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A Stress/Displacement Virtual Element Method for Plane
Elasticity Problems

E. Artioli* S. de Mirandal C. Lovadinaf L. Patruno®

Abstract

The numerical approximation of 2D elasticity problems is considered, in the
framework of the small strain theory and in connection with the mixed Hellinger-
Reissner variational formulation. A low-order Virtual Element Method (VEM)
with a-priori symmetric stresses is proposed. Several numerical tests are provided,
along with a rigorous stability and convergence analysis.

1 Introduction

The Virtual Element Method (VEM) is a new technology for the approximation of
partial differential equation problems. VEM was born in 2012, see [7], as an evolution of
modern mimetic schemes (see for instance [18, 5, 15]), which shares the same variational
background of the Finite Element Method (FEM). The initial motivation of VEM is
the need to construct an accurate conforming Galerkin scheme with the capability to
deal with highly general polygonal/polyhedral meshes, including “hanging vertexes”
and non-convex shapes. The virtual element method reaches this goal by abandoning
the local polynomial approximation concept, and uses, instead, approximating functions
which are solution to suitable local partial differential equations (of course, connected
with the original problem to solve). Therefore, in general, the discrete functions are
not known pointwise, but a limited information of them is at disposal. The key point
is that the available information are indeed sufficient to implement the stiffness matrix
and the right-hand side. We remark that VEM is not the only available technology for
dealing with polytopal meshes: a brief representative sample of the increasing list of
technologies that make use of polygonal/polyhedral meshes can be found in [17, 8, 15,
9, 11, 13, 28, 30, 32, 36, 40, 38, 41, 42, 43, 23, 35, 44, 20]. We here recall, in particular,
the polygonal finite elements and the mimetic discretisation schemes. However, VEM
is experiencing a growing interest towards Structural Mechanics problems, also in the
engineering community. We here cite the recent works [24, 22, 2, 3, 45, 21, 1] and
[4, 19], for instance.

In the present paper we apply the VEM concept to two-dimensional elasticity prob-
lems in the framework of small displacements and small deformations. More precisely,
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we consider the (mixed) Hellinger-Reissner functional (see, for instance, [12, 14]) as the
starting point of the discretization procedure. Thus, the numerical scheme approxi-
mates both the stress and the displacement fields.

It is well-known that in the Finite Element practice, designing a stable and accurate
element for the Hellinger-Reissner functional, is not at all a trivial task. Essentially,
one is led either to consider quite cumbersome schemes, or to relax the symmetry of the
Cauchy stress field, or to employ composite elements (a discussion about this issue can
be found in [12], for instance). We here exploit the flexibility of the VEM approach to
propose and study a low-order scheme, with a-priori symmetric Cauchy stresses, that
can be used for general polygons, from triangular shapes on. Furthermore, the method
is robust with respect to the compressibility parameter, and therefore can be used for
nearly incompressible situations. Our scheme approximates the stress field by using
traction degrees of freedom (three per each edge), while the displacement field inside
each polygon is essentially a rigid body motion. The VEM concept is then applied
primarily for the stress field. We also remark that the construction of the discrete
stress field is somehow similar to the construction of the discrete velocity field used for
the Stokes problem in [10]. Instead, the displacement field is modelled with polynomial
functions, in accordance with the classical Finite Element procedure.

An outline of the paper is as follows. In Section 2 we briefly introduce the Hellinger-
Reissner variational formulation of the elasticity problem. Section 3 concerns with the
discrete problem: all the bilinear and linear forms are introduced and detailed. Numeri-
cal experiments are reported in Section 4, where suitable error measures are considered.
These numerical tests are supported by the stability and convergence analysis devel-
oped in Section 5. Finally, Section 6 draws some conclusions, including possible future
extensions of the present study.

Throughout the paper, given two quantities a and b, we use the notation a < b
to mean: there exists a constant C', independent of the mesh-size, such that a < C'b.
Moreover, we use standard notations for Sobolev spaces, norms and semi-norms (cf.
[27], for example).

2 The elasticity problem in mixed form

In this section we briefly present the elasticity problem as it stems from the Hellinger-
Reissner principle. More details can be found in [12, 14].

Find (o, u) such that
—dive =f in
o = Ce(u) in Q
upo =0

(1)

Defining (-, -) as the scalar product in L?, D := C™!, and a(o,7) := (Do, 7), a mixed
variational formulation of the problem reads:

Find (o,u) € ¥ x U such that
a(o,7)+ (divr,u) =0 VrekX (2)
(dive,v)=—(f,v) VveU

where Q C R? is a polygonal domain, ¥ = H(div;Q), U = L?(2)2, and the loading
f € L2(Q)%. We recall that div is the vector-valued divergence operator, acting on a
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second order tensor field. Thus, div 7 is, in Cartesian components: a;l? (Einstein’s
J

summation convention is here adopted). The elasticity fourth-order symmetric tensor
D = C! is assumed to be uniformly bounded and positive-definite. It is well known
that problem (2) is well-posed (see [12], for instance). in particular, it holds:

oz + [[ullr < Cl[f]lo, 3)

where C' is a constant depending on €2 and on the material tensor C.
Note also that the bilinear form a(,-) in (2) can obviously be split as

a(o,T) = E;rh ag(o,7) with ag(o,7):= /EDU T (4)

for all o,7 € . Above, 7 is a polygonal mesh of meshsize h.
Similarly, it holds

(divT,v) = Z (divr,v)p with (div7,v)g ::/ divt v, (5)
EE€T, E

for all (1,v) e ¥ x U.

Remark 1. As discussed in [12], estimate (3) does not break down for nearly incom-
pressible materials. More precisely, considering the constitutive law:

Ce = 2ue + Mr(e)ld V symmetric tensor €, (6)

with X\, > 0 the Lame’s parameters and tr(-) the trace operator, the constant C' in
(3) can be chosen independent of \. The key point is that it is sufficient to check the
Y -coercivity of the bilinear form a(-,-) in (2) for the subspace:

K={reX: (divr,v)=0 VYveU}. (7)
In fact, there exists a positive constant o such that (see [12]):

a(T,T) > oz|\7'||% V1 e K, (8)

with a independent of A.

3 The Virtual Element Method

We outline the Virtual Element discretization of problem (2). Let {7} be a sequence
of decompositions of €) into general polygonal elements E with

hg = diameter(E), h:= sup hg.
EeTy,

In what follows, |E| and |e| = he will denote the area of E and the length of the side
e € OF, respectively.
We suppose that for all h, each element E in 7T}, fulfils the following assumptions:

e (A1) FE is star-shaped with respect to a ball of radius > ~hg,

e (A2) the distance between any two vertexes of E is > chg,



where v and ¢ are positive constants. We remark that the hypotheses above, though
not too restrictive in many practical cases, can be further relaxed, as noted in [7].
Our Virtual Element method is based on the following procedure.

1. We first approximate the tensor D with D, a suitable piecewise constant with
respect to the underlying mesh 7, (e.g. we could take the local mean value of D,
component-wise). Accordingly, we consider the problem:

Find (o, u) such that
—dive =f in Q
Do =¢(@) inQ
o = 0.

(9)

2. We then approximate Problem (9) by an appropriate Virtual Element scheme
which returns a discrete solution (o, uy) satisfying

lo —onlls + [[a—upllo S A (10)

We now show that, for smooth tensors D, the discrete solution (o, uy,) is also a first
order approximation of (¢, u), solution to the original Problem (1). More precisely, we
assume that:

Each component D;j3; of D is such that D4z € H'(E) for every E € Ty, (11)

We have the following result.

Proposition 3.1. Let (o,u) solve (1), and let (,u) solve (9). Under assumption
(11), it holds

1/2
lo—alls+lu-alh S| > pEDEE| [l (12)
E€T,

In addition, if (o, up) fulfils (10), then

llo = onlls + [[u—unllo < A (13)

Proof. Due to the uniform boundedness and positive-definiteness of ), together with
the Korn’s inequality, it follow that

lo=alf+lu-uf s [ De-0):(-a)+ [ Clelu-w): (c(u-w). (14

By the Hyper-Circle Theorem of Prager and Synge (see [34]), it holds

/QD(O‘—E‘) : (a—a—)+/QC(e(u—a)) : (e(u—i)) :/Qm(a_cqa)) . (6—Ce(i1)). (15)

We now notice that D(a — Ce(i)) = D( — CDa) = (D — D)& (see (9)). Hence, using
the uniform boundedness of C and standard approximation results, we infer



[ D@ - ce(): (6 - Ce(w) = [ (D-D)5: C((D - D)3) 5 II(D - D)o
Q Q

(16)
S| X hEDh e | 1ol

E€Ty,

Furthermore, we notice that div(e —a) = 0. Therefore, combining (14), (15) and (16),
and using the stability bound ||a|]p < ||f]|o we obtain

lo — &%+ |[u—ql|f} $ (Z h%IID)IiE) €115, (17)

EcTy,

i.e. estimate (12). From (17) we immediately get

llo = alls + [u—ullo < ~lf]lo, (18)

and estimate (13) now follows using (10) and the triangle inequality.

Remark 2. Proposition 3.1 shows that one may assume that D is piecewise constant
ab initio: if an error bound like (10) holds true, then the convergence estimate (13) is
valid for D satisfying assumption (11) as well. This is the approach we follow in the
sequel of the paper.

Remark 3. Proposition 3.1 allows for elastic coefficients which might be discontinu-
ous (for instance, the case of a body made of two different homogeneous materials).
However, possible discontinuities should be aligned with the mesh. This is encoded into
hypothesis (11).

3.1 The local spaces

Given a polygon F € Tp, with ng edges, we first introduce the space of local infinitesimal
rigid body motions:

RM(E) = {r(x) =a+b(x —xc)* acRk? beR}. (19)

Here above, given ¢ = (c1, c2)? € R2, ¢t is the counterclock-wise rotated vector ¢+ =

(c2,—c1)T, and x¢ is the baricenter of E. For each edge e of OF, we introduce the
space

R(e)={t(s)=c+dsn ccR? deR, sc[-1/2,1/2]}. (20)

Here above, s is a local linear coordinate on e, such that s = 0 corresponds to the edge
midpoint. Furthermore, n is the outward normal to the edge e. Hence, R(e) consists of
vectorial functions which have the edge tangential component constant, and the edge

normal component linear along the edge. Our local approximation space for the stress
field is then defined by

Yh(E) = {Th cH(div; E) : 3w* € H'(E)? such that 7, = Ce(w");
(21)
(Thm). € R(e) weﬁxdwmemwm}



Remark 4. Alternatively, the space (21) can be defined as follows.

Yh(E) = {Th cH(div;E) : 7, =7}; curlcurl(Dry,) = 0;
(22)
(Thn) € R(e) Ve€ 0FE; divr, € RM(E)}

Here above, the equation curl curl(D7y) = 0 is to be intended in the distribution sense.

We remark that, once (75,n)). = c. + desn is given for all e € JF, cf. (20), the
quantity divr, € RM(E) is determined. Indeed, denoting with ¢ : OF — R? the
function such that ¢, := ¢c + desn, the obvious compatibility condition

/diVTh-r:/ o r VreRM(E), (23)
E OF

allows to compute div 7, using the c.’s and the d.’s. More precisely, setting (cf (19))

divTy, :aE+BE(X*XC)L, (24)

from (23) we infer

1 1
ap = — p=— /c
B o " TE 2 ).
1 1

T T x — <2 ) - T — . —
BE_fE|X_XC‘2/8E<p (x —xc) _IE’X_XCP Z (Ce +desm) - (x —x¢

ecdE "€
(25)
The local approximation space for the displacement field is simply defined by, see
(19):

).

Un(E) = {vi € LA(E)* : vy € RM(E)}. (26)
We notice that dim(X,(E)) = 3ng, while dim(U,(E)) = 3.

3.2 The local bilinear forms

Given F € Ty, we first notice that, for every 7, € X, (E) and vy, € Up(E), the term

/ div Th *Vh (27)
E

is computable from the knowledge of the degrees of freedom. Therefore, there is no need
to introduce any approximation in the structure of the terms (div7,u) and (dive, v)
in problem (2). Instead, the term

aE(O'h,Th):‘/EDO'h:Th (28)

is not computable for a general couple (o, Tp) € Xp(E) x Xp(F). As usual in the VEM
approach (see [7], for instance), we then need to introduce a suitable approximation
al(-,-) of ag(-,-). To this end, we first define the projection operator

g : Zh(E) = Po(E)?*?

ThHHETh (29)

ap(IlgTh, o) = ap(Th, o) Vo € Po(E)2*?

6



Above and in the sequel, given a domain w and an integer k > 0, the space Px(w)
denotes the polynomials up to degree k, defined on w. Furthermore, given a functional
space X, X2*2 denotes the 2 x 2 symmetric tensors whose components belong to X.
Therefore, the operator in (29) is a projection onto the piecewise constant symmetric
tensors. It is easily seen that Ilg is computable, as we suppose that D|g is constant
(cf. Remark 2).

We then set

a(on,mh) = ap(llgon, MpTy) + sp (Id — Tg)oy, (Id — T g)T))

(30)
- /E D(Ipoy) : (Mpry) + sp ((Id — g)oy, (Id — Tg)ry,)
where sg(-,-) is a suitable stabilization term. We propose the following choice:
sp(on,Th) == KEhE/ opn - TN, (31)
oF

where kg is a positive constant to be chosen. For instance, in the numerical examples
of Section 4, kg is set equal to %tr(]l)“;); however, any norm of D can be used. A
possible variant of (31) is provided by

sp(On,Th) == kg Z he/ahn-Thn. (32)
ecOE €

3.3 The local loading terms

We need to consider the term, see (2):

(f,vh):/ﬂf-vh: > /Ef-vh. (33)

E€Ty

We remark that, since v, € RM(FE), computing (33) is possible once a suitable
quadrature rule is available for polygonal domains. For such an issue, see for instance
(31, 37, 30].

3.4 The discrete scheme

We are now ready to introduce the discrete scheme. We introduce a global approxima-
tion space for the stress field, by glueing the local approximation spaces, see (21):

Sy = {rn € H(div; Q) : Typ € Su(E) VE € Tr}. (34)
For the global approximation of the displacement field, we take, see (26):
U, = {vh € L2(2)? : vyp € Uy(E) VE € n}. (35)

Furthermore, given a local approximation of ag(-,-), see (30), we set

an(oh, Th) =Y, ap(on,Th). (36)
EeTy,

The method we consider is then defined by



Find (o4, up) € Xy, x Uy, such that
ah(O'h,Th)+(diVTh,uh) =0 Vr,edy (37)
(diVO‘h,Vh) = —(f,Vh) Vv € Up.

Introducing the bilinear form Ay, : (X, x Ug) x (35, x Up,) — R defined by

An(on, up; Ty, vi) == ap(oh, Ty) + (div Ty, up) + (divoy, vy), (38)

problem (37) can be written as

{Find (oh,up) € X x Uy such that (30)

.Ah(O'h,uh;Th,Vh) = —(f,Vh) V(‘rh,vh) c Zh X Uh.

We will prove in Section 5 that our method is first order convergent with respect to
the natural norms, see in particular Theorem 5.8. More precisely, the following error
estimate holds true.

llo —onlls +[[u—upllv S Ch, (40)

where C' = C(Q,0,u) is independent of h but depends on the domain 2 and on the
Sobolev regularity of o and u.

4 Numerical results

The present section is devoted to the validation of the proposed methodology through
the assessment of accuracy on a selected number of test problems. Applicability to
structural analysis is then demonstrated through a classical benchmark.

4.1 Accuracy assessment

We consider two boundary value problems on the unit square domain Q = [0, 1]?, with
known analytical solution, discussed in [22, 2]. The material obeys to a homogeneous
isotropic constitutive law, see (6), with material parameters assigned in terms of the
Lamé constants, here set as A = 1 and g = 1. Plane strain regime is invoked throughout.
The tests are defined by choosing a required solution and deriving the corresponding
body load f, as synthetically indicated in the following;:

e Test a
u = 2> — 3zy?
up = y3 — 32y (41)
f=0

o Test b

{ uy = ug = sin(mz) sin(ry) (42)

fi = fo=—m2[=(3u+ \) sin(rz) sin(7y) + (1 + A) cos(mx) cos(my)]

As it can be observed, Test a is a problem with Dirichlet non-homogeneous boundary
conditions, zero loading and a polynomial solution; whereas Test b has homogeneous
Dirichlet boundary conditions, trigonometric distributed loads with a trigonometric
solution.



In order to test the robustness of the proposed procedure with respect to element
topology and mesh distortion, eight different meshes are considered, as can be inspected
in Fig. 1. Four are structured meshes composed of triangles, quadrilaterals, hexagons
and a mix of convex and concave quadrilaterals. In the following, such meshes are
denoted by the letter "S". Four unstructured meshes are considered as well, comprising
triangles, quadrilaterals, random polygons and a mix of convex and concave hexagons;
these are denoted by the letter "U". In the numerical campaign the mesh size parameter
is chosen to be the average edge length, denoted with h.. We remark that, under mesh
assumptions (A1) and (A2) and for a quasi-uniform family of mesh, h. is indeed
equivalent to both hg and h. The accuracy and the convergence rate assessment is
carried out using the following error norms:

e Discrete error norms for the stress field:
1/2
Eoi= | X nelel [Ile = onnP) . (13)
e

e€Ey

where k. = k = 2tr(DD) (the material is here homogeneous). We remark that the
quantity above scales like the internal elastic energy, with respect to the size of
the domain and of the elastic coefficients.

We make also use of the L? error on the divergence:

1/2
Eoaw = | 3 [ ldive—anl?) . (14)
EeT, ' F
e L? error norm for the displacement field:
1/2
Bo=| Y [E\u—uhlz = [Ju— wy]lo. (45)

E€Ty

Figure 2 reports the h.—convergence of the proposed method for Test a. As ex-
pected, the asymptotic convergence rate is approximately equal to 1 for all the con-
sidered error norms and meshes. It is noted that, in this case, the Eg giv plots are
not reported because such a quantity is captured up to machine precision for all the
considered computational grids.

Figure 3 reports h.—convergence for Test b. Asymptotic converge rate is approxi-
mately equal to 1 for all investigated mesh types and error measures, including Eg giy-
These results highlight the expected optimal performance of the proposed VEM ap-
proach and its robustness with respect to the adopted computational grid.

4.1.1 Nearly incompressibility regime

A problem on the unit square domain = [0, 1]?, with known analytical solution, is
considered. A nearly incompressible material is chosen by selecting Lamé constants
as A = 10%, u = 0.5. The test is designed by choosing a required solution for the
displacement field and deriving the load f accordingly. The displacement solution is as
follows:
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0 0
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Figure 1: Overview of adopted meshes for convergence assessment numerical tests.
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log(he.) log(he.)
(c) (d)

Figure 2: h,—convergence results for Test a on structured and unstructured meshes:
(a) and (b) Eg error norm plots, (c) and (d) Ey error norm plots.

uy = 0.5(sin(27z))? sin(27y) cos(27my)
{ us = —0.5(sin(27y))2 sin(27) cos(27z). (46)
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< .15

2 4‘ 1

-2 -1.5 -1 -0.5 -2 -1.5 -1

log(h.) log(he)
(e) ()

Figure 3: ho—convergence results for Test b on structured and unstructured meshes:
(a) and (b) Eg error norm plots, (c) and (d) Eg qiv error norm plots, (e) and (f) Ey
error norm plots.

Figure 4 reports the results obtained for both structured and unstructured meshes.
In can be clearly seen that the proposed method shows the expected asymptotic rate
of convergence also in this case.

4.2 Structural analysis benchmark: Cook’s membrane

The present section deals with the classical Cook’s membrane 2D problem [46]. The
geometry of the domain 2 is presented in Fig. 5 with length data Hy = 44, Hy = 16,
L = 48. The loading is given by a constant tangential traction ¢ = 6.25 on the
right edge of the domain. The Young modulus, FE, is set equal to 70 and two Poisson
ratios are considered, one corresponding to v = 1/3 and one corresponding to a nearly
incompressible case characterized by v = 0.499995.

The problem is solved using three types of meshes: an evenly distributed quadrilat-

11



0
= 205
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Figure 4: Results for the nearly incompressible test on structured and unstructured
meshes: (a) and (b) convergence of Eg, (c) and (d) convergence of Eg giv, (e) and (f)
convergence for F,.

eral mesh denoted as Quad, a centroid based Voronoi tessellation, denoted as CVor, and
a random based Voronoi tessellation indicated as RVor. An overview of the adopted
meshes is reported in Fig. 6.

Convergence results are reported in terms of mesh refinement monitoring v, the
vertical displacement of point A (see Fig. 5), approximated as the vertical displacement
at the centroid of the closest polygon. In particular, Fig. 7(a) corresponds to the case in
which v = 1/3 while Fig. 7(b) reports the results obtained for the nearly incompressible
case. The reference solution is indicated with a dotted red line corresponding to an
overkilling accurate solution obtained with the hybrid-mixed CPEAI element [39]. In
accordance with the results of Section 4.1.1, it can be clearly observed that the proposed
formulation is robust with respect to the compressibility parameter, as the convergence
behaviour of both cases (a) and (b) is almost the same.

Finally, contours representing the von Mises equivalent stress distributions are re-

12
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Figure 5: Cook’s membrane. Geometry, loading and boundary conditions.
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Figure 6: Cook’s membrane. Examples of the adopted meshes.
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28 : :
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Figure 7: Convergence of the tip vertical displacement v4: (a) v = 1/3 and (b) v =
0.499995.
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ported in Fig. 7. We remark that, inside the polygons, the stress distribution o}, is not
known, but its projection IIgoy, onto the constant tensors is (cf. (29)). Thus, we have
used this latter quantity to compute the von Mises equivalent stress displayed in Fig.
7. Finally, the results refer to the case v = 1/3, being the nearly incompressible case
extremely similar.

N
o

>
S AARARRRN

o

20 40

Figure 8: Contours representing the von Mises equivalent stress distributions for v =
1/3: (a) Quad, (b) CVor, (c) RVor.

5 Stability and convergence analysis

In this section, we provide a rigorous analysis of the proposed VEM method. For all
E € 7Ty, we first introduce the space:

S(E) = {7 € H(div; E) : 3w € H'(E)? such that 7 = Ce(w) }. (47)
The global space ¥ is defined as

%= {r € H(div; ) : 3w e H'(Q)? such that T = Ce(w) }. (48)
In the sequel, given a measurable subset w C Q and r > 2, we will use the space

Wrw) = {r :7e L"w)2?, divr € L*(w)*}, (49)

equipped with the obvious norm. Under our assumptions on the mesh, we recall the
following version of the Korn’s inequality:

inf (hy'|lv—
rEléIJ\lﬂE)( pllv-r

o+ Iv=rlir) SlleWllos  YveH(B?  (50)

Given v € HY(E)?, the above inequality can be derived by classical results (see [33],
for instance), and by choosing ry € RM(F) such that [,(v —ry) =0.
We will also use the following result.

Lemma 5.1. Suppose that assumptions (A1) and (A2) are fulfilled. Given E € Ty,
let w € HY(E)? be a solution of the problem:

14



—div(Ce(w)) =g in £ (51)
(Ce(w))n=h on OF,
where g € L?(E)? and h € L%(OF)? satisfy the compatibility condition
/g-r+ h-r=0 Vr € RM(E). (52)
E OF
Then it holds:
[Ce(w) hit*|bllo.o- (53)
Proof. For every r € RM(E), we have
ICew)liEs S [ Ce(w):e(w)
(54)
= / Ce(w —r) / g (w—r)+ h-(w-—r),
oF
by which we get
ICewW)II3 £ < llgllo,e [Iw — xllo,5 + [[hlloor [[W — rlloom. (55)
Under assumptions (A1) and (A2), the Agmon’s inequality then gives
ICe(w)[5. < llgllo,z |lw —xllo,m
o2 (56)
+[hlloom (bW = xll 2y + byl [w = xlmm)) -
Estimate (53) now follows from (50).
O

5.1 An interpolation operator for stresses

We now introduce the local interpolation operator Zr : W' (E) — Xp,(E), defined as
follows. Given 7 € W"(E), ZgT € ¥,(E) is determined by:

/ (IET)H P = / ™m-Q, VLP* S R*<8E)7 (57)
OF OF

where

R.(OE) = {p. € LAOE)* : ¢, =7, +0e(x —x0)* 7. €R? 4 €R, Ve € O}
(58)
If 7 is not sufficiently regular, the integral in the right-hsnd side of (57) is intended as

a duality between 1/1/7%”(8]5’)2 and W%’T/(aE)? If 7 is a regular function, the above
condition is equivalent to require:

/(IET)n = /Tl’l Ve € OF;
e ‘ (59)
/(IET)n C(x—x0)t = /Tn S(x— xc)L Ve € OF.
e e
The following result shows, in particular, that ZgT € X,(E) is well-defined by
conditions (57).
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Lemma 5.2. If Tj, € Xy(E), then

/ oo, =0 Yo, € R.(OE) (60)
OF
imply 7, = 0.

Proof. First, recall that for 75, € X (F) it holds (Tpn). = c. + desn for each edge
e € OF, cf. (20) and (21). By (60), choosing ¢, such that ¢, |, = 7, for each e € OF, it

follows that (Tpn). = desn. Choosing now ¢, = de(x — xc)*, conditions (60) then
give

de/sn-(x—xc)Lzo Ve € OF. (61)

A direct computation (for instance by using the Cavalieri-Simpson rule) shows that
(61) is equivalent to

de‘162| n-(q —pe)t =0 Ve € OF. (62)
Above, p. and g, denote the endpoints of e. From (62) we infer d. = 0 for each e € IF,
which concludes the proof. O

The global interpolation operator Z, : W' (Q) — Xj is then defined by simply
glueing the local contributions provided by Zg. More precisely, we set (Ih7)| g =1IgTE
for every E € Tj, and 7 € W"(Q).

5.2 Approximation estimates

Proposition 5.3. Under assumptions (A1) and (A2), for the interpolation operator
TIg defined in (59), the following estimates hold:

I = Ze7llop S heltlie V7€ S(E)NHY(E)P?. (63)

||div(T — ZgT)|jo,r S he|divT)i g VT € S(E)N HY(E)?*? s.t. divt € HY(E)2
(64)

Proof. Let 7 € S(E) N HY(E)?*2, and let w € H'(E)? be such that 7 = Ce(w), see

S

(47). Furthermore, consider ZgT € %p,(E) and w* € H*(E)? such that ZgT = Ce(w*),
see (21). Hence, setting § := (w — w*) € H'(E)?, it holds:
T — It = Ce(6). (65)
Furthermore, using (59), (24) and (25), we infer that § € H'(E)? satisfies:

div(C=(9)) = divr — Z/m_iz/m o xc) mE

cCOE Jelx —xcl* S

(Ce(d))n = ( ™ — /Tl’l) Xe on OF,

ecOFE
(66)
where x. denotes the characteristic function of the edge e. Applying Lemma 5.1 with:
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1
g = Z/'rn—l—( Z/THX x0) L _divr
Bl S5 Jelx=xcl? G le
1 (67
Z < /Tn) Xes
cOFE |€’ €
we get
1T = Zp7llo.s = [Ce(@)lo.5 < hellgllos + b lIhlloon- (68)

We now estimate g and h. We denote respectively with Iy g, Ilgy g and Ilg g the
L2-projection operators onto the constant functions on E, onto the space RM (E) (see
(19)), and on the piecewise constant functions on OF (with respect to the edge subdi-
vision of OF).

The divergence theorem and a direct computation show that:

- =1I di
/eTn+fE|X - Z /Tn x —x¢)t rm,EdivT. (69)

|E| ecOE V€

ecOFE

Therefore, from the first equation of (67), we have

gIHR]\/LEdiVT*diVT. (70)

Noting that Py(E)? C RM(FE), from the properties of the L? projection operator, we
then get

HgHO,E = HHRM,E divt — diVTHO,E S HHO,E divT — diVTHO’E S HdiV‘THQ,E (71)

and

diVTHO,E S "H()’EdiVT — diVTHQE S hE’diVT’LE. (72)

For the second equation of (67), we remark that:

1
h= (Tn - — /7’1’1) Xe = ('T - — 7') ny. = (71 — Iy gpT) n. (73)
e€OE e€OFE lef Je

Hence, using a standard approximation estimate and a trace inequality, we get

1/2
o 057/0on S byl T4 /2,08

Ih[lo,or = [|(T — Tlp,opT)n

(74)
S h Il
Taking into account (71) and (74), from (68) we obtain estimate (63).
We now notice that from (65), (66) and (67), we have:
div(T — ZgT) = —g. (75)
Then, using (72), we immediately get (64).
O
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5.3 Proving the ellipticity-on-the-kernel condition

We first notice that by (29), (30) and (31), using the techniques of [7, 16], one has:

IThllg.e S ab(mhmh) SHTalld e V7n € Sa(E). (76)

We also notice that (see (34), (21) and (35), (26)):

div(Zy,) C Up. (77)

As a consequence, introducing the discrete kernel Kj C ¥j:

Kh:{ThEEh : (diVTh,Vh)ZO VVhEUh}, (78)

we infer that 7, € K} implies div 7, = 0. Hence, it holds:

Ialls = llTallo V7h € K. (79)

We are now ready to prove the following ellipticity-on-the-kernel condition.

Proposition 5.4. For the method described in Section 3, there exists a constant o > 0
such that

an(Th,Th) > al|Th||: V7, € K. (80)

Proof. By recalling (36), from (76) we get the existence of a > 0 such that

ah(Th,Th) >« H‘ThHg VTh c Eh. (81)

Estimate (80) now follows by recalling (79). O

Remark 5. Notice that for our method it holds K; C K, where K is defined by (7).
Considering an isotropic material, see (6), from Remark 1 we infer that the coercivity
constant a can be chosen independent of A. Therefore, our numerical method does not
suffer from volumetric locking (see [26], for instance) and can be used also for nearly
incompressible materials. This feature is confirmed by the numerical tests presented in
Section 4.

5.4 Proving the inf-sup condition

We start by stating the following proposition, which can be derived by regularity results
for the elasticity problem on Lipschitz domains (see [25], for example).

Proposition 5.5. Given the polygonal domain Q, there exist s > 2 and B* > 0 such
that

(divT,v)
sup — b
rews@) [ITllws@)

where W*5(Q) is the Banach space defined by (49).

> BIvlloe  Vve LX) (82)

We are now ready to prove the discrete inf-sup condition for our choice of the
approximation spaces.
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Proposition 5.6. Suppose that assumptions (A1) and (A2) are fulfilled. There exists
B > 0 such that

(diV Th, Vh)

sup > Bllvrlloe  Yvi € Up. (83)

ThED, 75!l

Proof. We will apply Fortin’s criterion (see [12]), using the operator 7y, : W*(Q2) — 3,
see (59) for the definition of the local contributions. More precisely, we will show that
it holds:

/ div(Zyr) - v, = / divr-vy, Vi €U, , ¥r e W5(Q),
Q Q (84)
[ Znrlls S HITllws@ VT € WH(Q).

Together with (82), conditions (84) imply (83), see [12].
To prove the first condition in (84), recalling that vz € RM(E), it is sufficient to
show that:

/ div(Zer) -1 :/ divr-r  Vre RM(E), VE € T, (85)
E E

The above equation directly follows from the divergence theorem and definition (57).
We now prove the continuity estimate (i.e. the second equation in (84)). We will
exploit again Lemma 5.1. More precisely, we take w* € H!(E)? such that ZpT =
Ce(w™). It follows that w* solves, cf. (69):
diV(CEﬁ(W*)) = HRM,E divr

(Ce(w™))n = Z CeXe on OF, (86)

e€OF

where the c.’s are given by the dualities for the couple < W_%’S((?E), W%’SI(GE) >:

1
Ce := Tl (< Tn, xet > t+ < Tn, xen > n). (87)
e

From (86) we obviously deduce

1 div(ZeT)[lo.z = || div(Ce(w")[lo.z = [Hrrm e divT|lor < [[divTllos.  (88)

We now apply Lemma 5.1 with:

g = _HRM,E divr s h:= Z CeXe, <89)
ecOF

and estimate ||h||ppr. We start by noting that:

1/2 1/2
|hflo,or = (Z \ce\Qle!) < hyf? (Z !%\2) : (90)

ecOFE ecOF

A duality estimate and a trace bound shows that

<t > Sl el o ST 1 S ITlhwem. (O1)
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Similarly, it holds:

<7n, xen > S ||7]|lws (k). (92)

From (87), (91) and (92) we get

lce| S hE' ITllws(m), (93)

by which we deduce, see (90):

—1/2
Ihllo0r < kg (17 |lws(z)- (94)

Lemma 5.1 thus gives

1 Ze7lo,r = [|Ce(w?)

0.8 SITllwsg)- (95)

The continuity estimate in (84) now follows by collecting all the local estimates (95).
O

5.5 FError estimates

We denote with Py(7y) the space of piecewise constant functions with respect to the
given mesh 7,. We can prove the Proposition:

Proposition 5.7. Suppose that assumptions (A1) and (A2) are fulfilled. For every
(o1,ur) € Xy x Uy, and every o, € Po(Tn)2*?, the following error equation holds:

lo—onlls+llu—wllv S llo—orlls+|[lu—usllu++h|[diverlloo+|lo—ozlloq. (96)

Proof. Given (o1,uy) € X x Uy, we form (o, — o7,up, —uy) € 3¥p, X Up. Then, using
the ellipticity-on-the-kernel condition of Proposition 5.4 and the inf-sup condition of
Proposition 5.6, there exists (71, vi,) € X x Uy, such that (see [12] and [14], for instance):

I7alls + [lvallo S 1 (97)

and

llon —orlls + |lun —urlly S An(on — o, u, —ug; T, V). (98)

We have

An(on — o, uy —ur; 7, vi) = Ap(0n, Un; Thy Vi) — Ap(or,ur; T, vi)
= —(f,va) — An(or,us; 71, V1)
= A(o,u;7Th, vi) — An(0r1,ur;Th, V1) (99)
=la(o,mh) —ap(or, 7h)] + (div Ty, u — uy) + (div(e — o1), vp)
=T +T>+T;3

Concerning 77, it holds:
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T1 = Z [aE(O',Th) —a%(O’[,Th)}

EET,
= Z [aE(O',Th)—CLE(HEO'[,HETh)
E€Ty
—kphg /{)E [(Id —TIg)om] - [(Id — Tg)Tyn] ] (100)
=Y lap(o — ox, 1) —ap(llg(o; — 0x), HpT}s)
EeTh

— kphe /a (4= T1g)om] - (Id - Ug)rn] .

We have, using the continuity of ag(-,-) and of Ilg:

2.

—

ag(c —ox,7h) —ap(lg(or — 0r),lET))]

BeT,
S (llo = oxllog + llor — oxlloq) [[7alloo (101)
S (Il —oxlloo +llor —olloa + [lo = oxlloe) [ITalloo
S (o = oxlloe +[lo —orlloo) [IThlls-
Furthermore, it holds:
> wphp [ [(1d-1p)om)- [(1d - g)rm]]
(102)
< S R21d -1 hY2||(Id - 11
<Y hgl( e)omlloashs||( E)Trl|00E

E€Th

Under assumptions (A1) and (A2), we notice that, given 7, € ¥ (F), we have the 1D
inverse estimate on OF:
1/2
hg?llnnlloos < llranll 1 j0m  VTh € Sa(E). (103)

Using the techniques developed in [6], we deduce the scaled trace estimate:

lThnl| 1208 SITalloe + hel|divrillor  VTh € Ep(E). (104)

Hence, we get:
hillrinlloor < lImallo.s + helldivrallos  Vra € Su(E). (105)
From (102) and (105) we then deduce

> HEhE/

. [(Id — HE)O']I'I] . [(Id — HE)ThIl] ]
EcTh

(106)

1/2
S ( > (Ilt7d = Tg)o|[f 1 + b divazuaE)) 17al]s-
EeTy,

Since it holds, using also the L? continuity of IIg:

I(Id = Tg)o|[5 5 = ||(o1 — o) + Ha(or — o)} 5

(107)
Sllor—oxllse S llor = ol g+ llo — oxl[3 &
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Therefore, we get:

E;h@ hy /8 [(1d=T1p)om] - (Id - Tlg)ryn]] .

S (llor = allog +[lo = axlloo + hlldivorljoq) |I7alls.
Combining (100), (101) and (108), we infer

Ti < (llo —orllog + llo — ox)lloo + [ diverlloe) ||7hlls. (109)
Regarding 15, T3 and T4, one obviously have:

T S|lu—nu T
Sl wllolmlls "
T3 S llo = oillslvallo-
From (98), (99), (109) and (110), we get:
lon —orlls + [[up —urllu < (HU—UIHE +[lo —ox)lloe 11)
111

+h|ldivorlfoq + [lu— UIHU) (Ialls + llvallv)

Estimate (96) follows from the triangle inequality, estimate (111) and bound (97).
O

We are now ready to state and prove our main convergence result.

Theorem 5.8. Let (o,u) € X x U be the solution of Problem (2), and let (op,up) €
X x Uy, be the solution of the discrete problem (37). Suppose that assumptions (A1) and
(A2) are fulfilled. Assuming oy € H'(E)2*? and (div o) € H'(E)?, the following
estimate holds true:

llo = onlls +[[a—unl|v S C(Q,0,u) b, (112)

where C(§2, 0,u) is independent of h but depends on the domain € and on the Sobolev
reqularity of o and u.

Proof. In Proposition 5.7 let us choose o; = Zpo € X5 as detailed in Section 5.1,
u; = Pyu € U and 0, = Pyo € Xj. Estimate (112) easily follows from Proposition
5.3 and standard approximation results. O

Remark 6. An alternative way to develop the stability and error analysis might be the
use of suitable mesh-dependent norms, as detailed in [29] for the Poisson problem in
mixed form.

6 Conclusions

We have proposed, numerically tested and analysed a new Virtual Element Method for
the Hellinger-Reissner formulation of two-dimensional elasticity problems. Our scheme
is low-order, it has a-priori symmetric stresses and it optimally converges. Possible
future developments of the present study include the design of higher-order schemes in
the framework of the same variational principle. In addition, accurate post-processed
displacements might be considered and used for mesh adaptive strategies, based on
suitable a-posteriori error estimators.
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