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Explicit implied volatilities for multifactor local-stochastic volatility

models

Matthew Lorig * Stefano Pagliarani ' Andrea Pascucci *

This version: December 1, 2014

Abstract

We consider an asset whose risk-neutral dynamics are described by a general class of local-stochastic
volatility models and derive a family of asymptotic expansions for European-style option prices and im-
plied volatilities. We also establish rigorous error estimates for these quantities. Our implied volatility
expansions are explicit; they do not require any special functions nor do they require numerical inte-
gration. To illustrate the accuracy and versatility of our method, we implement it under four different
model dynamics: CEV local volatility, Heston stochastic volatility, 3/2 stochastic volatility, and SABR

local-stochastic volatility.

Keywords: implied volatility, local-stochastic volatility, CEV, Heston, SABR.

1 Introduction

Local-stochastic volatility (LSV) models combine the features of local volatility (LV) and stochastic volatil-
ity (SV) models by describing the instantaneous volatility of an underlying S by a function o(t, S, Y:)
where Y is some auxiliary, possibly multidimensional, stochastic process (see, for instance, [Lipton (2002),
Alexander and Nogueira (2004), [Ewald (2005), Henry-Labordere (2009) and |Clark (2010)). Typically, un-
observable LSV (or SV or LV) model parameters are obtained by calibrating to implied volatilities that are
observed on the market. For this reason closed-form approximations for model-induced implied volatilities
are useful. A number of different approaches have been taken for computing approximate implied volatilities
in LV, SV and LSV models. We review some of these approaches below.

Concerning LV models, perhaps the earliest and most well-known implied volatility result is due to
Hagan and Woodward (1999), who use singular perturbation methods to obtain an implied volatility expan-
sion for general LV models. For certain models (e.g., CEV) they obtain closed-form approximations. More
recently, [ILorig (2013) uses regular perturbation methods to obtain an implied volatility expansion when a LV
model can be written as a regular perturbation around Black-Scholes. Jacquier and Lorig (2013) extend and

refine the results of [Lorig (2013) to find closed-form approximations of implied volatility for local Lévy-type
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models with jumps. mmﬂ_aﬂ dZ_O_]_d) examines the small-time asymptotics of implied volatility for LV
models using heat kernel methods.

There is no shortage of implied volatility results for SV models either. [Fouque et alJ (IM) (see also
Fouque et alJ (IM)) derive an asymptotic expansion for general multiscale stochastic volatility models us-

ing combined singular and regular perturbation theory. i dZ_O_]_]J) use the Freidlin-Wentzell

theory of large deviations for SDEs to obtain the small-time behavior of implied volatility for general stochas-

tic volatility models with zero correlation. Their work adds mathematical rigor to previous work by

(IMHI) Forde and ,lagquig;l (IML(J) use large deviation techniques to obtain the small-time behavior of implied

volatility in the Heston model (with correlation). They further refine these results in [Forde et a .| dZ_O_]_d)

More recently, L]_a,gqmﬂ_am;LLgmé (|20_1_4|) provide an explicit implied volatility approximation for any model
with an analytically tractable characteristic function, which includes both affine stochastic volatility and

exponential Lévy models.
Concerning LSV models, perhaps the most well-known implied volatility result is due to Mj
), who use WKB approximation methods to obtain implied volatility asymptotics in a LSV model with
a CEV-like factor of local volatility and a GBM-like auxiliary factor of volatility (i.e., the SABR model).

Another important contribution is due to [Berestycki et alJ (IM), who show that implied volatility in an
LSV setting can be obtained by solving a quasi-linear parabolic partial differential equation. More recently,

|H_QnL;cLaimdf1§J dZ_O_O_d) uses a heat kernel expansion on a Riemann manifold to derive first order asymptotics
for implied volatility for any LSV model. As an example, he introduces the A-SABR model, which is a LSV

model with a mean reverting auxiliary factor of volatility, and obtains closed form asymptotic formulas for
implied volatility in this setting. See also |H_QnL;cLabmdﬂ§J (|2£)D_d) Finally, we mention Ma,l;_anaﬂ dl%j)

and the recent work of |&nh_amgmﬂj‘]_] dZ_O_ld) and w (|2Q]j) who use Malliavin calculus

techniques to derive closed-form approximations for implied volatility in an LSV setting. There are also some

model-free results concerning the extreme-strike behavior of implied volatility. Most notably, we mention

the work of@ (IM) and MLQA dZ_O_lA])

In this paper, we provide closed-form approximations for implied volatility for a very general class of LSV

models. We show (through a series of numerical experiments) that our approximation performs favorably

when compared to other well-known implied volatility approximations (e.g., [Hagan and ngdmard (IL%%J)
for CEV, [Forde et a .| (|2Q]j) for Heston, and |H_a.ganﬂ_al,| dZ_O_Qd) for SABR). Additionally, we prove that

our implied volatility expansion satisfies some rigorous error bounds for short-maturities. As a byproduct

of the implied volatility analysis, we obtain some results concerning the short-maturity behavior of the
Black-Scholes price, which appear to be new and of some independent interest. All of our results are con-
sistent with the previously derived short-maturity asymptotic results appearing in |Bﬂ§s_ma;k1ﬂ_al,| dZ_O_Qd),

Berestycki et aIJ dZ_O_OA]) and |Bgm_;us_andﬁplmd dZ_O_]_d) The methodology presented in this paper builds

upon the asymptotic pricing formulas first derived in |Pagliarani and Pascucc dZ_O_]_d) for scalar diffusions

and later extended in [Pagliarani et alJ 2013) and [Lorig et alJ (21)14) for scalar Lévy-type processes.
The rest of this paper proceeds as follows: In Section 2] we introduce a general class of local-stochastic

volatility models. We also derive a family of asymptotic expansions for European option prices and, under
certain assumptions, provide rigorous error bounds for our pricing approximation. In Section [3] we translate
our asymptotic price expansion into an asymptotic expansion of implied volatility. In Section [4] we establish
rigorous error estimates for both our pricing and implied volatility expansions. Finally, in Section Bl we test

our implied volatility approximation on four well-known models: CEV local volatility, Heston stochastic



volatility, three-halves stochastic volatility and SABR local-stochastic volatility. Appendix [Al contains the

results for the Black-Scholes price at short maturities.

2 Asymptotic pricing for a general class of LSV models

For simplicity, we assume a frictionless market, no arbitrage, zero interest rates and no dividends. We take,
as given, an equivalent martingale measure [P, chosen by the market on a complete filtered probability space
(Q,F,{Ft,t > 0},P). The filtration {F;,t > 0} represents the history of the market. All stochastic processes
defined below live on this probability space and all expectations are taken with respect to P. We consider a
strictly positive asset S whose risk-neutral dynamics are given by S = exp(X) where X = Z () is the first

component of a d-dimensional diffusion Z = (X,Y"), which solves

AZ{" = pu(t, Z)dt + 0u(6 Z)AW, Zo =z € R, (21)
WD WDy, = p,i(t, Z,) dt, lpij| < 1. |

We assume that SDE (ZI)) has a unique strong solution. Sufficient conditions for the existence of a unique
strong solution can be found, for example, in|Ikeda and Watanabe (1989) or|[Pascucci (2011). We also assume
that the coeflicients are such that E[S;] < oo for all ¢ € [0, Ty] for some positive Tp.

Let V; be the time ¢ value of a European derivative, expiring at time 7" > ¢ with payoff o(Xr). Using

risk-neutral pricing, to value a European-style option we must compute functions of the form
u(t,z,y) = Elp(Xr)| X = 2,Y: = y].
It is well-known that, under mild assumptions, the function u satisfies the Kolmogorov backward equation
(0 + A(t))u(t, z,y) =0, w(T,z,y) = p(x), (2.2)

where the operator A(t) is given explicitly by

d d
1
Alt) = 5 > pij(t, 2)oi(t, 2)05(t, )0z, + Y it 2)0-,. (2.3)
ij=1 i=1
As a standing assumption, we impose 1 = —%0% so as to ensure that S = e¥ is a martingale. For many

models in finance, the dimension of the diffusion is d = 1 (e.g., CEV) or d = 2 (e.g., Heston, SABR). For

the special cases d = 1,2, we write A(¢) as

‘A(t) = a(tv €, y)(ag - 830) + f(ta €T, y)ay + b(ta €T, y)8§ + C(tv xz, y)axaya (Ia y) € R2 (24)
where
2 2
a:= %, [ = pa, b:= %, ¢ = poi0os.

When d =1 (i.e., local volatility models) only a appears.

Remark 2.1 (Deterministic interest rates). For deterministic interest rates r(¢) one must compute expec-

tations of the form

Ut 7,y) =K e f "4 ,(X0)|X, =7,Y; = y} , where dX, = dX, + r(t)dt.



In this case a simple change of variables
. T
u(t, z(t, @), y) == ele "OUE, F,y), r(t,F) =T + / r(s)ds, (2.5)
t

reveals that the function w, as defined as in ([2.5]), satisfies (2.2)).

2.1 Polynomial expansions of A(t)

We note that (23] is a special case of the more general d-dimensional second order differential operator

d d
A(t) = Z aij(t, 2)0z,z; + Zai(t, 2)0s,, teRy, z € R (2.6)

i,j=1 i=1
Equivalently, we can also write the operator A(t) in a more compact form, i.e.
A(t) ==Y aa(t,2)D2,  teRy, z€RY, (2.7)
<2

where, using standard multi-index notation we have

zd

d
a:(alv"'aad)eNgv |0&|ZZO[Z'7 D?:azo‘llaad
=1

In this section we introduce a family of expansion schemes for A(t), which we shall use to construct closed-

form approximate solutions (one for each family) of Cauchy problem (2:2]).

Definition 2.2. Let N € Ny. We say that (A, (t))o<n<n is an Nth order polynomial expansion if
An(t,z) = An(t) = > aan(t,z)D? (2.8)
<2

where

(i) for any ¢ € [0,7] the functions aa,.(t,-) are polynomials, and for any z € R? the functions aan(-,2)
belong to L*°([0,T]),

(ii) for any t € [0,7] we have aq,0(t,:) = aa,0(t), and the constant-in-space coefficients second order

operator Ag(t) is elliptic.

The idea behind our approximation method is to choose a polynomial expansion such that the sequences of
partial sums Zﬁ;o aq,n(t) approximate the coeflicients aq(t, z), either pointwise or in some norm. Below,

we present some examples.

Example 2.3 (Taylor polynomial expansion). Assume the coefficients a,(t,-) € CV(R%). Then, for any
fixed z € R?, n < N, we define a,,, as the n-th order term of the Taylor expansion of a, in the spatial

variables around z. That is, we set

DBa, (- z
O R S n<N, ol <2,
18|=n '

where as usual B! = f;!--- 34! and 2 = zfl ._.ng_



Example 2.4 (Time-dependent Taylor polynomial expansion). Assume the coefficients a,(t,-) € CN(R?).
Then, for any fixed z : Ry — R%, we define a,, as the n-th order term of the Taylor expansion of a,, in the

spatial variables around z(-). That is, we set

Baa L Z(- B
Ao (- 2) = |5Z W(z - z(-))B, n <N, la| < 2.

Example 2.5 (Hermite polynomial expansion). Hermite expansions can be useful when the diffusion coeffi-
cients are not smooth. A remarkable example in financial mathematics is given by the Dupire’s local volatility
formula for models with jumps (see [Eriz et all (2013)). In some cases, e.g., the well-known Variance-Gamma
model, the fundamental solution (i.e., the transition density of the underlying stochastic model) has singu-
larities. In such cases, it is natural to approximate it in some LP norm rather than in the pointwise sense.

For the Hermite expansion centered at Z, one sets

tan(t,2) = > (Hp(-— 2),a0(t,))rHg(z — 2), n>0, la| < 2.
|B]=n

where the inner product (-,-)r is an integral over R with a Gaussian weighting centered at z and the
functions Hg(z) = Hg, (#1) - - - Hg,(z4) where H,, is the n-th one-dimensional Hermite polynomial (properly
normalized so that (H,, Hg)r = §o 3 with d4 s being the Kronecker’s delta function).

2.2 Formal solution

In this section, we introduce a heuristic procedure to construct an approximate solution of the backward
Cauchy problem (2.2). Hereafter we will explicitly indicate ¢-dependence in all operators. On the other
hand, we will generally hide z-dependence, except where it is needed for clarity.

Let us consider a polynomial expansion (A, (t))n>0, and assume that the operator A(t) in (Z7) can be

formally written as

A(t) = Ao(t) + ‘B(t% 3@) = Z‘An(t)v (29)

n=1

Inserting expansion (2.9) for A(t) into Cauchy problem (2.2) we find

(0 + Ao(t))u(t) = =B(t)u(t), w(T) = .
By Duhamel’s principle, we have

T
’U,(t) = ?Q(t, T)QD + / dt, ?Q(t, tl)B(tl)u(tl), (210)
t

where Py (t,T) is the semigroup of operators generated by Ag(t); we will explicitly define Py(¢,T) in (ZIG]).
Inserting expression (ZI0) for w into the right-hand side of [2I0) and iterating we obtain

T
’U,(to) = To(to, T)cp + / dtl ?O(to, tl)B(tl)?o(tl,T)(p

to

T T
+ / dt, / dty Po (to, 11)B(t1)Po(ty, t2)B (t2)u(ts)
to t1



o(to, T cp-i—Z/ dtl/ dts - - / dig
te—1

Po(to, t1)B (fl)To(tlatz)g(t ) Poltk—1,tk)B(tr)Po(tr, T)e (2.11)
— Polto, T / dty / Aty - - / dt,
1
Z ?O(to,tl) 11(t1)?0(t1;t2)ﬂi2(t2)"'?O(tkflvtk)"qik (tr)Po(te, T, (2.12)
i€l 1
Ik = {i = (ir,i, - ,ig) €NFoiy Fig+ - i =n). (2.13)

To obtain [2.12) from (2II) we have used the fact that from ([2.3]) the operator B(¢) is an infinite sum, and
we have partitioned on the sum (i1 + i + - - - + ix) of the subscripts of the (A;, (¢)). In light of expansion

2I12) we set
oo
u = § Un,
n=0

where we have defined

( ) - “PO tOv
n(to) Z/ dtl/ dt -- / dty,
tr—1
Z ?O(to, tl)Ail (tl)ﬂ)o(tl, tg).AiQ (tg) .- '?O(tk—latk)ﬂik (tk)ﬂ)o(tk, T)(p. (2.14)
i€l Kk

2.3 Expression for u

By assumption, the functions aq,o depend only on ¢. Therefore, the operator Ag(t) is the generator of a
diffusion with time-dependent parameters. It will be useful to write the operator Ag(t) in the following form:

d

d
Ao(t) = % 3" G0z, + (m(t), V), (m(t), V,) = Zmi(t)azi. (2.15)

Here the d x d-matrix C(t) is positive definite, for any ¢ € [0, T], and m is a d-dimensional vector. The action
of the semigroup of operators Po(to,T) generated by Ag(t) is well-known. For any measurable function ¢

that is at most exponentially growing we have

uo(to) i=Polta Tho = [ Tolt,5T.0p(C)de, (2.16)
Rd
where Ty(t, z; T, ¢) is the d-dimensional Gaussian density
T = ! ! L .
Foft,47,0) = e exp (< (€T~ 2 = mit 7)), (- =~ mie. 7))

with covariance matrix C(t,T) and mean vector z + m(¢t,T) given by:

T T
C(t,T):/t ds C(s), m(t,T)z/t dsm(s).

Note that the function wug as it is defined in (2I6) is the unique non-rapidly increasing solution of the
homogeneous backward Cauchy problem (9; + Ao (t))ug = 0 with terminal condition ug(T") = .



2.4 Expression for u,

Remarkably, as the following theorem shows, every u,,(t) can be expressed as a differential operator L., (¢, T)

acting on ug(t).

Theorem 2.6. Assume ¢ € 8§(RY), the Schwartz space of rapidly decreasing functions on R%. Then the
function u,, defined in (ZI4) is given explicitly by

un(to) = Ln(to, T)uo(to), (2.17)

where ug is gwen by Z10) and

n T T T
Ln(fo,T)ZZ/t dt1/t dtz---/ dtr Y Gi(to,11)Sis (fo, t2) -+~ iy (to, ), (2.18)
k=1 0 1

th—1 iGImk

with I as defined in (Z13)),

Gilto, tr) = Ai(tk, M(to,tx)) = Y aailte, M(to, t)) DS, (2.19)

o] <2
with A;(t, z) as in 23), and
M(t,s) :=z+m(t s)+ C(t,s)V,. (2.20)
Proof. The main idea of the proof is to show that the operator G;(to, tx) in (2.19)) satisfies
Pol(to, tr)A: (tr) = Gi(to, tr)Po(to, tr)- (2.21)
Assuming ([2227]) holds, we can use the fact that Pg(tx, tx+1) is a semigroup
Po(to, T) = Po(to, t1)Po(t1, t2) - - - Polti—1, tx)Po(tr, T),

and we can re-write (ZI4]) as
n_o.T T T
un(to) :Z/ dtl/ dtz"'/ dty, Z iy (o, t1)Gi, (to, t2) -~ Giy, (to, t) Po(to, T)ep,
k=1""to t b1 i€l

from which (2I7)-2I8) follows directly. Thus, we only need to show that G;(to,tx) satisfies (2.21I)). The
condition ¢ € §(R?) guarantees that ug(t,-) belongs to the Schwartz class of rapidly decaying functions
for all t < T. Therefore, any function of the form p(z)DPuq(t, 2), where p is a polynomial, has a Fourier
representation. Thus, without loss of generality, we can investigate how the operator Pg(to, tx)Ai(tx) acts

on the oscillating exponential ey (z) := ¢***). We note that

ty
Po(to, tr)ex(z) = ePoltoteNe, (z), where Do(to,tr, A) = Y (AN / dt ano(t). (2.22)

laf<2 to

Next, we observe that the operator M;(tg,tx), the i-th component of M(tg, tx) in ([220) can be written
Mi(to,tk) = M;(to, tx, —iV;), Mi(to,tk,)\) = —1i0y, (@Q(fo,tk,)\)+i<)\,2>). (2.23)
Using (2.23]) we observe that for any natural number n we have

(=10, )"e®o ot Ney (2) = (=103,)" My (to, ti, e Ney (2)



= Mi(to, tk)(—ia)\i)nileéo(to’tk’”ek (Z)

= [Mi(to, tr)]"ePolloteNey (2).

Noting the dy;, and 9,; commute, it is clear that M;(to, ti) and M;(to,tx) also commute. Thus, for any

multi-index 8 we have
(—iVy)PePoltoteNey (2) = (M(to, tg))Pe®olloteNe, (2), (2.24)
Finally, we compute

fpo(to,tk)fli(tk)e)\(z) = Z fPO(tO,tk)aaﬁi(tk,z)DgeA(z) (by (M))

le|<2

= Z (IN)“Po(to, tr)aa,i (tk, 2)ex(z)
lo|<2

= (1N %aa,i(te, —1V2)Polto, tr)ex(2)
lor|<2

= D (1) it —iV)e 0 Ve (2) (by @22)
ol <2

= D (AN aa,ilte, Mto, tr))e™ o+ Ve, (2) (by @.24))
lee|<2

= Z i (b, M(to, tg)) DYe®ototeNey ()
ol <2

=3 aailti, M(to, tr)) DEPo(to, ti)ea(2) (by 222))
lo|<2

= Gi(to, tr)Po(to, tr)ex(2), (by 2.3) and (2.19))
which concludes the proof. O

Remark 2.7 (Call payoffs). As we will show in Section 1] the functions (u,) can be alternatively charac-
terized as solutions of a nested sequence of Cauchy problems (see equation ([@I6]) for the case when (A, (¢))
is expanded in a Taylor series as in Example [Z3). One can check directly that when op(z) = (e® — ),
the functions (u,) with each u, given by un(t) = L, (¢, T)uo(t) satisfy the nested Cauchy problems. Thus,
Theorem also holds for Call option payoffs. This is true for any expansion (A, (t)) satisfying Definition
2.2)

Remark 2.8. The number of terms in £,(t,T) grows faster than n!, which presents a computational
challenge for large n. Nevertheless, we shall see in the numerical example provided in Section[Blthat excellent

approximations can be achieved with n = 3.

Remark 2.9. When d = 1,2, the operator A(t) is given by ([Z4)). In this case, we write A;(t) as
‘Al(t) = ai(tv €, y)(aﬁ - 830) + fl(ta Z, y)ay + bl(ta Z, y)a§ + Ci(ta Z, y)aiaya
and we have explicitly

Gi(t,s) == a; (s, Mg(t, s), My(t,s)) (02— 0,) + fi (5, M, (t, s), My(t, s)) Oy



+ bi (5, Ma(t,5), My(t,5)) 02 + c; (s, Ma(t, 5), My(t,5)) 020y, (2.25)
My (t,s) =z —/ dgao(q) + 2/ dq ao(q)0: —I—/ dg co(q)0y,
¢ t ¢

My(t=8)=y+/t deo(Q)‘f'?/t dqbo((J)@er/t dq co(q)0z-

3 Implied volatility expansion

In this section, we derive an explicit implied volatility approximation from the asymptotic pricing expansion
developed in the previous section. To begin our analysis, we fix a multifactor LSV model for X = log S as
in &), a time ¢, a maturity date T > ¢, the initial values (X;,Y;) = (z,y) € R x R%~! and a Call option
payoff p(X7) = (eXT —eF)*. Our goal is to find the implied volatility for this particular Call option. To ease
notation, we will sometimes suppress the dependence on (¢, T, x,y, k). However, the reader should keep in
mind that the implied volatility of the option under consideration does depend on (¢, T, x,y, k), even if this
is not explicitly indicated. Below, we provide definitions of the Black-Scholes price and implied volatility,

which will be fundamental throughout this section.

Definition 3.1. The Black-Scholes price uPS is given by

1 2
uBS (o7, 2, k) := e"N(d, ) — e*N(d_), dy := —— (:C —k+ 2) , T:=T—-1t, (3.1)
o\ T 2
where N is the CDF of a standard normal random variable.
Remark 3.2. It follows from (2.16) that when ¢(z) = (e* — e*)* we have
2 T
ug(t, x) = uBS(o0; T — t, 2, k), where 00 =\ ap(s)ds, (3.2)
—lJy

where ap = C11 as in (2.I5)), or according to the multi-index notation, ap = a(2.,...,0),0-

Definition 3.3. For fixed (7, x, k), the implied volatility corresponding to a Call price u € ((e® — e¥)*,e®)

is defined as the unique strictly positive real solution o of the equation

BS (g, 0, k) = u. (3.3)

u

3.1 Formal derivation

We present here a formal derivation of our implied volatility expansion, which is based on the price expansion

presented in Section 2l Throughout this section (¢, T, x, k) are fized and thus we use the short notation
uBS(0) = uPS(o; T — t, 2, k)

for the Black-Scholes price. Consider the family of approximate Call prices indexed by ¢

N N
u(8) =D 8"y = uPS(0g) + Y 0", § € [0,1], (3.4)
n=0 n=1



with og as in [B2]) and the functions w,(t) = £, (¢, T)ug(t) as given in Theorem Note that setting 6 = 1
yields our price expansion. Defining

9(8) := (uP%) " (u(6)), § € [0,1]. (3.5)
we seek the implied volatility ¢ = ¢(1). We will show in Section E2] Lemma ET3] that under suitable
assumptions u(§) € ((e* — e¥)*,e®) for any § € [0,1]. This guarantees that g(d) in (B.5) exists. By

expanding both sides of ([B.5]) as a Taylor series in §, we see that o admits an expansion of the form

— 1
o=g(l) =09+ Z On, Op = E@Z{g(é)b:o. (3.6)
n=1 ’
Note that, by [B4) we also have
1
Up = E@guBS(g(é))b:O, 1<n<N. (3.7)

The right-hand side of (B.7) can be computed by applying the Bell polynomial version of the Faa di Bruno’s

formula, which is given in Appendix [Bl

1 « _
U = — > 0kuPS (00) B,k (959(9), 939(0), - .., 05" 9(8)) ls=o, 1<n<N. (3.8)
" h=1

Combining (38)) with ([B.6]), one can solve for o, explicitly in terms of (oy)o<r<n—1, Which yields

Fgu>(00)
6,, UBS (0’0) ’

Un

In = (9guBS (0’0)

1 n
e ZB"*h (I'o1,2'09,...,(n—h+Dop_pt1) 1<n<N. (3.9)
" h=2

Note that expression ([3.9) for o, involves two sorts of terms: u,,/0,u%(a¢) and 07uBS(0q)/0,utS (00). We
will prove that these terms can be computed explicitly without any numerical integration or special functions.
The proof will rely on the following lemma.
Lemma 3.4. Let m >0 and fix (¢,T,k,00). Then
o (9% — 0,)uPS(00) (_ 1
(02 — 9, )uBS(00) | ooV2r
where H,(¢) := (—1)"e<28?e_<2 is the n-th Hermite polynomial.

m x—k— i527
H,, (¢), =" 20 =T —t, 3.10
) . =T (3.10)

Proof. Using the Black-Scholes formula ([B1), a direct computation shows

1 2
82 _81 BS _ - ¢ +k,
( T )u (UO) 0_0\/%6
with ¢ = ((x) as above. Hence
8’"(82 —8 )UBS(O'Q) C2 _ 2 ( 1 )m 2 _ 2 ( -1 >m
T T T _ am [ 2= gm ¢ Hm ,
@0 0 Tava) % T avm)

where in the last equality we have used the definition of the mth Hermite polynomial, recalled above. O

Proposition 3.5. Fiz (t,T,k,00) and let ¢ and T be as in Lemma[54 Then for any n > 2 we have

OpuBS(og) _ AR T Ly
DB (a0) Y. D cnn—20p T < )(—UO \/;> Hpin—g-1(C),

¢=0 p=0 p

where the coefficients (cp n—2k) are defined recursively by

Cnyn = 1; and Cnn—2q = (n - 2q + 1)Cn71,n72q+1 + Cn—1,n—2q—1, qc {15 27 R Ln/2J}
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Proof. Define the operator J := 7(92 — 9,). It is classical that 9,u%(0¢) = godu®(cy). We claim that the
following identity holds for any n € N

[n/2]
" uBS(0g) = Z Crm—2400 19" 1uBS (0p), (3.11)
q=0
where ¢, = 1 and ¢ n—2¢ = (0 — 2¢ 4+ 1)epn—1,n—2¢+1 + Cn—1,n—24—1 for any integer ¢ € {1,2,---,[n/2]}.

The proof of (BI1)) is a simple yet tedious recursion relation, which we omit for brevity. Now, we compute

n/2 n/2

6" BS [n/2] . 2q3 —tuS(UO) B [n/2] n—2q n— q(a —6 )n tuS(Uo)
Z Cn,n—2q0¢ - Cn,n—2q00 T

8 UBS q aguBS(O'Q) = q agUBS(UO)
Ln/2J

_ Z g2 q(a — 8,)" 1102 — 9, )uPS(00)
nnTsaro 700(02 — 02 )uB3(0y)

q=0
LWZ/?J nz . g” 20-1_n—g-1 n—q-—1 8£+nfq71(8£ — (%)uBS (00)
e p (07 — 02)uPS(00)
Ln/2J n—g-1 ptn—q—1
n— n— n—q—1 1
Z Z Cn,n—2q0 2¢-1 a-1 ( ) <_ \/—> Hp-i-n—q—l(C)u
=0 =0 p ooV 2T
where to obtain the last equality we have used (B10). O

Proposition 3.6. Fix (t,T,x,y). For every polynomial expansion (A, (t)) satisfying Definition[2.2 and for

every n € N, the ratio u, /0,uPS(00) is a finite sum of the form

UBS ZX (t,T,z,y) < 00\1/?) H, (C), (3.12)

where ¢ and T are as in Lemma[3]) The coefficients XSJ) (t,T,x,y) are explicit function of x and y and
contain iterated integrals in the time-variable. If the iterated time-integrals can be computed explicitly then

( )(t T,x,y) is explicit in all variables.

Proof. From equation (2:25) and Remark 3.2l we observe that, for the case d = 1,2

Gi(t, s)ug := a; (s, My (¢, ), My(t,s)) (02 — &E)UBS(UO).

x

For a general LSV model with d — 1 factors of volatility we have
My(tv S) = (Myl (ta S)a My2 (tv S), te 7Myd71 (tv S))
Therefore, using Theorem we have

un(t)  _ Ln(t, Thuo(t) _ Lalt, T)(02 = 8a)uP (o)
0,uBS(09) 0,uBS(09) 700(02 — 0, )uPS(0p)

(3.13)

n T T T
L"(t’T):Z/t dtl/ dt2"'/ At Y Gi(tta) - Giy (b te1)ai, (s, Ma(t,te), My (1)) -

k=1 t1 th—1 1€1n K

(3.14)
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It is clear that En(t,T) is a differential operator that takes derivatives with respect to z and y and has
coefficients that depend on (¢,T, z,y). Noting that 8;"uP®(c0) = 0 for all m > 1, it is clear from (BI3) that

Un/0suBS(00) is of the form

U (t) O™ (02 — 9,)uP® (o)

— = m(t, T g
aG—UBS(O'Q) ;Xm ( ? 5I5y) (a% _ 6I)UBS(O_O)

(3.15)

Equation [BI2) follows from equation (3I0) and Lemma B4l The sequence of coefficients (xg,? )) must be
computed on a case-by-case basis because the (ngf )) depend on the coefficients of the generator A(t) and

the choice of polynomial expansion (A, (t)). O

From Propositions and it is apparent that, as long as the iterated time integrals in [BI4]) can
be computed explicitly (which is always the case when the coefficients in the polynomial expansion (A, (t))
are piece-wise polynomial in time), every term in ([3.9) can be computed without the need for numerical
integration or special functions.

Explicit expressions for each o, in the sequence (o,,),>1 can be computed by hand. However, since the
number of terms grows quickly with n, it is helpful to use a computer algebra program such as Wolfram’s
Mathematica. In Appendix [C] we provide explicit expressions for o, for n < 2 the coefficients of A(t) are
expanded as a Taylor series, as in Example On the authors’ website, we also provide Mathematica

notebooks which contains the expressions for o, for n < 4 for the LSV models described in Section

Remark 3.7. When the risk-free rate of interest is a deterministic function of time r(t¢), the implied volatility
results above hold with k — k — ftT r(s)ds.

4 Asymptotic error estimates for Taylor expansions

In this section we provide pointwise short-time error estimates for the approximate solution of Cauchy
problem ([Z2]) discussed in Section [ as well as for the approximate implied volatility presented in Section
Bl Throughout this section we shall assume that Ty > 0 and N € Ny are fixed and the coefficients of the
operator A(t) in (2.0) satisfy the following assumption:

Assumption 4.1. There exists a positive constant M such that:

i) Uniform ellipticity:

d
M7YEP < Y ay(t2)6& < MIEP,  te[0,Ty], 2,¢ € RY

i,j=1
ii) Regularity and boundedness: the coefficients a;j,a; € C ([0,Tp] x R?) and a;;(t, ), a;(t,-) € CVNTH(RY),
with their partial derivatives of all orders bounded by M, uniformly with respect to t € [0, Tp).

Under Assumption [£1]it is well-known that A(t) admits a fundamental solution T'(t,z; T, (), which is the
solution of the Cauchy problem (Z2]) with ¢ = d.. Equivalently, for any T € ]0,Ty[ and for any measurable
function ¢ with at most exponential growth, the backward parabolic Cauchy problem (22]) admits a unique

classical solution w, which is given by

u(t,z) = /]Rd D(t, z;T,¢)p(¢)dC, te0,T], z € R, (4.1)

12



Furthermore, by the Feynman-Kac representation theorem, the function T'(¢,2;T, () is also the transition

density of the stochastic process generated by A(t).

Remark 4.2. Assumption [£1] can be considerably relaxed. The main results (Theorem and Corollary
below) have been recently extended in [Pagliarani and Pascucci (2014), to include the majority of popular

models in mathematical finance (e.g. CEV, Heston, SABR, three-halves, etc.).

Consider now the Taylor polynomial expansion discussed in Example 2.3l It will be helpful to explicitly
indicate the dependence on the expansion point z. In particular, for any z € R?, we consider the polynomial

expansion (Agf) (t))o<n<n, given by
z z z a z Dfaa(~,2) =
‘Agl)(tvz)E‘A%)(t) = IZ agc,zz(tvz)Dz a((l,)n('az) = IZ T(Z_Z)B5 TLSN, (42)
a|<2 Bl=n

Now, fix a maturity date 7. We define the N-th order Taylor approximation centered at z € R?%, of I' and u

respectively, as

N N
ay(t,z) =Y ulP(t,2), I (t,2,7,0) =Y T (t,2,T,0), t<T, 2, €RY, (4.3)
n=0 n=0

where the functions

u(i) (tv ) = ngi) (t7 T)u((bi) (tv ')7 P%Z)( i 7T C) (t T)F(Z)( i T7 C)v (4'4)

n

are as given in Theorem [2.61 Note that @ _(Z) is defined for a fixed T', as indicated by (4.4]). Note also that we
have once again used the superscript z above to emphasize the dependence on the initial point of the Taylor

expansion. For the particular choice Z = z, we give the following definition:

Definition 4.3. For a fixed maturity date T, we define the N-th order Taylor approximations of w and T,

respectively, as
an(t,2) =y (8, 2), In(t = T.0) =T (65 T.0), (4.5)
where a%)(t, z) and f‘g\z,)(t, z;T,C) are as defined in ([@3)-(Z4).

We now give analogous definitions for the implied volatility expansion. As we did in Section [B] we use
the notation (x,7) € R x R?~! to indicate a point in R?, where we separate x from all other components in
order to distinguish the log-price from all the other variables (e.g. variance process, vol-vol process, etc.).
For a Call option with maturity date T" and log strike k, we define the N-th order Taylor approximation
centered at (Z,y) € R x R4~1 of the implied volatility o, as

5\ ’U)(t x,y, k) = (w’y) ) + ZO’ 29 (t, 2,0y, k), t<T, (z,y) e Rx R (4.6)

where, for sake of clarity we recall

(ocy \/ —t/ a2,0,...,0) sxy)d (4.7)

(m 7) n
5.0 t,z,y, k) 1 . - o
(%y)(t k) — ( 'Y _ B (1| (2,9) 21 (2,9) ( —h+ 1)| (z,9) )
oy, , T, Y, . E nh|LliO , 2! 0. sy (M to,”

dsuPS (o (@ y)() T —t,x,k) nl—~ 1 2 ht1
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8guBS( (. y) —t,z, k)
X
8guBS( (w’U) —t,x k)
WD (¢, 2y, k) = LED (¢, TYul" )(t, 2, k) = LD, TV (0§79 (), T — t, 2, k). (4.9)

n>1, (4.8)

A few notes are in order. First, we have added the argument k to the function uf*?) to indicate its dependence

on log strike. Second, the function qu*?) depends on the maturity date T, as indicated by ([@3)). Third,
cach "% in the sequence (a,(f’g))nzl depends on (¢, z,y, k). Though, for clarity, we have not written all of
these arguments in B,, 5, (1! agj’g), 2! aéi’g), oy (n—=h+4+1)! aff_’i)ﬂ). Fourth, we have once again explicitly
indicated with a superscript (Z,7) the dependence on the initial point of the Taylor expansion. For the

particular choice T = x and § = y, we make the following definition:

Definition 4.4. For a Call option with log strike k£ and maturity 7', we define the N-th order Taylor

approzimation of the implied volatility o as
on(t,x.y.k) =y (ta,y, k), (4.10)

where 0§V y)(t, x,y, k) is as defined in ([@6)-(@7)-(EI)-(E9).

4.1 Error estimates for the transition density and prices

The following theorem provides an asymptotic pointwise estimate as ¢ — 7~ for the error introduced by

replacing the exact transition density I' with the N-th order approximation Iy .

Theorem 4.5. Let Assumption[{.1] hold and let 0 < T <Ty. Then, for any ¢ > 0 we have

ID(t, % T,Q) = Cn(t, 5 T,¢)| < C(T — )7 TM*e(t,,T,¢), 0<t<T, z,( R  (4.11)

where T (t, 2;T,C) is as defined in @&D), TM¥e(t, 2;T,C) is the fundamental solution of the heat operator

d
HM*2 = (M + E)Zagi + 0, (4.12)

i=1

and C' is a positive constant that depends only on M, N, Ty and €.
Combining Theorem 5 with (I we obtain an asymptotic estimate for |u(t, z) —un (¢, z)|, the pricing error.

Corollary 4.6. Under the assumptions of Theorem [{.5, for any 0 < T < Tpy,e > 0 we have

N+1

lu(t, 2) — an(t, 2)| < C (T — t)*3

/ TMFE(t, 2T, O)p(¢)dC, 0<t<T, ze R4 (4.13)
Rd
where uy(t,z) s as defined in (L5).

The proof of Theorem 5] relies on the following Gaussian estimates (see [Friedman (1964), Chapter 1).

Lemma 4.7. Let A(t) be a differential operator satisfying Assumption [{1] and let T' = T'(t, 2; T, C) be the
fundamental solution corresponding to A(t). Then, for any e > 0 and 3,y € Nd with |y| < N + 3, we have

(2= Q)P DIT(t, 5 T, O)| < C(T =) "2 ' TMHe(t, 2T, ¢),  0<t<T<Tp z(ecR% (414)

where TM*¢ s the fundamental solution of the heat operator (ZI1Z) and C is a positive constant, which
depends only on M, N, Ty, e and |B|.
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We also need the following preliminary estimates (see dLQngﬂj‘LL |2Qli Lemma 6.23))

Lemma 4.8. Under the assumptions of Theorem[[.5}, for anyn € N withn < N, € > 0, and for any 3 € N&,

we have
DTt 2)| < O =) (1412 = 2" (T = )7 F) T4(, 5T, 0), (4.15)

which holds for 0 <t < T < Ty, z,(,zZ € R*. Here, the function TM*¢ is the fundamental solution of the
heat operator [@I2)) and C is a positive constant, which depends only on M, N, Ty, e and |B].

Proof of Theorem[{.5] From dLmjgﬂiLJ, |2Qli Theorem 3.8), for any given T' < Tj, the functions (u,(f))nzl
given by (ZIT)-(@2I8) can be equivalently defined as the unique non-rapidly increasing solutions of the

following sequence of nested heat-type Cauchy problems:

(at +AP (t)) uPt2) = - AP Ou?, (¢, 2), t<T, zcR%
i =1 (4.16)
uw(T, 2) =0, z e R4,

The thesis then follows directly from (ILorig et alJ, 2!215, Theorem 3.10). For completeness, we provide here
. . . o z) ., _ =2
a sketch of the proof given in |Lorig et alJ 12!215). By (4.16)) it is easy to prove that v\*) := u — @y’ solves

0 + AP (t,2) = — 3 (A®) — AL () (8, 2), t<T, z€Re,
V(T 2) =0, z € R?,

where we have defined

=0
Thus, by Duhamel’s principle we obtain
T N
u(t,z) —un(t, 2) =/ /F(t,z;s 6> (A AP ()P, (s,6)deds, t<T, ze R
t R n=0
Now, by (£2) we have
[(As) = AD (UG (5,01 < D [al(5,6) = D (s, €)|IDEuL, (5,€)
|| <2 O

- ¥

1u(5,6) - i PR Dloets2) ¢ | pguli .
<2 i=0 |5/=n

< Mg -zt Y \D?uN_n (5,6,

la|<2

where the last line follows by the hypothesis (ii) in Assumption Tl on the coefficients (aq)|a|<2. Finally, by
considering ugf)(t, 2) = F(z)(t, 2,:T,¢) = £ (t,T)FéZ)(t, 2; T, ¢), we obtain

I(t, 25T, ¢) — FN<tzT<|<MZZ// (t, 25, )l — 2" DETE (5,6 T,0)] deds.

n=0|a|<2
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The thesis now follows by repeatedly applying the Gaussian estimates (I4)) and ([@IH), along with the

semigroup property

/ TMEE(t, 235, )0MF(5,6 T, Q)déds = TV (8, ,T,¢)  t<s<T, z(eR™
Rd

4.2 Short-time asymptotics for the implied volatility

We provide error estimates for the N-th order implied volatility approximation &y, defined in ({I0Q), on the
subset |z — k| < A\/T —t where X is an arbitrary, but fixed, positive constant.

Theorem 4.9. Let Assumption [{_1] hold and let A > 0. Denote by o(t,z,y, k) the exact implied volatility
of a Call option, with log strike k and maturity T. That is, o(t,z,y,k) is the unique positive solution of
uBS(o; T —t, 2, k) = u(t,z,y, k), where u is the classical solution o of Z2) with time T terminal conditions
o(x) = (e —eF)*. Then the N-th order implied volatility approzimation oy (t,x,y, k), defined in [EIQ),
satisfies

N+1

|0’(t,$,y,l€) - 5N(t,$,y,k)| < C(T - t) 2

0<t<T<Ty yc R |o—k| <AWT —t, (4.17)
where C' is a positive constant that depends only on M, N, Ty and .

Remark 4.10. In the particular case d = 1, the above result is consistent with (Bompis and Gobet, 2012,
Theorem 22) where an implied volatility approximation for local volatility models has been derived. A direct
computation shows that such an expansion is equivalent to our 2. Although Theorem holds true for
any order N € Ny, and any dimension d € N, the estimate in [Bompis and Gobetl (2012) was proved by the
authors under milder assumptions for the generator A(t), and for three different choices of the initial point

Z of the Taylor expansion: T =z, Z =k and T = ””TH“

Remark 4.11. Theorem also provides us with an explicit representation for the n-th order derivative
with respect to T, of the implied volatility surface at = k and T = t. More precisely, as a corollary of

EIT) we have:
Ofo(t,x,y, k)|t=r k=s = Oy N (t, 2, Y, k) |t=T k=2 VN > 2n. (4.18)

A direct computation shows that, for n = 0, the representation ([4.I8)) is consistent with the well-known
results by [Berestycki et all (2002) and [Berestycki et all (2004). Tt is also easy to check that our expansion
gives the correct slope of the implied volatility at the money in the limit as ¢ — T. For the special case
d = 1, we recover the practitioners’ 1/2 slope rule, which gives the at-the-money slope of implied volatility

as one half the slope of the local volatility function.

In what follows, the maturity date T € (0, Tp] is fixed. We recall the Black-Scholes price
uBS(0) = uPS(o; T — t, 2, k),

as it is in Definition 3] and we denote by (uB%)~1(u;T — t,2,k) = (uB®)~1(u) its inverse with respect to
the o variable. We also introduce the following function:

N
u(0) = u(d;t,x,y, k) := Z 5"u,(f’y)(t, x,y, k) + gN+1 (u - ﬂN) (t,z,y, k)

n=0
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N
= B (s () T — b k) + 3 6" (b @,y k) + 6N (u—ay) (L, k), §€0,1],

n=1

(4.19)

where we have used Remark Note that the function u%m’y)(t, x,y, k) is defined for a fixed maturity date
T, as indicated by ([@9]).

Remark 4.12. It is possible to prove (see [Lorig et all (2013)) that, in the case of a Call option, the
estimate ([{.13), as well as ([@I5), can be improved by exploiting the local Lipschitz continuity of the payoff
o(x) = (e* — e¥)*. More precisely, it is possible to prove that, for any log-strike k& € R, we have

u(t, z,y, k) — an (t, 2,5, k)| < C(T =) 2 uPS(V2M;T —t,2,k), 0<t<T, (v,y) eR xR

and that, for any n € N with n < N, we also have

a9 (t, 2,5, k)| < C(T — )" F uPS(V2M;T — t,0,k),  0<t<T, (z,y) eRxR¥ keR,
where, as in Theorem 9] C is a positive constant that only depends on M, N and T.

The proof of Theorem is based on the previous remark and some asymptotic estimates of the Black-

Scholes price for short-maturities, which are proved in Appendix [A]

Lemma 4.13. Let u(d) be as in @I9). Under the assumptions of Theorem [{.9, there exists 7o > 0, only
dependent on M, N, Ty and A, such that

uBS(V2/M;T — t,2,k) < u(d) < uPS(V2M;T —t,2,k), (4.20)
or equivalently
V2/M < (") (u(0);T — t, 2, k) < V2M,
foranyt € [T —79,T), |z — k| < \WT —t, y e R and § € [0,1].

Proof. Throughout this proof C will always denote a positive constant that depends only on M, N, Tj and
A. By Remark .12 and since ¢ € [0, 1], we obtain

N
‘ Z 5"u5f’y)(t, z,y, k) + 6Nt (u — ﬂN) (t,z,y, k)‘ < C(T —t)ub® (\/ 2M;T —t, x, k)
n=1

(using Lemma [AJ] and Assumption []))
< CO(T -ty (o5 (1), T — t,2, k) (4.21)
forany 0 <t < T,y € R¥ ! and |z — k| < \W/T — t. Combining (£I19) and (£21), we obtain
u(®) > (1= C(T — t))uPS (a5 (£); T — t,x, k).

The lower bound for «(8) in ([#20) now follows from inequality (A7) in Lemma[A2l To establish the upper
bound for «(d), we combine (@I9) with (£2I)) to obtain

u(8) < (14 C(T = t))uPS (a5 (£); T — t,z, k).

The upper bound in ([20) now follows from inequality (A.8)) in Lemma O
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Lemma 4.14. Under the assumptions of Theorem[{.9, for any N € N there exist positive constants C' and
70, only dependent on M, N, Ty and A, such that

o (uBS)_l (w(0st, 2, y,k); T — t,z, k)’ < C(ek\/T — t)_n, (4.22)
foranyn <N, t € [T —79,T), |z — k| <MWT —t, y c R and § € [0,1].

Proof. Throughout this proof, C' will always denote a positive constant only dependent on M, N, Ty and .
Note that, for any o > 0 we have

2

kT —t (c*(T —t) — 2(z — k))
0,uBS(0) = DyuPS (o3 T — 2, k) = Y exp ( —
u>>(o) u>> (o3 .z, k) Nors exp 52T —1) :
and thus
efVT —t 2Ty A2 PRVAR efVT —t
_ - — - < 0, BS < — 0<t<T — k| < AWT —t.
T o~y g Ty ) S0P S e, 0SS e K S AVT
Therefore, by Lemma 13| there exists a positive g, only dependent on M, N, Ty and A, such that
T —t - T —t
O < 0,0 (wP) 7 w(o))) < =, (4.23)
V2T V2T
for any y € R4 t € [T —79,T), |x — k| < A\WT —t and 6 € [0, 1], where C is the positive constant
. O'2T0 )\2 )\\/ T()
C= min exp(————Q— )
o€[\/2/M,v/2M)| 8 20 2
Furthermore, by combining the second inequality in (£23)) with Proposition B35 we also obtain
S ((uBS)_l(u(5))) ’ < CehVT 1. (4.24)
We are now prove the thesis by induction on n. The case n = 1 clearly follows from the first inequality in
[#23]). We have
- 1 Ce™*
B (uBS) " (u(s ‘ = < .
() 7 (u) < A

 9,uBS((uBS) " (u(5)))

Let us now assume ([22) holds true for any m < n, and prove it holds true for n + 1. By Faa di Bruno’s
formula (see Appendix [Bl Eq. (B])), we have

R0 (%) @) B (00 (%) ) () )
958 () )

83+1 (uBS) -1 (u) =

3

and thus, by [@23) and (£24)), we obtain

n+1
0 () 7 (@) < O [Brrn (9 (u5) T (@), 012 (u5) T () )|
h=2
n+1

< OZ Z |8u (uBS)il(u(5))|j1 - ‘a;l*h+2 (UBS)fl(u(a))

h=2 j17"' 1jnfh+2

Jn—h+2 (by m in Appendix |ED
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n+1

=C Z Z (ek VT — t)_jl e (ek vT — t)_j"7h+2 (by inductive hypothesis)
h= s dn—
an J1 Jn—h+2

<C (VT —t) " = o(evT =) Y,

= jl)"'1j7l7h+2

where the last inequality follows from the second identity of (B3] in Appendix [Bl This concludes the
proof. O

Proof of Theorem [{.9 Throughout this proof C will indicate a positive constant only dependent on M, N, Tj
and A. Tt suffices to prove the thesis [@I7) for small T — ¢t. We start by recalling the function g(d), which

has already been used in Section Bl to carry out the formal expansion of the implied volatility, i.e.
g(8) =g(6;t,z,y, k) == (uBS)_l (u(dst, 2, y,k); T —t,z,k), 5 €10,1].
By definition of u(d) in [@I9), it is clear that
o(t,z,y, k) = g(1;t,2,y, k). (4.25)
Furthermore, with 6y (¢, z,y, k) as defined in (£I0), we have
an(t,x,y, k) = UO )+ ZU oY) (t,x,y, k) = Z %ng(é;t,x,y,k)hzo, (4.26)
n=0

since, by ([@I9) and ([B.6) we have, respectively, g(§)|s=0 = aéw’y), and 83‘9(5)‘620 =" for1<n<N.
Now, by [@25)-(#26), and by the Taylor theorem with Lagrange remainder, there exist 6 € [0, 1] such that

oc—aon=g¢(1 Z 859 N+1) 9N g(5)
1 N+1 . B B B B
= m Z 82 (UBS) (u(é))BN+11h (85u(5), 852’114(5), tee ,8§V*h+2u(5)) y (427)
" h=1

by (B) in Appendix [Bl Now, by (£I9) and Remark L2 we obtain
_ N +1
|05 u(d)] < C( Z Jul™Y)| 4+ |u — uN|> <O —t)= uPs (V2M;T —t,2,k). (4.28)
h=n

Therefore, for any 1 < h < N + 1, by (B.2)) in Appendix [Bl we have

By1n(05u(8), 02u(d), - 0N "2u@)| < 3 |05uld)||0Ru(@)]” - [0 M HRu(d)| Y

15 3 IN—h+2

< (VT =) (uBS (VML T — 1,0, 1)) " (4.29)

where in the last inequality we have used ([€.28) and both the identities from (B3] in Appendix[Bl Combining
(#£22) and @29) with ([@2T), we obtain

N+1 n
o — x| < OT — )5 ( ~hyBS (VM T — t ;v,k))
h=1
The thesis finally follows since e *uBS (V2M; T —t, 2, k) < e?T~ for [z — k| < A\WT —t. O
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5 Implied volatility examples

In this section we use the results of Section B] to compute approximate model-induced implied volatilities

under four different model dynamics in which European option prices can be computed explicitly.

Section 5.1} CEV local volatility model

Section Heston stochastic volatility model
Section .3t 3/2 stochastic volatility model

Section 5.4t SABR local-stochastic volatility model

We note that all of the above models fail to satisfy the rigorous assumptions required in Theorems and
to prove the error bounds [@II). However, as mentioned in Remark Theorem and Corollary
have been recently extended in [Pagliarani and Pascucci (2014), to include all of the examples presented
here.

In three of the four examples that follow we use a Taylor series polynomial expansion of A(t) as in
Example In these three cases, approximate implied volatilities can be computed using the formulas
given in Appendix For the Heston model, we use the time-dependent Taylor expansion of A(t) as in
Example 24l In all cases, Mathematica notebooks containing the implied volatility formulas are available

free of charge on the authors’ website.

5.1 CEV local volatility model

In the Constant Elasticity of Variance (CEV) local volatility model of [Cox (1975), the dynamics of the
underlying S are given by

dS; = 6571 S,dw, So=s>0.

The parameter 5 controls the relationship between volatility and price. When g < 1, volatility increases as
S — 0T. This feature, referred to as the leverage effect, is commonly observed in equity markets. When
B < 1, one also observes a negative at-the-money skew in the model-induced implied volatility surface. Like
the leverage effect, a negative at-the-money skew is commonly observed in equity options markets. The
origin is attainable when 8 < 1. In order to prevent the process .S from taking negative values, one typically
specifies zero as an absorbing boundary. Hence, the state space of S is [0,00). In log notation X := log S,

we have the following dynamics
dX; = —%62e2(ﬂ_1)xfdt +5eP-DXequy,, Xo =z :=logs. (5.1)
The generator of X is given by
A= %52&(571”(35 —0,).
Thus, from (24]) we identify

1 —1)z
a(:v,y)=§5262(ﬁ Ve b(z,y) =0, c(z,y) =0, flz,y) =0.

Here we define log 0 := limg\ g logz = —oc0.
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We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[Clas well as the Mathematica,

notebook provided on the authors’ website, we compute explicitly

gg = 66(571)96,
o1 = (8~ Doolk — o),
_ 1 1263 2 1267 1 D200 (k 2 (52)
02 = 513 = 1708 = £ (8~ 1%05 + 158~ D2oo(k — )
—5¢2
73 = 16 = 108k — ) + o (5 — 1°af (0~ 2)

In the CEV setting the exact price of a Call option is derived in |Cox (1975):

U(t,.f) = ezQ(I{72 + ﬁa 2X) - ek (1 - Q(2X5 ﬁa 25)) )

s neH/2 P (y n,w
Q(w,v,u)zzCﬂ/?) L(v/2+n, /2)),

= n! T(v/24n)
20(2—H)c (5.3)
YT e R
96(2-A)k
K= ————,
P2 -

where I'(a) and T'(a, b) denote the complete and incomplete Gamma functions respectively. Thus, the implied
volatility o can be obtained numerically by solving (83). In Figure[llwe plot our third order implied volatility
approximation g3 and the numerically obtained implied volatility o. For comparison, we also plot the implied

volatility expansion of [Hagan and Woodward (1999)

5 (1-PB)2+8) (e —e*\> (1-B)2 &%
UHW:fl,g (1+ o1 ( 7 ) +Tm+'“>a f=

1 X
5(6 +e). (5.4)

5.2 Heston stochastic volatility model

Perhaps the most well-known stochastic volatility model is that of [Heston (1993). In the Heston model, the

dynamics of the underlying S are given by

dsS; = v ZtStth, S() =8> O,
dZt = K,(o - Zt)dt + 5\/ thBt, ZO =z > O,
d(W, B); = pdt.

As pointed out in|Andersen and Piterbarg (2007), one must set p < 0 in order to prevent a moment explosion.
In order to improve the efficacy of our approximation it is convenient to perform the following change of
variable (Xy, V) := (log S, et Z;). Changing from Z to V removes the geometric part of the drift (see also
Bompis and Gobet (2012)). By Ito’s formula we obtain

1
dX; = —56_”“th1€ + Ve V. dW,, Xo =z :=logs,
dV; = Ok e"dt + 5/ e"V;d By, Vo=v:=2>0,
d(W, B); = pdt. (5.5)
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The generator of (X, V) is given by
A(t) = —e "o (82 — 855) +0ke™ 0, + %6256’“1} 02 + 0pv 0,0,

x

Thus, using (Z4]), we identify
1 —Kt 25 Kt Kt
a(z,v) = 3¢ ", b(x,v) = §°6e v, c(x,v) = dpv, f(z,v) =0k e™.

We fix a time to maturity ¢, a log-strike k, and we consider the time-dependent Taylor series expansion of
A(t) as described in Example 24 with (Z(t),v(t)) = (Xo, E[V;]) := (2,0 ("' — 1)). Using the Mathematica

notebook provided on the authors’ website, we compute explicitly

\/—9+9mt+e_”t(6‘ —v)+v
op —

)

Kt
dpze " (=20 — Okt — e (0(Kkt — 2) +v) + Ktv +v)
o1 = )
ﬁnggtg’/Q
§2e 2t 3,3/2 ¢ 2t
o9 = ot | T 2v2k05t% 22 (=0 — 4™ (0 + Kt(0 — v)) + e**(0(5 — 2kt) — 2v) + 20) (5.6)
+ rogt (427 = 2) (0 + " (=50 + 20kt + 8p*(0(kt — 3) + v) + 20))
+ rogt (427 — 2) (4e™ (0 + Ot + p*(0(kt(kt +4) + 6) — v(kt(kt +2) + 2)) — Ktv) — 2v)
+4v2p%00Vtz (227 — 3) (=20 — Okt — €™ (0(kt — 2) + v) + Ktv + v)2
2 4 —k 2 _ 4t2
+4p% (4 (2 = 3) 2% +3) (—20 — Okt — "™ (0(kt — 2) + v) +I€t’U+’U)2> _a (4 5 3t % ),
70
Ugt
PR —
Uo\/ﬂ

The expression for o3 is too long to reasonably put in the text. However, the explicit form of o3 is provided
in the Mathematica notebook on the authors’ website.

The characteristic function of X; is computed explicitly in [Heston (1993)

n(t,z,y, \) :=logE, et = iXx + C(t,\) + D(t, \)eY,

K _ M)t
Ct,\) = 5_29 ((n — pSiX+ d(N\)t — 2log [%D ,
K—pdid+d(\) 1 —edMt

D(t,\) = - e

K= pdid+d(N)
T = K — pdiX —d(\)’

d(N) = V/62(A2 + 1)) + (k — pidd)2.

Thus, the price of a European Call option can be computed using standard Fourier methods
_ok—ikX

= m, A=A+ 1), A < —1. (5.7)

1
ult.y) = 5 [ e EING0), G0y
R

™

X

Note, since the Call option payoff p(z) = (e — )T is not in L!(R), its Fourier transform $()\) must be

computed in a generalized sense by fixing an imaginary component of the Fourier variable \; < —1. Using
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(B7) the implied volatility o can be computed to solving (B3] numerically. In Figure Bl we plot our third
order implied volatility approximation &3 and the numerically obtained implied volatility o. For comparison,
we also plot the small-time near-the-money implied volatility expansion of [Forde et all (2012) (see Theorem
3.2 and Corollary 4.3)

o = (g8 + g1t +o(t) 7, (5.8)
— oY/2 1 1 507\ o 2 2y 3
go=e¢e 1+Zp5(k—x)e +ﬂ 1—7 0% (k —x)%e +O0((k — x)°),
52 02 eVpd K 1
- (1= 0 N e Y(5%70% — 2k(0 Y Nk —
g1 12< 4)+ 1 +2( e)+24p5e (6P k(0 +e¥) + pde’)(k — x)
2 .—2y
+ o (1766 — 4806 — 712p%6% + 521p*6? + 40p>5e¥ + 1040k0p> — 80kp%e?) (k — x)?

7680
+0((k - 2)%), p=vI-72.

5.3 3/2 stochastic volatility model

We consider now the 3/2 stochastic volatility model. The risk-neutral dynamics of the underlying S in this

setting are given by

dsS; = v/ ZtStth, So =8> 0,
A%, = 7, (Ii(@ — Z)dt + 6\/thBt) , Zo=2>0,
d(W, B), = pdt.

As in all stochastic volatility models, one typically sets p < 0 in order to capture the leverage effect. The
3/2 model is noteworthy in that it does not fall into the affine class of [Duffie et all (2000), and yet it still
allows for European option prices to be computed in semi-closed form (as a Fourier integral). Notice however
that the characteristic function (given in (BIT]) below) involves special functions such as the Gamma and
the confluent hypergeometric functions. Therefore, Fourier pricing methods are not an efficient means of
computed prices. The importance of the 3/2 model in the pricing of options on realized variance is well
documented by [Drimus (2012). In particular, the 3/2 model allows for upward-sloping implied volatility of
variance smiles while Heston’s model leads to downward-sloping volatility of variance smiles, in disagreement
with observed skews in variance markets.

In log notation (X,Y) := (log S,log Z) we have the following dynamics

1 1
dX; = —§eYtdt+ e2Yedw,, Xo =z :=logs,
1 1
dY; = (n(@ —e¥t) — 56%“) dt +6e2¥dB;, Yy =y :=logz, (5.9)
d(W, B); = pdt.

The generator of (X,Y) is given by
1 1 1
A= §ey (92 — 0:) + (H(@ —e¥) — §5Qey> Oy + 5526985 +pdeY0,0,.
Thus, using (24]), we identify
1

1 1
a(.’II,y) = iey7 b(.’L"y) = 5626747 C(.’L’,y) = p56y7 f(‘ruy) = 5(9 - ey) - 5626?!'
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We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[Clas well as the Mathematica,

notebook provided on the authors’ website, we compute explicitly

gy = ey/2,
3 3 (52 1
o1 =3 (29&00 -0} ((5 —p+ 25)) + Z(Spoo(k - ),

t
o9 = %52 (8 —17p%) of
2

+ @ (—360k02 (6% — 6p + 2k) + o (136% — 265%p + 462 (135 + 4p> — 1) — 526kp + 5242) + 206%20)

+ %6P0’0 (60x — Tog (6% — 6p+2k)) (k —z) — 152 (p* —2) oo (k — 2)?,

48
2
7= %5203 (5 (30" = 4) 05 (0% = 0p + 2r) + 20 (8 — 7p?)) (5.10)
3
+ —3872 ( — 1320207 (0% — 0p + 2k) + 100k0g (136* — 260°p + 46 (13K + 4p — 1) — 520kp + 52x7)

+2460°kP0 — oy (62 — 6p + 2k) (356* — T06%p + 262 (70k + 29p* — 16) — 1406kp + 140k?) )

2
2
- tfiag((fso ( + oy (456% — 900%p + 467 (45K + 14p° — 4) — 1800kp + 180K7) + 209%2) (k — )
+ ﬁa%—o ((p* =8) a5 (6% = 6p+ 2r) — 20k (p* — 2)) (k — 2)?,

To the best of our knowledge, the above formula is the first explicit implied volatility expansion for the 3/2
model. The characteristic function of X} is given, for example, in Proposition 3.2 of |Baldeaux and Badran
(2012). We have

. LT =H 2\ -2 eY p
E, et — oAz M - — & (emft _q =2 1- = [5.11
ﬁUe € 1—\(7) 522 f?’-% 522 I < Iie (e )5 ’Y (f+ 52)5 )
1/2
S C U R Y SR Y / = —k +16pA — L)
e = 3 ) Th) o PTTEEA a5 ’

where I" is a Gamma function and M is a confluent hypergeometric function. Thus, the price of a European

Call option can be computed using standard Fourier methods

1 )
u(t,z,y) = Py /Rd)\r @(A)Em)yel’\x‘, A=\ + i), A < —1, (5.12)

where @()) is given in (57). Using (512) the implied volatility o can be computed to solving ([B3]) numeri-
cally. In Figure Bl we plot our third order implied volatility approximation o3 and the numerically obtained

implied volatility o.

5.4 SABR local-stochastic volatility

The SABR model of [Hagan et all (2002) is a local-stochastic volatility model in which the risk-neutral

dynamics of S are given by

ds; = Z,SPdw, So=15>0,
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dz; = 6thBt, Zy=12z>0,
A(W, BY, = pdt.

Modeling Z as a geometric Brownian motion results in a true implied volatility smile (i.e., upward sloping

implied volatility for high strikes); this is in contrast to the CEV model, for which the model-induced implied

volatility is monotone decreasing (for 8 < 1). In log notation (X,Y") := (log S,log Z) we have, we have the

following dynamics:
1
AX; = — o PVHRITDR AL 4 DR AW, X = 2= logss,
1
dY; = —552dt + 5dBt, Yy = Y= log z,
d(W, B); = pdt.

The generator of (X,Y) is given by

1 e 1 1 s
A= §e2y+2<6 D292 - 9,) — 552ay + 55235 +pdevtB=bey 9.

Thus, using (24), we identify

1 228102

1 —1)x
2 , bz, y) = 507, c(z,y) = poev =D, flz,y)

a(‘rvy) =

(5.13)

We fix a time to maturity ¢ and log-strike k. Using the formulas from Appendix[Clas well as the Mathematica

notebook provided on the authors’ website, we compute explicitly

_ (B — - =
og = eVt (A=, o1 = 01,0+ 00,1, 02 = 02,0+ 01,1 + 00,2, 03 = 03,0+ 02,1 + 01,2+ 00,45.14)

where

710 = 5k —)(~1+ oo,

1
0’071 = Z(S (2(/€ — :E)p + tUO (_6 + pUO)) )

2
020 = 5=(8 - 1)%05 — t—(ﬁ —1)%0g + 1_12(5 —1)%09(k — 2)?,
t , 12

o11 = = (8= 1)0p0% — (8 — 1)6p0i + —=(8 — 1)da0 (6 + poro) (h — @) — %(B — 1)op(k — z)?,

48 24
2
70 = 220 (8~ 80%) o0+ Lt (50° + 200 (6% —2) 00 — 759))

6% (2 —3p?)

_ i 2 _ _ _ 2
570 P (6= 3poo) (k—z) + 500 (k—=)7,
= L (51— ) — 2 (5 1Pk~ a)
730~ 16 AT ToLF )
_ 25 3 t? 2¢ 5 t 25 2
021 = r‘g(ﬁ — 1) 600 (17p0’0 - 116) + @(ﬁ - 1) 600 (35 — 5p0’0) + E(B - 1) 6p0'0(]€ — JJ)
—3t2 t 5
+ 51 (B = 1)pog(k = 2) + 2(8 = 1)%600 (poo — 26) (k — 2)* + (8 = 1)*0p(k — 2)°,
12 t3
012 = =5 (8 = 1)0%p0g (8§ = Tpoo) + g (8 = 1)8pag (28 = 3pov)

t2

+ i(ﬁ —1)6° (2= 17p%) oo (k — ) + =~ (B — 1)6%0¢ (6> — 60poo +2 (p° — 1) 03) (k — z)

144 192
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(B—1)6% (16p* — 7)
240'0 (k

+ 4—t8(ﬂ —1)8%p (5pog — 76) (k — ) + — )3,

t2
00,3 = —5300 (36 (p* —4) + p (26 — 9p%) 09)

+ @5%@ (00 (196%p 4 200 (6 (8 = 21p%) + p (15p* — 11) 09) ) — 36?)
2

+350°0 (37 = 2) (k= 2) = £55% (8% + 60 (3 + (1= 26°) 00)) (k — )
53 (p2

— 5)
ke — 3

bt o Y
165 p(p*—1)(k—a)*+

There is no formula for European option prices in the general SABR setting. However, for the special

zero-correlation case p = 0 the exact price of a European Call is computed in |Antonov and Specton (2012):

5%t/8 1/2 . . ¢2
_ (atk)2€ " sin ¢ sin(|v|¢) &
u(t,z) =e Noreer { / dV/ do— (V()) T cosd p— exp 5527

s1n(|u|7r/ / v\ Y% sinhy vl i e
L v dw Vo b—cosh1/)e P 952 e e

VZ4v2 »
&» = arccos <qh + qz2_‘tv0 tY ?}I‘qfo cos ¢> (5.15)
2 2 V2 V2 "
&, = arccos <qh + qz;I;VO LG (‘J;‘qfo cosh 1/1>
2 2 (1-B)k (1-B)z _ y
+q; e e 1 e
b:qh q7 dh = 5 qz = ) V= ) ‘/0:_
2019 1-p 1-p 2(1-5) 0

Thus, in the zero-correlation setting, the implied volatility o can be obtained by using the above formula
and then by solving (33]) numerically. In Figure @] we plot our third order implied volatility approximation
03 and the numerically obtained implied volatility o. For comparison, we also plot the implied volatility

expansion of [Hagan et all (2002)

2

HKLW _ L — K o |22 =i+ 1/ S (VAT py1ed Al 2 — 3p?

e 1+t 1
’ 5D(C){ o 24 A Y : (5.16)

f:%(eue’“),

de Y

_ 2" (o(=Bk _ ,(A-P)z

¢ 1 (e e ),

=B/f,

72=ﬁ(5—1)/f27
g<m+<—p>
1—p '

D() =1lo

Note that we use the “corrected” SABR formula, which appears in |Obloj (2008).

6 Conclusions and future work

In this paper we consider a general class of parametric local-stochastic volatility models. In this setting,

we provide a family of approximations — one for each polynomial expansion of A(t) — for (i) European-style
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option prices and (ii) implied volatilities. The terms in our option price expansions are expressed as a
differential operator acting on the Black-Scholes price. Thus, to compute approximate prices, one requires
only a normal CDF. Our implied volatility expansions are explicit, requiring no special functions nor any
numerical integration. Thus, approximate implied volatilities can be computed even faster than option
prices.

We carry out extensive computations using the Taylor series expansion of A(t). In particular, we establish
the rigorous error bounds of our pricing and implied volatility approximations. We also implement our
implied volatility expansion under four separate model dynamics: CEV local volatility, Heston stochastic
volatility, 3/2 stochastic volatility, and SABR local-stochastic volatility. In each setting we demonstrate
that our implied volatility expansion provides an excellent approximation of the true implied volatility over

a large range of strikes and maturities.
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A Asymptotics of the Black-Scholes price for short maturities

We prove some results concerning the short-maturity behavior of the Black-Scholes price. Throughout this
appendix 7 denotes the time to maturity. We recall the following alternative expression for the Black-Scholes

price, taken from [Roper and Rutkowski (2009)

O 4 w2
uBS(oy 1,2, k) = (ex—ek)Jr—l—ez,/L/ e é(““/];-i_ 2 ) dw. (A1)
27T 0
Now we set
o2 122 w2
F (01,02,7,\) ::/ e 2(w2 T4 )dw, o1 < o3. (A.2)
o1
and observe that, if
|z — k| < AT (A.3)

for some A > 0, then we have

N (o) 1 NG 2 o2 1 z—k NG 2
e_A2TF(01,02,7',)\):/ e 2<w+w2T) dwg/ e 2(5’\/?—“”2?) dw
g g

Therefore, assuming (AZ3) holds, from (AJ]) and (A4]) we have

ex*Azﬁ,/;F(o,a,T, N < uPS(orr k) — (¢ — k)T < et %F(O,Ua T A). (A.5)
T o
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Note that F' in (A.2)) is a monotone function, increasing in o2, decreasing in 1, 7 and A. In particular, for

any 0 < omin < Omax, A >0, 79 > 0 and 7 € [0, 79|, we have
0 < F(Umin7027T7 )‘) S F (0-170-277—7 )\) S F(0170maX707)\) < 007 Urnin S Ul S 0-2 S Umax- (AG)

The estimates in (A5]) were used by Roper and Rutkowski (2009) (see also|Li (2005)) to derive the asymptotic
behavior close to expiry of the Black-Scholes Call price as 7 | 0. Below we use (A5 to prove two lemmas

concerning the comparison, close to expiry, of two Black-Scholes prices with different volatilities.

Lemma A.1. For any A > 0, 09 > o1 > 0 and 79 > 0 there exists a constant C' > 1, dependent only on

A, 01,02 and 19, such that
uBS (097, 2, k) < CuPS (0157, 2, k)
for any T € [0,70] and |z — k| < A/T.
Proof. Tt suffices to prove that
’LLBS(O'Q;T,ZE, k) — (ew — ek)+ <C (UBS(Ul;T,IE,k) — (ew — ek)Jr) , |r — k| < A\V7, 7€][0,70].
By (A3) we have
uBS(og; 7,2, k) — (e” — ek)+ < T \/;F (0,092,7,\)
™

F(0,02,0,)) +
< M0 Yar ™ BS . _ (o _ kK
<e 0,01, 707 (u (o1;7,2, k) (e e ) ) ,

where in the last inequality we used also (A.G]). O

Lemma A.2. For any A > 0, 02 > 01 > 0 and C' > 0 there exists 1o with 0 < 19 < é, dependent only on
A, 01,09 and C, such that

uBS(Ul;TaIak) S (1 _OT) uBS(UQ;TaIak)v (A7)
(1+OT) uBS(Ul;TaIak) < BS(UQ;TaIak)v (AS)

for any 7 € [0, 7] and |z — k| < A/T.
Proof. To establish the first inequality (A1), we prove that
uBS (o9 7,2, k) — uPS (0157, 2, k) > CTuPS (097, 2, k), |z — k| < A\/7, 7€]0,70] (A.9)

We estimate the LHS in (AJ9) using (A]). We have

BS BS e [ —i(zhruymy?
u (o9 T, 2, k) —u (o1 T, 2, k) = /T e 2\wvT ' 2/ dw
( 2 ) ( 1 ) \/_\/% o
m—A‘/;
e 2
> VT ——F (01,02, T,\) > ce™/T,
> VT or (01,02,7,A) VT
6_%}? Ly A.10
C-—W 01702767 ) ( . )
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where in the next-to-last inequality we used (A.3) and (A4), and in the last inequality we used (A.6) and
T < %, so that c is positive and independent of 7. Next, once again using (A.5), we can prove the following
estimate for the RHS of (A.9):

1 /1 1
UBS(02;T7x7k)§ UBS (02; Euxuk) <e” <1 —|—e2\>5 w—ﬁF (07027 67)‘)> )

and therefore, for 7 positive and suitably small, we have
CruP5(oo; 7,2, k) < ce®/T

for ¢ as in (AJ0). This establishes the first inequality (AJ7)). To establish the second inequality (ALg]) we

have

(1+ CT)uBS (o1;7,2,k) < uBS(ol; T,z k) + CTuBS(Ug; T, 2, k)

< (1 - CT)UBS(UQ;TV:Cv k) + CTUBS(UQ;TV:Cv k) = UBS(UQ;Tv':Cv k)a

where we have used (A7) in the last inequality. This concludes the proof. O

B Faa di Bruno’s formula and Bell polynomials

Here we briefly recall the well known Faa di Bruno’s formula (see [Riordan (1946) and lJohnsonl (2002)), more
precisely, its Bell polynomial version. Let f and g be two C*° real-valued functions on R. The following

representation holds:

4

dzxm™

n 2 n—h-+1
o) = 32 1V al) Bun (900 o) omra@)) . nzl ()
h=1

with B, j, being the family of the Bell polynomials defined as

Baue) = Y ——— (2Y (2)" ((nThfm') . 1<h<n, (B2

Jilgal s Gn—nta

where the sum is taken over all sequences ji, ja, - , jn—n+1 Of non-negative integers such that

i+t A+ Jnhr1=h, and j1+2jo+--+n—h+1)jr—nt1 =n. (B.3)

C Implied volatility expressions

In this appendix we assume a time-homogeneous diffusion and use the Taylor series expansion of A as in
Example 23 with (Z,7) = (X0, Y)) := (z,y). With A given by ([24)), we introduce the notation

_ 9.0in(z,9)

Ni,j = ’L']' 3 776 {a’7buc7f}'
and we compute, explicitly (below 7 is time to maturity)
o0 = +/2ay,0, 01 =01,0 1 00,1, 02 = 02,0+ 01,1 + 00,2,
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where

2
01,0 = (%) (k — ), 001 =T (Go,l (co,0 + fo,o)) + (LMCO’O) (k — ),

200 4o 208’

and

1 a%,o 2 1 2 208@2)0 - 3@%)0 2
720 = 7( 500020 = gor) + 7 (= govato) + (T ) =)

T 2 ) 72
T = 153 (Uom,lco,o + a0,1 (a1,0¢0,0 — 205¢10) ) + oo ( _ (10,1G17oco70>
0
-
" %03 (203@1’1 (co.0 +2f0,0) + a0 (205 (1,0 + 2/f1,0) — 5ax0 (co.0 + 2f0.0)) ) (k —x)
0
1
T 67 (U§a171c070 +ao,1 (05¢1,0 = 5a1,0¢0,0) )(k —z)?,
0
.
702 = 5408 (408%2 (3‘7317010 - Cg,o) + ao,1 (ao,l (963,0 - 803170,0) - 40360,060,1) )
0
2
2403 (ao’l (—205a0,100,0 + co,0 (9 (co1 + 2fo,1) — 30,1 fo,0))
0

+ ao,1.f0,0 (205 (co1 + 2fo,1) — 3ao,1fo,0) + ogao,2 (co,0 + 2fo,0) 2)

-
+ CYP (ao,l (co,0 (405 (co,1 + fo1) — 18ao,1 fo0) — 9a0,10(2j,o + 4ogco,1fo,0)
0
+ 4ogao,2¢o,0 (co0 +2f0,0) ) (k —z)
=+ W (a071 (a071 (40'(2)()0)0 — 96(2)70) + 20'(2)00700071) + 208@0)26310) (k — x)Q,
0

Higher order terms are too long to reasonably include in this text. However, o3 and (for local volatility
models) o4 can be computed easily using the Mathematica code provided free of charge on the authors’

website.

http://explicitsolutions.wordpress.com
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Figure 1: LEFT: Implied volatility in the CEV model (&1]) is plotted as a function of log-moneyness (k — ) for four different maturities ¢. The solid
line corresponds to the implied volatility o obtained by computing the exact price v using (B.3]) and then by solving ([B3) numerically. The dashed

line (which is nearly indistinguishable from the solid line) corresponds to our third order implied volatility approximation &3, which we compute by

summing the terms in (5.2)). The dotted line corresponds to the implied volatility expansion W of |Haga.n_a.miﬂlo_odﬂard (I]_9_9_d), which is computed
using (B4). RIGHT: We plot the absolute value of the relative error |53 — o|/o of our third order implied volatility approximation as a function of
log-moneyness (k — ) and maturity ¢. The horizontal axis represents log-moneyness (k — x) and the vertical axis represents maturity ¢. Ranging from
darkest to lightest, the regions above represent relative errors of < 0.3%, 0.3% to 0.6%, 0.6% to 0.9% and > 0.9%. We use the following parameters:
B=03,6=02 z=0.0.
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Figure 2: LEFT: Implied volatility the Heston model (&.3]) is plotted as a function of log-moneyness (k — x) for four different maturities ¢. The solid
line corresponds to the implied volatility o, obtained by computing the exact price u using (1)) and then by solving (B3] numerically. The dashed
line corresponds to our third order implied volatility approximation &3, which we compute by summing the terms in (2.8 (note: o3 does not appear
in the text). The dotted line (which only appears for the shortest two maturities) corresponds to the implied volatility expansion o' of m

); it is computed using (G.8]). Note that the dotted line does not appear in the plots for the two largest maturities. RIGHT: We plot the absolute
value of the relative error |53 — o|/o of our third order implied volatility approximation as a function of log-moneyness (k — x) and maturity ¢. The
horizontal axis represents log-moneyness (k — x) and the vertical axis represents maturity ¢. Ranging from darkest to lightest, the regions above
represent relative errors of < 1%, 1% to 2%, 2% to 3% and > 3%. We use the parameters given in Emjf_e;t_a.]_] (IZQ_]_d) k=1.15,60 = 0.04, 6 = 0.2,
p=—0.40 z = 0.0, y = log¥6.
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Figure 3: LEFT: Implied volatility in the 3/2 stochastic volatility model (&3)) is plotted as a function of log-moneyness (k — z) for four different
maturities ¢. The solid line corresponds to the implied volatility o, obtained by computing the exact price v using (BI12]) and then by solving (B3)
numerically. The dashed line corresponds to our third order implied volatility approximation &3, which we compute by summing the terms in (G.10).
RIGHT: We plot the absolute value of the relative error |63 — o|/o of our third order implied volatility approximation as a function of log-moneyness
(k — ) and maturity t. The horizontal axis represents log-moneyness (k — x) and the vertical axis represents maturity ¢. Ranging from darkest to
lightest, the regions above represent relative errors of < 1%, 1% to 2%, 2% to 3% and > 3%. We use the following parameters: x = 0.25, § = 0.1,
6=0.8,p=-0.852=0.0, y=logh.
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Figure 4: LEFT: Implied volatility in the SABR model (&I3) is plotted as a function of log-moneyness (k — x) for four different maturities ¢t. The
solid line corresponds to the implied volatility o, obtained by computing the exact price v using (BI5) and then by solving ([B3]) numerically. The
dashed line corresponds to our third order implied volatility approximation &3, which we compute using (5.I4). The dotted line corresponds to the

implied volatility expansion omKIW oleagan_et_a]_] dZQQj), which is computed using ([B.I6]). For the two shortest maturities, both implied volatility
HKLW

expansions g3 and o provide an excellent approximation of the true implied volatility . However, for the two longest maturities, it is clear

that our third order expansion &3 provides a better approximation to the true implied volatility ¢ than does the implied volatility expansion o™HKIW
of |H_a.ga.nj_t_a.]_] (IZDQd) RIGHT: We plot the absolute value of the relative error |65 — o|/o of our third order implied volatility approximation as a

function of log-moneyness (k — ) and maturity ¢. The horizontal axis represents log-moneyness (k — ) and the vertical axis represents maturity

t. Ranging from darkest to lightest, the regions above represent relative errors of < 1%, 1% to 2%, 2% to 3% and > 3%. We use the following
parameters: §=0.4, 0 =0.25, p=10.0, z = 0.0, y = —1.3.
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