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Energy decay in Green—Naghdi thermoelasticity with

diffusion and dissipative boundary controls

Barbara Lazzari Roberta Nibbi

Abstract

We study the asymptotic behavior of the solutions of a 3-D hyperbolic system
arising in the Green—Naghdi models of thermoelasticity with diffusion of type II
and III, in presence of dissipative boundary controls and prove that the energy

exponentially decays in time.

Introduction

Diffusion in solids is an important topic in industrial applications, in fact diffusion
processes play a key role in the kinetics of many micro-structural changes that occur
during processing of metals, alloys, ceramics, semi-conductors, glasses, and polymers.
Moreover thermodiffusion processes have a crucial role in aero-spatial and energetic
engineering when studying, for example, the reentry from the space of vehicles and
processes of extraction of oil.

Thermodiffusion in an elastic solid is due to the coupling of the fields of temperature,



mass diffusion and that of strain. Nowacki [1, 2] developed the theory of thermoelastic
diffusion in the context of the coupled thermoelastic model making use of the Fourier
and Fick Laws for the heat and mass diffusion fluxes respectively. A brief survey on this
theory and its applications can be found in [3]. Subsequently, Sherief et al. in [4] have
proposed a theory which resolves the paradox of infinite propagation speeds. In this
new theory the Fourier and Fick Laws are replaced by a Cattaneo-Maxwell type law (see
e.g. [5]), which allows finite speeds of propagation of both thermal and diffusion waves.
In the context of this generalized thermoelastic diffusion theory, various important
problems have been considered (see for example [6, 7, 8, 9, 10] and references therein).
Other interesting results have been obtained considering the effects of the Cattaneo-
Maxwell type diffusion within the Green Nagdhi generalized thermoelasticity [11, 12].

Recently, another theory of thermoelastic diffusion with finite speeds of propagation
has been presented in [13]. Here both the constitutive laws for heat and diffusing mass
fluxes obey to Green—Naghdi type laws [14, 15]'.

The Green—Naghdi model of type II for thermoelasticity with diffusion leads to a
conservative system. In this paper, following the approach proposed in [16, 17|, we

deal with the asymptotic behavior of solution of the thermoelastic diffusion system

! Green and Naghdi developed a thermo-mechanical theory of deformable continua that relies on
an entropy balance law rather than an entropy inequality, where the heat conduction does not agree
with the usual one. They proposed the use of the thermal displacement

t
a(x,t) = t 0(x, s)ds + ayp,
0

where 0 is the empirical temperature, and considered three theories labelled as type I, II and III,
respectively. The type I thermoelasticity coincides with the classical one; in type II, the heat is
allowed to propagate by means of thermal waves but without dissipating energy and, for this reason,
it is also known as thermoelasticity without energy dissipation. The type III thermoelasticity includes
the two above-mentioned theories as particular cases.



in presence of mechanical and thermal dissipative boundary controls (see, for example,
[18]), via semigroup theory. Within this approach, we don’t need an additional damping
for the diffusion on the boundary to obtain the exponential decay of the energy. Instead,
the Green-Naghdi model of type III, introducing internal thermo-diffusive dissipation
effects, allows to get exponential stability in presence of mechanical dissipative boundary
controls only.

The outline of the paper is the following. First we recall the basic equations of
the linearized theory of thermoelastic diffusion without energy dissipation derived in
[13] and prove existence, uniqueness and regularity of solutions for the relative initial
boundary value problem. Then, we develop the needed estimates and prove the ex-
ponential decay of the energy. Finally, we extend the previous results to the type III

model and propose some generalizations of our results.

Setup of the problem

We consider a linear homogeneous anisotropic thermoelastic diffusion solid in a bounded

open set Q of R? with regular boundary 9 such that
00N = 00, U0y, 00 NONy, = ptyset, meas {0} # 0

where

0 ={zx € 0Q; (x — o) -n(z) >d> 0}

00y ={z € 0Q; (x — x¢) - n(z) <0}



for a suitable 2y € R? and a given constant d.
The requirement (1) implies that 2 be strongly star shaped with respect to z.
The dynamic problem is described through the balance equations of the linear mo-

mentum, the entropy and the mass in the context of the linearized theory

pu(x,t) =V -T(X,t) + pf(x,t)

pS(x,t) = =V - q(x,t) + ps(x, t) (2)

C(x,t) = =V -n(x,1)

where p > 0 is the (constant) mass density, u it the displacement vector, T is the
stress tensor, f is the body force per unit mass, S is the entropy per unit mass, q is the
heat flux, s is the external heat source density, C' is the concentration of the diffusive
material in the elastic body and 1 denotes the flow of the diffusing mass vector.

In this linear theory of Green Nagdhi type [14], we introduce the thermal displace-
ment 7 whose derivative coincides with the temperature # and, in a similar way, the
scalar function g related to the chemical potential by the equation ¢ = P.

For this model, the compatibility with the Principles of Thermodynamics leads to



the following constitutive equations (see [13])

T =AVu+ B0 + CP

pS=—B-Vu+ch+ kP

q=—-KV7-DVp (3)
C=—-C-Vu+rl+mP

n=-HVp—-DVr

where A is a constant fourth order symmetric tensor positive definite, B, C, D, H and
K are constant second order symmetric tensors, ¢, x and m are constants, such that

there exist two positive constants ¢; and ¢y for which

KV7-V7+2DV7-Vp+HVp Vo > ¢ [[Vr]* +|Vgl?] n
ch? + 2k PO + mP? > ¢, (92 + PQ)
Moreover, as coupling is considered, the tensors B, C, D and the constant x are assumed
to be non vanishing and, apart from (4), no further hypothesis needs to be taken into
account.
By introducing the constitutive equations (3) into the balance equations (2), we ob-

tain the following evolutive equations for the theory of thermoelastic diffusion materials



without energy dissipation (i.e. Green Nagdhi type II)

pu(x,t) =V - [AVu(x,t) + BO(x,t) + CP(x,t)] + pf(x,1)
cr(x,t) =B - Vu(x,t) + V- [KV7(x,t) + DVp(x,1)]
- H@(Xa t) + pS(X, t)

m(x,t) =C-Vua(x,t) + V- [HVp(x,t) + DV7(x,t)] — k7(x,t)

As for the boundary and initial conditions we assume

T(x,t)n(x) = —Au(x,t), q(x,t) n(x)=pr(x,t)
X € 0
n(x,t)-n(x) =0 (6)

u(x,t) =0, 7(x,t)=0, pxt)=0 x € 0f)9

with A and g non-negative constants,

u(x, 0) = uO(X)a T(X7 O) = TO(X)’ @(X7 O) = @0(X)
x € (7)

(x,0) = vo(x), 7(x,0) =60p(x), ©(x,0) = Py(x)

From now on we shall drop the x variable whenever no ambiguity arises. In the sequel,

we shall refer to problem (5)—(7) as to problem (P).

Well-posedness

In this section we shall prove the well-posedness of problem (P) via semigroup theory.

To this aim we transform the initial-boundary-value (P) into a first order abstract



Cauchy problem, following the formalism adopted in [13] for the same problem in
presence of homogeneous Dirichlet boundary conditions (i.e. when 0, = ptyset).

By introducing U = (u,v, 7,0, p, P), problem (P) can be rewritten as follows
Ut) = AU + F(t), U(0) =Uo (8)

where U is the initial data set, F is related to external sources, while the operator A
is defined through the differential system (5). The technical procedure to define A, and
consequently F, can be found in [13].

The natural setting in which to look for existence and uniqueness of solutions is the
phadmissible states space K, consisting in those functions U for which the total energy
related to the problem (P)

& :% / [pv]* + ¢c|0]* 4+ 2k0P + mP?] dx
Q

1
+ 3 / [AVu-Vu+ KV7rVr+2DV7-Vp+ HVp- V| dx
Q

is well defined.

We observe that, as a consequence of the assumptions (4), the integral
2 2 2
/ [olv[? + cl6f + 2x6P + m|PP’] dx
Q

defines a norm that is equivalent to the usual norm in L*(Q) x L2(Q2) x L?(), where



L2(Q) = [L(Q)]*; moreover, thanks to the first Korn and the Poincaré inequalities,
/ [AVu-Vu+ KV7' V7 +2DV7-Vp+ HVp- V| dx
Q

defines a norm that is equivalent to the usual norm in Hy (Q) x Hj_ () x H_ (€2), where
Hi (Q) = {f € H'(Q); f = 00n 9} and Hy (Q) = [H&Q(Q)P. We can therefore

conclude that
K =L*(Q) x L*(Q) x L*(Q) x Hy,(Q) x Hy () x Hy, (Q)
and the natural inner product in I, related to (9) is

((w,v,7,0, 0, P), (0", v*, 7%, 6%, %, P%)) =

/ [pv - V" + 0" + k(0P* + 0" P) + mPP*| dx + / AVu - Vu'dx
Q Q

+ / [KVT VT +HVp- Vo' +DVr Ve +DVr" - V| dx
Q

The domain of the operator A is the dense subset of D defined by
D(A) ={U € K : AU € K and boundary conditions (6) on 92, hold}
It easy to show that for U € D(A)

Range(Z — A) =K



and, if U is solution of (8), then

< AU U >= —/ [Av]> + plf]*] da <0
oM

Therefore, from the Lumer-Phillips corollary to the Hille-Yosida theorem [19], the op-
erator A generates a semigroup of contraction in K.
Finally, making use of the results obtained in [20], it is possible to state the following

theorem establishing the well posedness of problem (P) in  x R*.

Theorem 1 If F € W'P(R*; L*(Q)) and Uy € D(A), then the system (8) admits one

loc

and only one strict solution U € C*(R*; K) NC(R*; D(A)).

Exponential decay

In order to show that an exponential decay of the energy (9) occurs over time, we

assume that
(hy) meas{0§%} >0,1=1,2,
(he) the constants A and p in (6) must be positive,

(h3) the tensor C? is positive definite i.e. there exists v > 0 such that

[Cw|* > y|wl? (10)

Condition (10) ensures a strong coupling between mechanical and diffusive effects.

The main result of this section is the following theorem.

9



Theorem 2 Let U be a solution of (8) with initial data Uy € D(A) and null sources.

If the conditions (hy), (hg) and (h3) hold, then
E(t) < d,7°11E(0)

where 01 and 6o are two positive constants.

In order to prove the above theorem, following [18], we introduce the functional
L, (t) = (t +10)E(t) + G(1)

with

G(t) :p/Qv(t) -[Vu(t)€ + u(t))dx
+ /[c@(t) — B - Vu(t) + kP(t)][VT(t) - £+ 7(t)]dx

+ /[mP(t) — C-Vu(t) + k0(t)|[Ve - £ + pldx
Q

where £(x) = (x — Xq), and prove the following key result

Lemma 1 Under the hypotheses of Theorem 2, the following inequality holds

G £+ 5 [ RO+ ulr(o] da] <o (1)

for ty be sufficiently large; moreover there exists a positive constant 3, such that

Li(T) = L1y (0) = (T +to = HE(T) = (to + )E(0) (12)

10



forT' > 0.

Proof. Since the time derivative of L is
Ly () = (t+1)E) + E(t) +G (D) (13)

we need to estimate £ and G when U is a solution of (8).
Applying the divergence theorem, recalling the symmetry of the constitutive tensors

and the boundary conditions (6), it is easy to show that

Et) = / [T(t)n-v(t) —q(t) -nd(t) —n-nP|da
o (14)
- /ag [MVI? + pl6]*] da <0

11



while

Q
=
I
|
O
=
+

[po(t)]? + c0*(t) + 260(t) P(t) + mP?(t)] £ - nda
o0

T(t)n - (Vu(t)l + u(t)) — %AVu(t) Vu(t)e. n} da

DN | —

+
=2

2
fy
| —

q(t) -n(Vr(t) - L+ 7(t)) — %q(t) -VT(t)e- n] da

n(t) - V()€ - nda

+

_.I_

AVu()n - (Vu(t)e) — %AVu(t) - Vu(t)e- n} da

2
N

alt) - n(Vr(t) - £) — %q(t) Vr(t)e- n} da

2
)

= [ a0 n(Tott)- 0 - Sn(0)- Vol n) da
0Qs L

™

(t) + Loa, () + Loa,(t)
Since it is known that the condition wjgq, = 0 implies Vw = (Vw - n)n on 9y, then

1
1392(25):5/89 [AVu-Vu—q-V7—n-Vgp|£- nda

(15)
= —/ [AVu-Vu+ KV7-V7r+2DV7-Vp+ HVp-Vp|€-nda <0
09

in virtue of the assumptions on the constitutive coefficients and (1),.

We now proceed to estimate the various terms of Isq,.

12



Preliminarily, we provide an estimate for P?. By virtue of (3); and (10), we have

P2 < %|P(t)Cn|2 < % (IT(t)nf? + [AVu(t)n — 6(t)Bnf’]
(16)

2 2 # u . u e} 2

<> IT(t)n|? + T Ik\)Av (t) - Vu(t) + a,|0(t)]

where, in the last inequality, we have used the positive definiteness of A and classical

AGM-inequalities with a; suitable positive constant. Moreover from the hypotheses on

the constitutive equations and (1); we get

/{m [q(t) - VT(t) +n(t) - Vp(t)] £ - nda
= — /aﬂ K(t)V7(t) - V7r(t) + H(t)Vp(t) - Vo(t)] £ - nda
—9 D(t)V7(t) - V()€ - nda -
oM

< - /89 [IV7(&)]? + [Ve(t)]?] £- nda

< —cld/m (Ve () + [Vo(t)?] da

As a consequence of (16) we obtain

/BQ [olo(®)? + cl(6)2 + 260(0)P(t) + m|P(t)"] £ - nda
< [P + (e IDIBOP + -+ 6)P0)] € nida (13)
o0

2 2 5 1
S/anl [p\v(m + o T(#)n" +as|0(t)]" + SAVu(t) - Vu(t)| £- nda

with as and ag positive constants.

13



Through the same arguments of the previous inequality and taking into account the

boundary conditions (6) we have

/ [T(t)n ~(Vu(t)l+u(t)) — %AVu(t) -Vu(t)e - n] da
o0

(19)
< /a . [a4\T(t)n]2 - %% a(t)? }IAVu(t) Vu(t)e- n} da
- / a(t) - n[Vr(t) - £+ (1)) da
9 (20)

1 d
<5 [ fasla® nP = p G r@OF +eid Ve | da

with a4y and a5 positive constants depending on d, on the diameter of €2 and on the
positive coerciveness coefficients of A and ¢;.

The inequalities (15)-(20) allow to evaluate G as follows

G(t) < —E(t) + Iga, (1) < — E(t) + /m (| v (1) [* + 7] 0(¢)*] da

L P + ulr(0)?] da

1 (21)

with ag and a7 suitable positive constants. Therefore, substituting (14) and (21) into

(13), we obtain

% [Eto(t) + % /BQ1 [IMa(®)]? + p|7 ()] da}

<o — At + to)]/

8mW@Wm+Wr#W+%ﬂ/ 6(1) da

o

By choosing t, sufficiently large we get (11).

14



Since

(t+10)E() = [G(0)] < Liy(1) < (E+10)E(1) +|G(2)]

to prove (12), it is sufficent to estimate |G|. Using the Poincaré inequality, together

with the hypotheses of positive definiteness of the constitutive coefficients, we have

6] < \p [ Vo) 19utie+ ujax

+

/ [c0(t) — B - Vu(t) + +kP0)]|[V7(t) - £+ 7(t)]dx

+ / (1) — B - Vu(t) + +xP(0)][V7(t) - £ + 7(t))dx
g% /Q [p]v(t)]Q + SAVu() Vu(t)} dx

+ % /Q [Cle(t”? + 260(t) P(t) +m|P(t)|* + %AVU.(t) . Vu(t)] dx

+ % /Q [K()Vr(t) - Vr(t) + H(t)Vpl(t) - V(b)) dx

Letting 8 = (1 + f2, we obtain (12).

We are now able to proceed to prove the main result of this section.

Proof of Theorem 2 Taking t, sufficiently large and integrating (11) from 0 to T" we

get
£0(T) = £a(0) < =5 [ [N+ uir(T)F] da+ by < iy (22)
where
b= [ RO+ pir(O)F] da

15



Finally, from the comparison of (12) and (22), it follows that

(to + B)E(0) + Iy

&) < T+1t—f

(23)

Estimate (23) ensures the exponential decay of £ thanks to the semigroup properties

proved in the preceding section (see, for instance,[19, Theorem 4.1]). O

Some results on the type III model

Here we extend the results of the previous section to the type III model, characterized
by the following constitutive equations for the heat and diffusing mass flux vectors
q=-KVr—DVp—KVI—DVP

N - (24)
n=—-HVp—DVr—HVP - DV

where R, H and D are second order symmetric tensors, which satisfy the following

restriction
KV0-V0+2DV0-VP+HVP VP > c; [|[VO] + |VP?] (25)

with c3 positive constant.
Taking into account the thermal and diffusive internal dissipative effects due to the
constitutive equations (24), we are able to get exponential decay results also without

the boundary dissipative thermal control. For this reason we here consider the following

16



conditions on 0€);

T(x,t)n(x) = —Au(x,t), q(x,t) - n(x) =n(x,t) -nx) =0 x €I (26)

together with the Dirichlet boundary conditions (6); on 9€2.

Using techniques similar to those employed in the previous section, it is possible to
state that this new evolutive problem is well posed (see also [17]). In order to prove the
exponential decay in time of the energy, we replace the auxiliary functional £;, with
the following

My, (t) = (t +t0)E(t) + H(1)

where

H(t)=2p | v(t) - [Vu(t)e + u(t)|dx

+ [ [cB(t) — B - Vu(t) + cP(t)]7(t)dx

+

S—

[mP(t) — C-Vu(t) + k0(t)]pdx

To evaluate its time derivative

My, (t) = (t+10)E(L) + E(t) + H(t)

we observe that from the boundary conditions (26)—(6)s and the restriction (25), we

17



get

E(t) :/aQ T(t)n - v(t)da
- / [KVQ(t)-V@(t)+2]5V0(t)-VP(t)+ﬁVP(t)-VP(t) dx
Q

< —/ /\|v(t)|2da—03/ V0P + [VP(@)] dx < 0
o0 Q
while

H(t) = —E(t) — %/Q [AVu(t) - Vu(t) + p|v(t)]?] dx

_ % /ﬂ KV (1) - Vr(t) + 2DV7(t) - Vo(t) + HVp(t) - Ve(t)] dx
- /Q [KV6(t) - V7(t) + BV P(1) - V(1) | dx

_ /Q [BY6(1) - Volt) + DV(r) - VP(1)] dx

+5 [ [elooF +26P(@0(0) + m|P(o)) ax

+ /Q B Vu(t) [2V6(t) - £ + 0(¢)] dx

+ [ € uln pYP() -+ P(1) dx

+ /8 2T(0n- (Vu(t)e-+u(t) - AVu(r) - Va()e-n] da

= [ oVOF 20008+ PO)C) - Vu(t] £ nda

= —E(t) + Jalt) + Joa(t)

18



therefore

M) < (e +t0) | [ AwoPda-a [ [Vo0F + 9207 dx

Q

+ Jg (t) + Jan (t)

Making use of the classical AGM and Poincaré inequalities, we get the following estimate

for JQ
Jo(t) §c351/ﬂ [IVO)|* + [VP(1)]?] dx

moreover, the application of the trace theorems to estimate P and 6 on 0f2 in terms of

V6O and VP in Q leads to

o) < - 2L [ ju@)Pda
dt Jyo,

+ 30y /Q [IVO()]? + [V P(t)[2] dx + Ads / v(t)|2da

o

As a consequence of the above inequalities, we can conclude that

%{Mto(t)Jr/\/ml ]u(t)\zda} < —)\(t+t0—53)/8 Alv(t)[2da

1951

—c3(t+to— 01 — (52)/ [‘V@(i)‘Q + ’VP(t)]Q] dx <0

for tg > 01 + 09 + 3.
Finally, since also My, satisfies (12), Theorem 2 ensures the exponential decay of

the energy in this type IIT model.

19



Conclusion and discussion

In this paper we have considered the Green Nagdhi model for thermoelasticity with
diffusion, proposed in [13]. The absence of internal dissipation in the type II model
suggests the introduction of suitable dissipative controls to obtains asymptotic decay
results for the solutions of the evolutive problem.

Here we have restricted our attention to three-dimensional strongly star-shaped
bounded domains and introduced particular linear boundary controls of viscous type
(6)1, to describe an energy absorbing surface. We underline that the boundary condi-
tion m - n = 0 is conservative, but the strong internal coupling (10) allows to get the
exponential decay of the full thermo-diffusive-elastic energy (9).

Moreover, in the type III model, which exhibits thermal and diffusive internal dis-
sipation, the exponential decay of the energy is obtained with only one mechanical
dissipative control on the boundary.

It is worth to observe that these results can be easily generalized to boundary

controls of memory type such as those proposed in [21]:
T(x,t)n(x) = - a(x,t) —I—/ v(s)u(x,t —s) —u(x,t)]ds
0

Boundary conditions of this kind are dissipative under suitable restrictions on A and
on the memory kernel v, but results about the exponential decay of the energy are
obtained if and only if X is positive and v exhibits an exponential decay behavior [22],
ie.

d
— > — > >
v(s) <0, dsy(s) >0, dsy(s) +kv(s)>0, s>0

20



with k£ > 0.

Finally, we recall that the requirement meas{0€;} > 0 can be eliminated (see for
instance [18]). In the case meas{0€s} = 0, we still get the exponential decay of the
energy, while the solution (u, 7, ) tends to a constant value equal to the mean value

of the initial data (uo, 70, o)
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