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SUMMARY
We present singularity-free workspace optimization of a class of two-degree-of-freedom (2-
DoF) parallel wrists with large rotation range capability. The wrists in consideration are
kinematically equivalent to two families of 2-DoF homokinetic couplings. The first family
comprises fully parallel wrists with N (N ≥ 3) double-universal (UU) legs. The second
family comprises spherical N-UU parallel wrists with interconnecting revolute (R) joints.
Both families belong to the more general class of zero-torsion parallel manipulators, and
are therefore collectively referred to as zero-torsion wrists (ZTWs). We carry out a unified
singularity-free workspace optimization by utilizing geometric properties of zero-torsion
motion manifolds. Our work may serve as a conceptual guide to the design of ZTWs for
large tilt-angle applications.

KEYWORDS: Symmetric subspace; Parallel mechanism; Singularity analysis; Workspace
optimization.

1. Introduction
In the past few decades, parallel wrists have been widely applied in spatial, medical
and industrial applications for their high speed and force capabilities [1]. In principle,
the speed and force advantages of such devices are achieved by reducing their moving
inertia, by using less bulky links and placing actuators in joints fixed to the ground.
On the other hand, the in-parallel actuation of wrists comes at the cost of a limited
workspace and increased singularity problems [2, 3]. Therefore, a major challenge in
parallel mechanism (PM) conceptual design is to maximize the manipulator workspace
volume while preserving its regular shape [4] and avoiding singularities [3].

While there has been a significant progress on the synthesis and optimization of
translational parallel manipulators for long reach applications over the past few decades
[4–7], the conceptual design of orientational PMs [8–14] with a large rotation range
remains a nontrivial task. A commonly accepted workspace benchmark for the latter is
the capability to achieve a uniform tilt angle of roughly 90◦ (see [15] for the concept of
tilt and torsion angles as orientation parameters). Most orientational or mixed-DoF PMs
reported in the literature fail to achieve this benchmark.

Despite the absence of a systematic type synthesis method for generating orientational
wrists with large rotation range, a parallel wrist with 90◦ tilt angle capability was
developed in [10]. The proposed wrist has three or more identical legs, each comprising a
pair of mirror-symmetric U joints. It is pointed out in [16] that such N-UU wrists (N ≥ 3)
are kinematically equivalent to a well known class of 2-DoF homokinetic couplings [17].
A special-geometry N-UU wrist was in fact first proposed in [18], followed by subsequent
rediscoveries [10, 19, 20]. Carricato [16] made a further clarification for the synthesis
conditions of the N-UU wrist, which may be summarized as follows:
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(a) (b)

(c) (d)

Fig. 1. Schematic of a general 3-UU wrist: (a) components of the wrist; (b) synthesis condition of the
wrist at the home configuration: the two U joints in each leg are mirror symmetric about the xy-plane,
and the revolute axes of all proximal (or distal) U joints in all legs intersect at a point s+ (or s−);
(c) geometry of the first leg; (d) end-effector angular velocity wEE under an instantaneous symmetric

movement (θ̇+1j = θ̇−1j = θ̇1j , j = 1, 2).

C1) The two U joints in each UU leg must be identical and remain in a mirror symmetric
configuration during full-cycle motion; see Fig. 1(b) and also the half-angle property
elaborated in Sec. 2.1.2.

C2) All UU legs share the same plane of symmetry and the revolute axes of the proximal
(distal) U joints of all legs intersect at one point s+ (s−); see Fig. 1(c).

Despite being able to perform large singularity-free uniform tilt motions, N-UU wrists
are not spherical mechanisms and exhibit parasitic translation [21], which may be
undesirable and limit their scope of application. In [14], we showed that it is possible to
eliminate such a parasitic translation by “collapsing” all UU legs so as to form spherical
chains (namely by setting the distance d in Fig. 1(c) equal to zero) and by adding
interconnecting revolute joints (R) between the middle links of any two UU legs, as
illustrated in Fig. 2(a). More specifically:

C1′) The two U joints in each collapsed UU leg must be identical and remain in a mirror
symmetric configuration during full-cycle motion; see Fig. 2(a) and (b).

C2′) All UU legs share the same plane of symmetry and the revolute axes of all U joints
of all legs intersect at one point o on the symmetry plane; see Fig. 2(a).

C3′) The axes of all interconnectingR joints pass through o and are always perpendicular
to the symmetry plane; see Fig. 2(b).
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(a) (b)

(c) (d)

Fig. 2. Schematic of a collapsed 3-UU wrist: (a) geometry of the wrist; (b) mirror symmetry of the wrist;
(c) proximal PM; (d) distal PM.

The collapsed N-UU wrists are spherical mechanisms and have an equally large tilt
capability [14]. Both the non-collapsed and collapsed N-UU wrists belong to the family
of so-called zero-torsion mechanisms [21, 22], which refers to the fact that the torsion
angle of their rotation matrix vanishes for all configurations. In this paper, they will be
collectively referred to as zero-torsion wrists (ZTWs). Motivated by the extraordinary
tilt capability of ZTWs and by the goal of developing a systematic synthesis theory for
large tilt-angle mechanisms, we developed in [23] a unified theory for classification and
analysis of a special type of motion manifolds, called symmetric subspaces, which includes
zero-torsion manifolds as a special case. Based on the geometric properties of symmetric
subspaces, we conducted a comprehensive kinematic and singularity analysis of general-
geometry N-UU wrists in [24], and of collapsed N-UU wrists in [14]. Although the former
have a spatial architecture whereas the latter are spherical wrists with interconnections,
their kinematics and singularity behavior are (to some extent) consistent with each other,
due to having a common motion manifold (ignoring parasitic translation for the former),
namely the 2-D symmetric subspace comprising all zero-torsion rotations (M2B in [23]).

Having illustrated the important role of ZTWs in the conceptual design of parallel
wrists with large rotation range in our previous works, in this paper we present the
optimal design of ZTWs, aiming at maximization of their singularity-free uniform tilt
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angle capability. The contribution of the current work is two-fold: i) to investigate the full
potential of ZTWs for large tilt angle applications, and ii) to demonstrate the interaction
of geometric properties of zero-torsion motion manifolds (symmetric subspaces) with
kinematic and singularity analysis of ZTWs. In comparison to existing study of ZTWs
[20, 22, 24, 25], this is the first time a complete (i.e., involving all kinematic parameters)
workspace optimization of a class of ZTWs is studied in a unified approach. Besides, our
approach benefits from the symmetric space interpretation [14, 23] of the zero-torsion
motion manifolds, which results in a simplified displacement and velocity analysis of the
ZTWs needed for the workspace optimization.

The paper is organized as follows. Section 2 recalls the most relevant results presented
in [14] and [24]. We show that N-UU wrists may be equivalently studied as purely
spherical mechanisms, so that their static singularities may be factorized into the
degeneracy of a force bundle (active constraint singularity) and a torque bundle (passive
constraint singularity). The collapsed N-UU wrists also have a natural factorization of
their singular behavior due to their interconnected PM topology. In Sec. 3, we propose two
formulations for the parameter optimal design of ZTWs, whereas in Sec. 4 we consider the
possibility of using redundant actuation and/or angle-equalizing devices on the inner R
pairs of each UU leg. Finally, Sec. 5 presents the optimization results of ZTWs for both
formulations, and discusses the influence of redundant actuation and angle-equalizing
devices on the maximal tilt angle.

2. Singularity Analysis of N-UU Wrists
For the convenience of the reader, we have included a nomenclature at the end of the
paper.

2.1. Non-collapsed N-UU Wrists
2.1.1. Geometry. In reference to condition C1 and C2 in Sec. 1, the most general N-UU
wrists may have a geometry as illustrated in Fig. 1(c). Without loss of generality, we
assume that the mechanism has an N-fold axial symmetry about the z-axis (the fixed
reference frame o-xyz is shown in Fig. 1, with xy being the symmetry plane at the home
configuration). The direction vectors of the revolute joints in leg i will be denoted by
w+
i1,w

+
i2,w

−
i2 and w−i1, and their joint angles will be correspondingly denoted by θ+i1, θ

+
i2, θ

−
i2

and θ−i1. Due to mirror symmetry, the two R pairs (w+
i1,w

−
i1) and (w+

i2,w
−
i2) intersect on

the symmetry plane at si1 and si2, respectively. As long as only rotational motion is
concerned, a total of three angular parameters, namely α, β and γ, are needed to specify
the kinematics of the mechanism. The joint vectors w±ij, i = 1, . . . ,N, j = 1, 2, at the home
configuration are given by:w+

i1 = e(2π(i−1)/N)̂ze−βŷx

w−
i1 = e(2π(i−1)/N)̂zeβŷx

w+

i2 = e(α+2π(i−1)/N)̂ze−γŷx

w−
i2 = e(α+2π(i−1)/N)̂zeγŷx

(1)

where the wedge operator ∧ maps any vector w ∈ R3 to a skew-symmetric matrix ŵ

satisfying ŵv = w × v, ∀v ∈ R3, and the matrix exponential eθŵ represents as usual the
rotation matrix with unit direction vector w and rotation angle θ [26].

2.1.2. Motion. Since the N-UU wrists are zero-torsion mechanisms [22], their rotation
matrix has the form:

R = e2ψŵ w = x cosφ+ y sinφ, φ ∈ [0, 2π), ψ ∈ [0, π/2] (2)

We refer to e2ψŵ as the tilt motion about the tilt axis w, with tilt angle 2ψ. By utilizing
symmetric space theory [23], we characterized the geometric properties of the N-UU
motion, as follows [24]. The symmetric chain (w+

i1,w
+
i2,w

−
i2,w

−
i1) generates the tilt motion
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(a) (b)

Fig. 3. (a) displacement kinematics of the 3-UU wrist; (b) twists (green), constraint wrenches (blue)
and actuation wrenches (red) of the 3-UU wrist.

under the symmetric movement condition

θ+ij = θ−ij = θij, i = 1, . . . ,N, j = 1, 2 (3)

i.e., for any tilt axis w = xcφ + ysφ, φ ∈ [0, 2π) and half-tilt angle ψ (within a singularity-
free workspace), there is a unique pair (θ11, θ12) ∈ [0, 2π)2 such that

eθi1ŵ
+
i1eθi2ŵ

+
i2eθi2ŵ

−
i2eθi1ŵ

−
i1 = e2ψŵ (4)

In fact, the rotations generated by the two U joints in the UU leg have the following
tilt-torsion angle parameterization under the symmetric movement condition:e

θi1ŵ
+
i1eθi2ŵ

+
i2 = eψŵeµiẑ

eθi2ŵ
−
i2eθi1ŵ

−
i1 = e−µiẑeψŵ

(5)

for some µi ∈ [0, 2π). Such a behavior of symmetric chains is systematically explored
in [23]. At a generic configuration, the distal center s− remains a constant distance 2d
away from the fixed proximal center s+. The vector (s− − s+) rotates about s+, with
the same unit direction w of the end-effector, but with a magnitude ψ being half that

of the end-effector. If o is the midpoint of the line segment s− − s+ = eψŵ(2dz), then
at home configuration o coincides with o (see Fig. 3(a)). At a generic configuration

e2ψŵ, the symmetry plane always passes through o and is perpendicular to eψŵz. This
claim is rigorously proved in [23] using the so called half-angle property, stating that the
transformation of the symmetry plane is always prescribed by the square root of that of
the end-effector.

2.1.3. Singularities. Each UU leg contributes to a 2-d constraint wrench system spanned
by two zero-pitch wrenches, with one (denoted ζi1) passing through si1 and si2 and
the other (denoted ζ2) passing through s+ and s−; ζ2 is identical for all legs [16]. The
constraint wrenches are denoted by blue arrows in Fig. 3(b). Without loss of generality,
we choose the R joints aligned with w+

11 and w+
21 as the actuated ones; the actuation
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wrenches ζa1 and ζa2 may be chosen as the zero-pitch wrenches lying on s12s
− and s22s

−,
respectively, as illustrated by red arrows in Fig. 3(b). For the sake of convenience, we
shall denote the unit force vector of a constraint wrench ζ(·) by f(·). More details can be
found in [24].

Using the aforementioned notation for active and passive constraint wrenches, we can
formulate the static singularities (leading to a loss of control of the wrist, [3]) of a N-UU
wrist as

σ1 (ζ11 ζ21 . . . ζN1 ζ2 ζa1 ζa2) = 0 (6)

where σ1 denotes the smallest singular value of the matrix formed by the column vectors
inside the braces. Since all constraint and actuation wrenches have zero pitch, we can
readily apply Grassmann-Cayley algebra (GCA) techniques [27,28] to further decompose
the static singularity condition. It is proved in [24] that static singularities may be
decomposed into active constraint singularities (ACS), characterized by:

σ1 (f2 fa1 fa2) = 0 (7)

where f2 = (s− − s+)/2d, fai = (s− − si2)/‖s− − si2‖, i = 1, 2, and passive constraint
singularities (PCS), characterized by:

σ1 (t11 t21 . . . tN1) = 0 (8)

where ti1 is the normalized torque generated by ζi1 about s−, and therefore is given
by w−i1 ×w−i2/‖w−i1 ×w−i2‖, where w−ij denotes the value of w−ij at the current generic
configuration.

2.2. Collapsed N-UU Wrists
2.2.1. Geometry. In reference to condition C1′ and C2′ in Sec. 1, the geometry of a
collapsed N-UU wrist may be described in almost an identical way to that of its non-
collapsed counterpart, as illustrated in Fig. 2. In order to differentiate from the non-
collapsed case, we denote the joint vectors by ω±ij, i = 1, . . . ,N, j = 1, 2, which, at the
home configuration, are given by:ω

+

i1 = e(2π(i−1)/N)̂zeβŷx

ω−
i1 = e(2π(i−1)/N)̂ze−βŷx

ω
+

i2 = e(α+2π(i−1)/N)̂ze+γŷx

ω−
i2 = e(α+2π(i−1)/N)̂ze−γŷx

(9)

According to C3′ in Sec. 1, a total of (N− 1) R joints with direction vector z (at the
home configuration) are needed to connect pairwisely the link between ω+

i2 and ω−i2 for
each UU leg, resulting in a interconnected PM structure, as illustrated in Fig. 2(a). As no
ambiguity may arise, we shall simply denote any interconnecting R joints by a common
symbol ωc. Finally, note that, when γ = 0, ω+

i2 and ω−i2 coincide with a vector ωi2 lying
on the symmetry plane (the xy-plane at the home configuration). In this case, the link
between ω+

i2 and ω−i2 is understood to be a shaft aligned with the ω±i2’s and is allowed to
freely rotate.

2.2.2. Motion. The collapsed N-UU wrists have exactly the same rotational motion
characteristics as their non-collapsed counterparts, except that they are truly spherical
mechanisms and generate no parasitic translations. If the end-effector rotation matrix of

the wrist at a generic configuration is e2ψω̂, the symmetry plane always passes through

the center o and is inclined by eψω̂. Since the interconnecting R joints are always
perpendicular to the symmetry plane, the generic value of ωc, denoted ωc, is given

by ωc = eψω̂z.
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(a) (b) (c)

Fig. 4. Connectivity graphs for collapsed N-UU wrists; vertices and edges represent links and joints
respectively. (a) Whole wrist; (b) proximal PM; (c) distal PM.

2.2.3. Singularities. The collapsed N-UU wrists are not purely parallel mechanisms, and
thus requires dedicated methods for constraint and singularity analysis [29]. In our case,
it is illustrated in [14] that constraint and singularity analysis can be carried out by
looking at the proximal and distal half PMs of the N-UU wrist, respectively, as defined
in Fig. 4 and illustrated in Fig. 2(c) and (d). Consider first the proximal half PM shown
in Fig. 2(c), which is a spherical PM comprising a RR leg with joint vectors (ω+

11,ω
+
12)

and (N− 1)RRR legs with joint vectors (ω+
i1,ω

+
i2,ω), i = 2, . . . ,N. Similar to the special

case in [14], the proximal half PM reaches an ACS configuration when it fails to have
mobility zero after locking the two actuated joints, say ω+

11 and ω+
21. This is equivalent

to:

σ1 (τ 1 τ a1 τ a2) = 0 (10)

with the constraint torque τ 1 of leg 1 being ω+
11 × ω+

12/‖ω+
11 × ω+

12‖, and the two
actuation torques given by τ a1 = ω+

12 × (ω+
11 × ω+

12)/‖ω+
11 × ω+

12‖ and τ a2 = ω+
22 ×

ωc/‖ω+
22 × ωc‖.

On the other hand, the distal PM, shown in Fig. 2(d), is also a spherical PM,
comprising a RR leg with joint vectors (ω−12,ω

−
11) and (N− 1) RRR legs with joint

vectors (ωc,ω
−
i2,ω

−
i1), i = 2, . . . ,N. Note that the proximal and distal half PMs share the

same interconnecting R joints, and the distal PM reduces to a N-U PM with locked
actuation when the proximal PM is controllable (i.e., away from ACS). The entire N-UU
wrist reaches a PCS configuration when the reduced distal PM fails to have mobility zero.
This is equivalent to exactly the same PCS condition in Eq. (8) for the non-collapsed
N-UU wrist, namely:

σ1 (τ 11 τ 21 . . . τN1) = 0 (11)

with τ i1 defined by ω−i1 × ω−i2/‖ω−i1 × ω−i2‖.
The above summary shows that the non-collapsed and collapsed N-UU wrists, despite

having different topology and constraint wrench system, share the same PCS behavior.
Therefore, it is the ACS behavior that set them apart.

2.3. Effects of manufacturing error and joint clearance
We emphasize that the aforesaid motion of both the non-collapsed and collapsed N-UU
wrist is no longer true if manufacturing/assembly error and joint clearance are present
[30, 31]. Since a N-UU wrist is an overconstrained PM, large manufacturing/assembly
error may result in a loss of mobility. In this case, a large enough joint clearance may
actually ensure mobility restoration and proper functioning of the wrist [32]. The N-UU
wrists under the influence of manufacturing error and joint clearance may no longer
respect the symmetric movement condition and structural mirror symmetry.
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(a) (b)

Fig. 5. (a) Least square approximation of a sub bundle of unit vectors fi’s to a degenerate pencil with
normal v; (b) sequential scan over the workspace of a 3-UU wrist for maximal PCS-free tilt angle.

3. Optimal Design of General Geometry N-UU Wrists

3.1. Singularity closeness measure
As shown in Sec. 2, the ACS and PCS of a N-UU wrist, as defined in Eqs. (7) and (8) may
be geometrically characterized as the degeneracy of a bundle of force or torque vectors
(generally denoted as f1, . . . , fk) into a planar pencil, i.e., there exists a nonzero vector
v ∈ R3 such that

vT f1 = vT f2 = · · · = vT fk = 0 (12)

When the wrist is close to a singular configuration (see Fig. 5(a)), the set of force or
torque vectors may be closely approximated by a pencil with unit normal vector v given
by:

v = arg min
u∈R3,‖u‖=1

k∑
i=1

(
uT fi

)2
= arg min

u∈R3,‖u‖=1

uT
(

k∑
i=1

fif
T
i

)
u (13)

The closeness to a singular configuration may be then represented by the approximation
error ε:

ε := min
u∈R3

‖u‖=1

[
uT
(

k∑
i=1

fif
T
i

)
u

]1/2
= σ1 (f1 . . . fk) (14)

ε serves, in our case, as a physically consistent singularity closeness measure, which is
invariant under change of reference coordinate frame and free of force-torque scaling
problem. The reader may find related information in [33,34].

3.2. Singularity measure for N-UU wrists
According to the above choice of a singularity closeness measure, the closeness to an ACS
and PCS are measured, respectively, by the following indices:

ia := σ1 (fa1 fa2 f2) ip := σ1 (t11 t21 . . . tN1) (15)

for the non-collapsed wrists, and by:

i′a := σ1 (τ 1 τ a1 τ a2) i′p := σ1 (τ 11 τ 21 . . . τN1) (16)
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for the collapsed wrists. The advantage of adopting the above singularity measures is two-
fold. First, their definition do not depend on the number of UU legs in the wrist; in the
case of redundant actuation, ia and i′a can be simply modified by appending additional
actuation torques to the corresponding column matrix whose minimal singular value
defines the ACS measure. Second, since only pure forces or pure torques are involved, it
is obviously frame invariant and scale independent.

3.3. Optimal design of N-UU wrists
The optimal design of N-UU wrists may be formulated as one of the following two
optimization problems:

O1) Maximization of the tilt angle subject to a singularity margin constraint:

max
(α,β,γ)

2ψs (17)

where

2ψa = max {2ψ | ia(φ, ψ) ≥ ithr, ∀φ ∈ [0, 2π)}
2ψp = max {2ψ | ip(φ, ψ) ≥ ithr, ∀φ ∈ [0, 2π)}
2ψs = min {2ψa, 2ψp}

(18)

Once a singularity margin ithr is designated, we may proceed with O1 as follows. First,
we set the parameter space {(α, β, γ)} to a bounded cube [αmin, αmax]× [βmin, βmax]×
[γmin, γmax], and discretize it to a reasonably fine grid: a resolution of 2◦ is adopted
throughout the rest of the paper. This particular choice is based on the fact that the

(a) (b) (c)

(d) (e) (f)

Fig. 6. Distribution of maximal tilt angle of a 3-UU wrist over (β, γ) ∈ [−50◦, 50◦]2 with α fixed at 90◦

and ithr = 0.1. Regions of parameters leading to 90◦ tilt angle or larger are highlighted by contour plots
(blue for ACS; red for PCS; green for both). (a) 2ψa; (b) 2ψp; (c) 2ψs; (d) 2ψa (with redundant actuation);
(e) 2ψp (with angle-equalizing device); (f) 2ψs (with redundant actuation and angle-equalizing device).
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subsequent mechanical design of the wrist is preferably based on integer parameter values,
and also the fact that numerical experiments with finer grid do not return drastically
different result. Next, for a particular point (α, β, γ) on the grid, we may sequentially scan
a grid of configurations (φ, ψ) for a minimal tilt angle 2ψ that violates the ACS or PCS
margin ithr for a certain φ. This value corresponds exactly to 2ψa or 2ψp. To accelerate
the scan process, we utilize the N-fold symmetry of the PCS (resulting from that of the
N-UU wrist) by restricting φ to [0, 2π/N] (see Fig. 5(b)). The distribution of 2ψa, 2ψp
and 2ψs versus (β, γ) ∈ [−50◦, 50◦]2 for α = 90◦ is illustrated in Fig. 6(a) – (c) for the
case N = 3. Note from the UU leg geometry that (α, β, γ), (α,−β,−γ), (π − α, β,−γ)
and (π − α,−β, γ) all lead to the same singular behavior (as can be observed in Fig. 6).
To resolve such a redundancy, we shall hereafter narrow down the parameter space to
α ∈ [45◦, 90◦], β ∈ [−45◦, 45◦] and γ ∈ [0, 45◦]. It may be inferred from Fig. 6(a) that a
larger ACS-free tilt angle is achieved with β and γ taking values closer to zero. However,
such parameter values lead to a very low PCS-free tilt angle (Fig. 6(b)). A compromise
is achieved with β remaining close to and γ necessarily distant from zero (Fig. 6(c)).
The collapsed N-UU wrists can be optimized in exactly the same way and have a similar
maximal tilt angle distribution (over the parameter space) as that of the non-collapsed
N-UU wrists.

We emphasize that an optimal design for N-UU wrists following O1 should be based
on a physically meaningful (see [34] for some discussion) singularity margin value ithr,
which is usually not available at the conceptual design stage [35, Ch. 6].

Alternatively, we may seek to maximize the singularity measure lower bound over a
fixed prescribed workspace (e.g. 2ψ ∈ [0, π/2]):

O2) Maximization of the singularity measure lower bound over a prescribed
workspace:

max
(α,β,γ)

ithr

s.t.


ithr ≤min

(φ,ψ)
ia(φ, ψ)

ithr ≤min
(φ,ψ)

ip(φ, ψ)

{
0 ≤ φ < 2π

0 ≤ 2ψ ≤ π/2

(19)

O2 can be solved by an approach similar to that of O1. The distribution of lower bounds
for the ACS measure, the PCS measure and both measures versus (β, γ) ∈ [−50◦, 50◦]2

for α = 90◦ is illustrated in Fig. 7(a) – (c) for the case N = 3. It may be inferred from
Fig. 7(a) that a larger lower bound for the ACS measure is achieved with β and γ taking
values closer to zero. However, such parameter values lead to an almost zero lower bound
for the PCS measure (Fig. 7(b)). A compromise is achieved with β remaining close to and
γ necessarily distant from zero (Fig. 7(c)). The collapsed N-UU wrists can be optimized
in exactly the same way and have a similar lower bound distribution (over the parameter
space) as that of the non-collapsed N-UU wrists.

3.4. Discussion on alternative optimal design formulation
Our choice of the optimization formulation for the ZTWs as above (O1 and O2) is, first of
all, motivated by our attempt to developing parallel wrists with large tilt motion range,
which find their applications in sensor mount [10], haptic device [36], and rotary table
for five-axis machining [37] where a ±90◦ tilt motion range is desired. The particular
choice of singularity closeness index in Eq. (15) and Eq. (16) also respects frame and
scale independence [34], which is important for generating physically consistent optimal
result.

On the other hand, our formulation can be easily adapted to other optimal design
problem considering manipulability, dexterity, and accuracy [38] while also taking into
consideration a global evaluation over a prescribed workspace [39]. According to [38], the
optimal results based on different performance indices are not always consistent.
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4. Influence of Redundant Actuation and Angle-equalizing Device
In the last section, we have carried out parameter optimization of N-UU PMs for
maximization of tilt angle subject to singularity avoidance constraints, and also for
maximization of the singularity margin lower bounds for a fixed tilt angle of 90◦. In
this section, further optimization is achieved via redundant actuation and/or applying
an angle-equalizing device to the inner R pair (w+

i2,w
−
i2) (or (ω+

i2,ω
−
i2)) of each UU leg,

with the former reducing the ACS behavior and the latter limiting PCS.

4.1. Redundant Actuation
4.1.1. Non-collapsed N-UU wrists. Redundant actuation is often applied to PMs to
increase manipulability [40], singularity-free workspace [41], force/stiffness capabilities
[42, 43], and also to avoid backlash [44]. Our focus here is to investigate the influence of
redundant actuation on the maximal tilt angle of the N-UU wrists. To attain a uniformly
shaped ACS-free workspace, consider actuating the first joint w+

i1 of all UU legs. The
definition of the ACS measure given in Eq. (15) becomes

ia := σ1 (f2 fa1 . . . faN) (20)

with fai given by fai = (s− − si2)/‖s− − si2‖, i = 1, . . . ,N. The imposition of a redundant
actuation increases the number of actuation forces for the N-UU wrists, and therefore will
increase the ACS-free maximal tilt angle. This can be observed by comparing Fig. 6(d)
with Fig. 6(a).

(a) (b) (c)

(d) (e) (f)

Fig. 7. Lower bound distribution of singularity measures of a 3-UU wrist over (β, γ) ∈ [−50◦, 50◦]2 with α
fixed at 90◦; prescribed workspace region is (φ, 2ψ) ∈ [0, 2π)× [0, π/2]. (a) lower bound for ACS measure;
(b) lower bound for PCS measure; (c) lower bound for both ACS and PCS measure; (d) lower bound
for ACS measure (with redundant actuation); (e) lower bound for PCS measure (with angle-equalizing
device); (f) lower bound for both ACS and PCS measure (with redundant actuation and angle-equalizing
device).
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(a)

(b)

Fig. 8. (a) A configuration of PCS for a 3-UU wrist (α = 90◦, β = 0◦, γ = 20◦); (b) avoidance of the
PCS configuration by imposing angle-equalizing devices.

4.1.2. Collapsed N-UU wrists. Similarly, for the collapsed N-UU wrists, the ACS measure
given in Eq. (16) becomes

i′a := σ1 (τ 1 τ a1 . . . τ aN) (21)

with τ ai, i ≥ 2 given by ω+
i2 × ωc/‖ω+

i2 × ωc‖. The imposition of a redundant actuation
increases the number of actuation torques for the collapsed N-UU wrists, and therefore
will also increase the ACS-free maximal tilt angle.

4.2. Angle-equalizing Device
4.2.1. Non-collapsed N-UU wrists. According to the symmetric movement condition
Eq. (3), each R pair (w+

ij,w
−
ij) is instantaneously equivalent to a single revolute joint

along w+
ij + w−ij (see Fig. 1(d)). However, as the symmetric movement condition is

enforced by the loop-closure constraint of the N-UU wrist, such an equivalence does
not hold in constraint analysis.

Motivated by the above observation, we consider imposing an angle-equalizing device
onto the inner R pair (w+

i2,w
−
i2) of each leg i, via for example a bevel gear pair. This

does turn each UU leg into a 3-DoF leg that is instantaneously equivalent to a RRR
leg with unit direction vectors (w+

i1,wi2,w
−
i1), wi2 = (w+

i2 + w−i2)/‖w+
i2 + w−i2‖. It is easy

to verify for each UU leg that an additional constraint wrench, denoted by ζi3, emerges,
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and it can be identified as a zero-pitch wrench along osi1. Since all ζi3, i = 1, . . . ,N, lie
in the symmetry plane, they help to avoid PCSs. Figure 8(a) illustrates a 3-UU wrist at
a configuration of PCS. In this particular case, s21, s22, s31 and s32 become collinear and
therefore ζ21 and ζ31 become linearly dependent. With the imposition of angle-equalizing
devices on the wrist, as illustrated in Fig. 8(b), the PCS is avoided with the presence of
three extra passive constraint wrenches ζ13, ζ23 and ζ33. Consequently, the definition for
the PCS measure given in Eq. (15) may be changed to:

ip := σ1 (t11 t13 t21 t23 . . . tN1 tN3) (15′)

where ti3 is a normalized torque (about s−) generated by ζi3, and is given by (si1 − o)×
(s− − o)/‖(si1 − o)× (s− − o)‖.
4.2.2. Collapsed N-UU wrists. When applying angle-equalizing devices to the inner R
pairs (ω+

i2,ω
−
i2), i = 1, . . . ,N, of a collapsed N-UU wrist, the only movable joints of the

distal PM with locked actuation are ω−i1, i = 1, . . . ,N, leading to one more constraint
torque τ i2 for each leg i:

τ i2 = τ i1 × ω−i1 (22)

Consequently, the definition for the PCS measure given in Eq. (16) may be changed to:

i′p := σ1 (τ 11 τ 12 τ 21 τ 22 . . . τN1 τN2) (15′)

5. Optimization Results and Discussions

5.1. Non-collapsed N-UU wrists
The optimization result for O1 and O2 are presented in Tab. I and Tab. II, respectively,
where a threshold value of ithr = 0.2 is chosen in the former and a prescribed workspace
of (φ, 2ψ) ∈ [0, 2π)× [0, π/2] is chosen for the latter.

As shown in Tab. I, the 3-UU wrist achieves a maximal tilt angle of 92◦ with α = 90◦,
β = 0◦ and γ = 28◦. In comparison, a 4-UU wrist achieves a much larger tilt angle of
147◦, due to presence of additional leg constraint wrenches, which allows for a lower
value of γ to further reduce ACSs (see our earlier discussion about Fig. 6(a) – (c)). The
implementation of angle-equalizing devices in both cases allows for γ to be lowered to
0◦, thereby further reducing ACS and achieving a further increase in maximal tilt angle.
On the other hand, ACS can also be avoided by redundant actuation: however, in this
case, only a modest increase may be achieved. The influence of redundant actuation and
angle-equalizing devices on the distribution of maximal tilt angle over the parameter
space can be observed from comparing Fig. 6(d) – (f) to Fig. 6(a) – (c).

Table I . Optimal design results of 3- and 4-UU wrists for formulation O1 with ithr = 0.2.

N redundant actuation angle-eq. device α β γ max 2ψs

3

No No 90 0 28 92
No Yes 90 0 0 150
Yes No 90 0 28 112
Yes Yes 90 0 0 168

4

No No 86 4 8 147
No Yes 90 0 0 160
Yes No 88 2 8 150
Yes Yes 90 0 0 168

The optimization results for maximizing singularity measure lower bounds are shown
in Tab. II. In comparison to Tab. I, we observe that the optimal parameter values for
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both 3- and 4-UU wrists without redundant actuation and angle-equalizing devices are
consistent with that of O1. On the other hand, parameter values differ in the presence
of redundant actuation and angle-equalizing devices, as can be observed by comparing
the lower bound distribution surfaces in Fig. 7(d)–(f) with those in Fig. 7(a)–(c). Note,
in particular, that the maximal lower bound for the PCS measure in the presence of
angle-equalizing devices, as shown in Fig. 7(e), is achieved with γ = 0◦ and β 6= 0◦.

Table II . Optimal design results of 3- and 4-UU wrists for formulation O2.

N redundant actuation angle-eq. device α β γ max ithr

3

No No 90 0 28 0.21
No Yes 90 0 0 0.53
Yes No 90 0 34 0.39
Yes Yes 90 0 0 1.10

4

No No 84 12 20 0.52
No Yes 90 0 0 0.82
Yes No 88 14 34 0.82
Yes Yes 90 40 0 1.18

5.2. Collapsed N-UU wrists
The optimization result for O1 and O2 are presented in Tab. III and Tab. IV , respectively,
where a threshold of ithr = 0.2 is chosen in the former and a prescribed workspace of
(φ, 2ψ) ∈ [0, 2π)× [0, π/2] is chosen for the latter. Optimization results for the collapsed
N-UU wrists are almost identical to their non-collapsed counterparts, despite their
distinct kinematic structure.

Table III . Optimal design results of collapsed 3- and 4-UU wrists for formulation O1 with ithr = 0.2.

N redundant actuation angle-eq. device α β γ max 2ψs

3

No No 90 0 28 92
No Yes 90 0 0 148
Yes No 90 0 34 108
Yes Yes 90 0 0 168

4

No No 86 4 8 147
No Yes 86 0 0 160
Yes No 88 2 8 151
Yes Yes 90 0 0 168

Table IV . Optimal design results of collapsed 3- and 4-UU wrists for formulation O2.

N redundant actuation angle-eq. device α β γ max ithr

3

No No 90 0 28 0.21
No Yes 90 0 0 0.53
Yes No 90 6 34 0.38
Yes Yes 90 0 0 1.00

4

No No 80 12 20 0.52
No Yes 90 0 0 0.82
Yes No 86 14 30 0.74
Yes Yes 90 28 0 1.00
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6. Conclusions
In this paper, we presented workspace optimization of general-geometry N-UU wrists
having either a spatial or a spherical interconnected PM architecture. The optimization
results corroborate our earlier claim that these two families of ZTWs share similar
kinematics and singularity behavior, resulting from geometric properties of a common
zero-torsion motion manifold. The singularity analysis and workspace optimization
approach presented here may be easily generalized to higher dimensional zero-torsion
motion manifold mechanisms.

The optimal parameter values of general-geometry N-UU wrists listed in Tab. I –
Tab. IV, to some extent, agree with those acquired with some special-geometry designs
we have presented earlier in [24] and [14]. In general, 4-UU wrists have larger singularity-
free tilt angle than their 3-legged counterparts. Further improvements are observed when
redundant actuation and/or angle-equalizing devices are implemented on the wrists. Our
investigation also validated the large-rotation-range capability of the N-UU wrists for
such applications as sensor mount, haptic device, and rotary table for five-axis machining
where a ±90◦ tilt motion range is desired.

Finally, it should be pointed out that the actual workspace of N-UU wrists is also
limited by potential link collisions. In practice, this issue may be solved by iterative
design/collision checking in CAD modeling software. Otherwise, a systematic solution
may be derived by following the approach proposed in [8]. This, along with possible
stiffness design optimization, will be investigated in our future work.

Nomenclature
R revolute joint
U universal joint formed by two concurrent R joints
PM parallel mechanism
ZTW zero-torsion wrist
o-xyz reference coordinate frame
x,y, z (1, 0, 0)T , (0, 1, 0)T , (0, 0, 1)T

u,v,w, s, t,0, . . . 3-d vectors / points
s+ proximal center in the base of the non-collapsed N-UU wrist
s− distal center in the end-effector of the non-collapsed N-UU wrist
ŵ 3× 3 skew symmetric matrix s.t. ŵv = w × v, ∀v ∈ R3

eθŵ rotation matrix with unit axis w and magnitude θ

(φ, ψ, σ) tilt-torsion angle parameters for rotation matrix R = eψ(cφx̂+sφŷ)eσẑ

w±ij (i = 1, . . . ,N, j = 1, 2) joint axis direction vector of a non-collapsed N-UU
wrist

sij (i = 1, . . . ,N, j = 1, 2) intersection point of w+

ij and w−
ij (may be located

at infinity)
ω±ij (i = 1, . . . ,N, j = 1, 2) joint axis direction vector of a collapsed N-UU wrist
θ±ij (i = 1, . . . ,N, j = 1, 2) joint variable of w±ij (or ω±ij)
wEE angular velocity vector of the end-effector
d distance between o and s+ (or s−)
α angle formed by the two planes containing w±i1 and w±i2 (or ω±i1 and ω±i2),

respectively at the initial configuration
β half the angle formed by w+

i1 and w−
i1 (or ω+

i1 and ω−
i1) at the initial

configuration
γ half the angle formed by w+

i2 and w−
i2 (or ω+

i2 and ω−
i2)
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