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Abstract
Within the framework of the displacement-based Virtual Element Method (VEM),
namely for plane elasticity, an important topic is the development of optimal
techniques for the evaluation of the stress field. In fact, in the classical VEM
formulation, the same projection operator used to approximate the strain field
(and then evaluate the stiffness matrix) is employed to recover, via constitutive
law, the stress field. Considering a first-order formulation, strains are locally
mapped onto constant functions, and stresses are piecewise constant. However,
the virtual displacements might engender more complex strain fields for polygons which are not triangles. This leads to an undesirable loss of information
with respect to the underlying virtual stress field. The Recovery by Compatibility in Patches, originally proposed for Finite Element schemes, is here extended
to VEM aiming at mitigating such an effect. Stresses are recovered by minimizing the complementary energy of patches of elements over an assumed set of
equilibrated stress modes. The procedure is simple, efficient and can be readily
implemented in existing codes. Numerical tests confirm the good performance
of the proposed technique in terms of accuracy and indicate an increase of convergence rate with respect to the classical approach in many cases.
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1. Introduction
The Virtual Element Method (VEM) is a relatively new and very powerful
discretisation scheme which is rapidly attracting the interest of the scientific
community. The technique is well-known for its formal elegance and flexibility, which allows using meshes composed of general polygons/polyhedra, and
allowing for the presence of hanging nodes and nonconforming grids [1, 2, 3, 4].
The method, originally proposed in 2012 in its displacement-based formulation and presented for the Laplace operator in a two-dimensional context [1], is
rapidly developing and has been already applied to numerous physical problems
[3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] as well as extended to three-dimensional
cases [16] and mixed formulations [17, 18, 19].
Differently from the Finite Element (FE) framework, in the virtual element
technique the local polynomial approximation concept is abandoned and the
functions used for the discretisation procedure are not known pointwise, in general. However, a careful selection of the degrees of freedom and the assumption
that the unknown fields satisfy appropriate differential equations, make it possible to compute the stiffness matrix and the load vector. In particular, for plane
elasticity problems, classical VEM formulations assume that displacements are
completely known only at the element boundaries while the internal field, for
high-order schemes, is characterised only by means of internal degrees of freedom
representing appropriate integral quantities.
Due to the virtual nature of the displacement field, strains (the symmetric
gradient of the displacements) are not directly computable and need to be further approximated in order to compute the stiffness matrix. The standard procedure consists in defining a strain field, polynomial inside the element, which
can be determined from the displacement degrees of freedom. For example,
in the case of the first-order formulation, the aforementioned strategy leads
to constant strains inside the elements, irrespective of the number of element
edges, and thus irrespective of the number of displacement degrees of freedom.
Therefore, applying the constitutive law, the recovered stress field is essentially
piecewise constant as well. As it can be easily realised, this leads to an undesirable loss of information with respect to the underlying virtual stress field,
especially for meshes consisting of polygons with numerous edges, and often
leads to results that are not completely satisfactory.
In the context of FE discretization schemes, stress recovery techniques received considerable attention in the last decades [20]. In particular, the Superconvergent Patch Recovery (SPR) procedure proposed by Zienkiewicz and Zhu
[21, 22] clearly highlighted the remarkable advantages which might be obtained
by appropriately postprocessing the stress field provided by the FE formulation. In particular, in the original SPR procedure, the recovery is performed by
calculating stresses as a least-square interpolation of values evaluated at superconvergent points. Later, the procedure has been refined [23, 24, 25, 26, 27, 28]
introducing, for example, equilibrium constraints in order to lead to more accurate results.
Another well-known technique is the Recovery by Equilibrium in Patches
2

(REP) proposed in [29, 30, 31]. The idea behind the REP is to impose the
fulfillment of equilibrium on the patch in a weak form while proceeding to a
reinterpolation of stresses on a local polynomial base. Combinations of elementwise and boundary equilibrium conditions to be added to the standard REP
formulation have been also proposed in order to enhance the accuracy of the
obtained results [29]. Other interesting examples of recovery procedures based
on equilibrium considerations have been proposed, for instance, in [32, 33, 34]
and, more recently, in [35] where the devised technique is adopted in order to
calculate error bounds for the advection-diffusion-reaction equation.
In this context, the Recovery by Compatibility in Patches (RCP), originally
proposed in [36] for FE schemes, has shown to have very good properties in
terms of simplicity and robustness. Moreover, it has been already successfully
applied to a posteriori error estimation [37] as well as to drive adaptive mesh
refinement [38]. Moreover, it has been shown to be particularly well suited for
transverse stresses profile reconstruction in plate bending problems for which,
thanks to its equilibrating nature, it leads to the automatic fulfillment of the
pointwise equilibrium at the plate top and bottom surfaces [39].
The key idea underlying RCP is to minimise the complementary energy associated to a patch of elements treated as an isolated system among a set of
equilibrated stress fields. In particular, on each patch, stresses are approximated as a linear combination of self-equilibrated stress modes enriched by an
appropriate particular solution. It is worth to note that the explicit knowledge
of the displacements is required only along the patch boundaries, so rendering
the RCP approach naturally well-suited for virtual element schemes.
With this in mind, the RCP is here extended to VEM in order to mitigate the
loss of information induced by the aforementioned projection operator, normally
employed in order to calculate the stress/strain fields, so allowing to take full
advantage of the VEM formulation. In particular, the proposed technique is here
tested considering two variants: in the first one, a degenerate patch composed of
a single polygon is considered. For triangles, this does not significantly improve
the results obtained using the classical strain computation. However, the benefit
becomes apparent when the number of edges increases. In the second one,
RCP is presented by considering patches of elements in analogy to its original
formulation, developed in the context of finite elements schemes.
The paper is organised as follows. In Section 2, the VEM formulation for
plane elasticity problems is briefly recalled. Then, the RCP procedure is introduced in Section 3. Numerical results are presented for a wide selection of test
cases in Section 4 and, finally, conclusions are drawn in Section 5.
2. Virtual Element Method
Consider a body occupying a region Ω of the two-dimensional space on which
a reference system (O, x, y) is introduced. Let us denote with the symbol ∂Ω
the boundary of such a body and consider the case of homogeneous Dirichlet
boundary conditions. Other types of boundary conditions can be treated in
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the same spirit of finite element schemes. Denoting as u(x, y) = [u, v]T , the
displacement field, the associated strains are defined as


∂x 0
ε(u) = Du
with
D =  0 ∂y  ,
(2.1)
∂y ∂x
where D represents the differential compatibility operator. The plane elasticity
problem can be thus expressed as: find u ∈ v such that
Z
Z
ε(v)T Cε(u) =
vT b
∀v ∈ v,
(2.2)
Ω

Ω

where C is the elastic matrix, v is the space of the kinematically admissible
displacements, b is the applied external load.
In order to build a VEM scheme, it is assumed that Ω is subdivided into
non-overlapping polygons with straight edges. In the following, E indicates one
and each of such polygons, ∂E denotes its boundary while e denotes one and
each of the edges of E. Moreover, we here assume a homogeneous material,
but inhomogeneous bodies can be treated as well (cf. for instance [18, 40]) We
introduce a local approximation space, vh|E , whose elements are typically not
known pointwise, but are determined by means of a suitable set of degrees of
freedom (thus, vh|E is said to be virtual).
In the following, reference is made to a first-order VEM discretisation scheme.
The space vh|E is chosen so that

vh|E = vh ∈ H 1 (E) ∩ C 0 (E) : D? (Cε(vh )) = 0, vh|e ∈ P1 (e) ∀e ∈ ∂E ,
(2.3)
where D? is the formal adjoint of D while P1 (e) indicates the space of linear
functions on the edges of E.
A set of degrees of freedom which can be used in order to describe such a
space is represented by the values of the displacements at the element vertices.
It must be noticed that, thanks to the requirements expressed in Eq. (2.3),
displacements must be linear on edges so that the vertex values completely
characterise the displacement field on ∂E. A sketch of the virtual field and of
the considered degrees of freedom is provided in Fig. 1.
Due to the virtual nature of the approximating functions, it is not possible
to directly compute the terms of Eq. (2.2), and especially the left-hand side. It
is thus necessary to introduce an operator, Π : vh|E → P0 (E), defined as
Z
Z
Π(vh )T ε0 =
ε(vh )T ε0
∀ε0 ∈ P0 (E).
(2.4)
E

E

Above, P0 (E) denotes the space of constant fields over the element. It can
be observed that Π is an operator which maps the virtual displacements onto
constant strain fields. A typical displacement and strain field can be formally
represented as
vh = N V ṽh ,
ε0 = N P ε̃,
(2.5)
4

Li
nearvar
i
at
i
on

Degr
eesoff
r
eedom

Vi
r
t
ual
f
i
el
d
El
ementver
t
i
ces

Figure 1: Sketch of the virtual function and of the considered degrees of freedom.

where the vector ṽh collects the degrees of freedom (i.e. the values of the
displacements at the polygon vertices) while ε̃ is a vector collecting the degrees
of freedom of the approximated strain field. The term N V collects virtual
displacement shape functions and, thus, is not explicitly known, while N P , still
considering a first order scheme, takes the form


1 0 0
NP =  0 1 0  .
(2.6)
0 0 1
Indicating as Πm the Π operator expressed as a matrix, it is possible to
write the discrete strains as
Π(vh ) = N P Πm ṽh .

(2.7)

The operator Πm can be thus evaluated by means of Eq. (2.4). In particular,
substituting Eq. (2.7) into Eq. (2.4), we obtain
Z
Z

T
(N P Πm ṽh )T N P ε̃ =
ε(N V ṽh ) N P ε̃
∀ε̃ ∈ R3 ,
(2.8)
E

E

which, integrated by parts, leads to
Z
Z
P
m
T
P
(N Π ṽh ) N ε̃ =
(N V ṽh )T N E N P ε̃
E

∀ε̃ ∈ R3 ,

(2.9)

∂E

where, denoting the outward normal as n = [nx , ny ]T , N E is


nx 0 ny
NE =
.
0 ny nx

(2.10)

Equation (2.9) can be rewritten as
ε̃T GΠm ṽh = ε̃T Bṽh
where

Z
G=

P T

P

(N ) N ,

Z
B=

E

∂E
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∀ε̃ ∈ R3 ,

(2.11)

(N E N P )T N V .

(2.12)

Equation (2.11) allows to compute Πm as the solution of a linear system
while matrices G and B are computable because displacements appear only at
the boundary where they are explicitly known. This leads to the evaluation of
Πm as
Πm = G −1 B,
(2.13)
and, thus, to approximate the l.h.s. of Eq. (2.2) as
Z
Z
ε(v)T Cε(u) ≈ (Πm v˜h )T CΠm u˜h .
Ω

(2.14)

Ω

After algebraic manipulations, it is possible to identify the stiffness matrix, Kc ,
as
Z

T −T
P T
P
(N ) CN G −1 B.
(2.15)
Kc = B G
E

In order to ensure that Kc has the correct rank, a stabilisation term Ks (not
further discussed here) must be added to Kc so that the stiffness matrix is
usually redefined as K = Kc + Ks . For further details, we refer to [2, 7], for
example.
It is important to notice that the operator Πm leads to constant strain fields
while the virtual displacements are assumed to be linear over the element edges,
and lead to divergence-free stress distributions (cf. Eq. (2.3) and Fig. 1).
For a triangular element, the virtual (low-order) formulation is equivalent
to the standard (low-order) triangular finite element. However, when polygons
with a higher number of edges are considered, the degrees of freedom used to
describe the displacement field could, in principle, give rise to stress/strain fields
richer than the constant ones. A kind of loss of information is thus expected
when using operator Πm to compute the stresses.
In the following, RCP is introduced as a postprocessing technique for the
VEM procedure, with the aim of improving the accuracy of the obtained stresses.
3. Recovery by Compatibility in Patches
The key idea of RCP is to minimise the complementary energy associated
to a patch of elements treated as an isolated system among a set of equilibrated
stress modes [36]. In the following, RCP is presented for degenerate patches
composed of a single virtual element. The generalisation of the procedure to
the case of patches composed of more than one element does not introduce
substantial modifications and is presented in Section 3.2.
To begin, we recall that the elasticity problem may be written in mixed
variables as:

σ , u) such that
Find (σ



 D? σ = b
in Ω
(3.1)

σ = Cεε(u)
in Ω



+ boundary conditions
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σ , u) is the solution to problem (3.1), then for every
We notice that, if (σ
element E, σ minimizes the complementary energy
Z
Z
1
c
T −1
τ C τ−
J (ττ ) =
uT N E τ
(3.2)
2 E
∂E
over the affine space Σb (E), defined by
Σb (E) := {ττ ∈ H(D? ; E) : D? τ + b = 0} .

(3.3)

?

Above, H(D ; E) is the space of symmetric tensor fields, whose components are
in L2 (E), and for which D? τ is in L2 (E)2 as well. We remark that such a space
is typically denoted as H(div, E) in the mathematical literature (see [41], for
instance).
Supposing that the analytical solution u is given on the boundary ∂E, the
stress field σ is then the solution of the variational problem:

 Find σ ∈ Σb (E) such that
Z
Z
(3.4)
T −1

τ0 C σ −
uT N E τ0 = 0
∀ττ 0 ∈ Σ0 (E).
E

∂E

Above, Σ0 (E) is defined by Eq. (3.3), choosing b = 0. Given a fixed particular
stress field σ b ∈ Σb (E), the splitting
σ = σ 0 + σ b , with σ 0 ∈ Σ0 (E),

(3.5)

shows that problem (3.4) is equivalent to:

 Find σ 0 ∈ Σ0 (E) such that
Z
Z
Z
T −1
T

τ0 C σ 0 =
u N E τ0 −
τ0T C −1 σ b
E

∂E

∀ττ 0 ∈ Σ0 (E).

(3.6)

E

R
σ 0 , τ 0 ) → E τ0T C −1 σ0 is continuous
We remark that: (1) the bilinear form (σ
and coercive over Σ0 (E); (2) given u and σ b , the right-hand side is a linear
and continuous functional on Σ0 (E). Therefore, problem (3.6) is stable. It
must be noticed that such subdivision of the stress field in a homogeneous and
a particular solution corresponds to a well-established technique, often adopted
in order to build stress approximations in the context of equilibrium and hybrid
stress finite elements [42, 43]. With this in mind, the idea of the RCP procedure
is to recover the stress field for every element E, by solving problem (3.6) where
the displacement on the boundary ∂E comes from the VEM solution, i.e. uh .
Therefore, it is natural to consider the following continuous problem with
approximated displacements:

e 0 ∈ Σ0 (E) such that
 Find σ
Z
Z
Z
T −1
T

e0 =
τ0 C σ
uh N E τ0 −
τ0T C −1 σ b
E

∂E

E
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∀ττ 0 ∈ Σ0 (E).

(3.7)

We point out that, in general, the analytical solution of the local problem (3.7)
σ
e 0 is not equal to σ 0 (cf. (3.6)). As a consequence, the corresponding stress
e=σ
e 0 + σ b is different from the actual stress field σ = σ 0 + σ b (see (3.5)).
field σ
The RCP procedure may be interpreted as an approximation of problem
(3.7). More precisely, one chooses a suitable polynomial space Σ0,h (E) ⊂ Σ0 (E)
and solve:

e 0,h ∈ Σ0,h (E) such that
 Find σ
Z
Z
Z
T
T

e 0,h =
τ0,h
C −1 σ
uTh N E τ0,h −
τ0,h
C −1 σ b
E

∂E

∀ττ 0,h ∈ Σ0,h (E).

E

(3.8)
The recovered stress field on the element E is then defined by
σ
eh = σ
e 0,h + σ b .

(3.9)

3.1. RCP implementation
e 0 is approximated as
The homogeneous part σ
σ
e 0,h = P β,

(3.10)

where P is a matrix of preselected self-equilibrated stress modes, while β is the
vector of the unknown parameters. Then, if a linear approximation is adopted
e 0,h , P takes the form
for σ


1 0 0 y 0 x
0
y .
(3.11)
P = 0 1 0 0 x 0
0 0 1 0 0 −y −x
The particular solutions, σ b , appearing in Eq. (3.5) can be calculated as




σx
−Ix (bx )
σ b =  σy  =  −Iy (by )  .
(3.12)
τxy b
0
Above, bx and by are the body force components. Furthermore, Ix (bx ) is an an∂
Ix (bx ) = bx .
tiderivative of bx with respect to the coordinate x, i.e. it holds ∂x
Analogous definition applies to Iy (by ) with respect to the coordinate y. Indeed,
although the choice of the particular solution is arbitrary, being the only requirement the equilibrium with the applied body forces, its combination with
the homogeneous solution is univocally determined up to terms of degree equal
to the degree of completeness of the homogeneous solution. If the antiderivatives for bx or by are not explicitly known, we first approximate the body force
within the element by a constant field, then we take the corresponding antiderivatives. Such an approach corresponds to a linear approximation of the
particular solution within each element. Higher order approximations might
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be easily developed considering polynomial approximations of the applied body
forces.
Substituting Eq. (3.10) into Eq. (3.2) leads to
Z
Z
1
c
T −1
(P β + σ b ) C (P β + σ b ) −
J (β) =
uTh N E (P β + σ b ). (3.13)
2 E
∂E
Imposing null variations of the functional expressed in Eq. (3.14), the following is obtained
Hβ = g,
(3.14)
where
Z
H=

P T C −1 P ,

Z
g=

P T N TE uh −

P T C −1 σ b .

(3.15)

E

∂E

E

Z

In the definition of g, see Eq. (3.15), the first term can be integrated by parts
and, exploiting that the stress modes are divergence-free, we get
Z
Z
T
T
P N E uh =
P T ε(uh ).
(3.16)
∂E

E

In the finite element framework, the vector g can be computed using the
left-hand side or the right-hand side of Eq. (3.16), leading to identical results.
On the contrary, when virtual element schemes are considered, the left-hand
side should be used, since the displacements are pointwise known only at the
element boundary.
3.2. Patch-based version
The adoption of a patch of elements instead of a single element does not
introduce significant additional complexity. For each element E, we consider
a given patch π(E) of surrounding elements (E is included in π(E), i.e. E ⊆
π(E)). Then, the integrals appearing in Eq. (3.15) are computed over the entire
patch π(E). Notice that, in this case, the boundary appearing in Eq. (3.15)
becomes the boundary ∂π(E) of the patch π(E). The recovered stress solution
on the element E is simply the restriction to E of the computed stress on π(E).
Figure 2 provides examples of the patches adopted in the following numerical
tests. In particular, Patch 0 indicates the degenerate case of a single element,
Patch 1 is a patch obtained by considering all surrounding elements sharing at
least one node with a central element, while Patch 1B represents a boundary
patch of the same type as Patch 1.
As a last remark it is worth noticing that the proposed approach can be easily
extended to high-order schemes. In particular, the polynomial representation of
the homogeneous part of the stress field P can be enriched in order to become
a complete representation base of equilibrated stress fields up to an arbitrary
degree (see for instance [39]). Numerous variants of the presented techniques
can be developed by varying the underlying VEM formulation, P , the size of the
patch (i.e. the number of hems around the central element used to identify the
9
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Figure 2: Patch types used in the present study.

patch) and their construction procedure (e.g. node patches might be considered
[37]).
Additionally, although the procedure has been developed and presented for
two-dimensional elasticity problems, thanks to its simple and clear variational
background, it can be easily adopted to three-dimensional cases as well as inelastic problems [44].
4. Numerical results
In this section, numerical tests are used in order to validate the proposed
stress recovery procedure. In particular, a square domain characterised by edge
length equal to unity is considered. The body is assumed to be homogeneous
and isotropic and its mechanical parameters are assigned in terms of the Lamé
constants λ = 1 and µ = 1 [45, 7]. Plane strain regime is assumed.
Indicating as σ ex the analytical stress field, the following error norm is used
in order to evaluate the accuracy of the obtained results
Z
1/2
ex
T −1
ex
e h ) C (σ − σ
eh)
Eσ =
(σ − σ
.
(4.1)
Ω

In the subsequent developments such error norm is often normalized with
respect to the square root of the strain energy of the exact solution. Furthermore, when the logarithm of such quantities are considered, it should be always
intended that base ten is adopted.
As it can be seen in Fig. 3, eight meshes are considered. Four of them are
structured and are indicated with the letter ’S’ in the following. Those are
composed of triangles, quadrilaterals, hexagons and a mixture of convex and
concave quadrangles. The remaining four are unstructured meshes composed of
triangles, quadrilaterals, random polygons and concave hexagons. Those meshes
are indicated with the letter ’U’. The average edge length is indicated as h̄e .
Prescribed displacements are assumed and the corresponding body forces
are calculated. Such body forces are then applied to the body, together with
Dirichlet conditions over the entire boundary. Three tests are considered:
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Figure 3: Overview of adopted meshes for convergence assessment numerical tests [18].

• Test a: ux = x3 − 3xy 2 , uy = y 3 − 3x2 y;
• Test b: ux = uy = sin(πx) sin(πy);
• Test c: ux = xy sin(πx) sin(πy), uy = 0.
In particular, Test a is characterised by polynomial solution and engenders
null body forces with inhomogeneous Dirichlet boundary conditions, while in
Test b the displacement solution is trigonometric and is characterised by homogeneous Dirichlet boundary conditions, see [18]. Analogously to Test b, Test
c is characterised by homogeneous Dirichlet boundary conditions, and ux is a
product of polynomial and trigonometric functions, while uy vanishes.
Three stress recovery procedures are compared and denoted as VEM, RCP0
and RCP1. In particular, VEM corresponds to the standard procedure based
on the adoption of the operator Πm , together with the use of the constitutive
law. Instead, RCP0 and RCP1 denote the use of RCP as presented in Eq.
(3.15), for Patch 0 and Patch 1, respectively.
Figures 4, 5 and 6 report results obtained for Test a, Test b and Test c for all
the aforementioned meshes, respectively. Aiming at providing a picture of the
overall behaviour of the procedure, for each test, results obtained considering all
structured meshes are plotted on the same graph differentiating them by means
of the marker type. Analogously, all results related to unstructured meshes are
represented together. Results obtained by means of VEM, RCP0 and RCP1 are
plotted with continuous lines with black markers, dashed lines with red markers
and dash-dot lines and blue markers, respectively.
It can be clearly seen that RCP always has a favourable effect, leading to
more accurate results if compared to the use of the Πm operator and, in some
11

cases, to a substantial increase in the convergence rate. Regarding RCP0, we
notice that the improvement can be clearly appreciated when the Hex (S) mesh
is considered while it tends to disappear for triangular elements. Furthermore,
considering now results obtained using RCP1, it can be seen that the use of
element patches has a significant beneficial effect, in agreement with what has
been observed in the context of displacement-based finite elements [36, 37].
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Figure 4: h̄e −convergence results for Test a: (a) structured and (b) unstructured meshes.
Black, red and blue markers indicate VEM, RCP0 and RCP1, respectively.
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Figure 5: h̄e −convergence results for Test b: (a) structured and (b) unstructured meshes.
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A comparison between the three techniques in terms of von Mises equivalent
stress distributions obtained using Hex (S) and Poly (U) meshes is reported for
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Figure 6: h̄e −convergence results for Test c: (a) structured and (b) unstructured meshes.
Black, red and blue markers indicate VEM, RCP0 and RCP1, respectively.

Test a and Test b. The exact solutions are shown in Fig. 7 while numerical
results are reported in Figs. 8 and 9, respectively. The improved compliance
with the analytical solution, even for relatively coarse meshes, can be clearly
observed, confirming again the effectiveness of the proposed approach.

(a)

(b)

Figure 7: Exact von Mises equivalent stress distributions: (a) Test a and (b) Test b.

In order to further characterise the obtained results, sections of the stress
field for Test b are reported in Fig. 10. In particular, a section extending
from the lower left corner (denoted as PA ) to the upper right corner (denoted
as PB ) of the plate is considered and the resulting segment parameterised by
means of a coordinate s which is null at PA and equal to unity at PB . Such
graphs are reported for all stress components for meshes Hex (S) and Poly (U)
and considering both RCP0 and RCP1. Although the method is developed in
13

(a)

(b)

(c)

(d)

(e)

(f)

Figure 8: Von Mises equivalent stress distributions for Test a: (a) Hex (S) VEM, (b) Hex (S)
RCP0, (c) Hex (S) RCP1, (d) Poly (U) VEM, (e) Poly (U) RCP0 and (f) Poly (U) RCP1.

order to enforce equilibrium only in the interior of the elements, the jumps of
the stress components across the edges are greatly reduced with respect to the
VEM solution, so highlighting the good performance of the proposed procedure.
Finally, error maps are provided in order to characterise the spatial distribution of the obtained error energy. In particular, the following relative error
energy measure is calculated for each element:
!
R
e h )T C −1 (σ ex − σ
eh)
(σ ex − σ
E
R
Ēσ,E = log
.
(4.2)
σ exT C −1 σ ex
E
Figure 11 shows maps reporting the distribution of Ēσ,E for Test b considering meshes Hex (S) and Poly (U). Once again, results confirm the soundness
of the proposed approach showing an increase of the solution accuracy with
respect to VEM when RCP0 and RCP1 are adopted.
4.1. Gaussian peak
In this section, a sensitivity study is performed in order to highlight how the
results obtained by means of the proposed technique vary with respect to the
peak sharpness of the problem solution. In particular, the analytical solution is
selected to be a Gaussian function such that
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 9: Von Mises equivalent stress distributions for Test b: (a) Hex (S) VEM, (b) Hex (S)
RCP0, (c) Hex (S) RCP1, (d) Poly (U) VEM, (e) Poly (U) RCP0 and (f) Poly (U) RCP1.

2

ux = e− 2 ( L ) , uy = 0,
1

r

(4.3)

where r is the distance between the considered point and [0.5, 0.5] while L,
the standard deviation of the Gaussian distribution, can be varied in order to
control the sharpness of the peak. In this case, the mesh is kept constant while
body forces, boundary conditions and Eσ are calculated as already presented
in Sec. 4. Notice that the information provided by such analyses is, to a great
extent, similar to that presented in h̄e −convergence graphs but the attention
is here focused on the peak sharpness of the solution rather than on the mesh
refinement. In particular, Fig. 12 reports the Eσ with respect to L for Tri (S),
Tri (U), Hex (S) and Poly (U) meshes. The L parameter is varied between 0.5
to 0.03.
It can be seen that, as expected, for meshes composed of triangular elements
RCP 0 is slightly different from the V EM solution due to the presence of the
particular solution. When polygons characterised by numerous sides are present
(Hex (S) and Poly (U) meshes), RCP 0 can lead to more accurate results with
respect to V EM due to a more suitable use of the information at the element
boundaries. It appears that for all considered meshes and values of L, RCP 0
always has at least the same accuracy of the VEM solution. Considering that
such an approach does not need the creation of patches, this aspect strongly
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Figure 10: Sections of the stress field (the right column refers to Hex (S) while the left column
refers to Poly (U)): (a) and (b) σx , (c) and (d) σy , (e) and (f) τxy .

advocates its use as a valid alternative to the standard stress evaluation procedure based on the projection operator. Furthermore, it can be observed that
for very coarse meshes RCP 1 tends to be less accurate than both V EM and
RCP 0. This is not unexpected as RCP 0 and RCP 1 share the same representation of the stress field but the first one recovers them on a much smaller domain
with respect to the second one. Such effects are particularly unfavourable when
the central element is eccentric with respect to the patch and, thus, are particularly strong for unstructured meshes. It should be nevertheless considered
that RCP 1 appears to be less accurate than V EM and RCP 0 only for very
coarse meshes, in which the energy error introduced by the numerical solution
is comparable to the energy of the solution.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 11: Maps of Ēσ,E : (a), (b) and (c) VEM, RCP0 and RCP1 for Hex (S) and (d), (e)
and (f) VEM, RCP0 and RCP1 for Poly (U).

5. Conclusions
In the framework of the displacement-based virtual element methods, the
standard approach to compute stresses is via the constitutive law, using the
available approximated strains. When general polygons are considered, such a
procedure does not fully exploit the adopted degrees of freedom, thus, leading
to a quite poor stress field with respect to the available information.
In the present paper, the beneficial effects of using RCP in conjunction with
VEM discretisation schemes have been presented. The RCP formulation allows
to compute accurate pointwise equilibrated stress fields starting from approximated boundary displacements and from the knowledge of the applied loads.
Such a formulation appears to be well-suited for the recovery of stresses in the
framework of displacement-based virtual elements, in which such quantities are
known only on the elements edges. In its simplest version, the RCP is applied
elementwise, so representing an efficient alternative to the standard stress recovery. It has been also shown that further improvements might be obtained by
considering patches of elements, in agreement with the results obtained in the
context of finite elements schemes. We finally remark that RCP can be very
easily integrated in existing codes without introducing significant computational
costs.

17

1

1
VEM
RCP0
RCP1

0.5

VEM
RCP0
RCP1

0.5

0

0

-0.5

-0.5

-1

-1

-1.5

-1.5
0.1

0.2

0.3

0.4

0.5

0.1

0.2

(a)

0.3

0.4

0.5

(b)

1

1
VEM
RCP0
RCP1

0.5

VEM
RCP0
RCP1

0.5

0

0

-0.5

-0.5

-1

-1

-1.5

-1.5
0.1

0.2

0.3

0.4

0.5

0.1

(c)

0.2

0.3

0.4

0.5

(d)

Figure 12: Graphs reporting the variation of Eσ with respect to L: (a) Tri (S), Tri (U), Hex
(S), Poly (U).
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Appendix A
The aim of this appendix is to provide a first mathematical justification of
our stress recovery procedure. Accordingly, in this section we will use standard
mathematical concepts and notations, such as Sobolev norms and semi-norms,
see [46] and [47], for instance. Furthermore, given two nonnegative real quantities a and b, we will write a . b if there exists a positive constant C, independent
of the meshsize h, such that a ≤ C b.
We point out that a detailed analysis, capable of explaining all the (possibly)
superconvergence phenomena experienced in Section 4, is still missing. We however show that the stress recovery, starting from the approximate displacement
solution, is convergent to the analytical stresses, at least with the same order
as the computed discrete displacements.
With the symbols introduced in Section 3, the error of the recovered stress
is:
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σ−σ
eh = σ 0 − σ
e 0,h = (σ
σ0 − σ
e 0 ) + (e
σ0 − σ
e 0,h ).

(A.1)

We have the following error estimate.
Proposition 5.1. Suppose that the mesh satisfies the usual mesh assumptions
(see [1], for example). Let us denote with (σ
σ , u) the solution of the continuous
problem (3.1), and write σ using the splitting (3.5). If uh is the VEM solution
e h is the recovered stress on an element (or
of the primal problem (2.2), and σ
patch) E, see (3.8) and (3.9), then it holds

e h ||L2 (E) . |u − uh |H 1 (E) + inf ||σ
σ 0 − τ 0,h ||L2 (E) : τ 0,h ∈ Σ0,h (E) ,
||σ
σ−σ
(A.2)
where σ 0 is defined in (3.5).
Proof. We use (A.1), and separately estimate the two error contributions.
e 0 , we subtract (3.7) from (3.6) to obtain
Regarding σ 0 − σ
Z

σ0
τ0T C −1 (σ

E

Z
e0 ) =
−σ

(u − uh )T N E τ0

∀ττ 0 ∈ Σ0 (E).

(A.3)

∂E

σ 0 and applying the Gauss-Green theorem to the right-hand
Choosing τ0 = σ 0 −e
side, we get
Z
Z
T −1
σ0 − σ
e 0 ) C (σ
σ0 − σ
e0 ) =
ε(u − uh )T (σ
σ0 − σ
e 0 ).
(σ
(A.4)
E

E

Using coercivity for the left-hand side and the Schwarz inequality for the righthand side of (A.4), we deduce
σ0 − σ
e 0 ||L2 (E) . |u − uh |H 1 (E) .
||σ

(A.5)

e0 − σ
e 0,h , we first remark that in Σ0 (E) the H(D? , E) norm
Regarding σ
2
e 0,h is the
equals the L (E) norm. Then, we notice, see (3.7) and (3.8), that σ
e 0 for the stable problem (3.7). Therefore, the standard
Galerkin projection of σ
theory of Galerkin methods yields

σ0 − σ
e 0,h ||L2 (E) . inf ||σ
σ 0 − τ 0,h ||L2 (E) : τ 0,h ∈ Σ0,h (E) .
||e

(A.6)

From (A.1), using the triangle inequality and combining (A.5) and (A.6), we
obtain the bound (A.2).
We now notice that the standard VEM convergence theory gives:
|u − uh |H 1 (E) = O(hE ),
hE being the diameter of E.
To continue, the stress spaces we used for the recovery are, for k ≥ 1:
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(A.7)


Σ0,h (E) = τ 0,h ∈ Pk (E)2×2
: D? τ 0,h = 0 ,
s

(A.8)

Pk (E)2×2
s

where
denotes the space of symmetric tensors (here represented using
Voigt notation) whose components are polynomials of degree at most k. For
these spaces and for regular σ 0 , the Scott-Dupont approximation theory leads
to:

σ 0 − τ 0,h ||L2 (E) : τ 0,h ∈ Σ0,h (E) = O(hk+1
inf ||σ
E ).

(A.9)

In fact, since our problem is in 2D, if σ 0 ∈ Σ0 (E), then there exists the Airy
stress function ϕ ∈ H 2 (E) such that σ 0 = Cof (H(ϕ)). Here, H(ϕ) is the
Hessian of ϕ, and Cof (A) denotes the cofactor matrix of the matrix A.
We notice that for every nonegative integer m, if σ 0 ∈ H m (E)2×2
, then
s
σ 0 |H m (E) = |ϕ|H m+2 (E) . Now, take ϕI ∈ Pk+2 (E) as the averaged Taylor
|σ
expansion of ϕ (see [46], for instance), and set σ 0,I := Cof (H(ϕI )). We have
σ 0,I ∈ Σ0,h (E), together with the estimate:
k+1
σ 0 −σ
σ 0,I ||L2 (E) = |ϕ−ϕI |H 2 (E) . hk+1
σ 0 |H k+1 (E) , (A.10)
||σ
E |ϕ|H k+3 (E) = hE |σ

which implies (A.9).
From Proposition 5.1, bounds (A.7) and (A.9), we get the estimate for the
recovered stress:
σ − σ ∗h ||L2 (E) . hE .
||σ

(A.11)

Remark 1. An alternative way to introduce the Airy stress function is to set:
σ 0 = Curl curl ϕ.
Remark 2. Estimate (A.11) shows that, in general, the recovered stress is first
order convergent, even though the space Σ0,h (E) would be capable of a higher
order convergence rate (cf. (A.9)). Of course, this is caused by the low order
approximation uh we have at our disposal (cf. (A.7)). However, the numerical
experiments of Section 4 highlight that our stress recovery is typically beneficial.
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[32] P. Ladevéze and E. Maunder, “A general method for recovering equilibrating element tractions,” Comput. Methods Appl. Mech. Eng., vol. 137,
pp. 111–151, 1996.
[33] J. Moitinho de Almeida and E. Maunder, “Recovery of equilibrium on star
patches using a partition of unity technique,” International Journal for
Numerical Methods in Engineering, vol. 79, pp. 1493–1516, 2009.
[34] N. Perés, P. Dı́ez, and A. Huerta, “Exact bounds for linear outputs of
the advection-diffusion-reaction equation using flux-free error estimates,”
SIAM Journal on Scientific Computing, vol. 31, pp. 3064–3089, 2009.
[35] N. Perés and P. Dı́ez, “A new equilibrated residual method improving accuracy and efficiency of flux-free error estimates,” Computer Methods in
Applied Mechanics and Engineering, vol. 313, pp. 785–816, 2017.
[36] F. Ubertini, “Patch recovery based on complementary energy,” Int. J. for
Num. Meth. Engnr., vol. 59, pp. 1501–1538, 2004.
[37] A. Benedetti, S. de Miranda, and F. Ubertini, “A posteriori error estimation
based on the superconvergent recovery by compatibility in patches,” Int.
J. for Num. Meth. Engnr., vol. 67, pp. 108–131, 2006.
[38] G. Castellazzi, S. de Miranda, and F. Ubertini, “Adaptivity based on the
recovery by compatibility in patches,” Finite Elements in Analysis and
Design, vol. 46, pp. 379–390, 2010.
[39] S. de Miranda, L. Patruno, and F. Ubertini, “Transverse stress profiles
reconstruction for finite element analysis of laminated plates,” Comp. Stru.,
vol. 94, pp. 2706–2715, 2012.
[40] E. Artioli, S. de Miranda, C. Lovadina, and L. Patruno, “A family of virtual element methods for plane elasticity problems based on the hellingerreissner principle,” Comp. Meth. Appl. Mech. Engrg., submitted.
[41] D. Boffi, F. Brezzi, and M. Fortin, Mixed finite element methods and applications, vol. 44 of Springer Series in Computational Mathematics. Springer,
Heidelberg, 2013.
[42] F. de Veubeke, Matrix Methods of Structural Analysis. Pergamon Press,
1964.

23

[43] T. Pian and P. Tong, “Basis of finite element methods for solid continua,”
Int. J. Numer. Methods Eng., vol. 1, pp. 3–28, 1969.
[44] F. Daghia, s. de Miranda, and F. Ubertini, “Patch based recovery in finite
element elastoplastic analysis,” Computational Mechanics, vol. 52, pp. 827–
836, 2013.
[45] L. B. da Veiga, C. Lovadina, and D. Mora, “A Virtual Element Method for
elastic and inelastic problems on polytope meshes,” Computer Methods in
Applied Mechanics and Engineering, vol. 295, pp. 327 – 346, 2015.
[46] S. Brenner and L. Scott, The Mathematical Theory of Finite Element Methods. Berlin/Heidelberg: Springer-Verlag, 1994.
[47] P. G. Ciarlet, The Finite Element Method for Elliptic Problems. Amsterdam: North-Holland, 1978.

24

