1)) = (0,0,26,6,5,0) =
—22.(0,0,1,0,0,0) +2- (0,0,1,0,0,0) +2- (0,0,1,0,0,0)+
+2-(0,0,0,1,0,0) + (0,0,0,1,0,0) + (0,0,0,1,0,0)+
+(0,0,0,1,0,0) + (0,0,0,1,0,0) + (0,0,0,0,1,0)+
+(0,0,0,0,1,0) + (0,0,0,0,1,0) + (0,0,0,0,1,0)+
+(0,0,0,0,1,0),

where the summands are the contributions of the highest dimensional
components of the bigraded ring T, see Proposition 1.

The software Germenes [11] shows that the compact faces of I'(])
are the vertices v; = (3,1,1,1,1), vo = (1,2,1,1,1), v3 = (1,1,1,1,5),
the line segments vvy, v1v3, vov3 and the triangle vyvov3. The facets,
all of them unbounded, are:

Fiy = v9u3 + Rypea +Rspez + Rypeq +Rxpes,
Fy =vv3+ Ryper + Rypeg + Rypeq + Rxges,
Fy = vjvovs + Rspe; + Rspeq + Rxgpeq + Ry es,
Fy = v1v9v3 + Rspe; + Rspee + Rspes + Ryges,
Fs = vivp + Rype; + Rxypep + Ry ez + Ry ey,

Fﬁ = V1V9V3 + RZO €3 + RZO €4.

Obviously F(4) = F(3) = (), hence ¢o(I) = ¢1(I) = 0.
We have F(2) = {F3, Fy, Fs} and

Vol(vyvqvs, F3) = Vol(vyvvs, Fy) = min

— = W
— N
—_

= min{2,4} = 2,

3 11
VOI(U1U2U3, Fﬁ) =11 2 1| =22
115

Observe that in the computations of Vol(vjvgvs, F3) and Vol(vivevs, Fy)
four projections of the compact triangle vvov3 give a line segment and



MULTIPLICITIES OF MONOMIAL IDEALS AND VOLUMES 17
must not be considered. Summing up we get

02(_[) = v01<011)21]3, Fg) + VOl(Ul’UQUg), F4) + VOI<U1U2U3, FG)
=242+22=726.

The set of 3-unbounded facets containing 1-dimensional compact
faces is F(1) = {F, Fy, F3, Fy, F5} and we have

11
Vol(vqus, Fy) = mm{ 1 ; S } =min{1,4} =1,

3 11 |1 1 _
Vol(vyvg, Fy) = mln{ L1l s = min{2,4} = 2,

3 1| |12 1
Vol(vyvq, F3) = Vol(v1vg, Fy) = min L1t 1 } =min{2,1} =1,

1 1 1
Vol(vyvs, F3) = Vol(vyvs, Fy) = min{ ? Aol s } = min{2,4} = 2,

2 1 1
Vol(vgus, F3) = Vol(vyus, Fy) = min{ e 5 } = min{l,4} =1,

31
1 1)

2 1

Vol(vyvg, F5) = min { L1

} =min{2,1} =1,

hence

cs3(I) = Vol(vyus, F1) + Vol(vyvs, Fy)+

+ min{ Vol(vyvq, F3), Vol(vivs, F3), Vol(vaus, F3) }+

+ min{Vol(vyvy, Fy), Vol(vyvs, Fy), Vol(vavs, Fy) }+

+ Vol(vyvg, F5) =14+24+1+1+1=6.
From the list of the facets we see that there are five 4-unbounded facets,
precisely F(0) = {F1, Fy, F3, Fy, F5} and we have
Vol(vy, F1) =1, Vol(uvs, F1) =1, Vol(vy, F3) =1, Vol(vs, Fp) =1,
Vol(vy, F3) =1, Vol(vg, F3) =1, Vol(vs, F3) =1, Vol(vy, Fy) =1,
Vol(vy, Fy) =1, Vol(uvs, Fy) =1, Vol(vy, F5) =1, Vol(ve, F5) =1,

c4(I) = min{Vol(vq, F}), Vol(vs, F1)} + min{Vol(vy, F3), Vol(vs, F») }+
+ min{Vol(vy, F3), Vol(vg, F3), Vol(vs, F3)}+
+ min{Vol(vy, Fy), Vol(vq, Fy), Vol(vs, Fy) }+
+ min{Vol(vy, F5),Vol(vg, F5)} =1+1+1+1+41=05.
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