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Abstract

In this paper we prove a Jellett-type theorem for real hypersurfaces in C? with respect to the
Levi curvature. We provide as applications rigidity results for domains with circular symmetries.

Résumé

Dans cet article, on démontre un théoreme de type Jellett pour des hypersurfaces réelles de C2
par rapport a la courbure de Levi. Comme application, on fournit des résultats de rigidité pour
des domaines avec symétries circulaires.
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1. Introduction and state of the art

Let M be a smooth orientable hypersurface in R"*!, with n > 1. We say that M is starshaped
if it is a boundary of a bounded domain which is strictly starshaped. In 1853 Jellett proved the
following
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Theorem (Jellett, [16]). Any starshaped hypersurface M in R™* with constant mean curvature
s a sphere.

Actually Jellett proved his theorem for two-dimensional surfaces in R3, however the same tech-
niques work in any dimension.

Remark 1.1. In the case n = 1, the Jellett method works without the starshapedness assumption.
In fact, a closed embedded curve in R? whose curvature is strictly positive bounds a convex domain,
which is in particular starshaped with respect to any interior point.

As it is very well-known, a fundamental result by Aleksandrov [1] says that the assumption of
being starshaped is not needed in any dimension.

About Jellett’s theorem, which dates nearly a century before Aleksandrov’s, we have to mention
that almost 50 years later (in 1899) Liebmann proved a weaker result that turned out to have more
resonance in the future literature: he proved in |22] that the only closed convex hypersurfaces in
R3 with constant mean curvature are the spheres. A genuine generalization of Jellett’s theorem
was established in 1951 by Hopf, who proved that the only compact contractible surfaces in R3
with constant mean curvature are the spheres (see [11]): it is worth to notice that the technique
of Hopf effectively works for two-dimensional surfaces.

Just few years later, Aleksandrov proved in [1] that the spheres are the only closed hypersurfaces
with constant mean curvature by introducing his celebrated moving planes technique. Later on,
an alternative proof of the same result was given by Reilly in |36], where he adopted a new integral
approach. We will come back again on these two different approaches.

Now, let us briefly sketch the proof of Jellett result for the reader’s convenience (see also [23,

Chapter 2]). Suppose that M C R"*! is starshaped with respect to the origin. Let v be the unit

outward normal to M, and p € R"*! be the position vector. Let also (-,-) and | - | be the usual
_ I»?

inner product and norm in R"**, then we denote by 1 (p) = %~ and A(p) = (p, v) respectively

the square of the distance and the support function. A straightforward computation shows that
Apty =n—nH,

where Ajp; and H stand respectively for the Laplace-Beltrami operator on M and for its mean
curvature. In our notations nH is the trace of the second fundamental form h. Moreover, if H is
constant, by the Codazzi equations we get

Ap\ =nH — ||h|*\

Here we used the notation || - ||? for the squared norm of a matrix, namely the sum of all of its

squared coefficients. We recall that, for any symmetric n x n matrix @, it holds true that

QI = - (trace(@))?, 1)

and the equality occurs if and only if the matrix @ is a multiple of the identity. This fact and
the starshapedness assumption imply

Anr (Hyp = X) = ([[h]|* = nH*)A > 0. (2)



The function Hy — X is then Ajps-subharmonic, and thus constant being M closed (compact,
(trace(h))?. The

without boundary). In particular, since \ is strictly positive, ||h||? = nH? = %

equality case in ({l) says that M is umbilical, therefore it must be a sphere.

Here we want to follow a similar strategy for the case of a threedimensional hypersurface M in
C? and to prove a theorem ‘a la Jellett’ when we consider the Levi mean curvature in place of
the standard mean curvature. The Levi curvature is a sort of degenerate-elliptic analogue of the
classical mean curvature: it was introduced and studied in [2,[10]. Roughly speaking, one consid-
ers the restriction of the second fundamental form to the holomorphic tangent space (see Section
for the precise definitions). Such restriction involves a lack of information and hence a lack of
ellipticity in the relative operator. However, in the case of a suitable non-flatness, the direction
of missing ellipticity is recovered through bracket commutations: the Levi operator can be thus
seen as a degenerate-elliptic operator of sub-Riemannian type. This very special feature has been
successfully exploited, e.g. by Citti-Lanconelli-Montanari in 9] where they were able to prove
a regularity result. On the other hand, symmetry results for sub-Riemannian operators (both
linear or non-linear) are extremely delicate. In particular, for rigidity results ‘a la Aleksandrov’,
both the approaches of Aleksandrov and Reilly seem not working so far.

On one side, the moving planes method basically relies on the following main ingredients: an
invariance of the curvature with respect to reflections through hyperplanes and an interior and
a boundary comparison principle. In our situation, the reflections with respect to generic hyper-
planes do not preserve the complex structure, and therefore the Levi curvature is not an invariant
(however, in principle, other kinds of reflections might work). Regarding the comparison prin-
ciples, a strong interior comparison principle was proved in [32], whereas boundary comparison
principles may fail in general. In fact, some counterexamples to the validity of the Hopf Lemma
could be found (see for instance [13, Section 2] and [28, Section 5]).

Concerning the method in the Reilly’s proof, it basically relies on two main ingredients: first an
integral representation formula, which relates the second symmetric elementary function of the
eigenvalues of the Hessian of a defining function with the mean curvature, and then the Minkowski
formula. For the Levi curvatures, integral representation formulas were proved in |26], whereas
an analogue of the Minkowski formula does not hold in general (see for instance |31, 41] and the
examples in [29]).

Nonetheless, in literature some Aleksandrov-type results for the Levi operator have been proved
under some extra-assumptions [18, (13,133,114, 25, 26, 27]. Most of these results are based on tech-
nical assumptions about apriori symmetries for the hypersurface, or about apriori comparisons
with the classical mean curvature. To the best of our knowledge, the only Aleksandrov-type result
for the Levi curvature which holds true for an explicit class of model hypersurfaces is the one in
[13] (then generalized in [14]). In fact, Hounie and Lanconelli proved in [13] that the balls are
the only bounded Reinhardt domains in €2 whose boundary has constant Levi curvature. Their
proof is based on the following fact: a defining function of a Reinhardt domain in C? depends
on two real variables only, so one can think of the hypersurface as a graph of a function that
only depends on a single real variable. In this way, they reformulated the problem in term of a



(singular) ODE, and they were able to prove a uniqueness result for the given ODE.

In this paper we follow instead a PDE approach, which is inspired by the Jellett’s proof as we just
showed. We shall exploit in a crucial way the strong maximum principle for a suitable subelliptic
operator on the hypersurface. For our main result we do need a technical assumption, named as
condition ([A4l), that we will precisely state later on.

Theorem 1.1. Let M be a starshaped hypersurface in C? having constant Levi curvature and
satisfying condition (Al). Then M is a sphere.

We refer to Section [3] for the precise statement of condition (4]). Let us just mention here that
it is a pointwise inequality involving the position vector and some coefficients of the Second Fun-
damental Form. Although such condition is technical, we do have a significant class of examples
satisfying our assumptions. For instance, the condition (4] is satisfied if the position vector p has
no components along the characteristic direction of M. In particular we can prove the following

Corollary 1.1. Let M = 0N be a starshaped hypersurface in C? with constant Levi curvature.
Suppose Q is a circular domain. Then Q is a ball.

Circular domains are meant in the sense of Carathéodory [6], who studied such domains of C? for
the problem of the analytic representation (see also Cartan [7]). We refer the reader to Section
M for the definitions and further discussions. We remark here that this class of domains includes
as a particular case the Reinhardt domains. At the end of Section ] we will see how it is possible
to recover from our results the Aleksandrov-type theorem by Hounie and Lanconelli.

The paper is organized as follows. In Section 2] we recall the main notions, in particular the Levi
form, the Levi mean curvature, and the sublaplacian. In Section [B] we prove Theorem [[L1} the
role of the Laplace-Beltrami operator in the Jellett’s proof is taken here by a suitable first order
perturbation of the sublaplacian. This choice will also lead to the statement of the technical
condition (). In Section d we finally discuss the main applications of our theorem and we prove

Corollary [ 11

2. Levi curvature and sublaplacians

Since it requires no extra work, we are going to fix the main notions in C"*!: the comparison
between the classical mean curvature and the Levi mean curvature will thus appear more evident.
We will restrict later to the particular case n = 1.

We identify C"*! ~ R?"*2 and we denote by (-,-) and | - | the usual inner product and norm in
R27*2. For a fixed smooth connected orientable hypersurface M, boundary of a bounded domain,
we put v the unit outward normal to M and we denote by V the Levi-Civita connection related
to (-, -). Let A be the Weingarten operator, namely

A:TM - TM, AX :=Vxv,

then



is the Second Fundamental Form of M and H = %

consider the standard complex structure J which is compatible with (-,-) and V in the following

is the mean curvature of M. In C"*! we

sense:

(,y = (J-, T, JV =VJ. (3)

Thanks to J we can define the unit characteristic vector field Xo € TM by Xg := —Jv. The
horizontal distribution or Levi distribution HM is the 2n-dimensional subspace in T'M which is

invariant under the action of J:
HM =TMnNJTM,

that is a vector field X € T'M belongs to HM if and only if also JX € HM. Then T M splits in
the orthogonal direct sum:
TM = HM & RX,.

The Levi form ¢ can be defined on HM in the following way: for every X,Y € HM, if Z =
%(X —iJX) and W = %(Y —4JY), then

UZ,W) = (Vzv,W).

We can compare the Levi form with the Second Fundamental Form by using the following identity
(see 4], Chap.10, Theorem 2):

WX, X) + h(JX,JX)

VX € HM, 0(Z,Z)= :

(4)

Equivalently, we can give the definition of Levi form by using classical complex notations. We
define the complex n-dimensional subspaces

TL()M = Tl’o(CnJrl N TCM, T071M = Tl,OM

where TH9C"*! is the holomorphic space of C**!, ie. the complex space generated by the
eigenvalue +i of J, and TCM is the complexified tangent space of M. Moreover

Ty oM & ToaM = HM, T°M =CXy @ HEM.

The Levi form is then the hermitian operator ¢(Z, W) := (Vzv, W), for any couple of vector
fields Z,W € Ty oM. We will say that M is Levi flat if £ identically vanishes; M is said strictly
Levi-convex if ¢ is strictly positive definite as quadratic form.

Definition 2.1. The Levi mean curvature of M is defined as

I tmce(f)'

n

By @) we get
(2n + 1)H =2nL + h(Xo, Xo)



From now on, we fix n = 1. In this way, the Levi mean curvature is actually ‘the’ Levi curvature.
We consider an orthonormal frame for TM of the form E := {Xg, X1, X2}, where X; € HM is
a unit vector field and Xy = JX;. For j, k € {0,1,2}, we denote by

Mty = (Vx, X5, X)

the coeflicients of the Levi-Civita connection with respect to the frame E. We are going to use
the relations
Iy =-T7, for any 7,5,k =0,1,2. (5)

Let us also denote by
hjk:h(Xjan)v jvk:07172a

the coefficients of the Second Fundamental Form with respect to E. In such a basis we have

hoo  hor  ho2
h=1 hot hi1 hi2

h02 h12 h22

I, = (Vx,X1,Xo) = (Vx,Xo, ) = —hoo (6)
F82 = <VX0X2aX0> = 7<VX0X17V> = h01~

Let us also define the horizontal part of h

hi1 hig
hg =
hiz  hao

We will need the following expression for the connection coefficients.

Lemma 2.1. In our notations we have

Vx,Xo = —hoov+ hoaX1 — ho1Xo
Vx, X1 = —hnv—hipXo+T1HXo
Vx,Xo = —haov+hpXo+ F%QXl
Vx, Xo = —hppv+hinXo+T1,X
Vx,Xo = —hov+hi2X; —hi1Xo

Vx, X1 = —hiav—haXo+ Fngg

Vx,Xo = —hov+hpXi —hi2X>
Vx, X1 = —hov—hepXo+I%Xo
Vx, X2 = —hoav+ho1Xo+T5,X1.



Proof. Tt follows by direct computation, by exploiting @), (&), and (@l). O

Now we need to define a second order subelliptic operator in analogy to the Laplace-Beltrami
operator. Firstly, for any smooth function u : M — R, we define the Hessian of u as follows

Hess(u)(X,Y) = XYu— (V¥Y)u, VX, YeTM,

where
VY =VxY +h(X,Y), VX, YeTM.

We want to consider the horizontal Hessian of u
Hessy(u)(X,Y) = XYu— (V¥Y)u, VX,Y € HM.

The Laplace-Beltrami operator Aj,; acting on u can be seen either as the divergence of the
gradient of u or as the trace of the Hessian of u. It is worth to notice that in this subelliptic case,
the divergence of the horizontal gradient of u and the trace of the horizontal Hessian of u do not
coincide in general. Here we define the horizontal laplacian of M as the trace of Hessy, that is
in our orthonormal frame F

2
Apu =" (X;Xju— (VY X))u) .

j=1

We explicitly remark that there are not first order derivatives along X. In fact, by the properties
of the complex structure J and the symmetries of the second fundamental form, we get

<VAX41X17X0> + <V§/([2X2,X0> = <VX1X27V> - <VX2X13 V> =0.

Remark 2.1. In general Ay is not in divergence form. An easy way to see this fact is by
considering the following identity

Ay =Apg + XoXo — VY Xo.
Now, the characteristic vector field Xy is always divergence free, since we have

divXo = (V, Xo, Xo) + (V¥, Xo, X1) + (V¥, X0, X2)
= (Vx,v,Xa) — (Vx,v, X1) = 0.

Therefore the operator Ay — V%UXO is in divergence form, but the vector field VAX{)XO is not
divergence free in general.

As we mentioned in the Introduction, we are going to deal with a first order (horizontal) pertur-
bation of Ag. For our purposes a crucial role will be played by the strong maximum principle,
namely the fact that the subsolutions of the involved operator cannot have local maxima unless
they are constant. This is exactly the case for operators like Ay + Vi (for a smooth first order
vector field V1) as long as the Levi curvature L is strictly positive in M. As a matter of fact, the
Strong Maximum Principle is a local property and such operators can be written locally in the



form considered in [32, Section 4] (see also |§]). We recall that the main reason is the validity of
the Hormander condition which is provided (if L > 0) by the relation

[X1, Xo] = Vx, X0 — Vx, X1 = 20Xy +T1,X; — T35, Xs.
Summing up, we have the following

(SMP) if L > 0, the operator Ay + V; satisfies the strong maximum principle for every smooth
first order vector field V7 in M.

3. Proof of Theorem [I.7]

Suppose for the moment that M does not pass through the origin. Thus we can always write, at
least locally on M, the position vector p € M as

2
p:Zanj—i—)\V

Jj=0

for some smooth functions a;, j = 0,1,2. We keep on denoting by ¥ (p) = @, for p e M. We

need the derivatives of the functions a; along X; and X,. These are given by

Xi(a1) =14 (p,Vx, X1) =1 — hizao + 5 a2 — hiA
Xi(ao) = (p, Vx,Xo) = h12a1 — h11a2 — ho1 A
X1(a2) = (p, Vx,X2) = hi1ao + I'iyar — hio) (7)
Xo(az) =1+ (p,Vx,X2) = 1+ hizao + T'3oa1 — hao)
Xa(ao) = (p, Vx,Xo) = hazai — hizaz — hoaA
Xg(al) = < ,VX2X1> = _h22a0 + P%16L2 - hlg)\.
We have the following
Lemma 3.1. In our notations we have
Agy =2 —2L\
Proof. First of all we have
ij:<vap>:aj7 J:071a2
Hence we get
(X1)%) — (VX X1)¢ = X1 ((X1,p) — (VX X1,p) =
=1+(Vx, X1,p) = (Vx, X1 + huiv,p) =1 — hy .
and
(X2)*) — (VA Xo)th = Xo((X2,p)) — (VX, Xa,p) =
=14 (Vx, X2,p) — (Vx, X2 + hoov, p) = 1 — hao .
The statement readily follows. O



Now let us define the quantities
A1 = horhi2 — hi1hog, Az = hazho1 — highos,
and we recall that in our notations we have put
Ihr]|* = (h11)? + (h22)® + 2(h12)*.

In the following lemma we differentiate the function A by means of the Codazzi equations. This
is the first time that the constant Levi-curvature condition appears.

Lemma 3.2. If L is constant we have
AH)\ =2L — ||hH||2 A — ((h01)2 + (hog)z) A+ 2(11141 + 2a2A2.
Proof. First of all we have

XA = Xi((p,v) = (p, Vx,v) = aghor + a1hi1 + azha
Xod = Xo((p,v)) = (p, Vx,V) = aohoz + arhiz + azhas.

Therefore we get

(VE XA+ (VI Xo)A =TF, X0\ + T3, X1\ =
= F%(@ohoz + arhis + aghos) + F%g(aohm + a1h11 + azha).

With the aid of () let us compute the last term we need

(X1)°A + (X)X =

= X1(aoho1 + arhi1 + aghar) + Xo(aoho2 + arhiz + azhos) =

= ho1(h12a1 — h11a2 — ho1 ) + ha1(1 — hizag + I3 a2 — hitA) +

+hotr(hi1ao 4+ Tiga1 — hiaA) + hoa(haoay — hizas — hoa) +

+hia(—hasag + T51as — h12A) + hao (1 + hizag + Thpar — hoo)) +
+ag[X1(hor) + Xa2(ho2)] + a1[X1(h11) + Xa(hi2)] + a2[X1(ho1) + Xa(ha2)] =
= h11 + has — ((h11) + (h22)? + 2(h12)* + (ho1)” + (ho2)?))A +

+ho1(arhia — azhi1) + h11a2]-—‘%1 + h21a1F%2 +

+hoa(arhos — ashiz) + hi2aol'sy + hosai Ty, +

+ag[X1(hor) + X2(ho2)] + a1[X1(h11) + Xa(hi2)] + a2[X1(ho1) + Xa(ha2)]-

In order to deal with the three terms into the square brackets, we are going to exploit the Codazzi
equations (see, e.g., |19]) which we can write as follows: for all X, Y € TM

(VXY ) = (V¥h)(X,)
where we have denoted the Bortolotti derivative by

(VAX4h)(" ) = X (h(- )) - h(v%" ) - h('a V%)



With respect to the the first term in the brackets, we have the following relation
Xi(ho1) + Xa(ho2) = (8)
= Xo(h11) + h(V¥, X1, Xo) + h(X1, V¥, Xo) — 2h(VI X1, X1) +
+Xo(ha2) + h(VY, X2, Xo) + h(X2, VA Xo) — 20(VY X5, X5) =
= Xo(2L) — hiahoo + 31 hoa + 2ho1hoa — 205, hig + hizhoo +
+T35ho1 — 2horhoa — 204 h12 =TT hoa + Dashor .
The second term gives
Xi(h11) + Xo(h12) = —X1(ha2) + Xa(h12) =
= —2h(V¥ X2, Xo) + h(VY, X1, Xo) + h(X1, VA, Xo) =
= —2hy1ho2 — 2T'15h1a — hashoz + T3 haz + hizhor + D3ohas.
About the third one, we have
Xi(ho1) + Xa(ho2) = Xi(ho1) — Xo(hi1) =
= h(V¥ X2, X1) + h(X2, VY X1) — 20(VY X1, X)) =
= hirhor + Tishi1 — hashos + T3 hag + 2hashor — 2T% hia.
In all the three terms, besides (@), we used in a crucial way that 2L = hy1 + hos is constant
throughout M. Putting all together, we finally get
Aph = (X1)2A + (X2)°A — (VE X)X = (VI Xo)A =
= hi1 + hop — ((h11)2 + (h22)2 + 2(h12)2 + (h01)2 + (hoz)Q))/\ +
+ho1(a1hiz — aghiy) + hi1asl'3 + horaiTly 4 hog(aihoy — ashis) +
—|—h12a21"§1 + h22a11—é2 + +GO[F%1h02 + Fézhoﬂ +
+a1[—2h11hog — 2T15h12 — hashog + T3 hag + hishor + Taghyi] +
+aslhi1hot + Tiahi1 — hizhoz + T3 hoa + 2hashor — 213, hia] +
—TI'?, (apho2 + arhiz + ashas) — Tas(aohor + arhiy + azher) =
= hi1 + hag — ((h11)? + (ha2)? + 2(h12)* + (ho1)? + (ho2)?))A +
+2a1(ho1hi2 — hi1ho2) + 2a2(haohor — hizho2).

Let us consider the function v : M — R defined as
u= L — A\
From the previous lemmas we deduce that
Apu= ([hal® = 2L)A + ((hor)* + (ho2)*))A — 2(a1 Ay + azAs)

if L is constant. The term (||hg||> — 2L?)\ is the exact analogous of the Euclidean case (). The
inequality (Il) applied to the matrix hy and the starshapedness assumption imply the nonnega-
tivity of such term. The problem relies on the remaining term, for which we have no clue about

10



its sign. Even more importantly, we don’t have a significant class of examples for which we can
guarantee that ((ho1)? + (ho2)?))A — 2(a1A; + azAz) > 0. This is the reason why we introduce
a first order perturbation of the horizontal laplacian Ag. Such a choice is motivated by the
applications we will present in the next section.

Thus, let us consider the following horizontal vector field

V = V¥ Xo = hoa X1 — ho X2 € HM.
The subelliptic operator we want to deal with is the following
L=Ag+4V.

Remark 3.1. We saw in Remark [21] that Ay — V s in divergence form: it is in fact the
divergence of the horizontal gradient. Hence, our operator L is (in general) neither the trace of
the horizontal Hessian nor the divergence of the horizontal gradient.

Let us also define the following quantity

R :=2L(a1hos — asho) + (a1 41 + a2 As) — ((ho1)? + (ho2)?) .
The following lemma says that we do have an average information on R under the constant
Levi-curvature assumption.

Lemma 3.3. Suppose that L is constant on M. Then it holds

/ R do = 0.
M

Proof. The first step is to prove that the vector field
W =JV = hp X1 + ho2Xo
is divergence free. In fact we have
divW = (VX W, Xo) + (VY W, X1) + (VX W, X3) =

= ho1lf; + hoal8s + X1(ho1) + hooT'is + ho11'5; + Xa(ho2) =
ho1T'91 + hoaT'Qy = —hothoz + hozhor = 0.

Here we used (@), (@), and the Codazzi equation () (for which the fact that L is constant is
needed).
Moreover, if we differentiate the function ag along W we obtain by ()
W(ao) = hoXi(ao) + ho2X2(ao) = 9)
= hoi(arhiz — aghiy — Ahor) + ho2(arhes — aghia — Ahog) =
= a1A; + azAs + 2L(arhoz — azhor) — ((ho1)? + (ho2)®)) A =
= R.

Now, since M is closed, by the divergence theorem we have

/Rdcr:/ W(CLQ)dO':*\/ ap diviW do =0
M M M

and the lemma is proved. O

11



This means in particular that the function R has to change its sign, unless it vanishes identically
on M. Our key assumption, which we have already mentioned in the Introduction, is that we
require a pointwise information for R. Precisely, in Theorem [[.1] we assume the following

(.A) 3((h01)2 =+ (h02)2)))\ +2R>0 Vp e M.

From the last lemma we know that the condition (4] is surely satisfied in average, under the
starshapedness hypothesis.

Let us note that, if hg; = hga = 0, then R = 0 and condition (4] is satisfied. The vanishing
at every point of hg; and hge means that the characteristic vector field X is an eigenvector for
the Weingarten operator, which is exactly the definition for M to be of Hopf type (about this
subject, see [3, 120, 130, 31]). We recall, for instance, the rigidity result in [18] where it is assumed
a parallelism condition for the horizontal distribution which implies, in particular, to be of Hopf
type. Moreover, Hopf hypersurfaces are classified in general complex space forms, and symmetry
results can also be found in [35, 138, [39, 40, 117, 134, 13, [25].

Before discussing more in depth how we can guarantee the validity of condition (A]), we now
complete the proof of our theorem.

Proof of Theorem [l Without loss of generality we can assume that M is starshaped with re-
spect to the origin, namely A(p) > 0 for all p € M. In particular 0 ¢ M. We consider the
function

w= L — \

and we compute Lu. Lemmas 3] and tell us how to compute Apgu, since L is constant on
M. We are left with Vu. We get

Vu = hgpXiu—hpXou=
= hea(Lar — aghor — arhi1 — azhay) +
- h01(LG2 —agho2 — arhi2 — a2h22) =
= L(athoz — azho1) + a1 A1 + a2 As.

Hence we have

Lu (Ihal? = 2L)A + ((hor)? + (ho2)*))A +
4L(arhoz — azho1) + 2(a1 A1 + agAs) =

(Ihe ) = 2LHX + 3((ho1)? + (ho2)?)) A + 2R.

+

The condition (), the starhapedness, and the algebraic inequality (@) applied to the matrix hp
imply that
Lu>0 in M,

i.e. u is a smooth subsolution for £. On the other hand, since M is compact, © must have a
maximum point. From the strong maximum principle for £ (SMDP)), u is forced to be constant.
Let us remark explicitly that we need L > 0 to ensure the (SMP)-property. This is exactly
the case in our situation: the compactness of M says that L has to be positive somewhere and
therefore everywhere since L is constant.
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The fact that u is constant is saying that Lu = 0. Since 3((ho1)? + (ho2)?))X + 2R > 0, we get
(|he||*> = 2L*)XA = 0 and thus
| ||* = 2L

having A > 0. This is the equality case in ({{l) which implies that hy is a multiple of the identity
matrix. This is a horizontal umbilicality condition for M, with no information on the coefficients
ho1, ho2, and hgg. Still, this is sufficient to conclude that M is a sphere thanks to our result in
[27]. The horizontal umbilicality says that h1; = haz and his = 0. The hypothesis (H) in |27,
Theorem 1.1] (case ¢ = 0, n = 1) is thus satisfied, and the theorem applies. Therefore M must
be a sphere. O

4. Applications

In this section we want to go back to condition (4], and discuss the main application of Theorem
[CT We want to point out that condition () is easily satisfied under the starshaped assumption
if ag = 0. Recalling that ag = (Xo,p) = (v, Jp), the vanishing of ag is equivalent to say that p
has no components along the characteristic direction or that Jp is tangent.

Corollary 4.1. Let M be a starshaped hypersurface in C? with constant Levi curvature. Suppose
that Jp is a tangent vector field. Then M must be a sphere.

Proof. In [@) we saw that R = W(ag). Thus, under our assumption, R is not just vanishing in
average but we actually have R = 0. The remaining quantity involved in condition (4 is then
3((ho1)? + (ho2)?))X which is of course nonnegative if M is starshaped. Therefore, Theorem [1]
applies. L]

The condition ag = 0 is more geometrical than technical. Under non-flatness, it is equivalent to
say that the tangent part of Jp is a Killing vector field. Indeed, the fact that Jp — agv is Killing
is equivalent to have

(Vu (Jp—apv),V)+ (Vv (Jp—apv),U)=0 VYU,V €TM.
On the other hand, by (@), we have
(Vu (Jp—aov), V) + (Vv (Jp —apv) ,U) =
= <VUp7 JV> + <va7 ‘]U> — Qg (<VUV3 V> + <VVV3 U>) =
= (U, JV)Y+(V,JU) — 2a0h(U, V)
= —2a0h(U, V)
However, under the assumptions of our result, the second fundamental form cannot be the null

form since L has to be a positive constant. Thus, the Killing property is equivalent to the
vanishing of ag.

Let us specify the meaning of the property ag = 0 explicitly in terms of a defining function for
M. So, let
M=0Q={2€C?: f(2) =0} and Q={z€C?: f(z) <0}
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for some smooth f: C2 — R (with Vf # 0 on M). We identify C? ~ R*, with z; = z; + iy; (for
j=1,2), and we write f(z1,22) = f(z1,y1,%2,y2). Then we have

1
V= 93183?1+ 161+ 126962+ 2 2
Ivf|<f FinOon + fanDos + Fuia),
Xo=—-Jv= \Vf| (fy1 Ty f:zzlayl + fyzazz - fwzayz)
(for us JO,; = 0y,). Therefore
<p7 X0> Ivf‘ (mlfzn - ylfm + 952fy2 - y2facz) . (1())

Definition 4.1. An open set Q C C? is said to be circular (with center at the origin) if

(21,20) €Q = (e"2,€e2) € Q

for all 6 € R.

Circular domains were investigated by Carathéodory and Cartan (respectively in [6] and in [7])
for the problems of the analytic representation. Moreover, Cartan studied the role of the circular
starshaped domains (cerclé étoilé in [7]) and he proved that holomorphic functions in a circular
domain extend holomorphically to the smallest circular starshaped domain containing the initial
domain. It is due to Cartan also the fact that holomorphic functions in a circular domain can be
expanded in series of homogeneous polynomials, and the fact that the only automorphisms of a
bounded circular domain preserving the origin are linear (see also [21]).

For our purposes it is important to notice that a defining function of a circular domain 2 can
be written actually as a function of three real independent variables. In fact (see also [G]), if we
write z; = |2z;] €%, then (21, 20) € Q iff (€/(%1792) 2|, |25]) € Q. Thus a defining function f for O
can be written

JGr22) = k(|2 1zl |l 22l os(@r — 02), 2] |22 sin(0r - 62))
= h(2] +yi, 23 + Y3, 2132 + Y1y2, Y122 — T192) - (11)
Hence we can directly check that ag = 0 for circular domains, and prove Corollary [[11

Proof of Corollary[Idl Suppose € is a circular starshaped domain whose boundary has constant
Levi curvature. If we write a defining function for M = 99 as in (), by ([I0) we get

apg = (1(2y1h1 + yohs + x2hy) — y1(221h1 + 22h3 — Yy2ha)+

|Vf|
+22(2y2h2 + y1hs — x1ha) — Y2 (20202 + x1h3 + y1ha)) =

1
= V7 (2(x1y1 — Y1) by + 2(z2y2 — Yox2)ho+

+(x1y2 — yaz2 + T2y — Yox1)hs +
+(x1xe + Y1y2 — T2x1 — Y2y1)ha) =
= 0.

Hence ag = 0 in M, and Corollary [£1] applies. O
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Reinhardt domains form a special class of circular domains. We want to show that for such
domains we can improve our result. Let us recall the definition.
A Reinhardt domain €2 (with center at the origin) is an open subset of C? such that

if (21,20) €Q then (e12),e"%22) e Q (12)

for all the real numbers 67, 65. These domains were introduced by Reinhardt in [37], and they
naturally arise in the theory of several complex variables as the logarithmically convex Reinhardt
domains are the domains of convergence of power series (see, e.g., |21, 12, [15]). In comparison
to circular domains, they enjoy one more symmetry since one has (z1,22) € Q iff (|21],|22|) € Q.
Thus, a Reinhardt domain 2 can be naturally described with a domain in R?, and 99 as a
curve in R%. The fact of having constant Levi curvature gives rise to an ODE for the function
parametrizing such curve. This is what Hounie and Lanconelli considered in [13]. To be more
precise, by writing locally the defining function f(z1, 2z2) as F(|22|2) - \zl|2, they showed that F
has to be solution of the ODE

SFF" = sF'? — L(F + sF'*)3/2 — FF'.

They proved a uniqueness result for the solutions to this degenerate second order ODE starting
at s = 0, which lead to their Aleksandrov-type theorem. Their technique has then been used in
[14] to prove an Aleksandrov theorem for bounded Reinhardt domains in C"*! with an additional
rotational symmetry in two complementary sets of variables. Still for Reinhardt domains in C*+!,
in [24] the first named author proved a similar result of symmetry considering the characteristic
curvature h(Xg, Xo) rather than the Levi one.

Here we want to show that from our Corollary [Tl we can recover Hounie-Lanconelli result in
[13], namely that

the only bounded Reinhardt domains in C? whose boundary has
constant Levi curvature are the balls.

What we have to show is that, for the case of Reinhardt domains, the starshapedness assumption
is not needed. In fact it happens something similar to what we pointed out in Remark [[LT] for the
case n = 1 in the classical Jellett theorem.

Lemma 4.1. Let M be the boundary of a bounded Reinhardt domain Q in C2. If the Levi
curvature of M is strictly positive for any p € M, then § is starshaped with respect to the origin.

Proof. Let us consider a defining function f : C?> — R depending only on the radii in the following
way: let g : Rt x RT — R such that

f(z1,22) = g(s1,82) = g(5),  sp=——=—""7—", k=12
We first compute the function A in this case:

2(s191 + 5292) _ A
V£l V£l

A= <p, V> = <(x17y17x21y2)7l/> =
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with A = 2(s191 + s292). We have to prove that the function \is strictly positive, for any p € M.
We use the explicit formula (see [32] for instance) to compute the Levi curvature of M in term
of a defining function. When applied to this case, it becomes

Xglgz + 251899
L= : 13
N (13

where we have denoted by
Dy = g3911 — 29192012 + 91922

the term involving the second derivatives of g. We consider the following set in R? defined by the
function g
M, ={s€R?*:g(s) =0, 51 >0, so > 0}.

M is a curve in the first quadrant: it is smooth and well defined up to the axes s; = 0 and
s9 = 0. Let us consider the following function

n = (s,v(My))ge,

where v(M;) denotes the outward unit normal to M;. Basically n measures the starshapedness
of M with respect to the origin in R2. Now let us suppose that 7 vanishes at some point 5 € M;
therefore the curvature K(Mj) of M; would be non-positive at the same point § € M;. We can
compute

|Vgl? I

K(M,) = 3911 — 2g192912 + 93920 Do

and _
5191 + 8202 1 A
n={(s,v(M;))gz = == .
’ Vgl 2|Vy|
Since both |Vg| and |V f| never vanish for s € M; or p € M, assuming that there exists a point
p € M such that A(p) = 0 is equivalent of saying that there exists a point § € M; such that
n(5) = 0. Then D3(5) = D3(p) < 0, and thus by the formula (I3]) we would have L < 0 at p
which is a contradiction.
This proves that A cannot vanish. Since it must be positive somewhere, it has to be positive
everywhere. O
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