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1 Introduction

In this paper we focus on the existence and the regularity results for solutions u to the Dirichlet problems
associated with the following nonlinear system in divergence form (herea = 1, ..., N):

&0
Y ——A¥Du)=0 inQ,
a aXi (1.1)

u=uy onoQ,

where the functions A{(¢) are locally el in R™, Q is an open bounded subset of R" and Du : Q — R™
represents the gradient of a (vector-valued) function u : Q — RV,

We equip the problem with the general (p, q)-growth conditions, i.e., we assume that there are p, q
with 1 < p < ¢ < 0o and two positive constants m, M such that for all £, A ¢ R™ and foralli,j=1,...,n,
anda,=1,...,N there holds

2\22 1512 & aA? arB
mL+ )T Y Y —OAA, (1.2)
i,j=1a,p=1 agj
0A% 42
=] < Ma+1gn=. (1.3)
95

Notice that (1.2) is the usual ellipticity condition and (1.3) is the g-growth condition, from which the
name of (p, g)-growth comes from. Under these assumptions, one can easily observe (see Lemma 2.1)
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that
A% (9 < C(1+ 1&)91

with some generic constant C and therefore we can naturally define a notion of a weak solution to (1.1) in
the following way:
Let ug € WHP(Q; RN) n W1 7(Q; RN). We say that u is a weak solution to (1.1) if
u-up € WyP(Q; RY) n wha(Q; RY)

loc

and for all open Q' fulfilling Q' ¢ Q and forall ¢ € Wé’q(Q’ ; RY) there holds

_ 09"

Here, and also in what follows, we use the abbreviation (p,‘ﬁi = o

Our main task in the paper is to establish the existence of such a solution and further some regularity of
arbitrary weak solutions. However, contrary to the classical result, we do not in general assume any symmetry
condition on the derivative of A;." and so we do not assume that the system is in variational form. Nevertheless,
as done in [23] in the scalar framework, we will need to compensate this lack of symmetry by the following
assumption on the asymptotic behavior of the skew-symmetric part, namely, for all £, A € R"™N and for all
i,j=1,...,n,anda,B =1,..., N there holds

N
Z *(Du)p% (x) dx = 0. (1.4)

||M:

0A¢

! 5(8) - (1.5)
é’

(5)

aga

If p = g, the existence of weak solutions to (1.1) can be established using the theory of coercive, monotone
operators, see Leray-Lions [19], Browder [3] and Hartman—-Stampacchia [15]. Also the regularity issue has
been studied extensively, see the monographs [12, 14] and the surveys [24, 25]. Notice also that, without any
further additional structural assumptions, the best! known regularity information about the solution is that
V(Du) € WE2(Q; R™Y), where
V() = (141827 &,
On the other hand, if p < g, the above classical existence results cannot be applied due to the lack of coercivity
in W14, Moreover, the request u € W1 9(Q; RY) in the definition of weak solution, needed to have a well-
defined integral, is an additional difficulty. Notice that such a request is a priori assumed in some regularity
results under the (p, q)-growth, see for example [2, 7, 17].

The first result of the paper is that any weak solution is in fact twice weakly differentiable.

Theorem 1.1. Let 1 < p < q < oo be arbitrary and suppose that A satisfies (1.2), (1.3) and (1.5). Then any
u € WomE2 o RN fuifilling (1.4) satisfies for all n € C(Q) the estimate

loc
J(l +1Dul?) = D2uPn? dx < ¢ J(1 +|Dul?)?|Dn)? dx, (1.6)
Q Q
where the constant ¢ depends only on m and M. In particular, we also have
J IDV(Du)|*n? dx < c J(l +1Dul®)?|Dn)? dx. (1.7)
Q Q

The above theorem provides the existence of the second derivatives for arbitrary 1 < p < g < oo but the right-
hand side of (1.6) or (1.7) still depends on the W9 norm of u. We shall improve this estimate provided that
p and q are sufficiently close to each other. Thus, the second main theorem of the paper is the following.

1 This information can be as usual slightly improved by the Gehring lemma.
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Theorem 1.2. Let 1 < p < q < oo be arbitrary, let A satisfy (1.2), (1.3) and (1.5) and let u € Wllt;cma"{q’Z}(Q; RY)
satisfy (1.4). Then for all open Q' ¢ Q' ¢ Q the following hold:

@ If 5
n+
q<p s (1.8)
n
then
2q p-2
J(IV(Du)I7 +[DV(DW)* + (1 + IDulz)TIDzuIZ) dx < C(Q',n, N, p, g, m, M, | Dullr»())-
Q/
(i) Ifu e L*°(Q;RN) and
q<p+2 and p<n, (1.9)

then

X 2 222 020 '
j(IV(Du)IP +|DV(Dw)|= + (1 + [Dul|?) z [D“u| )dxs C(Q', n,N,p, q, m, M, |Dulrr(q), lullze())-
QI
In particular, in both cases we have V(Du) € Wllo’cz(Q; R™), which, due to the embedding theorem, leads to
Du e P2 2(Q; R™V).

loc

Finally, we state our last main result of the paper. It is an existence result for the Dirichlet problem (1.1). For
this purpose, we need to consider a regularity assumption on the boundary datum. We shall require in what
follows that

Up € WHT(Q; RY), withr:= max{z, l%}
Theorem 1.3. Let 1 < p < g < co be arbitrary and let A satisfy (1.2), (1.3) and (1.5). Moreover, let ug ful-
fill (1.10). Then there exists a weak solution to the problem (1.1) provided that at least one of the following
conditions holds:
(i) p and q satisfy (1.8).
(ii) p and q satisfy (1.9), ug € L*°(0Q; RY) and

(1.10)

n

ZA?(E){{" >0 forallé e RN andalla € {1,...,N}. (1.11)

i=1
As far as the regularity of solutions is concerned, the obstructions are essentially two: we are dealing with
systems and under non-standard growth (p < q). Indeed, in the vectorial case, even under the standard
growth, the everywhere regularity of solutions for systems, or of minimizers of integrals, cannot be expected
unless some structure conditions are assigned, and this holds also for the local boundedness, see e.g. the
counterexamples by De Giorgi [8] and Sverak-Yan [26]. Assumption (1.11) is the structural conditions that
leads to locally bounded solution and was used e.g. in [18] in context of the regularity theory for nonlinear
elliptic systems or in [28] for existence theory in problems with the right-hand side being a Radon measure.
Since the pioneering paper by Marcellini [22], the theory of regularity in the framework of non-standard
growth has been deeply investigated. The results and the contributions to regularity are so many, that it is
a hard task to provide a comprehensive overview of the issue. For this, we refer to the survey of Mingione [24]
for an accurate and interesting account on this subject. A common feature is that to get regularity results p
and g must be not too far apart, as examples of irregular solutions by Giaquinta [13], Marcellini [21] and
Hong [16] show. On the other hand, many regularity results are available if the ratio g is bounded above by
a suitable constant that in general depends on the dimension n, and converges to 1 when n tends to infinity
[1, 5, 9-11]. Moreover, the condition on the distance between the exponents p and g can usually be relaxed
if the solutions/minimizers are assumed locally bounded.

Let us observe that the local higher differentiability results for bounded minimizers of integral func-
tionals satisfying (p, q)-growth conditions is more studied than the analogous issue for systems of PDEs.
In particular, recently, the authors, in [4], considered integral functionals with convex integrand satisfying
(p, q)-growth conditions. They proved local higher differentiability results for bounded minimizers under
dimension-free conditions on the gap between the growth and the coercivity exponents; i.e., (1.9) restricted
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to the case p > 2, using an improved Gagliardo—Nirenberg’s inequality. We also observe that an existence
result in the (p, q)-framework was proved in [6] for a Dirichlet problem (1.1) with monotone operators possi-
bly depending on the x-variable, but for p > 2 only. As a novel feature, the main results are achieved through
uniform higher differentiability estimates for solutions to a class of auxiliary problems, constructed adding
higher order perturbations to the integrand. Here we achieve the same result for systems with non-variational
structure with control on the skew-symmetric part (see (1.5)).

The plan of the paper is the following. In Section 2 we prove some preliminary algebraic inequalities. In
Sections 3 and 4 we prove the higher differentiability results Theorem 1.1 and Theorem 1.2, respectively. In
the last section, we prove the existence result (Theorem 1.2) for problem (1.1).

2 Auxiliary algebraic inequalities

In this part, we recall several algebraic inequalities related to the mapping A. Although their proof can be
in some simplified setting found in many works, see e.g. [23, Lemmas 4.4, Lemma 2.4], [27, Lemma 1],
[7, Lemma 5.1] or [20, Chapter 5], we provide for the sake of clarity a detailed proof here. We start with
the first auxiliary result based on assumptions (1.2)—(1.3).

Lemma 2.1. Let A : R™Y — R™ be a continuous mapping fulfilling (1.2) and (1.3). Then there exists a positive
constant K such that for all ¢, n € R™ there hold

= n N
& sK{(1+m|2)z&-1? £y ZA?(Q(E?-U?)}’ 2.1)
i=1a=1
|A%(&] < K(1 + 83T foralla=1,...,Nandi=1,...,n, (2.2)
n N
§-nl" <Ky ) (Af© - ATD)E - nf) forp 22, 23)
i=1a=1
p2 n N
(1+ 14 +InP) 71§ =0 <K Y. Y (AR - AL - 1) forp e (1,2). 24)
i=1a=1

Proof. We start the proof with (2.2). Since

Ln N
A%(E) - A%(0) :Jzz
0

j=1p=1

A“(ts‘)

we can use assumption (1.3), to get

n

A2 < |AXO)| + M

C—

N 1
Y L+ 2167 7141 de < AZO)] + M [(1+ 21825 41 de.
0 j=1p=1 0

Thus, in case g > 2, inequality (2.2) immediately follows.

If g € (1, 2), we can continue with estimating the last integral in the following way:
1 141 14l

J(1 + 2182 18 dt = j(l F )T dt <2 J(l 092 dt <
0

0 0

—q
2

T+ 1T !

and we again see that (2.2) follows directly.
To show (2.3)-(2.4), we write

n ¥ r& N oANeE (-t
> YA -armyet-no=[ Y ¥ Feg+ (1-tm)

4 B
=la=1 o bi=la=1 afj

& —n)Eg - n® at

i~}

1
> m|Z - n)? j(l FIEE+ (- o) dt
0
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using (1.2) for the estimate. Then following step by step proof of [20, Chapter 5, Lemma 1.19], we deduce
inequalities (2.3)—(2.4).

To show (2.1), we first consider the case p > 2. Then by using (2.3) and (2.2) and also Young’s inequality,
we can observe that forall e > Oandall ¢, 1 € R™ . we have

n N
€7 < c(1€ = nlP + InlP) < ¢ Z Y (AFE) - AF)(EF - 1) + Inl”}

n N -
scilglP + Y Y AXOE -0 +CA+ )T (18 + Inl)}

i=1a=1

( n N plg=1)
<cl@+mP)E + Y Y AXDE - %) +ce( + ) D + (€] + Inl)”};
L i=1 a=1

thus if € is small enough, we get (2.1).

In the case 1 < p < 2, we proceed slightly differently. By using Young’s inequality with complementary
exponents and 5= 2 5 We get fore > 0,

18P < (1€ = ni? + InP?) < c(InP + (1€ = )5 (1 + 1812 + 1?5
< {1+ D +ce(1 4187 + D) T 1E -0l + (1 +182 + )% .

p(p 2) p(Z p))

Therefore, by (2.4), with a proper choice of (small) € > 0, we get

4

n N
@ <claemp Y aso- asan -
i=1a=1

and we conclude by proceeding as above. O

The following estimate will play a crucial role for getting the information about the second derivatives of the
weak solutions to (1.4).

Lemma 2.2. Let A be a continuous mapping fulfilling (1.2), (1.3) and (1.5). Then there exists a positive constant
K such that for all &, n, { € R™ we have

m 2 L a(o a B, 2
@+ IREED) ﬁz (& -0 + K+ 13T Inl>. (2.5)
i,j=1a,f=1 }-

Proof. For arbitrary {, &, n € N, we define a bilinear form (for fixed ()

§ (aA?(O aAﬂo) "

1 n
R P P I e B T
- /)

Trivially, (¢, n)¢ = (17, {);. Moreover, using assumption (1.2), we get

n N aAa(o

o= )

i,j=1a,p=1

f“{ﬂ > m(1+[¢?)'7 |82,

and consequently, we see that for any fixed ¢, the relation (£, n); is a scalar product on R™ and therefore the
Cauchy-Schwarz inequality holds, i.e.,

& m)¢l < (& 87 (. m); -
Thus, by assumption (1.2) and taking into account that

no N AN AN s
L2l of | O Jirg =
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we have

m(1+ ({27 182 < (£, )¢
=—(-n,&-n¢+2 -+, )¢
<28, 8-+,

N 3AC oAk N 5Ac
Y (0 S e g+ Yy ey
ﬁ:

1a,p=1 a(ﬁ a(ia i,j=1a,=1 a(ﬁ
B
n N A a(O n ()Aa(() 0A (O B
_ - e - - S -
i,jzz:ltx,ﬁzil a(l 1}2“10(%:1( (ﬁ a(ia ) Y
LS AN 4o
X g
i,j=1a,p=1 a()ﬁ !
B
LS AN 8 QAL ATy g
=2 (& - n)g + P4
i,]'zz:la,ﬁzil a(]ﬁ 1]2110(%:1( a{}ﬁ a(a )
n N aA{X(O 8
LD M L
i,j=1 a,p=1 a(f !
n N aAt_l(
<2y Y —'f)(f -ng F P,
ij=1a,p=1 a(j
using (1.3) and (1.5) in the last inequality. Taking into account that
(1+ 13" = (W + 10D 18)((1+102) 7 In))
and using Young’s inequality, we get
N tx(o 5
m(1+ (%7 |<’|2<22 D & -nHg; + (1+|<1) TP+ €L+ (07T P
i,j=1a,f=1 a(j
for a suitable constant C. Then (2.5) easily follows. O

3 Proof of Theorem 1.1

We proceed via difference quotients technique. Due to the assumed regularity of the solution u and thanks
to (2.2), it follows from (1.4) that

n N
j 3 Y (Af(Du(x + hey)) — Af(Du(x)))@%, dx = 0
i=1a=1

forall ¢ € Wé’q(Qh;lRN),allh €(0,1)andallk=1,...,n,where Qp := {x € Q : Boy(x) c Q}and ey is a unit
vector in the kth direction. Hence, setting
@) = (u(x + hey) — u(x)7*(x)

with 7 € €2°(Q3p) (which is an admissible choice), we obtain the starting identity

n N
= J z Z(A?(Du(x+hek))—A?(Du(x)))r(x)((uf(‘i(x+hek)—ufﬁi(x))r(x)+2(u“(x+hek)—u”‘(x))‘rxi) dx. (3.1)
) i=1a=1

Since

¢ n N
A%(Du(x + hey)) - AX(Du(x)) = J y ¥ W (x + hey) - b () dt,
0

Jl dAX(tDu(x + hey) + (1 — )Du(x))
J=1B=1

o¢f



DE GRUYTER M. Buli¢ek et al., Existence and regularity results of weak solutions =— 279

identity (3.1) can be equivalently rewritten as

n 1 _
0 J Z J 0A(tDu(x + hek)ﬂ+ (1 t)Du(x))( g}.(x + hey) - uf}.(x))‘r(x)
Q bi=lap=1g a(j
- ((ug, O + hep) — ug, 0O))T(x) + 2(u®(x + hey) — u*(x))Ty,) dt dx. (3.2)

Abbreviating for the moment
& = T(O(ug (X + hey) —ug (X)),  nf = =2(u(x + heg) — u*(X)7x,(x),  {:= tDu(x + hey) + (1 - t)Du(x),

we can formally rewrite (3.2) as

Hli 3 aAa(O}(s %) dt dx.
Qo0

Thus, using (2.5), we obtain (here C is some constant depending onlyonm, M, n, N, p, q)
1 1
[ Jason=iee deax<c[ [a+ign % me deax,
Qo0 Q0
which in terms of original variables after division by h? means that

1
5 2
J j(1 +1tDu(x + hey) + (1 - DuG) )7 P hehkz) DUCOR 124 it ax
0
1
. B 2
<4c [ @+ 1Dutc+ hew + (1 - 0DuC)) T jutx he}fz) YO prpop dedx. (3.3)

Finally, we let h — 0,. First, we focus on the limit in the term on the right-hand side of (3.3). In case
that g < 2, we use the assumption that u ¢ Wllo’cz(Q; RY) and therefore, we can use the Lebesgue dominated
convergence theorem to conclude that

2152 lu(x + hex) — u(x)|?

3 IDT(x)|* dt dx

1
lim supj J(l + |tDu(x + hey) + (1 — t)Du(x))|
h—0 a0

= J(1+|Du| Y7 |uxk| 2|D7|? dx < j(1+|Du| )2|D7|? dx.
Q

Next, if g > 2, we use the Holder inequality, the assumption u € Wlo,cq (Q; RY) and the Lebesgue dominated
convergence theorem to conclude

lim sup IDT(x)|? dt dx

h—0

1

5 2

j J(l +1tDu(x + hex) + (1 - HDuG)P) T MO hehkz) il
0

1
=1imsup” ({1 + 16DuCx + hew) + (1 - ODuG)P) T DT )
h—0 o
lu(x + heg) — u(x)|?
. 2

1 q-2

< lim sup J(I(u + |tDu(x + heg) + (1 — ©yDu()) DT dx) !
Q

IDT(X)|7 dt dx

h—0

[u(x + hey) —u(x)|?
' I hd

IDT()|2 dx)q dt

< J(1 + IDu) D72 dx.
Q
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Consequently, substituting these limits into (3.3), we have

|Du(x + hex) — Du(x)|?

3 72(x) dt dx

1
lim supj J(1 + |tDu(x + hex) + (1 - HDu())?) =
h—0 o

< 4C J(1 +|Du?)?|D7? dx. (3.4)
Q
From this estimate it immediately follows that u € leocm 2.2} (3; RN); in particular, we know that D?u exists
and that for almost all x,
Du(x + hey) — Du(x)

h
where Dzuxk stands for %%‘. Therefore, we can use the Fatou lemma in (3.4) to conclude

- Dzuxk(x)’

J(1 + [Du?) = |D2uy, (x)[*12 dx < 4C j(l +Dul?)? D7) dx.
Q Q
Since k is arbitrary, relation (1.6) obviously follows. In addition, using the following algebraic inequality

IDV(DW))? < K(1 + |Dul?) =" |D?ul?,

we see that (1.7) holds as well. Hence the proof is complete.

4 Proof of Theorem 1.2

We shall start by recalling the definition of the Sobolev embedding exponent:

5o _ 2 ifn>3,
arbitrary > 2 ifn = 2.
The value 2* in dimension n = 2 will be finally chosen sufficiently large. Since u is assumed to be a weak

solution belonging to Wllocm 4.2}, RN), we can use Theorem 1.1 and after summing (1.7) and (1.6), we
obtain the starting inequality valid for all T € €2°(Q):

j((1 +Dul®) '’ [D*ul?t2 + |DV(Du)2t?) dx < K j(1 +|Dul?)?|Dt|? dx. (4.1)
Q Q
Moreover, we remark that

J(l +|Dul®)? DT> dx < ¢ J((1 +1Du?)% + V(D) #)ID7|? dx. (4.2)
Q Q
Indeed, in {|Du| < 1} we have
(1+]Du®)? <2°(1 +|Dul?)?

and, in {|Du| > 1}, ,
—2 q q q
(1+]Dul®)? = {1+ [Dul®)™7 (1 +|Dul®)}» <27 |V(Du)|7 .

Next, we split the proof for cases (i) and (ii).

4.1 The case g < p™2

“n
In this case, we first use the Sobolev embedding to conclude that (with some C depending on 2*)
IV(Du)T|l3. < CID(V(Du)T)||5 < 2C j(lDV(Du)lzrz + |V(Du)[*|D7|?) dx
Q

<2C J(IDV(Du)IZTZ +(1+|Du?)? D)%) dx.
Q
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Using this inequality in (4.1), and taking into account (4.2), we get

IV(Du)T|l3. + J((l +1Dul?) = |D?ul?t? + |IDV(DW))*1 2)dx
Q

1 (1 +1|Dul?)z |DT|2 + (1 + |Dul? ) |D7|?) dx

I/\

Ky [ ((1 +|Dul?)? 5IDT? + |V(Du)| > ¥ |DT|?) dx (4.3)

D bt—

In particular, we have V(Du) € L10C

Let us now estimate the last integral on the right-hand side. Since g € (p, p%), which follows from the
assumptionthatqg < p "T*Z (note here that the value of 2* in dimension n = 2 has to be chosen greater than 217"),
there exists a unique 6 € (0, 1) such that

2% -
ﬂ_—(1 9)+p , 6= 1P
2 p(5-1)
As we will prove below, under our assumptions on the exponents p and g and, if n = 2, with a suitable
choice of 2*, we have

2>2%6. (4.4)

Consider n € €°(Q) an arbitrary nonnegative cut-off function and set

2
-2%0°

T:=1n" withy:=
We have

|D7|?

g = V02D = y? Dy . (4.5)

Then by the Holder inequality, we have

2
[ 0et? dx = [ 1vowro-woun? 20
T

Q

Q
9|| . lloo
720

and we can apply Young’s inequality to deduce that for arbitrary € > 0 we have

dx

-0 *
< V@R ?1v(Duyr|2

I V(D)7 D72 dx < elV(DWTl3. + Cle, NIVIDWI;
Q

Therefore, combining (4.3), (4.6), (4.5) and taking into account that |V(Du)| < (1 + |Du|?)
choice of € > 0, we obtain

2(1-0)y| IDT1?
(= («.6)

7, with a proper

q
IV(Du)t3. + j((l + [Dul) = |D2ul*n® + |DV(Du)|*n®) dx < K(y, ||Drz||oo)(j(1 +|Dul?)? dx) ,
Q Q

with some power ¢ whose value depends on p, g and y. From this inequality statement (i) of Theorem 1.2
follows directly.
Now, we check the validity of (4.4), which, by using of definition of 0, it can be written as
1
2p(1-— ).
a<2(1-5)

If n = 2, we can choose 2* arbitrarily large, therefore in this case condition (4.4) reduces to g < 2p, which is
exactly assumption (1.8) for n = 2. If n > 3, we have 2* = % and the above condition is then equivalent to

n+2

q<p

which is nothing else than assumption (1.8). Hence the proof of statement (i) is finished.
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4.2 Thecaseg<p+2andp<n

We again start to estimate the integral on the right-hand side of (4.1). Using a simple inequality and the
integration by parts, we find that (here K is again a generic constant depending only on g, n, |D7|, and N,
see also [1, the bottom of p. 147])

M=
M=

j(1 +Dul)?|DT)? dx < K + 29 (1+|DuP)= ug ug |D7|* dx
Q

~
Il
-
1S3
I
i

(1+ IDuIZ)q%zuf(‘lerlz)xku“ dx

||
0 M:
||M2

|
5z

< K+ Klulloo j((1 +1Dul?) 2 ID?u||IDT? + (1 + |DuP) = |DT||DZT|) dx.
Q

Letusnow set 7 := ¥, y > 2 to be chosen later, where € €2°(Q) is an arbitrary nonnegative cut-off function.
By Young’s inequality,

Kuuuooj(mnun \D2ul|D7|? dx

Q
2
= [{+ 1Duly T iDulr{ o1 + 1Du?) zg}dx
Q
J(1+|Du| )5 |D2u|? 12 dx + ce xllull?, J(1+|D |2 dx.
Q Q
Therefore,
J(1+|Du| )z IDTIde<sJ(1+|Du| )5 D2uj? T2 dx + K + K|lu|)2, J dx
Q Q Q
+ Kllulloo j(1+|Du| ) |DT||ID?1] dx, (4.7)
Q

with a possibly different positive constant K(¢) than before depending also on ¢ > 0.
Letus now discuss first the case g € [p, p + 1].If g belongs to this range, the above inequality immediately
reduces to

Ju + D) DT dx < J(1 +1Dul)’Z 1D%ulP7? dx + K + Klul2, j(l  up)s 27 gy
Q Q Q
+ Klulloo J(1 +|Dul®)? |D7||D?7| dx.
Q

Let us now choose y = 2, that is 7 := 2. Thus we get

J(1+|Du|) |DT|2dx<£J(1+|Du|) ID?u|?7% dx + K(¢) + C(g, ||u||00,||n||200)J(1+|Du|) 2 dx. (4.8)
Q Q Q

Hence by (4.1) and taking a proper € > 0, so that we can absorb the first term on the right-hand side in (4.8)
by the left-hand side in (4.1), it is not difficult to arrive to statement (ii) of Theorem 1.2 for q € [p, p + 1].
Notice here that once fixing ¢, the constants K(¢), C(¢, |[ulloo, 7]l2,00) depend again only on data, in particular
through the numbers m and M.

Next, we focus on the case when g € (p + 1, p + 2). There exist 61, 6, € (0, 1) such that
g, .- 4-1°P

q-p

2(g-1-p)

q-p

q-1=p1-061)+qb,,

2q-p-2=p(1-6,)+q0, 0,:=
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In addition, considering 7 = ¥ with
2-6,

1_—02 E) (4-9)

y=
we have w = y20pp|2-0>,

With this setting, we can now estimate the remaining integrals on the right-hand side of (4.7) by means
of the Holder inequality as follows:

D D 4-20,
I(1+|D e TT' J((1+|Du| )3 IDT2)%2(1 + |Dul?) ™ 92)%@
Q Q
Drl4-262 6>
c||Ll| 1L+ IDupIEt 92)([(1+|Du|2)g|D‘r|2 dx) .
Q
Then the above estimate reduces to
0,
j<1+|D 2 dx<c<az,|m||1oo>||(1+|Du|>||p1 "”(j(1+lDulz>3’lDrlzdx) : (4.10)
Q Q

We proceed similarly also with the remaining integral in (4.7), i.e., using the Holder inequality, we have

72 (1 + 1Dul®)} IDT2)? |D7|120 | D27 dx

J(1 +|Dul?)T |Dt||D?1| dx = J
Q Q

61
-0 _ q
< KI(1 + [Duh 5y D! 291|D2r|||oo(j(1+ |Du|2>3|m|2dx)
Q

6,
< CITl2,005 0211 + [Dul) 50 (j(1+ |Du|2)3|m|2dx) : (4.11)
Q

where the last inequality follows from the fact that 1 - 26; =1 -6, > 0.
Finally, using (4.10) and (4.11) in (4.7), keeping in mind the special choice of 7 in (4.9) and applying
Young’s inequality (notice that 6,, 6, < 1), we observe that

j(l + 1Du)$ DTl dx < & j(l + 1DuP) 102Ut dx + C(e, 02, 112,00 [Ullcos 1DUl)-
Q Q

Thus, going back to (4.1), choosing € > 0 sufficiently small to absorb the term involving the second derivatives
by the left-hand side, we finally get statement (ii) of Theorem 1.2.

5 Proof of Theorem 1.3

In this final section we establish the existence of a weak solution to the Dirichlet problem (1.1), under assump-
tion (1.10) on the boundary datum ug; i.e.,

up € WHT(Q; RY), r _max{z p _1}

We use an approximation procedure. For arbitrary € € (0, 1) we introduce the approximate problem
(a=1,...,N)

Z O (A% (Du)=0 inO,
ox; (5.1)
Ue = Uy o0OnoqQ,
where Af ; : R™ — Ris defined as
max{q,2}-.
AL (&) = AX®) + e(1+ |82 ™5 g8 (5.2)

In addition, in case we deal with statement (ii) of the theorem, we shall require that ug € L*(9Q). Due to (2.1)
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used with n = 0 and (2.2), we have Ag,i(.{) satisfies the following properties:

n N
Y Y AL (§E = elgmia -2
i=1a=1
and
A (Ol <M'(1+ |&)ymaxia,2}-1

for some positive A and M' independent on €. Furthermore, thanks to (2.3) and (2.4), we can apply the
theory of monotone operators (see e.g. [3, 15, 19]) to prove the existence of a unique solution to (5.1), i.e.,
the existence of u. € ug + Wé’maX{q’Z}(Q; RY) fulfilling

N n
J Z ZAg’i(Due)fpfji dx=0 forallg e Wé’maX{q’z}(Q;lRN). (5.3)
a=1i=1

5.1 First a priori estimates

We now derive estimates for u, independent of €. Using ¢ := u. — uo as a test function in (5.3), we get

> AL i(Due) (o), - (uo)y,) dx

2 (o), - (uo))} dx

a=1i=1
> | (KM IDuel” - (1 + [Duol) %5 + €(1 + |Due ) ™4 |Ducl(1Due| - 1Duo) ) dx, (5.4)
Q
where we have used (2.1) for the last inequality. Since
max{q 2}-2 2 max{q,2}-2 2 max(q 2}-2
(1+|Ducl®) IDuc|(IDuc| - |Duol) = (1 + [Duel®)™ 2 |Duel® = (1 + [Ducl?) [Due|lDuol,
inequality (5.4) implies
J(lDuelp +€(1 + |Duel?) ™ |Du[?) dx
Q
< c [(@+ IDuo) BT + et + D)™+ Ducl|Duol) d. (5.5)
Q
We claim that (5.5) implies
j(muew + 5 (1+ 1DuelH) =5 2|Du€|2)dxscj(1+|Duo|2>%dx. (5.6)
Q o)

If g < 2, we can conclude using Young’s inequality with exponent 2 on the last term in (5.5):

1
IDucllDuol < 5 IDuel* + ¢'IDuol”.
Therefore, recalling that r = max{2, 2 ;q_’ll)

can be estimate as follows:

}, inequality (5.6) follows. Otherwise, if ¢ > 2, the last term in (5.5)

e(1 + |Ducl?) ™% |Ducl|Duo| < efc(1 + |Duol?)? + c(1 + |Ducl®) ™ [Duel |Duol}. (5.7)
Indeed, in {|Du¢| < 1} we have
(1 + IDuel®) ™% |DuellDuol < 2°7 |Duo| < c(1 + [Duo )
and, in {|Du.| > 1},
(1+Duc)™ ‘% |Duel? |Duo|

and (5.7) follows.
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To estimate the last term in (5.7), we use Young’s inequality with exponents 2, g, qZ__qz. Recalling that
€ < 1, we have

ec(1 + |Ducl®) T |Du| |Duo| = ec{(1 + |Duc?) IDueI}IDueI = | D
< —(1+|Du€| )5 |Duel? + |Du€|‘1+ec|Duo|q

€ max{q,2}-2
2

< —(1+|Ducl?)

|Du€|2 +¢(1+|Dug|?)z (5.8)

.z_\

with ¢ independent of €. Therefore, collecting (5.5), (5.7) and (5.8), inequality (5.6) follows also in the
case g > 2. Thus, we can find a universal constant C > 0 such that (using also the Poincaré inequality)

,2
luclp + elucl ot < C. (5.9)

If assumption (1.11) holds, then for every a € {1, ..., N} we have

max{2,q}-2
2

Y A (OE > e(1+18P) 1912 > e[ maxia2) (5.10)
i=1

and

max{z max{2,g}-1

|A”‘ (Ol <(K+1)(1+ tE
where K is as in (2.2). Next we denote M := luollz~(aq) and define
@® := max{u® - M,0}, aecf{l,...,N}.

Evidently, ¢ = (¢, ..., pN) € Wé’maX{z’q}(Q; RY) and can be used as a test function in (5.3). Doing so, and
using the definition of ¢ we obtain (here x,.. j; denotes the characteristic function of the set, where ug > M)

N n
0= I Y A% (Due)gs, dx = J Z ZA (Due) DUy s iy dX.
g a=li=1 a=1i=1

Using finally (5.10), we see that
n

N
J z z Ag ;(Due)Dugx ez dx

a=1i=1

=€

M=

aymax{q,2 _
|Due| @ }XugzM dx

I
[

Qa:

(ptxlmax{q,z} dx.

Mz

=€

|
|

I
[

Qa:

Consequently, D = 0 and since it has zero trace, due to the Poincaré inequality, it must be identically
zero and it directly follows from its definition that u% < M = [[ug|lL~(oq) for all a € {1, ..., N}. The minimum
principle can be obtained by repeating step by step the above procedure for a test function defined as

% := min{u® + M,0}, ae{l,...,N}.
Therefore, we conclude that, for every € € (0, 1),

luellreq) < luollze(aq)- (5.11)

5.2 Uniform higher order estimates

Due to the proof of a priori estimates, we can use Theorem 1.1 to get the existence of the second order deriva-
tives of u¢, but with their estimates depending on €. Nevertheless, we can repeat step by step the estimates
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in Theorem 1.1 to get the inequality

J(1 +|Duc?) 7 |D2u P12 dx

Q
(5.12)

ma(q 2}-2

N
Z (1 + |Ducl?)

(ue)x )Xk((u€)xk )Xz' dX

i,

<c j(l +|Duel?)?|DT)? dx — cej
Q la

Q
for every 7 € C2°(Q). To provide more details of the proof of the above inequality, we shall first re-denote
the parameters p and q appearing in Theorem 1.1 by g and p. Then using the definition (5.2), we see that
all assumptions of Theorem 1.1 are satisfied with p = § = max{2, g}. Therefore, DV(Duc) € leoc and also
u. has square integrable second derivatives. In particular, all integrals appearing in (5.12) exist and are

finite. Next, we follow the proof of Theorem 1.1. It follows from (5.3) that for any compactly supported
Qe Wé’maX{q’Z}(Q; RVN),any k = 1, ..., nand sufficiently small h > 0, we have

N n
J Y Y (A2 (Duc(x + hey) - A% (Duc(x)gS dx = 0.
a=1i=1
Setting ¢ (x) := (uc(x + hey) — ue(x))7%(x) and using the definition of A, we obtain
N n
- J D) (Af(Duc(x + hey) — A (Due(x))((ug (x + her) — uf(x))7%(x))y, dx
a=1i=1

P

max{2,q}-2
2

(ue)y,(x + hey)

||M2

i(u + Due(x + hey)?)

max{2,q}-2
2

— (1 +|Duc()?) (ue)s, (X))((u?(x + hex) — ul (X)) (x))y, dx.

Finally, we let h — 0,. For the term on the left-hand side, we can directly use the proof of Theorem 1.1 (see
the resulting estimate after (3.4)) to get

N n
limsup h™ J Z z (Af(Due(x + hey) — Al (Due(x)))((ug (x + hey) — u% ()% %))y, dx
h—0, i=1

a=
J(1+|Du| )52 1D uy, ()21 dx - 4Cc ™! J(1+|Du| )% |D7|? dx.
Q

Q
Similarly, for the term on the right-hand side, we get
N n
. a
hILr101+ eh™ j Z Z( (x + hey)

a=1i=1

max{2,q}-2
2

= (1 +Duc(0l?) (U 00 ) (UG + hey) - uE())T2(0)x, dx

(

M=
™M=

) ()5, T2 00)y, dx.

a=1i=1

:ei

Combining the resulting inequalities and summing with respect to k = 1, ..., n, we obtain (5.12).
Thus, we need to bound uniformly the last integral in (5.12). By a rather standard manipulation and
using the Young inequality, it is not difficult to check that

n N
> (A + Ducl?
k=

i,k=1a=1

e))‘?i )Xk((ue)?k‘rz)xi

max{q,2}-2 X{q,2}-2

ID?uc|?12 - 2 max{q, 2}(1 + |Due|?) " ¢

> (1 + |[Duel?) |D?uc|7|Due||D7]
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with C independent of e. Substituting this into (5.12), we derive

J(1 + D)= |D?u Pt dx < ¢ J(l +Duc|) DT dx + ce J(l + |Due?) ™ | Dr)? dx
Q Q Q
<c+ce J(l +|Duel?)?|D1|? dx,
Q

where we have used (5.9) in the last inequality. Hence, we are in the same starting position as in the proof
of Theorem 1.2 and due to uniform (e-independent) uniform bounds (5.9) and (5.11), we deduce that for
arbitrary open Q' ¢ Q' c Q,

J(|Du€|q + [DV(Due) + (1 + [Duel?) = |D?ucl?) dx < C(Q, uo). (5.13)
Q!
Further, it is then not difficult to observe with the help of the Holder inequality that

J D2, [M02P) iy < Q' up). (5.14)
Q’

5.3 Limite - 0
Using the uniform bounds (5.9), (5.13) and (5.14), the compact Sobolev embedding and the diagonal proce-

dure, we can find a subsequence, that we do not relabel, and it exists u € (ug + Wé’p (Q;RY)n Wllo’cq (Q; RN)
such that for arbitrary open Q' ¢ Q' ¢ Q, we have

u® —u  weaklyin WhP(Q; RN), (5.15)

u® —u  weaklyin wh4(Q"; RY), (5.16)

Du® — Du strongly in LP(Q'; RY), (5.17)

Du® — Du almost everywhere in Q, (5.18)

e(1 + [Du€1?) ™5 Duf - 0 strongly in L(Q'; R™). (5.19)

Having (5.15)-(5.19), itis easy to let € — 0in (5.3) with arbitrary ¢ € €(Q; RV) to deduce (1.4) for the same
class of functions ¢. The density result then leads to the validity of (1.4) in the full generality. This finishes
the proof.
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