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Distributed Constraint-Coupled Optimization over Random Time-Varying
Graphs via Primal Decomposition and Block Subgradient Approaches
Andrea Camisa, Francesco Farina, Ivano Notarnicola, Giuseppe Notarstefano
Abstract— In this paper, we consider a network of processors
that want to cooperatively solve a large-scale, convex optimization problem. Each processor has knowledge of a local
cost function that depends only on a local variable. The goal
is to minimize the sum of the local costs, while making the
variables satisfy both local constraints and a global coupling
constraint. We propose a simple, fully distributed algorithm,
that works in a random, time-varying communication model,
where at each iteration multiple edges are randomly drawn
from an underlying graph. The algorithm is interpreted as a
primal decomposition scheme applied to an equivalent problem
reformulation. Almost sure convergence to the optimal cost of
the original problem is proven by resorting to approaches from
block subgradient methods. Specifically, the communication
structure is mapped to a block structure, where the blocks
correspond to the graph edges and are randomly selected at
each iteration. Moreover, an almost sure asymptotic primal
recovery property, with no averaging mechanisms, is shown. A
numerical example corroborates the theoretical analysis.

I. I NTRODUCTION
This paper addresses a challenging optimization scenario
arising in distributed contexts, where independent smart
devices can communicate with each other to cooperatively
perform tasks. For instance, in distributed optimal control,
one usually considers several, spatially distributed systems
that must be controlled. The optimization set-up arising
from such contexts is large scale, i.e., consists of several
optimization variables, each one constrained in a local set,
and the overall goal is to minimize the sum of local cost
functions, where each one depends only on the local variable. The problem becomes challenging when additional
coupling constraints among the variables are considered.
This optimization set-up has been widely investigated in the
distributed optimization literature, and is usually tackled by
means of so-called dual decomposition approaches, which
are built up as distributed optimization algorithms applied to
the dual of the considered problem.
In [1] a consensus-based primal-dual perturbation algorithm is proposed to solve smooth constraint-coupled optimization problems. A distributed saddle-point algorithm with
laplacian averaging is proposed in [2] for a class of min-max
problems. In [3], a distributed algorithm based on cutting
planes is formulated. In the centralized literature, some effort
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has been spent in formulating primal recovery mechanisms
(see, e.g., [4]), which allow one to recover feasibility of
the primal solution from a dual optimal solution. These approaches have been then shifted to distributed optimization.
In [5] a primal recovery mechanism for consensus-based
dual decomposition is considered, whereas [6] considers a
distributed dual algorithm, based on proximal minimization,
with a primal recovery technique. Nevertheless, averaging
mechanisms can slow down convergence of algorithms, thus
we focus on an alternative approach, introduced in [7], where
a distributed algorithm for constraint-coupled optimization,
without averaging schemes, has been formulated. In this
paper, starting from [7], we propose a distributed algorithm
that can be run over random, time-varying graphs. The
algorithm analysis resorts to randomized block subgradient
methods (see, e.g., [8] for a survey). A unified framework
for nonsmooth block methods is [9]. In [10], a randomized
block coordinate descent method is formulated, while [11]
investigates a stochastic block mirror descent method with
random block update. Subgradient methods are among the
first methodologies for distributed optimization. However,
they were applied to a different problem set-up, where
the objective is to minimize the sum of cost functions
depending on a common optimization variable. Pioneering
works are [12], [13], while a more up-to-date review is [14].
The contributions of this paper are as follows. We propose
a distributed algorithm to solve constraint-coupled optimization problems over random, time-varying communication
graphs, with underlying connected graph. This network
set-up is general and can model several scenarios with,
e.g., heterogeneous devices and communication links. The
algorithm builds on a primal decomposition scheme applied to an equivalent, relaxed version of the problem. We
prove that almost surely the objective value converges to
the optimal cost and any limit point of the sequence of
solution estimates is an optimal (hence feasible) solution
of the given problem. To prove almost sure convergence,
the problem is reformulated as an equivalent unconstrained
problem through an appropriate, graph-induced change of
variables. Then, the algorithm is recast as a randomized
block subgradient method applied to the latter problem, with
each block corresponding to an edge of the graph. We point
out that convergence of the proposed algorithm requires to
extend the analysis of block subgradient methods to the case
in which multiple blocks are updated at once. Notice that
the scheme studied here extends the algorithm in [7], which
is formulated for fixed communication graphs and is derived
by means of several duality steps (rather than resorting to

primal decomposition). The results of this paper pave the
way for more general algorithms, to be implemented, e.g.,
in an asynchronous context, with unreliable communication.
The paper is organized as follows. In Section II, we introduce the problem set-up and we recall some preliminaries.
In Section III, the random communication model and the
distributed algorithm are introduced. A sketch of analysis is
provided in Section IV, while Section V presents a numerical
computation on a microgrid control problem. For the sake of
space, all the proofs are omitted and will be provided in a
future document.
II. O PTIMIZATION S ET- UP AND P RELIMINARIES
In this section, we introduce the problem set-up investigated in this paper, together with some preliminaries.
A. Constraint-Coupled Optimization
Consider the constraint-coupled optimization problem
min

x1 ,...,xN

subj. to

N
X
i=1
N
X
i=1

fi (xi )
(1)

gi (xi )  0,

x i 2 Xi ,

i 2 {1, . . . , N },

where, for all i 2 {1, . . . , N }, xi denotes the i-th portion
of the optimization variable, fi : Rni ! R depends only on
the variable xi , Xi ⇢ Rni is a local constraint set for the
S
variable xi and gi : Rni ! R
PNis the i-th contribution to the
(vector) coupling constraint i=1 gi (xi )  0. The symbol 0
denotes the vector of zeroes, and we also use the symbol 
(and consistently for other sides) to denote component-wise
inequality for vectors. Throughout the paper, we make the
following standing assumption.
Assumption 2.1: For all i 2 {1, . . . , N }, the set Xi is
non-empty, convex and compact, the function fi is convex
and each component of the function gi is convex.
⇤
By Assumption 2.1, the optimal cost of problem (1) is finite
and at least one optimal solution exists. The following assumption is the well-known Slater’s constraint qualification,
and is a sufficient condition for the application of duality.
Assumption
PN 2.2: There exist x̄1 2 X1 , . . . , x̄N 2 XN
such that i=1 gi (x̄i ) < 0.
⇤
We look for distributed algorithms to solve problem (1),
that is, the problem must be solved by N processors (or
agents) in a network, by means of local computation and
communication with neighboring agents only. The communication model is formalized in Section III-A. Each node i
knows only its local constraint Xi , its local cost function
fi and its own contribution gi to the coupling constraints,
and is only interested in computing its own portion x?i of an
optimal solution (x?1 , . . . , x?N ) of problem (1).
B. Relaxation and Primal Decomposition
In this subsection, we recall a relaxation and primal
decomposition approach for problem (1). Although the approach was introduced in [7], it was first interpreted as a
primal decomposition scheme in [15].

To design distributed algorithms solving problem (1), it
is worth exploiting the structure of the problem by resorting to tailored decomposition techniques. A typical choice
is
PNdual decomposition, in which the coupling constraints
i=1 gi (xi )  0 are removed from the problem and a
“price” for their violation is added to the cost function.
By solving the so-called dual problem, one can obtain
the optimal “price” for the coupling constraint violation.
However, owing to Assumption 2.1, the cost functions are
not strictly convex, so that averaging mechanisms, that are
typically slow, are required to recover a solution of the
original problem (see, e.g., [4]).
In this paper, we instead rely on a primal decomposition
scheme, also called right-hand side allocation [16], [17].
In
PNa primal decomposition scheme, the coupling constraints
i=1 gi (xi )  0 are interpreted as a limited resource to be
shared among nodes. Then, a two-level hierarchical structure is formulated, with several (independent) subproblems
having a fixed resource allocation, and a master problem,
coordinating the overall resource allocation process. We will
apply such approach to an equivalent, relaxed version of
problem (1), as this allows for the formulation of a distributed
optimization algorithm.
Formally, consider the following relaxation of problem (1),
min

x1 ,...,xN ,⇢

subj. to

N
X
i=1
N
X
i=1

⇢

fi (xi ) + M ⇢
(2)

gi (xi )  ⇢1,
0, xi 2 Xi ,

i 2 {1, . . . , N },

where M > 0 is a scalar and 1 denotes the vector of
ones. The variable ⇢ allows for a violation of the coupling
constraints, but is penalized in the cost by the term M ⇢. If
the constant M is large enough, problem (2) is equivalent
to (1), as formalized next.
Lemma 2.3: Let Assumptions 2.1 and 2.2 hold. Moreover, let M be such that M > kµ? k1 , with µ? 2 RS
a LagrangePmultiplier for problem (1) associated to the
N
constraint
i=1 gi (xi )  0. Then, the optimal solutions
of the relaxed problem (2) are in the form (x?1 , . . . , x?N , 0),
where (x?1 , . . . , x?N ) is an optimal solution of (1), i.e., the
solutions of (2) must have ⇢ = 0. Moreover, the optimal
costs of (2) and (1) are equal.
Proof: See [7, Proposition III.3].
Then, the primal decomposition scheme can be formulated
as follows. For all i 2 {1, . . . , N } and yi 2 RS , the i-th
subproblem is
pi (yi ) , min fi (xi ) + M ⇢i
xi ,⇢i

subj. to gi (xi )  yi + ⇢i 1
⇢i

(3)

0, xi 2 Xi ,

where yi 2 RS is the local allocation for node i and pi (yi )
denotes the optimal cost of the problem for a fixed yi . The

local allocations are coordinated by the master problem, i.e.,
min

y1 ,...,yN

subj. to

N
X
i=1
N
X

pi (yi )
(4)
yi = 0.

i=1

In the next,
PN we will denote the cost function of (4) as
p(y) = i=1 pi (yi ), where y 2 RSN is the vector stacking
all yi . It is worth noting that the primal decomposition for
problem (1) can be obtained by setting ⇢i = 0 in problem (3).
However, if the primal decomposition scheme was applied
to the original problem (1), then, in order to guarantee
feasibility of the subproblems, the master problem (4) would
have additional constraints that are difficult to include in a
distributed algorithm. Viceversa, subproblem (3) is always
feasible for all yi 2 RS .
The following lemma establishes the equivalence between
the master problem (4) and the relaxed problem (2).
Lemma 2.4 ( [16]): Let Assumption 2.1 hold. Then,
problems (2) and (4) are equivalent, in the sense that (i)
the optimal costs are equal, (ii) if (x?1 , . . . , x?N ) is an optimal
?
solution of (2) and (y1? , . . . , yN
) is an optimal solution of (4),
?
then (xi , 0) is an optimal solution of (3), with yi = yi? , for
all i 2 {1, . . . , N }.
⇤

random variables modeling the number and the indices of
the activated edges are assumed to be independent from
each other. The probabilities ⌫b can be arbitrary, while the
edge probabilities ij are assumed to be uniform, as formally
stated next.
Assumption 3.1: It holds ⌫b
0 for all b 2
P|Eu |/2
{1, . . . , |Eu |/2} and
⌫
=
1.
Moreover,
it holds
b
b=1
1
for
all
i,
j
2
{1,
.
.
.
,
N
}
with
j
>
i.
⇤
=
ij
|Eu |/2
The assumption of uniform probabilities ij can be relaxed
to any distribution, however in this paper we focus on the
uniform case.
B. Distributed Algorithm Description
In this subsection, we introduce our Distributed Primal
Decomposition algorithm. Informally, the algorithm is as
follows. Each node maintains a local allocation estimate
that is iteratively adjusted based on the solution of a local
problem and on the information gathered from neighbors.
Eventually, the local allocations are meant to reach optimal
solutions of problem (4), so that the solutions of the local
problems are expected to approach optimal solutions of (1).
In order to gain insights, we first consider how a centralized optimization algorithm applied to the master problem (4)
works. A projected subgradient method for problem (4) can
be explicitly written as

III. D ISTRIBUTED P RIMAL D ECOMPOSITION
In this section, we first formalize the communication
model, then we describe the distributed algorithm and give
its convergence result.
A. Random Time-Varying Communication Model
We use a random, time-varying communication model for
the N processors solving problem (1), which can model
general set-ups (e.g., with heterogeneous devices and communication links). We assume there exists an underlying
undirected, connected graph Gu = ({1, . . . , N }, Eu ), where
Eu ✓ {1, . . . , N } ⇥ {1, . . . , N } denotes the set of edges,
from which the actual graph edges are drawn. The agents
are assumed to communicate according to an undirected,
time-varying graph G t = ({1, . . . , N }, E t ), where t 2 N
denotes the (universal) time and E t ✓ Eu is the set of edges
at time t, randomly drawn from Eu . If (i, j) 2 E t , then also
(j, i) 2 E t , and nodes i and j can exchange information at
time t. Denote by Nit the set of neighbors of node i in G t ,
i.e., Nit = {j 2 {1, . . . , N } | (i, j) 2 E t } (and, consistently,
denote by Ni,u the set of neighbors of node i in Gu ).
To obtain the graph E t , it is assumed that, at each
iteration t, a number of bt  |Eu |/2 undirected edges of
the underlying graph Gu are randomly activated. Denote by
⌫b the probability that exactly b undirected edges activate, for
all b 2 {1, . . . , |Eu |/2}. Then, after the number of activated
edges at time t is known, to obtain their identity, it is assumed
that bt undirected edges are drawn from Eu . Denote by ij
the probability that the undirected edge (i, j) is activated,
for all i, j 2 {1, . . . , N } with j > i. The probabilities
⌫b and ij are assumed to be constant for all t and the

ȳit+1 = ȳit + ↵t µ̄ti
= ȳit + ↵t

N
1 X t
µ̄ ,
N j=1 j

N
1 X t
µ̄
N j=1 i

µ̄tj ,

i 2 {1, . . . , N }, (5)

where ↵t denotes the step-size and each µ̄ti is a Lagrange multiplier of problem (3), associated to the constraint
gi (xi )  yi + ⇢i 1, with yi = ȳit (here we are denoting
centralized quantities with a bar). In fact, it can be shown,
see, e.g., [17], that P µ̄ti is a subgradient of the function pi
N
at ȳit , and µ̄ti N1 j=1 µ̄tj results from of the (Euclidean)
projection onto the constraint set of (4).
Clearly, the update direction in (5) requires the collection
of µ̄tj from all the agents in the network. To obtain a
distributed algorithm, we restrict the sum to the agents in
the neighborhood only, i.e., the update (5) is replaced by
X
yit+1 = yit + ↵t
µti µtj , i 2 {1, . . . , N }, (6)
j2Nit

where each µti is a Lagrange multiplier of problem (3) with
yi = yit (the constant 1/N is absorbed in the step-size).
Notice that,
update (6) preserves the sum of
PN as in (5),Pthe
N
yi , i.e., i=1 yit+1 = i=1 yit , maintaining feasibility of the
PN
iterates provided that i=1 yi0 = 0. Update (6) has a sparse
structure matching the (time-varying) communication graph,
and reduces to (5) in the case of a (fixed) complete graph.
The Distributed Primal Decomposition algorithm is summarized in the next table from the perspective of node i.

Algorithm Distributed Primal Decomposition
PN
Initialization: yi0 such that i=1 yi0 = 0
Evolution:

F OR t = 0, 1, . . .

Compute ((xti , ⇢ti ), µti ) as a primal-dual optimal solution pair of
min

xi ,⇢i

fi (xi ) + M ⇢i

subj. to µi : gi (xi )  yit + ⇢i 1
x i 2 X i , ⇢i

(7)

0

Gather µtj from j 2 Nit and update
X
yit+1 = yit + ↵t
µti µtj

(8)

j2Nit

PN
associated to the constraint
i=1 gi (xi )  0 and assume M > kµ? k1 . Consider a sequence {xti , ⇢ti }t 0 , i 2
{1, . . . , N } generated by the Distributed Primal DecompositionPalgorithm with allocation vectors yi0 initialized such
N
that i=1 yi0 = 0. Then, almost surely, it holds
PN
t
t
?
?
(i)
i=1 fi (xi ) + M ⇢i ! f , where f is the optimal
cost of (1);
(ii) every limit point of {(xt1 , . . . xtN )}t 0 is an optimal
(feasible) solution of (1).
⇤
The proof of Theorem 3.4 is provided in Section IV. We
highlight that almost sure asymptotic primal feasibility of
the iterates (i.e., Theorem 3.4 (ii)) is obtained thanks to the
primal decomposition approach. Viceversa, in dual decomposition schemes running averages are typically required to
recover feasibility.
IV. A LGORITHM A NALYSIS

Note that, the algorithm in [7] can be reformulated as
the Distributed Primal Decomposition over a fixed communication graph. However, the algorithm in [7] is derived
by means of several duality steps rather than using primal
decomposition.
Remark 3.2: The Distributed Primal Decomposition can
be formulated through the use of the graph Laplacian matrix.
For a single coupling constraint (S = 1), the update (8) reads
yt+1 = yt + ↵t Lt µt
t
e
= yt ↵t Lt rp(y
),

where Lt 2 RN ⇥N is the time-varying Laplacian matrix of
t
e
G t , µt is the vector stacking all µti and rp(y
) denotes a
t
subgradient of p at y . Similarly, the centralized update (5)
reads
ȳt+1 = ȳt

t
e
↵t LCO rp(ȳ
).

where the constant 1/N is absorbed in the step size and LCO
is the laplacian matrix of the complete graph.
⇤
Before stating the central result of the paper, we highlight
some appealing features of Distributed Primal Decomposition. First, agents do not need to communicate any of their
private information, i.e., the local cost function fi , the local
constraint set Xi , the local solution estimate xti . Instead, only
dual information is exchanged with neighbors. Moreover,
the algorithm is scalable: as the network size grows, the
amount of local computation stays constant. We highlight
that the algorithm does not employ any slow averaging
mechanism typically used in dual algorithms. Finally, the
only synchronous feature of the algorithm is the step size.
This prepares the ground for asynchronous extensions, see,
e.g., [18].
Next, we state the convergence properties of Distributed
Primal Decomposition, under the assumption of nonsummable, square-summable step-size.
t
Assumption
}t 0 , with each ↵t
P13.3: tThe sequence
P1 {↵
t 2
0, satisfies t=0 ↵ = 1, t=0 (↵ ) < 1.
⇤
Theorem 3.4: Let Assumptions 2.1, 2.2, 3.1 and 3.3 hold.
Moreover, let µ? be a Lagrange multiplier of problem (1)

In this section, we provide a sketch of analysis of Distributed Primal Decomposition. First, we introduce a reformulation of problem
PN (4) that allows for the suppression
of the constraint
i=1 yi = 0. Then, we reformulate the
algorithm as a randomized block subgradient method. Due
to space limitations, only the main points of the analysis are
provided here, while the complete derivation is deferred to
a forthcoming document.
In this section, we adopt the following notational conventions. The identity matrix is denoted by I, while ⌦ denotes
the Kronecker product. As regards the notation for blocks,
we proceed as follows. Given a vector z, the `-th block (or
portion) of z is denoted as z` . We will also consider portions
of a vector z that are associated to an edge of the graph.
Given an edge of the graph, say (i, j), we denote the portion
of z associated to (i, j) by z(ij) .
A. Encoding the Coupling Constraints in Cost Function
In this subsection, we introduce a method for suppressing
the coupling constraint from problem (4), while still keeping
it implicitly satisfied. This is obtained through an appropriate
change of variable. Consider the underlying communication
graph Gu . Assuming an arbitrary ordering of the edges, let
2 R|Eu |⇥N denote the incidence matrix of Gu , where each
row, (corresponding to an edge in the graph) contains all
zero entries except the column corresponding to the edge tail
(equal to 1), and the column corresponding to the edge head
(equal to 1). For instance, if the k-th row of corresponds
to the edge (i, j), then the entry (k, `) of is
8
>
if ` = i,
<1
( )k` =
1
if ` = j,
>
:
0
otherwise,

for all k, ` 2 {1, . . . , N }. In the following, two well-known
properties of
will be used: (i) the vector of ones is an
eigenvector of with eigenvalue 0, i.e., 1 = 0, (ii) since
Gu is connected, then rank( ) = N 1.
Now, let us introduce the following change of variable
y = ⇧z,

z 2 RS|Eu | ,

(9)

where z is the stack of vectors z(ij) 2 RS for all edges
(i, j) 2 Eu , with the same ordering as in , and the matrix
⇧ is defined as
⇧,(

>

⌦ I) 2 RSN ⇥S|Eu | .

(10)

By using the properties of the Kronecker product, the components of y can be written as
X
yi = [⇧z]i =
(z(ij) z(ji) ),
8 i 2 {1, . . . , N },
j2Ni,u

where [⇧z]i denotes the i-th portion of ⇧z and Ni,u is the
set of neighbors of node i in the underlying graph Gu . It
turns out that the change of variable (9) can be successfully
used to encode the coupling constraint of problem (4) in the
cost function, as a consequence of the following result.
Lemma 4.1: The matrix ⇧ satisfies:
PN
S|Eu |
(i)
;
i=1 [⇧z]i = 0 for all z 2 RP
N
SN
(ii) for all ỹ 2 R
satisfying i=1 ỹi = 0 there exists
z̃ 2 RS|Eu | such that ỹ = ⇧z̃.
⇤
We now plug the change of variable (9) into problem (4).
Formally, for all i 2 {1, . . . , N }, define the functions
p̃i {z(ij) , z(ji) }j2Ni,u , pi [⇧z]i ,

z 2 RS|E| .

By Lemma 4.1, we obtain the following result.
Corollary 4.2: Problem (4) is equivalent to the unconstrained problem
min
z

N
X
i=1

p̃i {z(ij) , z(ji) }j2Ni,u ,

(11)

in the sense that: (i) the optimal costs are equal, and (ii) if z?
is an optimal solution of (11), then y? = ⇧z? is an optimal
solution of (4).
⇤
In thePfollowing, we denote the cost function of (11) as
N
p̃(z) = i=1 p̃ {z(ij) , z(ji) }j2Ni,u = p(⇧z).
B. Reformulation of Distributed Primal Decomposition as
Randomized Block Subgradient Method

In this section, we recast the Distributed Primal Decomposition algorithm as an equivalent, randomized block
subgradient method for solving problem (11).
First, let us define the block structure for the optimization
variable z of problem (11). We associate each block of z
to an undirected edge of Gu . Thus, a total of B = |Eu |/2
blocks have to be considered. Formally, assume an arbitrary
ordering of the undirected edges. If a block ` 2 {1, . . . , B}
is associated to the undirected edge (i, j) 2 Eu , with j > i,
then the `-th block of z, denoted by z` 2 R2S , consists of
the stack of z(ij) , z(ji) 2 RS , i.e.,

z
z` = (ij) .
z(ji)
By analogy, we will use the shorthand ` = ij to denote
the probability associated to the `-th block. Clearly, by
Assumption 3.1, it holds ` = 1/B, i.e., blocks have uniform
probability to be picked. Without loss of generality, we

will suppose that the blocks are ordered such that z> =
>
[z>
1 · · · zB ].
Next, we formulate a randomized block subgradient
method applied to problem (11). In view of the communication structure (cf. Section III-A), at each iteration t, a number
of bt  B blocks activate, corresponding to the undirected
edges in the graph that are active at that iteration. As per
Assumption 3.1, the probability that exactly b blocks activate
is ⌫b , for all b 2 {1, . . . , B}. We denote by B t ✓ {1, . . . , B}
the index set of the blocks activated at time t. The algorithm
is basically a subgradient method, where at each iteration t
we only update the blocks in B t , i.e.,
(
t
e
zt` ↵t [rp̃(z
)]` ,
if ` 2 B t ,
t+1
z` =
(12)
t
z` ,
if ` 2
/ Bt,
t
e
where rp̃(z
) 2 RS|Eu | denotes a subgradient of p̃ at zt ,
t
t
e
e
[rp̃(z )]` denotes the `-th block of rp̃(z
) and ↵t is the stepsize. Notice that, differently from standard block subgradient
methods, algorithm (12) updates multiple blocks at once.
In order to show that algorithm (12) is equivalent to
Distributed Primal Decomposition, let us elaborate on (12)
from a computational point of view. For this purpose, let
us discuss on the computation of a subgradient of p̃ at any
z 2 RS|Eu | . By definition, it holds p̃(z) = p(⇧z). Thus, by
using the subgradient property for affine transformations of
the domain, we conclude that

e
e
rp̃(z)
= ⇧> rp(⇧z)
e
= ( ⌦ I)rp(⇧z).

(13)

Recall that y = ⇧z. On the one hand, by exploiting the
e
separability of p, the i-th component of rp(y)
is equal to
˜
@p(y)
e i (yi ). On the other hand, as problem (3) enjoys
=
rp
@yi
strong duality, according to [17, Section 5.4.4], a subgradient
e i (yi ) = µi , where
of pi at yi can be computed as rp
µi is a Lagrange multiplier of problem (3) associated to
the constraint gi (xi )  yi + ⇢i 1. By collecting this facts
e
together with (13), we see that the components of rp̃(z)
can be computed as
⇣
⌘
⇣
⌘
@˜p̃(z)
e i [⇧z]i
e j [⇧z]j
= rp
rp
@z(ij)
= µj µi ,
8 (i, j) 2 Eu ,
(14)
˜
e
where @@zp̃(Z)
denotes the component of rp̃(z)
associated to
(ij)
z(ij) and µk denotes a Lagrange multiplier for the problem

min fk (xk ) + M ⇢k

xk ,⇢k

subj. to gk (xk )  [⇧z]k + ⇢k 1
⇢k

0, xk 2 Xk ,

(15)

associated to the constraint gk (xk )  [⇧z]k + ⇢k 1, for all
k 2 {1, . . . , N }. By using (14), the update (12) can be recast
as
(
zt(ij) + ↵t µti µtj ,
if (i, j) 2 E t ,
t+1
z(ij) =
(16)
zt(ij) ,
if (i, j) 2
/ E t,

where µtk is a Lagrange multiplier for problem (15), with
z = zt . If we now let yt = ⇧zt , we see that algorithm (16)
is equivalent to (7)–(8).
V. N UMERICAL EXAMPLE

max
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min

2
max
avg
min
1

N
P

s2{1,...,S} i=1

100

PN

1

max

10

10

(

gi,s (xti )

101

i=1

fi (xti )+M⇢ti

f ? )/f ?

In this section, we provide numerical computations to
validate the theoretical results. We apply the Distributed
Primal Decomposition algorithm to a microgrid control
problem, in the form (1). We do not provide the problem
formulation, which can be found in [7]. The same parameters
considered in [7] are used, i.e., N = 10 agents, consisting
of 4 generators, 3 storage devices, 2 controllable loads and
1 connection to the main grid. The prediction horizon of the
optimal control problem is equal to T = 8 slots, so that S =
8 coupling constraints are considered. First, we generate a
random underlying Erdős-Rényi graph with edge probability
0.2. The probabilities ⌫b (cf. Assumption 3.1) are generated
randomly and the local allocations are initialized to y10 =
0
. . . = yN
= 0. We perform a Montecarlo simulation with a
total of 50 graph realizations, and we run the Distributed
Primal Decomposition algorithm over each realization. In
Figure 1, the evolution ofPthe algorithm is shown. On the
N
left, the scaled cost error ( i=1 (fi (xti )+M ⇢ti ) f ? )/f ? on
a logarithmic scale is provided, where (xti , ⇢ti ) are the primal
quantities generated by the algorithm and f ? is the optimal
cost of the problem, computed by a centralized solver. On the
right, a plot of the maximumP
component of the coupling conN
t
straints, i.e., maxs2{1,...,S}
i=1 gi,s (xi ), is shown. It can
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Fig. 1. Evolution of the cost error (left) and of the maximum component
of the coupling constraints (right). The maximum, minimum and average
are computed with respect to 50 graph realizations.

be seen from the figures that the objective value converges to
the optimal cost of the original problem, consistently with the
theoretical result of Theorem 3.4 (i). Moreover, the quantities
computed by the algorithm are asymptotically feasible for
the coupling constraints, confirming the primal feasibility
property (ii) of Theorem 3.4.
VI. C ONCLUSIONS
In this paper, we proposed a distributed optimization
algorithm, named Distributed Primal Decomposition, for a
network of agents in a random communication network. The
algorithm, based on a relaxation and primal decomposition
approach, allows the agents to minimize the sum of local cost
functions, subject to local constraints and global coupling

constraints. To analyze the algorithm, we use an appropriate change of variables, so that distributed update can
be reformulated as a randomized block subgradient method
applied to a suitable equivalent problem. The communication
structure is mapped to blocks that randomly activate at each
iteration. The results of this paper pave the way for more
comprehensive frameworks, which can run over general communication networks. Numerical computations on microgrid
control substantiated the theoretical results.
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