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1 Introduction

Consider the Dirichlet space D on the unit disc {z € C : |z| < 1} of the complex plane. It can be defined as the
Reproducing Kernel Hilbert Space (RKHS) having kernel

kz(w) =k(w,z) = Llog ! = Z (fw)”.

Zw 1—zw

We are interested in the spaces Dy having kernel k9, withd € N. Dy can be thought of in terms of function spaces
on polydiscs, following ideas of Aronszajn [4]. To explain this point of view, note that the tensor d-power p®d

of the Dirichlet space has reproducing kernel k; (21, ,zg; Ww1,...,Wg) = H?=lk(zj ,w; ). Hence, the space
of restrictions of functions in D®¢ to the diagonal z; = --- = z, has the reproducing kernel k¢, and therefore

coincides with D .
We will provide several equivalent norms for the spaces D and their dual spaces in Theorem 1.1. Then we will
discuss the properties of these spaces. More precisely, we will investigate:
— Dy and its dual space HS; in connection with Hankel operators of Hilbert-Schmidt class on the Dirichlet
space D;
— the complete Nevanlinna-Pick property for Dy;
— the Carleson measures for these spaces.

Concerning the first item, the connection with Hilbert-Schmidt Hankel operators served as our original motivation
for studying the spaces D .
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Note that the spaces Dy live infinitely close to D in the scale of weighted Dirichlet spaces Dy, defined by the

norms

Vil 2 g dA(Z)

: t 2 z

i3, = [ o] 5o+ [ lw@Pa-EprE o<t
s 2 T
-7 Izl<1
where @ is normalized area measure on the unit disc.

Notation: We use multiindex notation. If n = (n1,...,n4) belongs to N9, then n| =n1+---+ng. We write

A =~ B if A and B are quantities that depend on a certain family of variables, and there exist independent constants
0<c < CsuchthatcA < B < CA.

Equivalent norms for the spaces D, and their dual spaces HS,

Theorem 1.1. Let d be a positive integer and let

1
da (k) = \n|2=:k m+1D...(ng+1)

Then the norm of a function p(z) = Y gy @(k)z* in Dy is

0o 1/2
—1 1502
lellpg = (Z aq (k)™ [@(k)| ) ~ [¢la. (D
k=0
where 12
oo
k+1 2
lela = ( —aor o 9] ) : 2
kZZ:O log? =1 (k +2)
An equivalent Hilbert norm |[¢]la = [@la for ¢ in terms of the values of ¢ is given by
1/2
1 dA(z)
lella = lo@P + [ [ 10/GP——— G
2 log?~ (1 i 2) T
~Iz]
Define now the holomorphic space HSg by the norm:
0o N\ 172
1Wles, = (Z(k+ D2aa®) [ 0| ) . @)
k=0
Then, HSy = (Dg)™ is the dual space of Dy under the duality pairing of D. Moreover,
oo 5 1/2
1Wlss ~ Wlas, = (Z(k + D log? ! (k +2) [F(K)| ) ~
k=0
1/2
- 1 dA(z)
W, = (WOP + [ 0P~ (=) < 6
D
Furthermore, the norm can be written as
Wi7s, = D e .- eng. ¥l (6)
ny,...nq)
where {en }2 is the canonical orthonormal basis of D, en(z) = \/’Z%
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The remainder of this section is devoted to the proof of Theorem 1.1. The expression for ||¢||p, in (1) follows
by expanding (k)¢ as a power series. The equivalence lellp, ~ [@la, as well as |¢llas, ~ l¢las,. are
consequences of the following lemma. We denote by ¢, C positive constants which are allowed to depend on d
only, whose precise value can change from line to line.

Lemma 1.2. For each d € N there are constants ¢, C > 0 such that for all k > 0 we have

log? =k + 2) -

caq(k) < 1 <

Cay (k).
Consequently, ift € (0, 1), then
1 1V S log? Mk +2) 4 1 1 \¢
-1 < ———" < C| -1 .
(imis) =X (Fre5)

1—1¢ _k=0 k+1 - 1—1¢

Proof of Lemma 1.2. We will prove the Lemma by induction on d € N. It is obvious for d = 1. Thus let d > 2
and suppose the lemma is true for d — 1. Also we observe that there is a constant ¢ > 0 such that for all k > 0 and
0 <n < k we have

clog?2(k +2) <log?2(n +2) +log? 2 (k —n +2) < 21log? 2 (k + 2).

Then for k > 0

1
ad(k) = Z
= i L Z 1
o t1 oty —k—n (m2+1D...(ng+1

“‘i 1 log? 2(k—n+2)

P — by the inductive assumption

1 Xk: 10g972(n + 2) + log? =2(k —n +2)
m+Dk—-n+1)
k 1
~log?2(k +2 by the earlier observation
g )n;)(n—i-l)(k—n—i-l) Y

log?2(k +2) &1 1
_ g ( )Z n
k+2 n:()n—l—l k—n+1

log? =k + 2)
T k41

Next, we prove the equivalence [¢]rrs, ~ |[¢]|#s, Which appears in (5).

Lemma 1.3. Letd € N. Then

1
1 1 \¢! log? 1 (k +2
[tk(;log ) a’t:z()gi(-’_), k>d.
0

1—1¢ k+1

Given the Lemma, we expand
2

logd—1 __L__d4()

1—1z|2 =

W1, = 170)2 +/

D

= 0P+ e [pwf [t
k=1 0

> YllokzF!
k=1
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~ = 2 [~ 2 log? T (k +2
~BOP+ Y R g R G2
k=1
%[W]%ISG"

obtaining the desired conclusion.

Proof of Lemma 1.3. The case d = 1 is obvious, leaving us to consider d > 2. We will also assume that k > 2.
Then by Lemma 1.2 we have

1 1
d—1 (e e} d—2 —2
log“™“(n+2) (n+2)
: di~ [ 08 0D 0y, 1+ S,
/( 1—;) /Z n 1 Z(n—i—l)(n—l—k—i—l) 12
0 0

n=0
where
- k+2
—| 0g?2(n +2) [ 0g?2(n +2) 1 /‘ log?=2(r)
Z ~ ~ d
(n+1)(n+k+1) k—l—ln_0 n+1 k+1 t
= 1
1 log? Nk +2)
Td—-1 k+1
and
oo d—2 oo oo k/tl—1 d—2
$2= Z (nli)l-gl)(n(j——/’c_—zl-)l) = Z (n . 1) Z Z < ngn =
n=k n=k—+1 J=1 n=kKJ
k/+1_1 | e} |
< d—21.,d—2 L d—2 d—2 L
2(14—1) log? 2k Z 5 <log (k+2)2(/+1) / —dx
Jj=1 n=kJ Jj=1 kJ—1

d—2 d=2
_ log (k+2)2( +1)d- 2 +1 _ log (k+2)Z( +yd- 2(kk+1

= —
K+l & —1 kvl = Dk/
log? 2 (k +2) o= . d—n 3 log? ' (k +2)
< 1 - = . O
= k+1 ,;(H_ Ry k+1

Now, the duality between D; and H S, under the duality pairing given by the inner product of D is easily seen by
considering [-]; and [] s, - They are weighted £2 norms and duality is established by means of the Cauchy-Schwarz
inequality.

Next we will prove that [p]y = |[¢]|gz. This is equivalent to proving that the dual space of H S, with respect
to the Dirichlet inner product (-, -)p, is the Hilbert space with the norm |[-]| ;.

Letd € Nand set, for 0 < ¢ < 1, wg(t) = (7 log ﬁ)d and, for 0 < |z| < 1, Wz (2) = wge(|z|?) and
W4 (0) = 1.

Lemma 1.4. Letd € N. Then

1

1
1
[wd(t)dt- / —dt ~ &> ase — 0.
wq (1)

l1—e l1—e

Proof. Write w(t) = (log ﬁ)d, and note that it suffices to establish the lemma for W in place of wy. Let ¢ > 0.
Then 1 is increasing in (0, 1) and w(1 — K T1) = (k 4+ 1)? (log é)d, hence

k+1
1—¢ co

/w(z)dt Z / D()dt < Y w(l - EH -

1—¢ k=1
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= l;(k + l)d(IOg é)dgk(] —¢) ~ g(log é)d

(1-e)

For 1/w we just notice that it is decreasing and hence

1

/ Voo b e
o) T w(l—e)  (log H)d

—&

Thus as € — 0 we have

For0 < h < 1 and s € [-7, ) let Sy, (¢'*) be the Carleson square at e'*, i.e.
Sp(e™)y ={re' :1—h<r<1,|t —s| <h}.

A positive function W on the unit disc is said to satisfy the Bekollé-Bonami condition (B2) if there exists ¢ > 0 such

that :
/ WdA - f WdAfch“

Sp(e's) Sn(ets)
for every Carleson square Sy, (e?). If d € N and if W, (z) is defined as above, then
1 1

1 1
WydA - —dA:hz/ tdt-/ dt ~ h*
/ 4 / Wa wa (1) wy (1)

Sp(els) Sp(els) 1—h 1—h

by Lemma 1.4, at least if 0 < & < 1/2. Observe that both W; and 1/ W, are positive and integrable in the unit disc,
hence it follows that the estimate holds forall 0 < & < 1.

Thus Wy satisfies the condition (B2). Furthermore, note that if f(z) = Y rep f (k)z* is analytic in the open
unit disc, then

d s .
[ 1Pz = Y wd o

IzI<1 k=0

d
where wy = fol tKwg (t)dt ~ %.

A special case of Theorem 2.1 of Luecking’s paper [7] says that if W satisfies the condition (B2) by Bekollé and
Bonami [5], then one has a duality between the spaces L2 (WdA) and L2 ( %dA) with respect to the pairing given
by /.|~ f&dA. Thus, we have

S d A | 200 72
/ g —da ~ Jizi<1 €S = — sup ‘Zk =0 &30 yar VW S ()

W4 (2) f;éo Ja1<1 1 f@PWa(z)dA s Y2 o wkl £ (k)|

|z]<1
-y L wp
2
= (k + D2wg
This finishes the proof of (5). It remains to demonstrate (6). We defer its proof to the next section.
By Theorem 1.1 we have the following chain of inclusions:
.—=>HSj41 > HSy — ... - HS - H$S1=D=D1—>Dy—...>Dyg ->Dy41 = ...

with duality w.r.t. D linking spaces with the same index. It might be interesting to compare this sequence with the
sequence of Banach spaces related to the Dirichlet spaces studied in [3]. Note that for d > 3 the reproducing kernel
of HS; is continuous up to the boundary. Hence functions in H S, extend continuously to the closure of the unit
disc, for d > 3.
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Hilbert-Schmidt norms of Hankel-type operators

Let {e,; } be the canonical orthonormal basis of D, e, (z) = . Equation (6) follows from the computation

«/n-i-

L, I eens 0= 3 3 R TEa e

k=0 |n|=k k=0 |n|=

-y ¥ 1 Far=Y Y (””2 WP
o A D (g + 1) ' ni+1)-..-(ng +1)

nl= k=0 |n|=k

> A log? "Lk +2) -
= S k4 Daa @ OR~ Y %T(]“wf(k)ﬁ
k=0 k=0

Polarizing this expression for || - | 775, , the inner product of HS; can be written

(V1. ¥2)Hs, = Z (V1.en, ...eng)Dl€N, - Cny Y2)D

Hence, for any A,¢ € D,

(kn-kersy = Y (kaseny - eng)D(en, - ng ke)p =Y eny(A) ... enyMen, (§) ... ny (O)

neNd nenNd

oo d
(Zei(x)ei(o) = k() = (k5 k),

i=0

That is,
Proposition 1.5. The map U : k) +— kf extends to a unitary map HS; — Dy.

When d = 2, HS> contains those functions b for which the Hankel operator Hy, : D — D, defined by
(Hpej,ex)p = {ejek, b)p, belongs to the Hilbert-Schmidt class.

Analogous interpretations can be given for d > 3, but then function spaces on polydiscs are involved. We
consider the case d = 3, which is representative. Consider first the operator T, : D — D ® D defined by

(mrz@h) = (/shb)p
The formula uniquely defines an operator, whose action is

Tp f(z,w) = (TbﬁEzEw>5®f

= (fkzkw.b )
= <z*’+'"+f b)p
n.m.,j
_ AT n+m+j+1_,_,,
—n§jf(1>b(n+m+1)7(n+1)(m+1)z

Then, the Hilbert-Schmidt norm of T} is:

2
> WTver.emen)pgp| = Y Heremen.b)pl® = blFs,-

l.m.n l,m.,n

Similarly, we can consider Uj, : D ® D — D defined by

(Un(f ® ). h)_ = (feh.b)p
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The action of this operator is given by

(1+m+n+1)5(l+m+n)§n
n+1 '

Up(f @)@ = Y. [(Em)

I.m.,n=0

The Hilbert-Schmidt norm of Uy, is still ||b|| f7.55-

Carleson measures for the spaces D, and HS,

The (B2) condition allows us to characterize the Carleson measures for the spaces Dy and HS;. Recall that a
nonnegative Borel measure w1 on the open unit disc is Carleson for the Hilbert function space H if the inequality

[ 7P = cool i
lzI<1
holds with a constant C(u) which is independent of f. The characterization [2] shows that, since the (B2) condition

holds, then

Theorem 1.6. For d € N, a measure i > 0 on {|z| < 1} is Carleson for Dy if and only if for |a| < 1 we have:

dxd
ﬁ < CL(wu(S()),

1
[ 1o (1 - EP(SE) N S@)?
1—z|?
S(a)
where S(a) = {z:0 < 1—|z| < 1—|al|, |arg(za)| < 1 — |a|} is the Carleson box with vertex a and S(a) = {z :

0<1—|z] <2(1 —|a|), |arg(za)| < 2(1 — |a|)} is its “dilation”.

The characterization extends to H S», with the weight log_1 (ﬁ) Since functions in HS; are continuous for
d > 3, all finite measures are Carleson measures for these spaces. Once we know the Carleson measures, we can
characterize the multipliers for Dy in a standard way.

The complete Nevanlinna-Pick property for D,

Next, we prove that the spaces D, have the Complete Nevanlinna-Pick (CNP) Property. Much research has been
done on kernels with the CNP property in the past twenty years, following seminal work of Sarason and Agler. See
the monograph [1] for a comprehensive and very readable introduction to this topic. We give here a definition which
is simple to state, although perhaps not the most conceptual. An irreducible kernel k : X x X — C has the CNP
property if there is a positive definite function F : X — DD and a nowhere vanishing function § : X — C such that:

_ ()80
k(x,y) = = Firy)

whenever x, y lie in X. The CNP property is a property of the kernel, not of the Hilbert space itself.
Theorem 1.7. There are norms on Dy such that the CNP property holds.

Proof. Akemel k : D x D — C of the form k(w,z) = Y g ak (Zw)¥ has the CNP property if ag = 1 and the
sequence {a, j,-, is positive and log-convex:

anp— a
n1<n

an an+1
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See [1], Theorem 7.33 and Lemma 7.38. Consider n(x) = aloglog(x) — log(x), with real «. Then, " (x) =

2 _ — . . .. .
M, which is positive for x > My, depending on «. Let now

leogz(x)
log =" (My(n + 1)) 1 log"'(n + 1) o
an = A
" log(Mg)-(n+1) n—+1 n+ 1
Then, the sequence {an }; =, provides the coefficients for a kernel with the CNP property for the space Dy . O

The CNP property has a number of consequences. For instance, we have that the space D, and its multiplier algebra
M (D) have the same interpolating sequences. Recall that a sequence Z = {z,}72 ) is interpolating for a RKHS

oo
H with reproducing kernel k# if the weighted restriction map R : ¢ — {%} o maps H boundedly
nsZn n=

onto £2; while Z is interpolating for the multiplier algebra M (H ) if Q : ¥ > {Y/(zn)} e maps M (H ) boundedly
onto £°°. The reader is referred to [1] and to the second chapter of [8] for more on this topic.

It is a reasonable guess that the universal interpolating sequences for D4 and for its multiplier space M (D) are
characterized by a Carleson condition and a separation condition, as described in [8] (see the Conjecture at p. 33).
See also [6], which contains the best known result on interpolation in general RKHS spaces with the CNP property.
Unfortunately we do not have an answer for the spaces D.
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