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ON A FAMILY OF KP MULTI–LINE SOLITONS ASSOCIATED TO

RATIONAL DEGENERATIONS OF REAL HYPERELLIPTIC CURVES AND

TO THE FINITE NON–PERIODIC TODA HIERARCHY

SIMONETTA ABENDA

Abstract. We continue the program started in [1] of associating rational degenerations of M–

curves to points in GrTNN(k, n) using KP theory for real finite gap solutions. More precisely,

we focus on the inverse problem of characterizing the soliton data which produce Krichever

divisors compatible with the KP reality condition when Γ is a certain rational degeneration of

a hyperelliptic M–curve. Such choice is motivated by the fact that Γ is related to the curves

associated to points in GrTP(1, n) and in GrTP(n − 1, n) in [1]. We prove that the reality

condition on the Krichever divisor on Γ singles out a special family of KP multi–line solitons

(T–hyperelliptic solitons) in GrTP(k, n), k ∈ [n − 1], naturally connected to the finite non-

periodic Toda hierarchy. We discuss the relations between the algebraic-geometric description

of KP T–hyperelliptic solitons and of the open Toda system. Finally, we also explain the effect

of the space–time transformation which conjugates soliton data in GrTP(k, n) to soliton data

in GrTP(n− k, n) on the Krichever divisor for such KP solitons.
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1. Introduction

Regular bounded KP (n − k, k)-line solitons are associated to soliton data (K, [A]) with

K = {κ1 < · · · < κn} and [A] ∈ GrTNN(k, n), the totally non–negative part of the real Grass-

mannian, which is a reduction of the infinite dimensional Sato Grassmannian [36]. The asymp-

totic properties of such solitons have been successfully related to the combinatorial structure of

GrTNN(k, n) in [6, 18, 19].

On the other side, in principle, such soliton solutions may be obtained assigning Krichever

data, which satisfy the KP reality condition, on rational degenerations of regular M–curves[9, 10,

21, 22].

In [1], we have started the program of connecting such two areas of mathematics - the theory

of totally positive Grassmannians and the rational degenerations of regular M-curves - using the

real finite–gap theory for regular bounded KP (n−k, k)-line solitons: we have associated to any

soliton data (K, [A]) with [A] ∈ GrTP(k, n), a curve Γ which is the rational degeneration of a

regular M-curve of genus g = k(n − k) and a Krichever divisor D compatible with the reality

conditions settled in [10].
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Figure 1. Figure 1.a): KP regular real quasi–periodic solutions on the genus 3 hy-

perelliptic curve Γ(ε) = Γ
(ε)
+ ∪ Γ

(ε)
− are parametrized by 3–point divisors such that there

is exactly one divisor point γ
(ε)
j , j ∈ [3] in each finite oval. Figure 1.b): In the limit

ε→ 0, Γ(ε) rationally degenerates to Γ = Γ+ ∪ Γ− and the limiting KP solution is a real

bounded regular KP multi–soliton solution.

In the present paper, we focus on the inverse problem: we choose Γ a given rational de-

generation of an M–curve, we fix the point P+ ∈ Γ where the KP wavefunction has its essential

singularity and a local coordinate ζ on Γ such that ζ−1(P+) = 0, and we use the reality condition

for the Krichever divisor to classify the regular bounded KP (n− k, k)–line solitons compatible

with such algebraic–geometric setting, (Γ, P+, ζ).

More precisely, we successfully investigate the case where Γ is obtained in the limit ε→ 0 from

regular real hyperelliptic curves with affine part Γ(ε) = {(ζ, η) : η2 = −ε2 +
∏n
j=1(ζ−κj)2}, i.e.

(1) Γ = Γ+ t Γ− = {(ζ, η) : η2 =

n∏
m=1

(ζ − κm)2}.

We choose Γ as in (1) because it is a desingularization of the curve associated in [1] to soliton

data (K, [A]), with [A] ∈ GrTP(n − 1, n). Moreover, by a straightforward modification of the

construction presented in [1], Γ is also associated to soliton data (K, [A]), with [A] ∈ GrTP(1, n).

We make the following ansatz:

(1) the number of phases n and the number k of divisor points belonging to the intersection

of the finite ovals with Γ+, the copy of CP 1 containing the essential singularity of KP

wavefunction, identifies the Sato finite dimensional reduction Gr(k, n) corresponding to

the KP solutions;

(2) the arithmetic genus of Γ, n− 1, equals the dimension of the divisor and the dimension

of the subvariety in Gr(k, n) described by such KP soliton solutions;
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(3) the real boundedness and regularity of the KP soliton solution due to the algebraic

geometric data implies that the soliton data are realizable in GrTNN(k, n).

The above ansatz is compatible both with real KP finite–gap theory, with Sato dressing of

the vacuum with finite dimensional operators and the characterization of real regular bounded

(n− k, k)–line solitons.

In the first part of the paper, we review some known facts about (n − k, k)–line soliton

KP solutions and the finite–gap setting (Section 2), we justify the above ansatz by explicitly

characterizing the KP–soliton data producing such divisor structure and call such KP–solitons

T–hyperelliptic (Sections 3 and 4) and explain the relation with the results in [1] in the case

GrTP(n− 1, n) (Section 5). The main results of this part are:

(1) We identify the points in GrTNN(k, n) which correspond to real regular bounded KP

(n− k, k)–line solitons with algebraic geometric data on Γ;

(2) We prove that the divisor structure on Γ is compatible with the KP reality condition if

and only if the soliton data (K, [A]) correspond to points [A] ∈ GrTP(k, n), with

Aij = ajk
i−1
j , i ∈ [k], j ∈ [n], [a] ∈ GrTP(1, n).

We call such KP solitons T–hyperelliptic and explicitly construct the KP–wavefunction

on Γ. k divisor points belong to the intersection of the real ovals with Γ+ and the

remaining (n − k − 1) to the intersection of the real ovals with Γ−. For instance the

divisor structure shown in picture 1.b) corresponds to soliton data K = {κ1 < · · · < κ4}

and [A] ∈ GrTP(2, 4) as above.

The special form of the KP τ–function associated to T–hyperelliptic solitons relates such

class of solutions to the finite non–periodic Toda system[33]. Since Γ is related to the algebraic–

geometric description of the finite non–periodic Toda hierarchy[28, 4, 25], it is then natural to

investigate the relations between the algebraic–geometric approach for the two systems. The

asymptotics of the KP wavefunction and of the Toda Baker–Akhiezer functions are different at

the essential singularity P+ since they are modeled respectively on regular finite gap KP theory

and on the periodic Toda system.

In the second part of the paper we thouroughly investigate such relations and we prove that

the divisor structure of the two systems are connected. In section 6 we review known results

on the finite non–periodic Toda system to settle notations. In section 7, we introduce two

sequences of Darboux transformations and express the Toda Baker–Akhiezer functions of [25]
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using the the Toda resolvent. In section 8, we explain the relations between the divisor structure

of KP T–hyperelliptic solitons and the spectral problem for the Toda system. In section 9 we

solve the inverse problem of reconstructing the KP soliton data from a k–compatible divisor

and express the Toda hierarchy solutions in function of the zero–divisor dynamics of the Toda

Baker–Akhiezer functions. The main results for this part are:

(1) The KP vacuum divisor associated here to T–hyperelliptic solitons is the Toda divisor

found in [25];

(2) The Darboux transformations generating T–hyperelliptic (n− k, k)–line solitons are as-

sociated to well–known recurrencies for the Toda system;

(3) The pole divisor of the normalized KP (n−k, k)–line T–hyperelliptic soliton wavefunction

coincides with the zero divisor at times ~t ≡ ~0 of the k–th component of the Toda Baker–

Akhiezer function defined in [25].

In the last part of the paper we discuss the duality correspondence between KP T–hyperelliptic

soliton data in Gr(k, n) and in Gr(n−k, n) induced by space–time inversion from the algebraic–

geometric point of view. For the Toda system, such transformation corresponds to the compo-

sition of space–time inversion with the reflection of the entries of the Toda Lax matrix A with

respect to the antidiagonal. In section 10, we discuss the relation between space time–inversion,

duality in Grassmann cells and divisors of dual T–hyperelliptic solitons and its relation to

Toda. In particular, we give the explicit formula to compute the divisor of the dual soliton in

GrTP(n− k, n) from the soliton data in GrTP(k, n).

In section 11, we summarize the results of the paper. We are convinced that the results

presented in this paper may be generalized in many directions and open the way to novel

interpretations of the KP wavefunctions associated to generic points in GrTP(k, n)[1] and its

generalization to the whole GrTNN(k, n)[2].

2. (n− k, k)-line solitons via Darboux transformation, in the Sato Grassmannian

and in finite–gap theory

The KP-II equation[17]

(2) (−4ut + 6uux + uxxx)x + 3uyy = 0,

is the first non–trivial flow of an integrable hierarchy [8, 9, 15, 32, 36] and in the following we

denote ~t = (t1 = x, t2 = y, t3 = t, t4, . . . ). In this section, we characterize the real bounded
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regular (n− k, k)-line soliton solutions in the general class of KP–soliton solutions via Darboux

transformations, Sato’s dressing transformations and finite gap–theory.

For any k, n ∈ N with k < n, we denote [k, n] = {k, k + 1, . . . , n − 1, n} and [n] = [1, n].

Following Postnikov [35], a k×n real matrix A ∈MatTNN
k,n if all the maximal (k×k) minors of A

are non–negative and at least one of them is positive. The totally non–negative Grassmannian is

GrTNN(k, n) = GL+
k \MatTNN

k,n , where GL+
k are the k×k real matrices with positive determinant.

The totally positive Grassmannian is GrTP(k, n) = S∩GrTNN(k, n), where S is the top cell in the

Gelfand–Serganova decomposition of Gr(k, n), i.e. [A] ∈ GrTP(k, n) if and only if all maximal

(k × k) minors of A are positive.

The simplest way to construct KP solitons is via the Wronskian method [13, 29]: suppose

that f (1)(~t), . . . , f (k)(~t) satisfy the heat hierarchy ∂tlf
(r) = ∂lxf

(r), with l ≥ 1, r ∈ [k], and let

τ(~t) = Wrx(f (1), . . . , f (k)). Then u(~t) = 2∂2
x log(τ(~t)), is a solution to KP-II. Let K = {κ1 <

κ2 < · · · < κn} and A = (Arj) be a real k × n matrix. The (n − k, k)–line soliton solutions are

obtained choosing

(3) f (r)(~t) =
n∑
j=1

ArjEj(~t), r = 1, . . . , k, Ej(~t) = eθ(κj ;
~t), with θ(ζ;~t) =

∑
n≥1

ζntn.

In such a case τ(~t) =
∑

1≤i1<···<ik≤n ∆(i1, . . . , ik)E[i1,...,ik](~t), where ∆(i1, . . . , ik) are the Plücker

coordinates of the corresponding point in the real Grassmannian, [A] ∈ Gr(k, n), and E[i1,...,ik](~t) =

Wrx(Ei1 , . . . , Eik). Then, following [18], the (n− k, k)–line soliton u(~t) is regular and bounded

for all ~t = (x, y, t, 0, . . . ) if and only if [A] ∈ GrTNN(k, n), i.e. all k× k minors ∆(i1, . . . , ik) ≥ 0.

The KP solitons are also realized as special solutions in the Sato theory of the KP hierarchy

[36, 32] using the Dressing transformation. Indeed let the vacuum hierarchy be

∂xΨ(0) = λΨ(0), ∂tnΨ(0) = ∂nxΨ(0) = λnΨ(0), n ≥ 1,

and suppose that the dressing operator W = 1−w1∂
−1
x −w2∂

−2
x −· · · satisfies the Sato equations

∂tnW = (W∂nxW
−1)+W − W∂nx , n ≥ 1, where the symbol (·)+ denotes the differential part

of the given operator. Then the KP hierarchy is generated by the inverse gauge (dressing)

transformation L = W∂xW
−1

LΨ̃(0) = λΨ̃(0), ∂tnΨ̃(0) = BnΨ̃(0), Bn = (W∂nxW
−1)+, n ≥ 1,

with Ψ̃(0) = WΨ(0) and x = t1, y = t2, t = t3. In such a case the Lax operator takes the

form L = ∂x + u2∂
−1
x + u3∂

−2
x + · · · , and u2 = ∂xw1 satisfies the KP equation. u(x, y, t) is the

(n − k, k)–line soliton associated to soliton data (K, [A]), if and only if the dressing operator
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takes the form W = 1−w1∂
−1
x −w2∂

−2
x − · · · −wk∂−kx , and Df (r) = 0, r = 1, . . . , k, where D is

the Darboux transformation[30]

(4) D ≡W∂kx = ∂kx − w1(~t)∂k−1
x − . . .− wk(~t).

Regular finite–gap solutions are the complex periodic or quasi–periodic meromorphic solutions

to the KP equation (2). Krichever [21, 22] has classified this class of solutions: for any non-

singular genus g complex algebraic curve Γ with a marked point P0 and a local parameter λ

such that λ−1(P0) = 0, there exists a family of regular complex finite–gap solutions u(~t) to

(2) parametrized by non special divisors D = (P1, . . . , Pg) on Γ\{P0}. More precisely, the

Baker–Akhiezer function Ψ̃(P ;~t) meromorphic on Γ\{P0} with poles on D and an essential

singularity at P0 with the following asymptotics Ψ̃(ζ;~t) =
(
1 +

χ1(~t)

ζ
+ O(ζ−2)

)
eζx+ζ2y+ζ3t+···,

as (ζ →∞), is a solution to
∂Ψ̃

∂y
= B2Ψ̃,

∂Ψ̃

∂t
= B3Ψ̃, where B2 ≡ (L2)+ = ∂2

x+u, B3 = (L3)+ =

∂3
x + 3

4(u∂x + ∂xu) + u3 satisfy the compatibility conditions [−∂y + B2,−∂t + B3] = 0. If the

divisor D is non–special, then Ψ̃ is uniquely identified by its normalization for P → P0. Finally,

∂xu3 = 3
4∂yu, and the KP regular finite–gap solution is

u(x, y, t) = 2∂xχ1(x, y, t, 0, . . . ) = 2∂2
x log(Θ(Ux+ V y + Zt+ z0)) + c,

where c ∈ C, Θ(z), z ∈ Cg, is the Riemann theta–function associated to Γ, z0 ∈ Cg is a constant

vector which depends on the divisor D, and U , V , Z ∈ Cg are the periods of certain normalized

meromorphic differentials on Γ.

According to [10], a regular finite–gap KP–solution u is real (quasi)–periodic if and only if it

corresponds to Krichever data on a regular M–curve Γ. More precisely Γ must possess an anti–

holomorphic involution which fixes the maximum number of ovals, Ω0, . . . ,Ωg such that P0 ∈ Ω0

and there is exactly one divisor point in each other oval, Pj ∈ Ωj , j ∈ [g]. We recall that the ovals

are topologically circles and, by a theorem of Harnack [14], the maximal number of components

(ovals) of a real algebraic curve in the projective plane is equal to (d − 1)(d − 2)/2 + 1, where

d denotes the degree of the curve. According to finite–gap theory [8, 9], soliton solutions are

obtained from finite–gap regular solutions in the limit in which some of the cycles of Γ become

singular. In particular, the real smooth bounded (n − k, k)-line solitons may be obtained from

regular real quasi–periodic solutions in the rational limit of M–curves where some cycles shrink

to double points.
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Example 2.1. The hyperelliptic involution σ fixes the n real ovals of the genus (n − 1) real

hyperelliptic curve Γ(ε) = {(ζ, η) : η2 = −ε2 +
∏n
j=1(ζ − κj)2} and the divisor (γ

(ε)
1 , . . . , γ

(ε)
n−1)

such that ζ(γ
(ε)
j ) ∈ [κj + ε, κj+1 − ε], for any j ∈ [n− 1] satisfies the reality condition in [10] for

any ε2 > 0 sufficiently small.

3. Vacuum KP–wavefunction on Γ

In this section, we define a family of vacuum wavefunctions Ψ(P,~t) on Γ = Γ+ t Γ− as in

(5), which coincide with Sato vacuum wavefunction on Γ+ and are parametrized by non special

divisors B = {b1 < · · · < bn−1} ⊂ Γ−, such that br ∈]κr, κr+1[, r ∈ [n− 1]. It is straightforward

to verify that there is a bijection between such non special divisors and points [a] ∈ GrTP(1, n).

We model such vacuum wavefunctions on those constructed in [1] for KP soliton data in

GrTP(1, n): in this case the effect of the Darboux transformation is to move the vacuum divisor

points inside the finite ovals in such a way that exactly one pole belongs to Γ+.

In the next sections, we investigate which Darboux transformations move the vacuum divisor

points inside the finite ovals in such a way that exactly k poles belong to Γ+, for k ∈ [n− 1].

In the following, the algebraic setting is (Γ, P+, ζ), where Γ is the rational degeneration of a

real hyperelliptic curve of genus g = n− 1, with affine part

(5) Γ : {(ζ; η) ∈ C2 : η2 =
n∏
j=1

(ζ − κj)2}.

Γ = Γ+tΓ−, with Γ+ = {(ζ; η(ζ)) ; ζ ∈ C}, Γ− = σ(Γ+), where σ is the hyperelliptic involution,

i.e. σ(ζ; η(ζ)) = (ζ;−η(ζ)). The marked point is P+ ∈ Γ+ such that ζ−1(P+) = 0 and P− =

σ(P+) ∈ Γ−. To simplify the notations, ζ denotes the local coordinate in both copies Γ±.

Γ possesses n ovals Ωj , j ∈ [0, n − 1]. Ω0 is the oval containing the points P± and we call

it infinite oval. We enumerate the other (finite) ovals according to the double points belonging

to them, i.e. Ωj is the oval containing κj and κj+1, j ∈ [n − 1] (see Figure 2 for the example

n = 4).

Definition 3.1. Let Γ = Γ+ t Γ− as in (5). On Γ− we take n − 1 real ordered points B =

{b1, . . . , bn−1} such that br ∈]κr, κr+1[, for any r ∈ [n− 1]. To such data we associate a vacuum

wave function

(6) Ψ(P,~t) =


Ψ(+)(ζ;~t) = eθ(ζ;~t), ζ ∈ Γ+,

Ψ(−)(ζ;~t) =

n∑
l=1

alEl(~t)
∏n
j 6=l(ζ − κj)∏n−1

r=1 (ζ − br)
, ζ ∈ Γ−
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where

θ ≡ θ(ζ;~t) =
∑
i≥1

ζiti, al =

∏n−1
r=1 (κl − br)∏n
s 6=l(κl − κs)

, l ∈ [n].

In Figure 2, we show the real part of the curve Γ in the case n = 4. The divisor points bj are

in the intersection of the finite ovals Ωj with Γ−, for any j ∈ [3].

The wavefunction as in Definition 3.1 has the following properties

Lemma 3.1. Let Γ, B and Ψ(ζ;~t) as in Definition 3.1. Then Ψ(ζ,~t) is a regular function of

the variables ~t = {t1 = x, t2 = y, t3 = t, t4, . . .} and, as a function of ζ, it is defined on Γ\{P+}.

Moreover

(1) Ψ(±)(ζ;~t) is real for real ζ and real ~t;

(2) Ψ(P,~0) ≡ 1, for all P ∈ Γ;

(3) Ψ(+)(ζ;~t) is the Sato vacuum KP wave function;

(4) Ψ has an essential singularity at the marked infinity point P+ ∈ Ω0;

(5) The coefficients aj, j ∈ [n], are positive and
∑n

j=1 aj = 1;

(6) Divisor of poles of Ψ(P,~t): for any ~t, Ψ(−)(ζ;~t) is meromorphic in ζ on Γ− with

simple poles at the points br, r ∈ [n− 1], whose position is independent of ~t;

(7) Divisor of zeros of Ψ(P,~t): In each finite oval Ωr, (r ∈ [n − 1]), Ψ(ζ,~t) possesses

exactly one simple pole br and exactly one simple zero br(~t), such that br(~0) = br and

br(~t) ∈]κr, κr+1[⊂ Γ− ∩ Ωr, for all ~t;

(8) Gluing rules between Γ±: For any j ∈ [n], the values of Ψ(±) coincide at the marked

points κj for all ~t:

(7) Ψ(+)(κj ,~t) = Ψ(−)(κj ,~t) ≡ Ej(~t), ∀~t,

with Ej(~t) as in (3).

We remark that the condition that each zero of Ψ(ζ,~t) lies in a well-defined open interval

]κj , κj+1[ for all ~t, is natural since Ψ(ζ,~t) represents a vacuum wave function: no collision is

possible for the zero divisor.

To each vacuum divisor B as in Definition 3.1, we associate the point in [a] ≡ [a1, . . . , an] ∈

GrTP(1, n). Viceversa, to each point [a] ∈ GrTP(1, n), we uniquely associate a divisor B and

vacuum wave–function Ψ(ζ;~t), where B = {ζ : Q(ζ) = 0}, with

(8) Q(ζ) =

n∏
j=1

(ζ − κj)

(
n∑
l=1

al
ζ − κl

)
,
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Figure 2. A vacuum divisor {b1 < b2 < b3} on Γ of arithmetic genus 3. The essential

singularity of the Sato vacuum wavefunction is at P+. The hyperelliptic involution is

reflection w.r.t. the horizontal axis and it leaves invariant the ovals Ω0, . . . ,Ω3. The

values of Ψ(+)(ζ,~t), Ψ(−)(ζ,~t) coincide at the double points κj , j ∈ [4], for all ~t.

Indeed we have the following

Lemma 3.2. Let K = {κ1 < κ2 < · · · < κn} and [a] ∈ GrTP(1, n) be fixed, with normalization
n∑
j=1

aj = 1. Let br, r ∈ [n − 1], be the solutions to Q(ζ) = 0 as in (8). Then br ∈]κr, κr+1[,

∀r ∈ [n− 1] and

(9) Ψ(ζ;~t) =


Ψ(+)(ζ;~t) ≡ eθ(ζ;~t), if ζ ∈ Γ+,

Ψ(−)(ζ;~t) ≡
n∑
l=1

ajEj(~t)

∏
s 6=l(ζ − κs)∏n−1
r=1 (ζ − br)

, if ζ ∈ Γ−,

satisfies all the properties in Lemma 3.1.

Remark 3.1. Lemmata 3.1 and 3.2 imply that the condition br ∈]κr, κr+1[, r ∈ [n − 1], is

equivalent to aj > 0, for all j ∈ [n]. It follows that assigning the algebraic geometric data

(Γ, P+,B) as in Definition 3.1 is equivalent to assigning the vacuum soliton data K, [a], with

K = {κ1 < · · ·κn}, [a] ∈ GrTP(1, n).

Remark 3.2. In [1], we have introduced a parameter ξ which governs the position of the marked

points at which we glue different copies of CP 1 to construct a rational degeneration of an M–

curve of arithmetic genus k(n − k). At such marked points we control the asymptotics of the

vacuum wave–function. In the case k = 1, in [1] we glue exactly two copies Γ0 and Γ1 of CP 1

and the introduction of the scaling parameter ξ is unnecessary since any set of n ordered points

on Γ1 would work. In particular, for the choice λ
(1)
j = κj, j ∈ [n], the vacuum wavefunction

constructed in [1] coincides with (6) for soliton data (K, [a]), [a] ∈ GrTP(1, n).



ON A FAMILY OF KP MULTI–LINE SOLITONS 11

ζ

Г+

Г−

𝜿𝟐

𝜿𝟏

𝜿𝟑 𝜿𝟒𝜿𝟏

𝜿𝟐

𝜿𝟐 𝜿𝟑 𝜿𝟒

𝜿𝟏 𝜿𝟑 𝜿𝟒

𝜸𝟐
(𝟑)

𝜹𝟏
(𝟐)

𝜸𝟏
(𝟑)

Г+

Г+

Г−

Г−

ζ

ζ

𝜸𝟑
(𝟑)

𝜸𝟏
(𝟐) 𝜸𝟐

(𝟐)

𝜸𝟏
(𝟏)

𝜹𝟐
(𝟏)𝜹𝟏

(𝟏)

a)

b)

c)

Figure 3. According to Corollary 4.1, k–compatible divisors are realized in (n − 1)–

dimensional varieties of KP soliton data in GrTP(k, n). Here Γ has arithmetic genus

3, vacuum divisor as in Figure 2 and k = 3 (Figure 3.a), k = 2 (Figure 3.b) and

k = 1(Figure 3.c). The case k = 0 (3 divisor points on Γ−) corresponds to the vacuum

KP wavefunction in Figure 2 and the trivial KP solution u(~t) ≡ 0.

4. T -hyperelliptic solitons and k–compatible divisors

Any (n− k, k)–line soliton regular bounded KP-solution is uniquely identified by the soliton

data (K, [A]), where K = {κ1 < · · · < κn} and [A] ∈ GrTNN(k, n) define the heat hierarchy

solutions f (1)(~t), . . . f (k)(~t), as in (3) and the Darboux transformation D(k) ≡ W∂kx = ∂kx −

w1(~t)∂k−1
x − . . .−wk(~t), as in (4) where W is the Dressing operator of the vacuum and D(k)f (i) ≡

0, for any i ∈ [k].

Let (Γ, P+, ζ), with Γ as in (5). We make the ansatz that such real boundend soliton solution

may be obtained from a real regular finite gap KP–solution on {(ζ; η) : η2 = −ε2 +
n∏
j=

(ζ−κj)2},

in the limit ε → 0. Such ansatz means that the Darboux transformation D(k), associated to

the soliton data (K, [A]), acts on the vacuum divisor moving the poles inside the finite ovals in

such a way that exactly k of them belong to Γ+ and n − k − 1 to Γ− and that D(k) creates

exactly k fixed zeros at P−. Then the normalized KP–wavefunction D(k)Ψ(ζ,~t)

D(k)Ψ(ζ,~0)
has a Krichever

divisor D which satisfies the reality condition [10] and is realized from the vacuum dressing via

W = D(k)∂−kx , that is:

(1) the Krichever divisor is D = {γ1, . . . , γk, δ1, . . . , δn−k−1} ⊂ Γ\{P+};

(2) there is exactly one divisor point in each finite oval Ωj , j ∈ [n − 1] according to the

counting rule below;

(3) D ∩ Γ+ = {γ1, . . . , γk}, D ∩ Γ− = {δ1, . . . , δn−k−1}.
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We call such a divisor k–compatible and T–hyperelliptic the corresponding KP soliton data

(K, [A]). In this section we prove that the soliton data (K, [A]) are T–hyperelliptic if and only

if there is [a] ∈ GrTP(1, n) and

Aij = ajκ
i−1
j , i ∈ [k], j ∈ [n].

In such a case the vacuum divisor B is the one associated to [a] ∈ GrTP(1, n) in the previous

section. In particular for K and k ∈ [2, n − 2] fixed, such soliton data parametrize an (n − 1)–

dimensional variety in GrTP(k, n).

Remark 4.1. (The counting rule) We call D generic, if no points of D lie at the double points

of Γ, otherwise we call it non generic. In the non generic case, both X = κm and σ(X) = κm

belong to D, for some m ∈ [n], and the wavefunction has simple zeroes (resp. simple poles) at

κm at both the components Γ− and Γ+, i.e. we have a collision of 2 divisor points γs ∈ Γ+ and

δl ∈ Γ−. Then we use the following counting rule: if we have a pair of divisor points at a double

point, one of them is assigned to the left oval and the other is assigned to the right oval.

To characterize on (Γ, P+, ζ) the admissible soliton data (K, [A]), where [A] ∈ GrTP(k, n), we

introduce the following definitions of k–compatible divisor and of T -hyperelliptic soliton.

Definition 4.1. (k–compatible divisor) Let (Γ, P+, ζ) be as above. Let Ω±j = Γ± ∩ [κj , κj+1],

j ∈ [n−1] so that the finite ovals are Ωj = Ω+
j ∪Ω−j . We call a divisor D = {γ1, . . . , γk, δ1, . . . , δn−k−1} ⊂

Γ\{P+} k–compatible if:

(1) γj ∈ Γ+, j ∈ [k] are pairwise distinct and δl ∈ Γ−, l ∈ [n − k − 1] are pairwise distinct

points;

(2) D ∩ Ωj 6= ∅, j = 1, . . . , n − 1, and each finite oval contains exacly one divisor point

according to the counting rule;

(3) D± ∩ {κ1, κn} = ∅, so that in particular no divisor point is in the infinite oval Ω0;

(4) if κm ∈ D+ for some m ∈ [2, n− 1], then κm ∈ D− and D± ∩ ([κm−1, κm+1]\{κm}) = ∅.

We define the k–compatible divisor generic if D± ∩ {κ1, . . . , κn} = ∅.

In figure Figure 3, we show k–compatible divisors for the case n = 4 and k ∈ [3].

Definition 4.2. (T -hyperelliptic soliton) Let ([A],K), [A] ∈ GrTNN(k, n) be the soliton data

of a regular bounded (n−k, k)–soliton solution to the KP equation and let D(k) = ∂kx−w1(~t)∂k−1
x −
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· · · −wk(~t) be the associated Darboux transformation. Let (Γ, P+, ζ), with Γ as in (5), P+ ∈ Γ+

such that ζ−1(P+) = 0.

We call the soliton ([A],K) T -hyperelliptic, if there exists a 0–compatible vacuum divisor

B = {b1 < · · · < bn−1} ⊂ Γ− i.e. κ1 < b1 < κ2 < · · · < bn−1 < κn, and the corresponding vacuum

wavefunction Ψ(ζ;~t) as in Definition 3.1 has the following property: after the Darboux transfor-

mation D(k) associated to the soliton data ([A],K), the zero–divisor of Ψ(k)(ζ;~t) ≡ D(k)Ψ(ζ;~t)

is Z(k)
B (~t) ≡ DB(~t) ∪ {k P−} ⊂ Γ\{P+}, with DB(~t) k–compatible for any ~t.

Remark 4.2. We remark that the T -hyperelliptic solitons are a class of KP–soliton solutions

whose algebraic geometric data are associated to rational degenerations of hyperelliptic curves,

but they do not exhaust the whole class of KP–soliton solutions associated to algebraic geometric

data on rational degenerations of real hyperelliptic curves.

The vacuum wave–function defined in the previous section on Γ possesses a compatible 0–

divisor according to the above definition and the corresponding T -hyperelliptic soliton is the

trivial solution u(~t) ≡ 0.

Let K = {κ1 < · · · < κn}, Γ as in (5), B = {b1 < · · · < bn−1} ⊂ Γ−, and the vacuum

wave–function as in (6)

(10) ΨB(ζ;~t) =


eθ(ζ;

~t), if ζ ∈ Γ+,

Ψ
(−)
B (ζ;~t) ≡

n∑
l=1

aj(B)Ej(~t)

∏
s 6=l(ζ − κs)∏n−1
r=1 (ζ − br)

, if ζ ∈ Γ−,

where aj(B) = Resζ=κj

∏n−1
r=1 (ζ−br)∏n
s=1(ζ−κs) > 0, j ∈ [n],

n∑
j=1

aj(B) = 1.

Let [A] ∈ GrTNN(k, n) and choose a basis of heat hierarchy solutions f (i)(~t) =
n∑
j=1

AijEj(~t),

i ∈ [k], representing (K, [A]). The Darboux transformation D(k) = ∂kx −w1(~t)∂k−1
x − · · · −wk(~t)

is obtained solving the linear system D(k)f (i)(~t) ≡ 0, i ∈ [k]. The soliton data (K, [A]) are

T–hyperelliptic if and only if the Darboux transformed wave–function takes the form

(11) Ψ
(k)
B (ζ;~t) ≡ D(k)ΨB(ζ;~t) =


(
ζk − w1(~t)ζk−1 − · · · − wk(~t)

)
eθ(ζ;

~t), ζ ∈ Γ+,

Ã(k)(~t)

∏n−k−1
l=1 (ζ − δ(k)

l (~t))∏n−1
r=1 (ζ − br)

, ζ ∈ Γ−,

with Ã(k)(~t) 6= 0 for almost all ~t (we anticipate that, from our construction, necessarily Ã(k)(~t) >

0 for all ~t).
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For any fixed 0–compatible (vacuum) divisor B, the restriction of D(k)ΨB(ζ;~t) to Γ+ satisfies

condition (1) in Definition 4.1, since Z(k)
B (~t) ∩ Γ+ = {γ(k)

1 (~t), . . . , γ
(k)
k (~t)}, with

(12) ζk − w1(~t)ζk−1 − · · · − wk(~t) =
k∏

n=1

(ζ − γ(k)(~t)).

Moreover, by a Theorem in Malanyuk [27], for any real ~t, κ1 ≤ γ(k)
1 (~t) < · · · < γ

(k)
k (~t) ≤ κn. On

Γ− for generic choice of B,

(13)

D(k)Ψ
(−)
B (ζ;~t) =

n∑
j=1

aj(B)Ej(~t)
k∏
l=1

(κj − γ(k)
l (~t))

∏n
s 6=j(ζ − κs)∏n−1
r=1 (ζ − br)

= Ã(k)(~t)

∏n−1
l=1 (ζ − δ(k)

l (~t))∏n−1
r=1 (ζ − br)

,

has non–special complex zero divisor Z(k)
B,−(~t) ≡ Z(k)

B (~t)∩Γ− =
{
δ

(k)
1 (~t), . . . , δ

(k)
n−1(~t)

}
, such that,

for all ~t, #
(
Z(k)
B,−(~t) ∩ [k1, kn]

)
≥ n− k − 1.

Remark 4.3. (12) and (13) imply that generic soliton data (K, [A]), with [A] ∈ GrTNN(k, n),

may be realized assigning on Γ, a non special divisor D ≡ D(~0) = {γ(k)
1 , . . . , γ

(k)
k , δ

(k)
1 , . . . , δ

(k)
n−1}

such that:

(1) for all j ∈ [k], γ
(k)
j ∈ Γ+ ∩ [κ1, κn] is a root of (12) for ~t = ~0;

(2) δ
(k)
s ∈ Γ−, for all s ∈ [n− 1] are such that #

(
{δ(k)
s } ∩ [k1, kn]

)
≥ n− k − 1;

(3) D satisfies the counting rule;

(4) in each finite oval there is an odd number of divisor points.

In the following Lemma we establish the necessary and sufficient conditions so that {k P−} ⊂

Z(k)
B,−(~t).

Lemma 4.1. Let (K, [A]), with [A] ∈ GrTNN(k, n) and K = {κ1 < · · · < κn} be given. Let D(k)

be the Darboux transformation for (K, [A]). Let B = {b1 < · · · < bn−1} be a 0–compatible divisor

on Γ as in (5) and ΨB(ζ;~t) as in (10). Let s ∈ [k] be fixed. Then the following assertions are

equivalent

(i) {s P−} ⊂ Z(k)
B,−(~t) and

(
Z(k)
B,−(~t)\{s P−}

)
⊂ Γ−\{P−};

(ii) For all ~t,

n∑
j=1

κi−1
j aj(B)

k∏
l=1

(κj − γ
(k)
l (~t))Ej(~t) ≡ 0, ∀i ∈ [s] and

n∑
j=1

κsjaj(B)

k∏
l=1

(κj −

γ
(k)
l (~t))Ej(~t) 6= 0;

(iii) The heat hierarchy solutions µi(~t) =
n∑
j=1

kiaj(B)Ej(~t), i ≥ 0, satisfy D(k)µi(~t) = 0, for

all i ∈ [0, s− 1], and D(k)µs(~t) 6= 0.
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The proof is trivial and it is omitted.

Remark 4.4. Let k ∈ [n − 1] be fixed and let (K, [A]), [A] ∈ GrTNN(k, n) be the soliton data.

For s = 1, the condition D(k)µ0(~t) = 0 in Lemma 4.1 is realized taking µ0(~t) =

n∑
j=1

AijEj(~t), for

some fixed i ∈ [k] and choosing B as in Lemma 3.2, for aj ≡
Aij∑n
l=1 A

i
l

, for all j ∈ [n].

For 1 < s < k, generically, there does not exist a 0–divisor B ⊂ Γ− such that the heat

hierarchy solutions µ0(~t), . . . , µs−1(~t) satisfy Lemma 4.1.

For s = k, if such a divisor B ⊂ Γ− exists, it is unique. Moreover in such case µ0(~t), . . . , µk−1(~t)

generate the Darboux transformation D(k).

In the following, we restrict ourselves to the case s = k.

Corollary 4.1. Let the soliton data (K, [A]) be given, with [A] ∈ GrTNN(k, n), and suppose that

there exists a vacuum divisor B such that Lemma 4.1 holds for s = k. Then [A] ∈ GrTP(k, n)

and [A] = [B], where

(14) Bi
j = κi−1

j aj(B), j ∈ [n], i ∈ [k].

Let K = {κ1, . . . κ4}. Then the divisors in Figure 3 correspond to KP–soliton data (K, [A]),

respectively with [A] ∈ GrTP(3, 4) (Figure 3.a)), [A] ∈ GrTP(2, 4) (Figure 3.b)) and [A] ∈

GrTP(1, 4) (Figure 3.c)) where [A] satisfies Corollary 4.1.

Corollary 4.2. Let K be given. Then for any [A] ∈ GrTP(n−1, n), there exists [a] ∈ GrTP(1, n)

such that [A] = [B], with B as in (14).

Proof. Indeed, let xi > 0, i = 1 . . . , n− 1 and

(15) A =


1 0 · · · 0 (−1)n−2x1
...

. . .
. . .

...
...

0 · · · 1 0 −xn−2

0 · · · 0 1 xn−1


be the representative matrix in the reduced row echelon form of the given point [A] ∈ GrTP(n−

1, n) . For [a] ∈ GrTP(1, n), let B the matrix as in (14) and denote

yi ≡ ∆[1,...,̂i,...,n](B) =

∏
s 6=i

as

 ∏
1≤j<l≤n
j,l 6=i

(κl − κj), i ∈ [n],
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its (n− 1) minors with the i–th column omitted. Then [A] = [B] if and only if

xi =
yi
yn

= (−1)n−i−1an
ai

n−1∏
s=1
s6=i

(κn − κs)
(κi − κs)

, i ∈ [n− 1].

�

For fixed k, 1 < k < n, (14) identify a (n− 1)–dimensional variety in GrTP(k, n). Indeed, let

the matrix in reduced row echelon form

(16) A =


1 0 · · · 0 (−1)k−1xk1 · · · (−1)k−1xkn−k
...

. . .
. . .

...
...

...
...

0 · · · 0 1 x11 · · · x1n−k

 ,

represent a point [A] ∈ GrTP(k, n) for which Lemma 4.1 holds for n = k. The k×(n−k) matrix

X =


x11 · · · x1n−k
...

...
...

xk1 · · · xkn−k

 ,

is totally positive in classical sense and the explicit relations between [a] = [a1, . . . , an] ∈

GrTP(1, n) and the coefficients of X are as follows:

Lemma 4.2. Let B the k × n matrix defined in (14) and associated to [a] = [a1, . . . , an] ∈

GrTP(1, n), such that
n∑
j=1

an = 1. Then the coefficients of the associated reduced row echelon

form matrix A as in (16) take the form

xij = (−1)k−i
aj
ai

k∏
l=1
l 6=i

(κj − κl)
(κi − κl)

, i ∈ [k], j ∈ [n− k + 1, k].

We end this section summarizing the divisor properties of T–hyperelliptic (n− k, k)–solitons.

Theorem 4.1. Let k ∈ [n − 1], K = {κ1 < · · · < κn}, [a] = [a1, . . . , an] ∈ GrTP(1, n) and

[A] ∈ GrTNN(k, n) satisfy Corollary 4.1. Let D(k) and Ψ̃(k)(ζ;~t) = D(k)Ψ(ζ;~t)

D(k)Ψ(ζ;~0)
respectively be the

Darboux transformation and the KP–wavefunction associated to the soliton data (K, [A]), with

Ψ(ζ;~t) as in (9). Then, for all ~t, the zero divisor D(k)(~t) of Ψ̃(k) has the following properties:

(1) Γ+ contains exactly k points of D(k)(~t): D(k)
+ (~t) = {γ(k)

1 (~t), . . . , γ
(k)
k (~t)};

(2) Γ− contains exactly n− k − 1 points of D(k)(~t): D(k)
− (~t) = {δ(k)

1 (~t), . . . , δ
(k)
n−k−1(~t)};

(3) All points γ
(k)
l (~t), l ∈ [k], lying in Γ+ are pairwise different;

(4) All points δ
(k)
s (~t), s ∈ [n− k − 1], lying in Γ− are pairwise different;
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(5) D(~t) ∩ Ω0 = ∅;

(6) D ⊂
⋃
n

Ωn, that is each divisor point is real and lies in some finite oval;

(7) Each finite oval Ωn contains exactly one point of D(~t) both for the generic and the non

generic case, according to the counting rule.

Remark 4.5. For any fixed ~t, no zero or pole of Ψ̃(k)(ζ,~t) lies at the double points κ1 or κn, and,

thanks to the counting rule, #
(
D(k)

+ (~t) ∩ {κ2, . . . , κn−1}
)

= #
(
D(k)
− (~t) ∩ {κ2, . . . , κn−1}

)
≤

min{k, n− k − 1}.

The proof of Theorem 4.1 follows the same lines as for Theorem 7 in [1] and is omitted. Notice

that the pole divisor of Ψ̃(k) is just D(k)(~0).

5. Comparison with the construction in [1]

In this section we show that Γ as in (5) is a desingularization of the curve Γξ constructed in

[1] for points in GrTP(n− 1, n) and that the respective KP wavefunctions coincide.

In [1], for any fixed ξ >> 1 we have associated to any soliton data (K, [A]), with K = {κ1 <

κ2 < · · · < κn} and [A] ∈ GrTP(k, n),

(1) a connected curve Γξ = Γ0 t Γξ,1 t · · · t Γξ,k, which is the rational degeneration of a

regular M–curve of genus (n− k)k with 1 + (n− k)k ovals, Ω0, Ωi,j , i ∈ [k], j ∈ [n− k];

(2) a vacuum wavefunction Ψξ(λ;~t) on Γ(ξ) with the following properties:

(a) Ψξ(λ;~t) is real for λ ∈ Ω0 ∪i,j Ωi,j and real ~t;

(b) on Γ0, Ψξ(λ;~t) coincides with Sato vacuum wavefunction and has essential singu-

larity at P0 ∈ Γ0 ∩ Ω0;

(c) on each Γξ,i, i ∈ [k], Ψξ(λ;~t) is meromorphic and possesses n − k divisor points

b
(i)
ξ,1, . . . , b

(i)
ξ,n−k, whose position is independent of ~t;

(d) in each finite oval Ωi,j , i ∈ [k], j ∈ [n − k], there is exactly one such divisor point

according to the counting rule;

and we have proven that, after the Darboux transformationD(k) associated with the given soliton

data (K, [A]), the normalized wavefunction Ψ̃ξ(λ;~t) =
D(k)Ψξ(λ;~t)

D(k)Ψξ(λ;~0)
satisfies Dubrovin–Natanzon

conditions, i.e.

(1) Ψ̃ξ(λ;~t) is real for λ ∈ Ω0 ∪i,j Ωi,j and real ~t;

(2) on Γ0 it has an essential singularity at P0 and it possesses k divisor points γ
(0)
ξ,1 , . . . , γ

(0)
ξ,k

whose position is independent of time;
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Figure 4. The desingularization of Γξ to Γ in the case n = 5. Γ = Γ+ t Γ− (below) is

a desingularization of Γξ = Γ0 t Γ̂ξ,− (above), with Γ− = Γ0 and Γ̂ξ,− = Γξ,1 t · · · tΓξ,4.

The divisor points on Γ and Γξ are represented by crosses and are left unchanged by the

desingularization.

(3) in each Γξ,i, i ∈ [k], Ψ̃ξ(λ;~t) is meromorphic and possesses n − k − 1 divisor points

δ
(i)
ξ,1, . . . , δ

(i)
ξ,n−k−1 whose position is independent of ~t;

(4) in each finite oval Ωi,j , i ∈ [k], j ∈ [n − k], there is exactly one such divisor point

according to the counting rule.

Let K = {κ1 < κ2 < · · · < κn} be fixed and k = n − 1. According to Corollary 4.2, any

[A] ∈ GrTP(n − 1, n) contains a representative matrix B as in (14). Let ξ >> 1 be fixed and

Γξ = Γ0 t Γξ,1 t · · · t Γξ,n−1 as in Theorem 6 in [1]. Then Γ0 = Γ+ and the double points on

Γξ,r, r ∈ [n− 1], in the local coordinate λ are

(17) λ
(r)
1 = 0, λ

(r)
2 = −1, α

(r)
2 = ξ−1.

On each Γξ,r, r = 1, . . . , n− 1, let us perform the linear substitution

(18) ζ = M
(r)
ξ (λ) ≡ c(r)

ξ,0λ+ c
(r)
ξ,1,

where c
(r)
ξ,1 = κn−r, and c

(r)
ξ,0 are recursively defined

c
(1)
ξ,0 = κn−1 − κn, c

(r)
ξ,0 = κn−r −M (r−1)

ξ (
1

ξ
) =

r−1∑
j=0

(−1)r
κn−r+j − κn−r+j+1

ξj
, r ∈ [2, n− 1].
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In the local coordinate ζ the marked points on Γξ,r are λ
(r)
1 = κn−r, r ∈ [n− 1],

λ
(r)
2 =

 κn, if r = 1,

c
(r−1)
ξ,0

ξ + κn−r+1, if r ∈ [2, n− 1],

and α
(r)
2 =

c
(r)
ξ,0

ξ + κn−r, r ∈ [n − 1]. If ξ is sufficiently big, λ
(r)
2 = α

(r−1)
2 ∈]κn−r, κn−r+1[, since

c
(r−1)
ξ,0 < κn−r+1 − κn−r+2 < 0; moreover lim

ξ→∞
α

(r)
2 = κn−r, for any r ∈ [n− 1].

Remark 5.1. For any fixed ξ >> 1, Γξ itself is a desingularization of Γ∞ = Γ0 t Γ∞,1 t · · · t

Γ∞,n−1. On Γ∞, Γ0 is glued at κn with Γ∞,1, at κ1 with Γ∞,n−1, and, for r ∈ [2, n − 1], at

κn−r+1 with Γ∞,r−1 and Γ∞,r.

Let us denote Ψξ,r, Ψ̃r respectively the vacuum and the normalized Darboux transformed

wavefunctions on Γξ,r, r ∈ [0, n − 1]. Following [1], on Γ0 = Γ+, the vacuum wave–function is

Ψξ,0(ζ;~t) = eθ(ζ;~t) and D(n−1)Ψξ,0(ζ;~t) =
n−1∏
j=1

(ζ − γ(n−1)
j (~t))eθ(ζ;~t) = Ψ

(n−1)
+ (ζ;~t) (see (47)).

On each Γξ,r, r ∈ [n−1], applying the inverse of (18), λ = M−1
ξ (ζ), the vacuum wave–function

is Ψξ,r(ζ;~t) = Cr(ξ,~t)
ζ−χ(r)

1 (~t)

ζ−b(r)1

, with Cr(ξ,~t) > 0 for all ~t, χ
(r)
1 (~t), b

(r)
1 ∈]κn−r, λ

(r)
2 [, for all ~t, and

χ
(r)
1 (~0) = b

(r)
1 . After the Darboux transformation, D(n−1)Ψξ,r(ζ;~t) = C̃r(ξ,~t)

ζ−b(r)1

and the normalized

wavefunction restricted to Γξ,r is

(19) Ψ̃r(ζ;~t) =
C̃r(ξ,~t)

C̃r(ξ,~0)
= φ(~t).

φ is constant in ζ and also in ξ, since the glueing condition between Γ0 and Γξ,r implies

Ψ̃r(κn−r;~t) = Ψ̃
(n−1)
+ (κn−r;~t), where the right hand side is independent of ξ. Finally φ(~t)

does not depend on r ∈ [n − 1] as well, because of the glueing condition between Γξ,r+1 and

Γξ,r, Ψ̃r+1(λ
(r+1)
2 ;~t) = Ψ̃r(α

(r)
2 ;~t) , r ∈ [n − 2]. In conclusion, the double points λ

(r)
2 ∈ Γξ,r,

α
(r−1)
2 ∈ Γξ,r−1, r = 2, . . . , n − 1, are due to the technical conditions posed in [1], but they

play no role since the normalized KP wave–function Ψ̃(ζ;~t) takes the same constant value on

Γ̂ξ,− = Γξ,1 t · · · t Γξ,n−1 for any ξ > 1. So we may desingularize Γ̂ξ,− to Γ− without modifying

Ψ̃ for any ξ > 1.

Finally the normalized wavefunction as in (47) also takes the constant value φ(~t) for any ζ ∈

Γ−, Ψ̃
(n−1)
− (ζ,~t) ≡ φ(~t), since it is constant w.r.t. the spectral parameter ζ and Ψ̃

(n−1)
− (κj ,~t) =

Ψ̃
(n−1)
+ (κj ,~t) = Ψ̃(κj ,~t), for all j ∈ [n] and ~t. We thus have proven

Theorem 5.1. Let ξ >> 1 be fixed. Let the soliton data (K, [A]) be fixed with K = {κ1 <

· · · < κn} and [A] ∈ GrTP(n − 1, n). Let D(n−1) = ∂n−1
x − w(n−1)

1 (~t)∂n−2
x − · · · − w(n−1)

n−1 (~t) be
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the Darboux transformation associated to (K, [A]), Ψ̃(ζ;~t) be the normalized wave-function on

Γξ = Γ0 tΓξ,1 t · · · tΓξ,n−1 constructed in [1], and Ψ̃(n−1)(ζ;~t) be the normalized wave-function

on Γ = Γ+ t Γ− as in Theorem 8.1 for k = n− 1. Then

(1) The curve Γξ = Γ0 t Γ̂−, with Γ̂ξ,− ≡ Γξ,1 t . . . t Γξ,n−1, is the rational degeneration of

a regular hyperelliptic curve of genus g = n − 1. Γξ may be desingularized to Γ, where

Γ0 = Γ+ and Γ̂− is Γ− with the extra double points λ
(r)
2 ∈ Γξ,r and α

(r−1)
2 ∈ Γξ,r−1, at

which we connect Γξ,r to Γξ,r−1, for r = 2, . . . , n− 1;

(2) The wavefunctions associated to Γξ and to its desingularization Γ are the same. More

precisely, for any ζ ∈ Γ0 ≡ Γ+ and for any ~t,

Ψ̃ξ,0(ζ;~t) = Ψ̃
(n−1)
+ (ζ;~t) =

(
ζn−1 − w(n−1)

1 (~t)ζn−2 − · · · − w(n−1)
n−1 (~t)

ζn−1 − w(n−1)
1 (~0)ζn−2 − · · · − w(n−1)

n−1 (~0)

)
eθ(ζ;

~t),

and there exists a regular function φ(~t) which is the common value respectively of Ψ̃(ζ;~t)

on Γ̂ξ,− and of Ψ̃
(n−1)
− (ζ;~t) on Γ−:

φ(~t) = Ψ̃
(n−1)
+ (κj ;~t), ∀j ∈ [n], ∀~t.

In Figure 4, we show the desingularization of Γξ to Γ when n = 5.

Let us fix the soliton data (K, [A]), with [A] ∈ GrTP(n− 1, n). The representative matrix

(20) A =



1 x1

x2
0 · · · · · · 0

0 1 x2

x3
0 · · · 0

...
. . .

. . .
. . .

. . .
...

0 · · · 0 1 xn−2

xn−1
0

0 · · · · · · 0 1 xn−1


,

is equivalent to A in (15), and the Darboux transformation for ([A],K), D(n−1) = ∂n−1
x −

w
(n−1)
1 (~t)∂n−2

x −· · ·−w(n−1)
n−1 (~t), has the following kernel f (r)(~t) = xn−r+1En−r(~t)+xn−rEn−r+1(~t),

r ∈ [n− 1].

Corollary 5.1. The pole divisor D(n−1) = {γ(n−1)
1 , . . . , γ

(n−1)
n−1 } ⊂ Γ+ associated to the soliton

data ([A],K) satisfies

(21) xi+1

n∏
l=1

(κi − γ(n−1)
l ) + xi

n∏
l=1

(κi+1 − γ(n−1)
l ) = 0, i = 1, . . . , n− 1,

with γ
(n−1)
l ∈]κl, κl+1[∩Γ+, for any l ∈ [n− 1].
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Identities (21) are easily deduced from the equations D(n−1)f (r) = 0, r = 1, . . . , n.

Soliton data in GrTP(n− 1, n), are rather special since the divisor satisfies D(n−1)(~t) ⊂ Γ+.

Proposition 5.1. Let us fix the soliton data (K, [A]), with [A] ∈ GrTP(n − 1, n). Let D(n−1)

be the Darboux transformation associated to (K, [A]) and Γ as in (5). For any given [c] ∈

GrTP(1, n), let the vacuum wavefunction be

Ψ[c](ζ;~t) =


eθ(ζ;~t) ζ ∈ Γ+,
n∑
j=1

cjEj(~t)∑n
l=1 cl

∏n
s 6=j(ζ − κs)∏n−1

r=1 (ζ − br(c))
. ζ ∈ Γ−.

Then, Ψ̃
(n−1)
[c] (ζ;~t) ≡ D(n−1)Ψ[c](ζ;~t)

D(n−1)Ψ[c](ζ;~0)
= φ(~t), for all ζ ∈ Γ− and for all ~t, with φ(~t) as in Theorem

5.1.

The proof is trivial and is omitted. The above proposition means that, for any [c] ∈

GrTP(1, n), the zero divisor of the un–normalized wave–function, D(n−1)Ψ[c](ζ;~t) is D(~t) ∪

{P[c],1, . . . , P[c],n−1}, where the points P[c],j ∈ Γ− are independent of ~t, for all j ∈ [n− 1]. How-

ever, there is a unique point [a] ∈ GrTP(1, n) such that the zero divisor of the un–normalized

wavefunction D(n−1)Ψ[a](ζ,~t) is D(n−1) ∪ {(n − 1)P−}. This is one of the reasons why we have

defined k–compatibility for the un-normalized wave–function D(k)Ψ instead that for the nor-

malized wavefunction Ψ̃(k).

6. The finite non–periodic Toda lattice hierarchy

The special form of the KP τ–functions associated to T–hyperelliptic solitons relates such

class of solutions to those of the finite non–periodic Toda system[37, 33]. Also Γ is related to

the algebraic–geometric description of the finite non–periodic Toda hierarchy[28, 4, 25]. For

these reasons, it is then natural to investigate the relations between the algebraic–geometric

approach for the two systems. In this section we review known results on the solutions to the

Toda hierarchy and on the Toda Baker–Akhiezer function and then, in the following sections,

we discuss the relations between the two systems.

Toda [37] proposed a model of a chain of n mass points moving on the real axis, with position

ql, l ∈ [n], Hamiltonian H =
1

2

n∑
l=1

p2
l +

n−1∑
l=1

e(ql−ql+1), which is integrable both in the periodic

and non–periodic case [12, 33]. The Toda system is the first flow of an integrable hierarchy and

it has been generalized in many ways [7, 11, 16, 20, 26, 34, 38].
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The finite non–periodic Toda lattice system corresponds to formal boundary conditions q0 =

−∞, qn+1 = +∞, and, under the transformation ak = eqk−qk+1 , k ∈ [n− 1], bk = −pk, k ∈ [n],

it is equivalent to

(22)
dak
dt1

= ak (bk+1 − bk) , k ∈ [n− 1],
dbk
dt1

= ak − ak−1, k ∈ [n],

with boundary conditions a0 = an = 0. The space of configurations in the new variables is

(23) D =
{

(a, b) ∈ Rn−1 × Rn : ak > 0, k ∈ [n− 1]
}
.

The system (22) may be put in Lax form
dA

dt1
= [B1,A], with

(24) A =



b1 a1 0 · · · 0

1 b2 a2
. . .

...

0
. . .

. . .
. . . 0

...
. . . 1 bn−1 an−1

0 · · · 0 1 bn


,

B1 = (A)+, where (P )+ denotes the strict upper triangular part of the matrix P . (22) is the

first flow of an integrable hierarchy

(25)
dA

dtj
= [Bj ,A], j ≥ 1, Bj =

(
Aj
)

+
.

(25) are the equations associated to the symmetries of the Toda lattice generated by Hj =

1
j+1 Tr Aj+1. Since the 0-th flow is trivial, dA

dt0
≡ 0, in the following we take t0 = 0 and denote

~t = (t1, t2, t3, . . . ).

In the configuration space D, the eigenvalues of A, κ
(T )
j are real, distinct and independent of

all tj , i.e. they are constants of the motion. We order them in increasing order, κ
(T )
1 < κ

(T )
2 <

· · · < κ
(T )
n , and denote the characteristic polynomial and the resolvent of A(~t), respectively,

∆n(ζ) = det (ζI − A) =
n∏
j=1

(ζ − κ(T )
j ). R(ζ;~t) =

(
ζIn − A(~t)

)−1
.

Let ∆j(ζ;~t), ∆̂j(ζ;~t), j ∈ [n], respectively be the minors formed by the last j rows and columns

and by the first j rows and columns of ζIn − A, j ∈ [n− 1]:

(26) ∆j(ζ;~t) = det
(
ζIn − A(~t)

)
[n−j+1,...,n]

, ∆̂j(ζ;~t) = det
(
ζIn − A(~t)

)
[1,...,j]

,
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where ∆0(ζ;~t) ≡ ∆̂0(ζ;~t) ≡ 1. The vectors (∆n−1, . . . ,∆0) and (∆̂0, . . . , ∆̂n−1) are respectively

the first column and the last row of ∆n(ζ)R(ζ;~t) and the following identities hold for j ∈ [n−1],

(27)

∆j+1(ζ;~t) = (z − bn−j(~t))∆j(ζ;~t)− an−j(~t)∆j−1(ζ;~t),

∆̂j+1(ζ;~t) = (z − bj+1(~t))∆̂j(ζ;~t)− aj(~t)∆̂j−1(ζ;~t),

∆n(ζ) = ∆̂n(ζ) = ∆n−j(ζ;~t)∆̂j(ζ;~t)− aj(~t)∆n−j−1(ζ;~t)∆̂j−1(ζ;~t).

Remark 6.1. We remark that reflection w.r.t. to the anti–diagonal transforms A(~t) into A∗(~t)

where

(28) A∗(~t) =



bn(~t) an−1(~t) 0 · · · 0

1 bn−1(~t) an−2(~t)
. . .

...

0
. . .

. . .
. . . 0

...
. . . 1 b2(~t) a1(~t)

0 · · · 0 1 b1(~t)


.

Such transformation preserves the spectrum and inverts the role of the minors since

(29)
∆∗j (ζ;~t) ≡ det

(
ζIn − A∗(~t)

)
[n−j+1,...,n]

= ∆̂j(ζ;~t),

∆̂∗j (ζ;~t) ≡ det
(
ζIn − A∗(~t)

)
[1,...,j]

= ∆j(ζ;~t),
j ∈ [0, n].

As a consequence we may equivalently use ∆j or ∆̂j to represent IVP solutions of the finite Toda

system (25). It is well known that assigning the initial datum A(~0) in the configuration space D

as in (23) is equivalent to the Toda data (K, [a]), where K = {κ(T )
1 < · · · < κ

(T )
n } is the spectrum

of A0 and [a] ∈ GrTP(1, n), with al = Res
ζ=κ

(T )
l

R11(ζ;~0), l ∈ [n]. The reflection transformation

induces a transformation of GrTP(1, n) into itself, and A(~0) is also associated to the reflected set

(K, [â]), with K as before and [â] ∈ GrTP(1, n) uniquely identified by the residues of Rnn(ζ;~0).

6.1. IVP solutions to the Toda hierarchy. We recall below different characterizations of the

solutions to the IVP A(~0) = A0 for the Toda hierarchy flows (25). Let us define the generating

functions

(30)

f(ζ;~t) ≡≺ e1,R(ζ;~t)e1 �≡
∆n−1(ζ;~t)

∆n(ζ)
=
∑
j≥0

hj(~t)

ζj+1
=

n∑
j=1

Mj(~t)

ζ − κ(T )
j

,

f̂(ζ;~t) ≡≺ en,R(ζ;~t)en �≡
∆̂n−1(ζ;~t)

∆n(ζ)
=
∑
j≥0

ĥj(~t)

ζj+1
=

n∑
j=1

M̂j(~t)

ζ − κ(T )
j

.

For any initial datum A0 in the configuration space D, the exponential matrix ψ(~t), ~t =

(t1, . . . , ts), s ≥ n− 1, admits a Bruhat decomposition

(31) ψ(~t) = exp (A0t1 + · · ·+ As0ts) = L(~t)U(~t),
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where L(~t) is lower triangular with positive entries on the diagonal and U(~t) is unit upper

triangular, L(~0) = U(~0) = In. Such decomposition gives the following explicit characterization

of the IVP solution to (25).

Proposition 6.1. Let A0 be a Jacobi matrix of the form (24) with aj(~0) > 0, j ∈ [n − 1] and

eigenvalues κ
(T )
1 < κ

(T )
2 < · · · < κ

(T )
n . Define ψ(~t), f(ζ;~t) and f̂(ζ;~t) as in (31) and (30). Then

A(~t) = L(~t)−1A0L(~t) = U(~t)A0U(~t)−1,

Finally, in this representation of the solution the generating functions and the Hankel coefficients

take the form

f(ζ;~t) =
≺ e1, ψ(~t)(ζIn − A0)−1e1 �

≺ e1, ψ(~t)e1 �
, f̂(ζ;~t) =

≺ en, (ζIn − A0)−1ψ−1(~t)en �
≺ en, ψ−1(~t)en �

,

hj(~t) =
≺ e1, ψ(~t)Aj0e1 �
≺ e1, ψ(~t)e1 �

, ĥj(~t) =
≺ en, ψ−1(~t)Aj0en �
≺ en, ψ−1(~t)en �

, j ≥ 0.

Proposition 6.2. Under the hypotheses of Proposition 6.1, let us define, for j ≥ 0,

(32) µj(~t) ≡≺ e1, ψ(~t)Aj0e1 �= ∂jt1µ0(~t), µ̂j(~t) ≡≺ en, ψ−1(~t)Aj0en �= (−1)j∂jt1 µ̂0(~t).

Then µl+j(~t) = ∂tlµj(~t) = ∂lt1µj(
~t) = ∂tjµl(~t) = ∂jt1µl(

~t), ∀l, j ≥ 0, and

(33) µ̂j+l(~t) = −∂tl µ̂j(~t) = −∂tj µ̂l(~t), ∂tl µ̂j(~t) = (−1)l+1∂lt1 µ̂j(
~t), ∀l, j ≥ 0.

The converse to Proposition 6.2 also holds true.

Proposition 6.3. Let µ0(~t) be a solution to the heat hierarchy, µj(~t) ≡ ∂jt1µ0(~t), ∀j ≥ 1, and

define the Hankel matrix Hµ(~t) =
[
µi+j−2(~t)

]
i,j≥1

. Then fµ(ζ;~t) =
∑
j≥0

µj(~t)

µ0(~t)
ζ−(j+1) generates

a solution to the Toda hierarchy (25) in the configuration space D as in (23), if and only if

Hµ(~t) has finite rank n with principal minors det Hµ,j > 0, for all j ∈ [n], that is if and

only if there exists (K, [a]) with K = {κ(T )
1 < · · · < κ

(T )
n } and [a] ∈ GrTP(1, n), such that

µ0(~t) =
∑n

j=1 ajEj(~t).

Similarly, let µ̂0(~t) be a solution to (33), µ̂j(~t) = (−1)j∂jt1 µ̂0(~t), ∀j ≥ 1, and define the Hankel

matrix Ĥµ̂(~t) =
[
µ̂i+j−2(~t)

]
i,j≥1

. Then f̂µ(ζ;~t) =
∑
j≥0

µ̂j(~t)

µ̂0(~t)
ζ−(j+1) generates a solution to the

Toda flows system (25) in the configuration space D if and only if Ĥµ̂(~t) has finite rank n with

principal minors det Ĥµ̂,j > 0, for all j ∈ [n], that is if and only if there exists (K, [â]) with

K = {κ(T )
1 < · · · < κ

(T )
n } and [â] ∈ GrTP(1, n), such that µ̂0(~t) =

∑n
j=1 âjEj(−~t).
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The explicit form of the solution is then given in the following Proposition

Proposition 6.4. Let A0 be a Jacobi matrix as in (24) in the configuration space D (23)

and let simple spectrum be κ
(T )
1 < κ

(T )
2 < · · · < κ

(T )
n . Let f̂(ζ;~0) =≺ en, (ζIn − A0)−1en �,

f(ζ;~0) =≺ e1, (ζIn − A0)−1e1 �. Let

al ≡Ml(~0) = Res
ζ=κ

(T )
l

f(ζ;~0) =
∆n−1(κ

(T )
l ,~0)∏

s 6=l
(κ

(T )
l − κ(T )

s )
,

âl ≡ M̂l(~0) = Res
ζ=κ

(T )
l

f̂(ζ;~0) =
∆̂n−1(κ

(T )
l ,~0)∏

s 6=l
(κ

(T )
l − κ(T )

s )
, l ∈ [n],

θl(~t) =
∑
j≥1

(
κ

(T )
l

)j
tl and El(~t) = exp(θl(~t)). Let τ0(~t) ≡ 1, τ1(~t) = µ0(~t) =

n∑
j=1

ajEj(~t),

τj(~t) = Wrt1(µ0(~t), ∂t1µ0(~t), · · · , ∂j−1
t1

µ0(~t)), j ≥ 2.

Then µ0(~t) generates the solution to (25) with initial condition A(~0) = A0 and Ml(~t) =
alEl(~t)
n∑
j=1

ajEj(~t)

, l ∈ [n],

(34) ak(~t) =
τk−1(~t)τk+1(~t)

τ2
k (~t)

, k ∈ [n− 1], bk(~t) =
∂t1τk(~t)

τk(~t)
− ∂t1τk−1(~t)

τk−1(~t)
, k ∈ [n].

Similarly µ̂0(~t) =
n∑
j=1

âj exp(−θj(~t)) generates the same solution and, up to a multiplicative

constant c > 0

(35) âjaj = c
∏

1≤i<l≤n
i,l 6=j

(κ
(T )
l − κ(T )

i )−2, j ∈ [n].

Remark 6.2. The meaning of the above Proposition is the following: the solution of the Toda

hierarchy (25) with initial condition A(~0) = A0, is thus uniquely identified by the data (K, [a]),

where K = {κ(T )
1 < κ

(T )
2 < · · · < κ

(T )
n } is the spectrum of A0 and [a] ∈ GrTP (1, n), via the heat

hierarchy solution µ0(~t) =
∑n

j=1 ajEj(~t) and f(ζ;~t). The same solution may be also associated

to the reflected set of data (K, [â]), with [â] related to [a] via (35), using µ̂0(~t) =
∑n

j=1 âjEj(−~t)

and f̂(ζ;~t).

6.2. The spectral problem and the Baker–Akhiezer function for the finite Toda sys-

tem. The idea of singularizing the smooth spectral curve of the periodic Toda to obtain a

spectral curve for the finite Toda system goes back to Mc Kean [31]. More recently new interest

in the problem [28, 4] has come from the connections of the Toda lattice with Seiberg–Witten
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theory of supersymmetric SU(n) gauge theory. The spectral curve proposed for the open Toda

lattice in [28, 4] is determined by the equation

(36) η̂ =
n∏
j=1

(ζ − κ(T )
j ),

considered as the limit ε→ 0 of the hyperelliptic spectral curve

η̂ +
ε2

4η̂
=

n∏
j=1

(ζ − κ(T )
j ),

of the periodic Toda system. In [25], the Baker-Akhiezer function approach is used to provide a

solution to the inverse spectral problem for the singular curve (36) and action–angle variables

are constructed following the approach in [23, 24]. In [25] they use the self-adjoint representation

of the finite non–periodic Toda system and introduce the following finite–dimensional operators

(37)

A
(sa)
w =



b1
√
a1 0 · · · 0

√
a1 b2

√
a2

. . .
...

...
. . .

. . .
. . . 0

0
. . . 1 bn−1

√
an−1

w√∏n−1
s=1 as

· · · 0
√
an−1 bn


,

B
(sa)
w = 1

2



0
√
a1 0 · · · 0

−√a1 0
√
a2

. . .
...

...
. . .

. . .
. . . 0

0
. . . 1 0

√
an−1

w√∏n−1
s=1 as

· · · 0 −√an−1 0


,

The time–dependent Baker–Akhiezer functions Ψ
(T )
j (ζ,~t), Ψ

(T )σ
j (ζ,~t) are, respectively, eigen-

vectors of A
(sa)
w Ψ(T ) = ζΨ(T ) and of A

(sa),σ
w Ψ(T ),σ = ζΨ(T ),σ, where A

(sa),σ
w is the adjoint of A

(sa)
w .

Their components take the form

(38)

Ψ
(T )
j (ζ,~t) = e

θ(ζ,~t)
2

(
j∑
l=0

cj(~t, n)ζ l

)
,

Ψ
(T ),σ
j (ζ,~t) = e−

θ(ζ,~t)
2


n−j−1∑
i=0

cσj (~t, n)ζi∏n−1
s=1 (ζ − b(T )

s

)

 ,

j ∈ [0, n− 1],
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where θ(ζ,~t) =
∑

j≥1 tjζ
j , and the coefficients in (38) are uniquely defined by the gluing condi-

tions

Ψ
(T )
j (κ

(T )
l ,~t) = Ψ

(T ),σ
j (κ

(T )
l ,~t), l ∈ [n],

and the normalization cj(j)c
σ
j (n − i − j) = 1. In particular, the Toda divisor D(T ) = {b(T )

1 <

· · · < b
(T )
n−1} is the spectrum of the matrix obtained from A

(sa)
0 (~0) deleting the first row and the

first column and

κ
(T )
1 < b

(T )
1 < κ

(T )
2 < · · · < κ

(T )
n−1 < b

(T )
n−1 < κ(T )

n .

Finally, the Toda Baker–Akhiezer components are uniquely recovered from the recurrences

(39)
ζΨ

(T )
0 =

√
a1Ψ

(T )
1 + b1Ψ

(T )
0 ,

ζΨ
(T )
j =

√
ajΨ

(T )
j+1 + bj+1Ψ

(T )
j +

√
ajΨ

(T )
j−1, j ∈ [N − 2],

(40)

Ψ
(T ),σ
j =

Φ
(T )
j

Φ
(T )
0

, j ∈ [0, N − 1],

ζΦ
(T )
n−1 =

√
an−1Φ

(T )
n−2 + bnΦ

(T )
n−1,

ζΨ
(T )
j =

√
aj+1Φ

(T )
j+1 + bj+1Φ

(T )
j +

√
ajΨ

(T )
j−1, j ∈ [N − 2],

where the last equation which determines w implies that the zeroes of

w(ζ) =

n∏
j=1

(ζ − κ(T )
j ),

are the eigenvalues of the matrix A(sa). In [25], the explicit form of the coefficients cj(~t, n),

cσj (~t, n) is given solving the gluing conditions under the assumption
∑n

l=1 κ
(T )
l = 0.

7. Toda data, Darboux transformations and Toda Baker–Akhiezer functions

In this section, we associate explicitly the Toda Baker–Akhiezer functions (38) to the Toda

data (K, [a]), with [a] ∈ GrTP (1, n) and K = {κ(T )
1 < κ

(T )
2 < · · · < κ

(T )
n } and we introduce two

finite sequences of Darboux transformations, k ∈ [n− 1],

(41)
D(1) = ∂t1 − b1(~t), D(k) =

(
∂t1 − bk(~t)

)
D(k−1),

D̂(1) = ∂t1 − bn(−~t), D̂(k) =
(
∂t1 − bk(−~t)

)
D̂(k−1).

In the next section, we show that for any given datum (K, [a]), the KP vacuum divisor coincides

with the Toda divisor, the Darboux transformation D(k) in (41) generates a T–hyperelliptic

soliton with k–compatible divisor, for k ∈ [n − 1], and that such k–compatible divisor may be

reconstructed from the zeroes at ~t = ~0 of the k–th entry of the Toda Baker–Akhiezer function.
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Finally, we shall use the second set of Darboux transformations in (41), D̂(k), when discussing

the duality of Grassmann cells under space–time inversion in Section 10.

The following proposition contains the necessary information which will be used in this section

to re–express the Toda Baker–Akhiezer function in our representation and will be used in the

next section in connection with KP T–hyperelliptic solitons.

Proposition 7.1. Let (K, [a]), with [a] ∈ GrTP (1, n) and K = {κ(T )
1 < κ

(T )
2 < · · · < κ

(T )
n }, be the

initial Toda data, A(~t) be the corresponding Toda hierarchy solution and R(ζ;~t) = (ζIn−A(~t))−1.

Let ∆k(ζ;~t) = ζk− ŵ(k)
1 (~t)ζk−1−· · · ŵ(k)

k (~t), ∆̂k(ζ;~t) = ζk−w(k)
1 (~t)ζk−1−· · ·w(k)

k (~t), k ∈ [n−1],

as in (26). Define

(42) Φ(ζ;~t) = µ0(~t)∆n−1(ζ;~t), Φ̂(ζ;~t) = µ̂0(−~t)∆̂n−1(ζ;−~t).

with µ0(~t) =
∑n

j=1 ajEj(~t), µ̂0(~t) =
∑n

j=1 âjEj(−~t) and aj related to âj as in Proposition 6.4.

Then, for any k ∈ [n− 1],

(43)

D(k) = ∂kt1 − w
(k)
1 (~t)∂k−1

t1
− · · · − w(k)

k (~t),

D(k)Φ(ζ;~t) = µ0(~t)
k∏
j=1

aj(~t)∆n−1−k(ζ;~t) =
τk+1(~t)

τk(~t)
∆n−k−1(ζ;~t) = µ0(~t)R1

k+1(ζ;~t)∆n(ζ),

D(k)µ0(~t) = D(k)µ1(~t) = · · ·D(k)µk−1(~t) = 0,

(44)

D̂(k) = ∂kt1 − ŵ
(k)
1 (−~t)∂k−1

t1
− · · · − ŵ(k)

k (−~t),

D̂(k)Φ̂(ζ;~t) = µ̂0(−~t)
k∏
j=1

an−j(−~t)∆̂n−1−k(ζ;−~t) = µ̂0(−~t)Rn−k
n (ζ;−~t)∆n(ζ),

D̂(k)µ̂0(−~t) = D̂(k)µ̂1(−~t) = · · · D̂(k)µ̂k−1(−~t) = 0,

where µj(~t) = ∂jt1µ0(~t), µ̂j(~t) = (−1)j∂jt1 µ̂0(~t), τ0(~t) ≡ 1, τj(~t) = Wrt1(µ0, ∂t1µ0, · · · , ∂j−1
t1

µ0),

j ≥ 1.

Proof. The proof is by induction in k. By definition b1(~t) = h1(~t) =
∂t1µ0(~t)

µ0(~t)
and bn(~t) =

ĥ1(~t) = −∂t1 µ̂0(~t)

µ̂0(~t)
, so that D(1)µ0(~t) = 0, D̂(1)µ̂0(−~t) = 0 and we directly verify that

D(1)Φ(ζ;~t) = µ0(~t)a1(~t)∆n−2(ζ;~t), D̂(1)Φ̂(ζ;~t) = µ̂0(−~t)an−1(−~t)∆̂n−2(ζ;−~t).

We easily prove the second identity in (43) and (44) by induction using (22) and

∂t1∆n−j(ζ;~t) = aj(~t)∆n−j−1(ζ;~t), ∂t1∆̂j(ζ;~t) = −aj(~t)∆̂j−1(ζ;~t) j ∈ [n− 1].
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Since

D(k)Φ(ζ;~t) = O(ζn−k−1) = ∆n(ζ)

[
D(k)µ0(~t)

ζ
+ · · ·+ D(k)µk−1(~t)

ζk

]
+O(ζn−k−1)

µ0, . . . , ∂
k−1
t1

µ0 are a basis of solutions for the linear differential operator D(k). Finally,

µs+k(~t) = w
(k)
1 (~t)µs+k−1(~t) + · · ·+ w

(k)
k (~t)µs(~t), s ∈ [k − 1],

are the explicit relations between the Hankel coefficients of Hµ(~t) defined in Proposition 6.3 and

the minors ∆k(~t), so that then the coefficients of D(k) satisfy (43). The proof of the remaining

identities in (44) is similar. �

Let C = diag

(
1,
√
a1,
√
a1a2, . . . ,

√∏n−1
s=1 as

)
. Then A(~t) ≡ C−1A

(sa)
0 (~t)C and C−1Ψ(T ) and

CΨ(T ),σ are the Toda Baker–Akhiezer functions in our representation. It is straightforward to

check that (39) and (40) are equivalent to the first two recurrences in (27). Then we may use

the Toda data (K, [a]) to obtain the following equivalent representation of Toda Baker–Akhiezer

functions.

Corollary 7.1. Let Ψ(T )(ζ;~t), Ψ(T ),σ(ζ;~t) the Toda Baker–Akhiezer functions associated to the

Toda datum (K, [a]), [a] ∈ GrTP(1, n) and let Φ(ζ;~t) as in Proposition 7.1. Then

(45) Ψ(T )(ζ;~t) = e
θ(ζ,~t)

2 C


∆̂0(ζ;~t)

∆̂1(ζ;~t)
...

∆̂n−1(ζ;~t)

 , Ψ(T ),σ(ζ;~t) = e−
θ(ζ,~t)

2 C−1



Φ(ζ;~t)

Φ(ζ,~0)

D(1)Φ(ζ;~t)

Φ(ζ,~0)
...

D(n−1)Φ(ζ;~t)

Φ(ζ,~0)


.

Remark 7.1. In section 8, we prove that Φ(ζ;~t) is the vacuum KP-wavefunction on Γ as in (5)

for the soliton data (K, [a]), and show that D(k)Φ(ζ;~t) is the un–normalized KP–wavefunction

associated to the (n− k, k)-line T–hyperelliptic soliton generated by the Darboux transformation

D(k), k ∈ [n − 1]. It then follows that the Toda divisor D(T ) and the KP vacuum divisor

D(0) = {b1 < · · · < bn−1} coincide and (45) settle a natural correspondence between the pole

divisor of the (n − k, k)-line T–hyperelliptic soliton and the zero divisor at ~t ≡ 0 of the k–th

component of the Toda Baker–Akhiezer function.

In section 10, we associate (44) to the dual Toda hierarchy solution and the dual KP line-

soliton solutions generated by the space–time inversion and associated to heat hierarchy solution∑n
j=1 âjEj(~t) and use the third recurrence in (27) for the Toda system to compute the dual KP

divisor.
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8. T–hyperelliptic KP solitons and solutions to the Toda hierarchy

Propositions 6.3, 7.1 and Corollary 4.1 imply a strict connection between T–hyperelliptic

solitons and solutions to the finite non–periodic Toda hierarchy. Indeed let K = {κ1 <

· · · < κn}, [a] ∈ GrTP(1, n) be given, so that Toda spectrum and the KP phases coincide,

that is κ
(T )
j ≡ κj , j ∈ [n]. Then µ0(~t) =

∑n
l=1 ajEj(~t)

1 generates the τ–functions with

τk(~t) = Wr(µ0(~t), . . . , µk−1(~t)), k ∈ [n], which are the building blocks of

(1) the Toda hierarchy solution ak(~t) =
τk−1(~t)τk+1(~t)

τ2
k (~t)

, k ∈ [n− 1], bk(~t) =
∂t1τk(~t)

τk(~t)
− ∂t1τk−1(~t)

τk−1(~t)
,

k ∈ [n];

(2) the set of KP T–hyperelliptic solitons, uk(~t) = 2∂2
x log τk(~t), k ∈ [n− 1].

The identities above suggest a relation between the spectral problems for the finite non periodic

Toda system and for KP T–hyperelliptic solitons. Indeed, for any data (K, [a]), with K = {κ1 <

· · · < κn} and [a] ∈ GrTP(1, n), we prove:

(1) upon identifying Γ− with the copy of CP 1 containing the Toda divisor, the KP vacuum

divisor {b1, . . . , bn−1} and the Toda divisor {b(T )
1 , . . . , b

(T )
n−1} coincide;

(2) The Darboux transformations which generate T–hyperelliptic solitons with k–compatible

divisors, coincide with the Darboux transformations recursively defined in (41) for the

Toda system;

(3) the divisor D(k) = {γ(k)
1 , . . . , γ

(k)
k , δ

(k)
1 , . . . , δ

(k)
n−k−1} of the k–th T hyperelliptic soliton is

the zero divisor of the k–th component of the Toda Baker–Akhiezer function at times

~t = ~0.

We then use the third identity in (27) to recursively compute the divisor of T–hyperelliptic

solitons as k varies from 1 to n− 1.

Theorem 8.1. Let K = {κ1 < · · · < κn}, [a] ∈ GrTP(1, n). Let µ0(~t) =
n∑
j=1

ajEj(~t), with

the normalization µ0(~0) =
∑n

j=1 aj = 1, and µs(~t) = ∂s−1
x µ0(~t), s ≥ 1. Let ∆j(ζ;~t), ∆̂j(ζ;~t),

j ∈ [n − 1], fµ(~t) and Φ(ζ;~t) be as in Propositions 6.3 and 7.1. For any j ∈ [n − 1], let

τ (j)(~t) = Wr
(
µ0(~t), . . . , µj−1(~t)

)
and D(j) be the Darboux transformation such that D(j)µs(~t) ≡

0, s ∈ [j − 1]. Then

1We remark that in our setting Toda and KP times coincide, that is (t1, t2, t3, t4, · · · ) = (x, y, z, t4, · · · ). If one

uses Flasckha original change of variables there is a scaling factor 2j between each j-th Toda and j-th KP time.
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(1) The vacuum KP–wavefunction associated to the soliton data (K, [a]) as in (9) satisfies

(46)

Ψ(−)(ζ;~t) =
Φ(ζ;~t)

Φ(ζ;~0)
= µ0(~t)

∆n−1(ζ;~t)

∆n−1(ζ;~0)
= µ0(~t)

f(ζ;~t)

f(ζ;~0)
= µ0(~t)

n−1∏
j=1

(ζ − bj(~t))
(ζ − bj)

, ∀~t, ζ ∈ Γ−;

(2) For each given k ∈ [n − 1], the normalized KP-wavefunction of the (n − k, k)–soliton

solution associated to the Darboux transformation D(k) is Ψ̃(k)(ζ;~t) =
Ψ(k)(ζ;~t)

Ψ(k)(ζ;~0)
, where,

∀~t,

(47) Ψ(k)(ζ;~t) ≡ D(k)Ψ(ζ;~t) =


∆̂k(ζ;~t)eθ(ζ;~t), ζ ∈ Γ+,

D(k)Φ(ζ;~t)

Φ(ζ;~0)
=
τk+1(~t)

τk(~t)

∆n−k−1(ζ;~t)

∆n−1(ζ;~0)
, ζ ∈ Γ−,

(3) For any k ∈ [n − 1], the divisor D(k)(~t) = {γ(k)
1 (~t), . . . , γ

(k)
k (~t), δ

(k)
1 , . . . , δ

(k)
n−k−1(~t)} of

Ψ̃(k)(ζ;~t) satisfies

(48)
k∏
j=1

(ζ − γ(k)
j (~t)) = ∆̂k(ζ;~t),

n−k−1∏
j=1

(ζ − δ(k)
j (~t)) = ∆n−k−1(ζ;~t).

Proof. Inserting hj(~t) =
µj(~t)

µj(~0)
in (30), and Ml(~t) = alEl(~t)

n∑
j=1

ajEj(~t)
in (42), we get

Φ(ζ;~t) = µ0(~t)

 n∑
j=1

Mj(~t)
∏
s 6=j

(ζ − κs)

 =

n∑
j=1

ajEj(~t)
∏
s 6=j

(ζ − κs).

In particular, with our normalization of a and by the definition of the vacuum divisor,

Φ(ζ;~0) = ∆n−1(ζ;~0) =
n∏
j=1

(ζ − κj)

(
n∑
i=1

ai
ζ − κi

)
=

n−1∏
r=1

(ζ − br).

Then, using Proposition 7.1, the other assertions follow. �

Notice that in (11), Ã(k)(~t) =
τ (k+1)(~t)

τ (k)(~t)
> 0, ∀~t. Moreover, for any fixed k ∈ [n − 1] and for

all ~t, the divisor D(k) is k–compatible according to the counting rule.

Corollary 8.1. Let the Toda and KP soliton datum be K = {κ1 < · · · < κn}, [a] ∈ GrTP(1, n).

Let Ψ̃(k)(ζ;~t) be the KP wavefunction for the T–hyperelliptic (n−k, k)–soliton as in Theorem 8.1

and let Ψ(T )(ζ;~t), Ψ(T ),σ(ζ;~t) be the Toda Baker–Akhiezer functions associated to such datum.

Let {b1 < · · · < bn−1}, {b(T )
1 < · · · < b

(T )
n−1} respectively be the KP vacuum divisor and the Toda
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divisor for such data, D(k) = {γ(k)
1 , . . . , γ

(k)
k , δ

(k)
1 , . . . , δ

(k)
n−k−1} be the pole divisor of Ψ̃(k)(ζ;~t),

k ∈ [n− 1]. Then

(49)
bj = b

(T )
j , j ∈ [n− 1];

Ψ
(T )
k (γ

(k)
l ,~0) = 0, ∀l ∈ [k], Ψ

(T ),σ
k (δ

(k)
s ,~0) = 0, ∀s ∈ [n− k − 1].

The corollary easily follows comparing (45) and (47) and the definition of the vacuum KP

and of the Toda divisors in Sections 3 and 7.

In view of (48), we interpret the third identity in (27) as a recursive relation to compute the

divisor of T–hyperelliptic solitons as k varies from 1 to n− 1.

Corollary 8.2. Under the hypotheses of Theorem 8.1, for any fixed k ∈ [n − 1] the divisor of

Ψ̃(k)(ζ;~t) may be computed from the divisor of Ψ̃(k−1)(ζ;~t), for all ~t, using (27)

(50)
n∏
j=1

(ζ−κj) =
k∏
l=1

(ζ−γ(k)
l (~t))

n−k∏
s=1

(ζ−δ(k−1)
s (~t))−ak(~t)

k−1∏
i=1

(ζ−γ(k−1)
i (~t))

n−k−1∏
r=1

(ζ−δ(k)
r (~t)),

where ak(~t) are as in (34). Moreover, for any given ~t and k ∈ [n − 1], the divisor D(k)(~t) may

be computed from the vacuum divisor (b1(~t), . . . , bn−1(~t)) solving the system of equation

(51)
n−1∏
r=1

(κj − br(~t))
k∏
i=1

(κj − γ(k)
i (~t))−

(
k∏
s=1

as(~t)

)
n−k−1∏
r=1

(κj − δ(k)
r (~t)) = 0, j ∈ [n].

Proof. If the divisors D(k)(~t) are all generic for a given ~t, i.e. ∆k(κj ,~t), ∆̂k(κj ,~t) 6= 0, for all

k ∈ [n− 1] and j ∈ [n], the proof of (51) is by induction in k using the third identity in (27).

Suppose now, that, for a given ~t the divisors are generic for k ∈ [l − 1] and D(l)(~t) is

not generic and contains the point κ̂. Then (51) hold for k ∈ [l]. By the intertwining

properties of the zeros of the polynomials ∆k and ∆̂k, ∆̂l(κ̂,~t) = ∆n−l−1(κ̂,~t) = 0 implies

that ∆̂l+1(κ̂,~t), ∆̂l−1(κ̂,~t),∆n−l(κ̂,~t),∆n−l−2(κ̂,~t) 6= 0. Let ∆̂l(ζ;~t) = (ζ − κ̂)∆̂′l(ζ;~t) and

∆n−l−1(ζ;~t) = (ζ − κ̂)∆′n−l−1(ζ;~t). For k = l + 1 and j 6= ̂, identities (51) still hold, while if

j = ̂, using (27), we get

l−1∏
s=1

as(~t)
∏
r 6=̂

(κ̂ − κr)
(

∆̂l+1(κ̂,~t) + al(~t)∆̂l−1(κ̂,~t)
)

= ∆̂′l(κ̂,~t)∆̂l−1(κ̂,~t)

(
∆n−1(κ̂,~t)∆̂l+1(κ̂,~t)−

( l+1∏
s=1

al(~t)
)
∆n−l−2(κ̂,~t)

)
.

Since ∆̂l+1(κ̂,~t) + al(~t)∆̂l−1(κ̂,~t) = 0, and ∆̂′l(κ̂,~t), ∆̂l−1(κ̂,~t) 6= 0, we conclude that (51)

holds also for j = ̂. �
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Remark 8.1. For any fixed k ∈ [n − 1], the conditions D(k)Ψ+(κj ,~t) = D(k)Ψ−(κj ,~t), for all

j ∈ [n], are equivalent to (51), which may be rewritten as

∆n−1(κj ,~t)∆̂k(κj ,~t)−

(
k∏
s=1

as(~t)

)
∆n−k+1(κj ,~t) = 0, ∀j ∈ [n].

Moreover, for any fixed l ∈ [n],

(52) τ1(~t) = El(~t)

n−1∏
r=1

κl − br(~0)

κl − br(~t)
, ∀~t.

9. Reconstruction of soliton data and Toda solutions from k–compatible

divisors

Let K be fixed. The relations found in the previous section, allow to reconstruct the soliton

data associated to a k–compatible divisor and to express the solution of the Toda hierarchy in

function of the Toda/KP zero–divisor dynamics. Indeed, for any given k ∈ [n − 1], equations

(51) allow to solve both the direct and the inverse problem. If we assign the soliton datum

[a] ∈ GrTP(1, n), we first compute the vacuum divisor (b1, . . . , bn−1) using the identity

n−1∏
r=1

(ζ − br) =

n∏
j=1

(ζ − κj)

(
n∑
s=1

as∑n
l=1 al

(ζ − κs)−1

)

and then the k–compatible divisor D(k) = (γ
(k)
1 , . . . , γ

(k)
k , δ

(k)
1 , . . . , δ

(k)
n−k−1) from (51).

Viceversa, if we assign a k–compatible divisor D(k) on Γ, we may reconstruct the soliton

datum [a] ∈ GrTP(1, n), by first computing the vacuum divisor from (51) and then taking

aj =
∏n−1
r=1 (κj−br)∏n
s 6=j(κj−κs)

. Indeed we have the following

Theorem 9.1. Let K = {κ1 < · · · < κn}, (Γ, P+, ζ) as in (5) and let D(k) = (γ
(k)
1 , . . . , γ

(k)
k , δ

(k)
1 ,

. . . , δ
(k)
n−k−1) be a k–compatible divisor on Γ\{P+}. If D(k) is generic, then the un-normalized

soliton datum is

(53) aj =

∏n−1
s=1 (κj − δ(k)

s )∏k
r=1(κj − γ(k)

r )
∏n
l 6=j(κj − κl)

, j ∈ [n].

In the non–generic case, (53) holds for j if κj 6∈ D(k). For any ̂ such that κ̂ ∈ D(k), let

κ̂ = γ
(k)
r̂ = δ

(k)
ŝ . Then (53) is substituted by

(54) â = −
∏n−1
s 6=ŝ (κ̂ − δ

(k)
s )∏k

r 6=r̂(κ̂ − γ
(k)
r )

∏n
l 6=̂(κ̂ − κl)

.



34 SIMONETTA ABENDA

Proof. If the divisor is generic plugging (51) into aj =
∏n−1
r=1 (κj−br)∏n
s 6=j(κj−κs)

, we get (53) up to the constant

normalization factor
τk+1(~0)

τk(~0)
. The non generic divisor containing κ̂ = γ

(k)
r̂ = δ

(k)
ŝ is the limit of

the generic divisor D(k)
ε =

(
D(k)\{γ(k)

r̂ , δ
(k)
ŝ })

)
∪ {γ(k)

r̂ + ε, δ
(k)
ŝ − ε}, when ε→ 0. So â satisfies

(54). �

Let K = {κ1 < · · · < κn} be fixed and let D(k) be a k–compatible divisor on Γ. Then, using

Theorem 9.1 we reconstruct the initial data of a solution to the Toda hierarchy (25) and, using

Corollary 8.2, we may express the solution to the Toda hierarchy in function of the system of

compatible divisors associated to such soliton data.

Proposition 9.1. Let (K, [a]) be soliton data with [a] ∈ GrTP(1, n),
∑n

j=1 aj = 1. Let D(k)(~t) =

{γ(k)
1 (~t), . . . , γ

(k)
k (~t), δ

(k)
1 (~t), . . . , δ

(k)
n−k−1(~t)}, k ∈ [n − 1], be the set of k–compatible divisors as-

sociated to such soliton data, with k ∈ [n − 1], and let B(~t) = {b1(~t) < · · · < bn−1(~t)} be the

zero divisor of Ψ(ζ;~t) in (46). Let j ∈ [n] be fixed. Then the solution to (25) with initial datum

(K, [a]) is, for any ~t,

(55)

a1(~t) =
(κj − γ(1)

1 (~t))
∏n−1
r=1 (κj − br(~t))∏n−1

s=1 (κj − δ(1)
s (~t))

, b1(~t) = κj +
n−1∑
r=1

∂xbr(~t)

κj − br(~t)
,

ak(~t) =

∏k
i=1(κj − γ(k)

i (~t))
∏n−k
l=1 (κj − δ(k−1)

l (~t))∏k−1
r=1(κj − γ(k−1)

r (~t))
∏n−k−1
s=1 (κj − δ(k)

s (~t))
, k = 2, . . . , n− 1;

bk(~t) = κj +

n−k∑
l=1

∂xδ
(k−1)
l (~t)

κj − δ(k−1)
l (~t)

−
k−1∑
i=1

∂xγ
(k−1)
i (~t)

κj − γ(k−1)
i (~t)

, k = 2, . . . , n,

where, if for some ~t and k̂ ∈ [n− 1], γ
(k̂)
ı̂ (~t) = δ

(k̂)
ŝ (~t) = κ̂, we substitute ak̂(

~t), ak̂+1(~t), bk̂+1(~t)in

(55) with

ak̂(
~t) = −

∏k̂
i 6=ı̂(κ̂ − γ

(k̂)
i (~t))

∏n−k̂
l=1 (κ̂ − δ

(k̂−1)
l (~t))∏k̂−1

r=1(κ̂ − γ
(k̂−1)
r (~t))

∏n−k̂−1
s 6=ŝ (κ̂ − δ

(k̂)
s (~t))

,

ak̂+1(~t) = −
∏k̂+1
r=1(κ̂ − γ

(k̂+1)
r (~t))

∏n−k̂−1
s 6=ŝ (κ̂ − δ

(k̂)
s (~t))∏k̂

i 6=ı̂(κ̂ − γ
(k̂)
i (~t))

∏n−k̂−2
l=1 (κ̂ − δ

(k̂+1)
l (~t))

,

bk̂+1(~t) = κ̂ +
n−k̂−1∑
s 6=ŝ

∂xδ
(k̂)
s (~t)

κ̂ − δ
(k̂)
s (~t)

−
k̂∑
i 6=ı̂

∂xγ
(k̂)
i (~t)

κ̂ − γ
(k̂)
i (~t)

.

Proof. (55) easily follow using (34), (51) and (52), since

k∏
s=1

as(~t) =
τk+1(~t)

τk(~t)τ1(~t)
=

∏k
i=1(κj − γ(k)

i (~t))
∏n−1
r=1 (κj − br(~t))∏n−k−1

s=1 (κj − δ(k)
s (~t))

.
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The case of the non–generic divisor as usual follows from the limit of the generic case. �

10. Duality of Grassmann cells, space–time inversion and divisors

Space–time inversion in KP soliton solutions induces a duality transformation of Gr(k, n) to

Gr(n − k, n). In this section, we investigate the effect of such transformation on the algebraic

geometric description of T–hyperelliptic soliton solutions and we show that (50) lead to a natural

characterization of the dual divisor in Gr(n − k, n) through hyperelliptic involution. For the

Toda system such duality corresponds to the composition of the reflection w.r.t the antidiagonal

defined in (28) with Toda times inversion, i.e. to pass from Toda solutions for A(~t) to Toda

solutions for A∗(−~t).

The KP equation is invariant under the space–time inversion ~t→ −~t. In particular, if u[A](~t)
2

is the KP solution for the soliton data (K, [A]) with in [A] ∈ GrTNN(k, n) then there exists

[Â] ∈ GrTNN(n− k, n) such that u[Â](
~t) ≡ u[A](−~t) is the solution associated to the dual soliton

data (K, [Â]). The combinatorial interpretation of this transformation has been given in [5] (see

also [39]).

Since the phases are invariant with respect to the space–time inversion, the curve Γ is pre-

served. If (K, [A]) are the data of a T–hyperelliptic soliton, also the dual data (K, [Â]) are

associated to a T–hyperelliptic soliton solution. In this section we investigate the relations

between the divisors of T–hyperelliptic dual solitons with A and Â as in (14),

Aij = ajκ
i−1
j , Âlj = âjκ

l−1
j , ∀i ∈ [k], l ∈ [n− k], j ∈ [n],

[a1, . . . , an], [â1, . . . , ân] ∈ GrTP(1, n), for some k ∈ [n− 1]. Let us denote, respectively, the heat

hierarchy solutions

µa,i(~t) =
n∑
j=1

ajκ
i
jEj(~t), µâ,i(~t) =

n∑
j=1

âjκ
i
jEj(~t), i ≥ 0,

the τ–functions

(56)

τ (k)
a (~t) = Wr(µa,0, . . . , µa,k−1) =

∑
1≤i1<···<ik≤n

(
k∏
s=1

aisEis(~t)

) ∏
1<r<s<k

(κis − κir)2,

τ
(n−k)
â (~t) = Wr(µâ,0, . . . , µâ,n−k−1) =

∑
1≤l1<···<ln−k≤n

(
n−k∏
s=1

âlsEls(~t)

) ∏
1<r<s<n−k

(κls − κlr)2,

2In the following the subscripts [x], respectively x, mean that the value of the expression depends on the point

in the Grassmannian, respectively on the representative matrix of the point in the Grassmannian.
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and the Darboux transformations

(57) D
(k)
[a] = ∂kx−w

(k)
[a],1(~t)∂k−1

x −· · ·w(k)
[a],k(

~t), D
(n−k)
[â] = ∂n−kx −w(n−k)

[â],1 (~t)∂k−1
x −· · ·w(n−k)

[â],n−k(
~t),

where D
(k)
[a] µa,i(

~t) ≡ 0, D
(n−k)
[â] µâ,l(~t) ≡ 0, for all i ∈ [0, k − 1], l ∈ [0, n − k − 1], ~t. The KP

solutions

(58) u[a],k(~t) = 2∂2
x log τ (k)

a (~t), u[â],n−k(~t) = 2∂2
x log τ

(n−k)
â (~t)

are related by the space–time transformation u[â](~t) = u[a](−~t) if and only if there exists a

constant Ck(a, â) > 0 such that

τ
(n−k)
â (~t) = Ck(a, â) τ (k)

a (−~t)
n∏
j=1

Ej(~t), ∀~t, k ∈ [0, n].

To characterize the duality condition, it is convenient to use a different set of coordinates. Let

[α], [α̂] ∈ GrTP(1, n) be related to [a], [â] ∈ GrTP(1, n) by

(59) aj =
(−1)n−jαj
n∏

m6=j
(κj − κm)

, âj =
(−1)n−jα̂j
n∏

m 6=j
(κj − κm)

, j ∈ [n].

Then the duality condition is equivalent to the following relations between [α] and [α̂].

Lemma 10.1. Let k ∈ [n−1] be fixed and K = {κ1 < · · · < κn}. Let [a], [â], [α], [α̂] ∈ GrTP(1, n),

τ
(k)
a (~t), τ

(n−k)
â (~t), u[a],k(~t), u[â],n−k(~t) as in (59),(56) and (58). Then the following statements

are equivalent

(1) u[â],n−k(~t) = u[a],k(−~t) for all ~t;

(2) it is possible to normalize the representative vector of [â] so that τ
(n−k)
â (~t) = τ

(k)
a (−~t)

n∏
j=1

Ej(~t)
αj

,

∀~t;

(3) [α̂1, . . . , α̂n] =
[
α−1

1 , . . . , α−1
n

]
.

Proof. (1) and (2) are equivalent since soliton solutions depend just on the point in GrTP(1, n)

and τ–functions are defined up to multiplicative constants. Condition (2) on the τ–functions

is equivalent to
∏
i∈I ai

∏
r,s∈I,r<s

(κs − κr)
2 =

∏
j∈J âj

∏
l,k∈J,k<l(κl − κk)

2, for all I ∈
(

[n]
k

)
,

J = [n] − I. Inserting (59), in the above identities it is straightforward to show that
∏
i∈I

αi =∏
j∈[n]\I α̂j , for all I ∈

(
[n]
k

)
, which is is equivalent to (3). �

Corollary 10.1. Let K be given. Let [a], [â] ∈ GrTP(1, n), τ
(k)
a (~t), τ

(k)
â (~t), u[a],k(~t) , u[â],n−k(~t),

∀k ∈ [0, n], ∀~t, as in (59), (56) and (58). Then the following statements are equivalent
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(1) There exists k̄ ∈ [n− 1] such that, for any ~t, u[â],n−k̄(~t) = u[a],k̄(−~t);

(2) For any k ∈ [1, n− 1] and for any ~t, u[â],n−k(~t) = u[a],k(−~t);

(3) [α̂1, . . . , α̂n] = [α−1
1 , . . . , α−1

n ].

Condition (3) in Corollary 10.1 is equivalent to (35), that is the duality of Grassmann cells

induces dual Toda hierarchy solutions and dual KP soliton solutions which are naturally linked.

10.1. Dual Toda flows. The space–time inversion settles a duality condition in the space of KP

line soliton solutions which is also a duality condition between Toda flows. In this subsection,

we list the relevant relations between such dual Toda hierarchies using Proposition 7.1 and then

in the next subsection we use them to determine the relations among the divisors associated to

dual soliton data.

To the initial data (K, [a]) and (K, [â]), with [a], [â], [α], [α̂] ∈ GrTP(1, n) satisfying condition

(3) in Lemma 10.1 and (59), we associate dual Toda hierarchies, j ≥ 1,

(60)
dA[a]

dtj
(~t) = [B[a],j(~t),A[a](~t)],

dA[â]

dtj
(~t) = [B[â],j(~t),A[â](~t)],

with

(61)

A[a](~t) =


b[a],1(~t) a[a],1(~t) 0 · · ·

1 b[a],2(~t) a[a],2(~t)
. . .

0
. . .

. . .
. . .

0 · · · 1 b[a],n(~t)

 , A[â](~t) =


b[â],1(~t) a[â],1(~t) 0 · · ·

1 b[â],2(~t) a[â],2(~t)
. . .

0
. . .

. . .
. . .

0 · · · 1 b[â],n(~t)

 ,

B[a],j(~t) =
(
Aj[a](

~t)
)

+
, B[â],j(~t) =

(
Aj[â](

~t)
)

+
, where (·)+ denotes the strictly upper triangular

part of the matrix, via the generating functions

(62)

f[a](ζ;~t) ≡≺ e1, (ζIn − A[a](~t))
−1e1 �=

∆[a],n−1(ζ;~t)

∆n(ζ)
= µ−1

a,0(~t)
∑
j≥0

µa,j(~t)

ζj+1
,

f[â](ζ;~t) ≡≺ e1, (ζIn − A[â](~t))
−1e1 �=

∆[â],n−1,(ζ;~t)

∆n(ζ)
= µ−1

â,0(~t)
∑
j≥0

µâ,j(~t)

ζj+1
,

∆n(z) = det
(
zI − A[a](~t)

)
= det

(
zI − A[â](~t)

)
=

n∏
j=1

(z − κj),
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where µa,0(~t) =
∑n

j=1 ajEj(~t), µâ,0(~t) =
∑n

j=1 âjEj(~t). Moreover, let

(63)

f̂[a](ζ;~t) ≡≺ en, (ζIn − A[a](~t))
−1en �=

∆̂[a],n−1(ζ;~t)

∆n(ζ)
= µ̂−1

a,0(~t)
∑
j≥0

µ̂a,j(~t)

ζj+1
,

f̂[â](ζ;~t) ≡≺ en, (ζIn − A[â](~t))
−1en �=

∆̂[â],n−1(ζ;~t)

∆n(ζ)
= µ̂−1

â,0(~t)
∑
j≥0

µ̂â,j(~t)

ζj+1
.

Then the following relations hold between such Toda hierarchies

Proposition 10.1. Let K = {κ1 < · · · < κn}, [a], [â], α], [α̂] ∈ GrTP(1, n) such that (59) and

Lemma 10.1 holds. Let A[a](~t), A[â](~t), be as in (61), with associated Toda flows and generating

functions as in (60), (62) and (63) . Then the following relations hold true for all ~t,

(64)

µ̂â,0(~t) = µa,0(−~t) =
∑n

j=1 ajEj(−~t), µ̂a,0(~t) = µâ,0(−~t) =
∑n

j=1 âjEj(−~t),

µ̂â,j(~t) = µa,j(−~t), µ̂a,j(~t) = µâ,j(−~t), ∀j ≥ 0,

f̂[a](ζ;~t) = f[â](ζ;−~t), f̂[â](ζ;~t) = f[a](ζ;−~t),

∆̂[a],k(ζ;~t) = ∆[â],k(ζ;−~t) ∆[a],k(ζ;~t) = ∆̂[â],k(ζ;−~t), ∀k ∈ [1, n],

a[â],n−k(~t) = a[a],k(−~t), k ∈ [n− 1], b[â],n−k(~t) = b[a],k+1(−~t), k ∈ [0, n− 1].

The proof trivially follows from Propositions 6.4, 7.1 and Corollary 10.1. In conclusion the

dual initial data (K, [a]) and (K, [â]), with [a] related to [â] by (35) generate dual Toda hierarchy

solutions which satisfy


b[â],1(~t) a[â],1(~t) 0 · · ·

1 b[â],2(~t) a[â],2(~t)
. . .

0
. . .

. . .
. . .

0 · · · 1 b[â],n(~t)

 =


b[a],n(−~t) a[a],n−1(−~t) 0 · · ·

1 b[a],n−1(−~t) a[a],n−2(−~t)
. . .

0
. . .

. . .
. . .

0 · · · 1 b[a],1(−~t)

 .

10.2. Duality and divisors of KP–soliton solutions. Lemma 10.1 implies the following:

for any given set of phases K = {κ1 < κ2 < · · · < κn} and any given point [a] ∈ GrTP(1, n),

there exists [â] ∈ GrTP(1, n), satisfying (59) with α̂j = 1/αj , j ∈ [n], such that the vacuum
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wavefunctions

(65)

Ψ[a](ζ;~t) =


eθ(ζ;

~t), if ζ ∈ Γ+,

Ψ
(−)
[a] (ζ;~t) ≡

n∑
l=1

aj
∏
s 6=l

(ζ−κs)(
n∑

m=1
am

)
n−1∏
r=1

(ζ−b[a],r)

Ej(~t), if ζ ∈ Γ−,

Ψ[â](ζ;~t) =


eθ(ζ;

~t), if ζ ∈ Γ+,

Ψ
(−)
[â] (ζ;~t) ≡

n∑
l=1

âj
∏
s 6=l

(ζ−κs)(
n∑

m=1
âm

)
n−1∏
r=1

(ζ−b[â],r)

Ej(~t), if ζ ∈ Γ−,

generate dual (k, n − k) and (n − k, k)–solitons respectively via the Darboux transformations

D
(k)
[a] and D

(n−k)
[â] for any k ∈ [n−1]. From (47) and (64), the vacuum divisors satisfy respectively∏n−1

r=1 (ζ−b[a],r) ≡ ∆n−1,[a](ζ;~0) = ∆̂n−1,[â](ζ;~0),
∏n−1
r=1 (ζ−b[â],r) ≡ ∆n−1,[â](ζ;~0) = ∆̂n−1,[a](ζ;~0).

Choosing the representative elements of the dual soliton solutions as in (59), with α̂j = α−1
j ,

j ∈ [n], the dual vacuum divisor
{
b[â],1 < · · · < b[â],n−1

}
may be explicitly computed solving the

following system of equations

(66)
n−1∏
r=1

(κj − b[â],r) =
(−1)n−jα̂j

n∑
m=1

âm

=

(−1)n−j
n∏

m=1
αm

αjτ
(n−1)
a (~0)

, ∀j ∈ [n].

In particular, the space–time inversion leaves the vacuum divisor invariant if and only if b[â],r =

b[a],r, r ∈ [n− 1], which is equivalent to [â] = [a] = [1/â], that is

[α1, . . . , αn] = [α̂1, . . . , α̂n] = [1, . . . , 1].

We have thus proven

Corollary 10.2. Let K = {κ1 < · · · < κn}, [a], [â] ∈ GrTP(1, n), Ψ[a](ζ;~t), Ψ[â](ζ;~t), as in (59)

and (65), where [α], [α̂] ∈ GrTP(1, n) satisfy Lemma 10.1. Then the space–time inversion leaves

the 0–divisor invariant, b[a],r = b[â],r, r ∈ [n], if and only if [α] = [α̂] = [1, . . . , 1].

The self–dual (k, k)–soliton solutions u(~t) = u(−~t) are thus associated to [α] = [1, . . . , 1] ∈

GrTP(1, 2k).

Let us now return to the general case of dual T–hyperelliptic soliton data. The following

theorem explains the relations between k–compatible divisors under the space–time inversion.

Indeed, using (48) and (64) we have the following.
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Г+

Г−

𝜸 𝐚 ,𝟐
(𝟐)

𝜸 𝐚 ,𝟏
(𝟐)

Г+

Г+

Г−

Г−

a)

b)

c)

𝜹 𝐚 ,𝟏
(𝟐) 𝜹 𝐚 ,𝟐

(𝟐)

𝜸 𝒂 ,𝟏
(𝟏)

𝜹 𝐚 ,𝟏
(𝟏)

𝜹 𝐚 ,𝟐
(𝟏)

𝜹 𝐚 ,𝟑
(𝟏)

𝜸 â ,𝟏
(𝟑)

𝜸 â ,𝟐
(𝟑) 𝜸 â ,𝟑

(𝟑)

𝜹 â ,𝟏
(𝟑)

𝑮𝒓(𝑇𝑃)(2,5)

𝑮𝒓(𝑇𝑃)(3,5)

(K, [a])

(K, [a])

𝑮𝒓(𝑇𝑃)(1,5)

(K, [â])

Figure 5. We illustrate Theorem 10.1 on dual T–hyperelliptic divisors in GrTP(2, 5)

and in GrTP(3, 5). a): D(2)
[a] = {γ(2)[a],1, γ

(2)
[a],2, δ

(2)
[a],1, δ

(2)
[a],2} is the divisor of the (3,2)–

line soliton in GrTP(2, 5) associated to the soliton data (K, [a]). b): D(1)
[a] =

{γ(1)[a],1, δ
(1)
[a],1, δ

(1)
[a],2, δ

(1)
[a],3} is the divisor of the (4,1)–line soliton in GrTP(1, 5) associated

to the soliton data (K, [a]). c): D(3)
[â] = {γ(3)[â],1, γ

(3)
[â],2, γ

(3)
[â],3, δ

(3)
[â],1} is the divisor for the

(2,3)–line soliton solution in GrTP(3, 5) associated to the dual soliton data (K, [â]) via

space–time inversion and it is obtained applying the hyperelliptic involution σ to D(1)
[a] :

D(3)
[â] = σ(D(1)

[a] ).

Theorem 10.1. Let n > 1, K = {κ1 < · · · < κn} and [α1, . . . , αn] ∈ GrTP(1, n) be given. Let

[α̂1, . . . , α̂n] = [1/α1, . . . , 1/αn] and [a], [â] ∈ GrTP(1, n) as in (59). Let Ψ[a](ζ;~t) and Ψ[â](ζ;~t)

be the dual vacuum wavefunctions as in (65).

For any given k ∈ [n− 1], let D
(k)
[a] , D

(n−k)
[â] , respectively be the dual Darboux transformations

as in (57). Let σ be the hyperelliptic involution on Γ, i.e. σ(Γ±) = Γ∓. Let, for any fixed

k ∈ [n− 1]

(67) D(k)
[a] = D(k)

[a],+ ∪ D
(k)
[a],−, D(k)

[â] = D(k)
[â],+ ∪ D

(n−k)
[â],− ,

be the pole divisors respectively of Ψ̃
(k)
[a] (ζ;~t) ≡

D
(k)
[a]

Ψ[a](ζ;~t)

D
(k)
[a]

Ψ[a](ζ;~0)
, Ψ̃

(k)
[â] (ζ;~t) ≡

D
(k)
[â]

Ψ[â](ζ;~t)

D
(k)
[â]

Ψ[â](ζ;~0)
, where

D(k)
[a],+ ≡

{
γ

(k)
[a],1, . . . , γ

(k)
[a],k

}
= {(ζ;µ) ∈ Γ+ : ∆̂k,[a](ζ;~0) = 0},

D(k)
[a],− ≡

{
δ

(k)
[a],1, . . . , δ

(k)
[a],n−k+1

}
= {(ζ;µ) ∈ Γ− : ∆n−k−1,[a](ζ;~0) = 0},

D(k)
[â],+ ≡

{
γ

(k)
[â],1, . . . , γ

(k)
[â],k

}
= {(ζ;µ) ∈ Γ+ : ∆̂k,[â](ζ;~0) = 0},

D(k)
[â],− ≡

{
δ

(k)
[â],1, . . . , δ

(k)
[â],n−k+1

}
= {(ζ;µ) ∈ Γ− : ∆n−k−1,[â](ζ;~0) = 0}.
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Then for any fixed k ∈ [n− 1],

(68) D(n−k)
[â],+ = σ

(
D(k−1)

[a],−

)
, D(n−k)

[â],− = σ
(
D(k−1)

[a],+

)
.

In particular, if k = 1, D(n−1)
[â] = D(n−1)

[â],+ ≡ {σ(b[a],1), . . . , σ(b[a],n−1)}.

Corollary 10.3. Under the hypotheses of the above theorem, for any fixed k ∈ [n− 1] the pole

divisor of Ψ̃
(n−k)
[â] (ζ;~t) may be computed from the pole divisor of Ψ̃

(k)
[a] (ζ;~t),

n∏
j=1

(ζ − κj) =
k∏
l=1

(ζ − γ(k)
[a],l)

n−k∏
s=1

(ζ − γ(n−k)
[â],s )− a[a],k(~0)

k−1∏
i=1

(ζ − δ(n−k)
[â],i )

n−k−1∏
r=1

(ζ − δ(k)
[a],r).

In particular, the dual compatible divisors D(n−k)
[â] and D(k)

[a] satisfy

(69)

k∏
l=1

(
κj − γ(k)

[a],l

)
·
n−k∏
i=1

(
κj − γ(n−k)

[â],i

)
n−k−1∏
s=1

(
κj − δ(k)

[a],s

)
·
k−1∏
r=1

(
κj − δ(n−k)

[â],r

) = a[a],k(~0), ∀j ∈ [n]

Moreover, if [â] = [a] = [1, . . . , 1] ∈ GrTP(1, n), then

D(n−k)
[a],+ = σ

(
D(k−1)

[a],−

)
, D(n−k)

[a],− = σ
(
D(k−1)

[a],+

)
, ∀k ∈ [n].

Proof. It is sufficient to insert (68) into the identities in Corollary 8.2. for all j ∈ [n], such that

κj 6∈ D(k)
α ∪ D(n−k)

β . If κj ∈ D(k)
α , that is κj = γ

(k)

α,l̄
= δ

(k)
α,s̄, in (69) the factors corresponding to

s = s̄ and l = l̄ are omitted and substituted by (−1). Similarly if κj ∈ D(n−k)
β . �

In Figure 5, we show the first non trivial example of such duality relation between T–

hyperelliptic solitons in GrTP(2, 5) and GrTP(3, 5).

11. Summary and concluding remarks

In this paper we have characterized the KP–soliton data (K, [A]), K = {κ1 < · · · < κn}, [A] ∈

GrTNN(k, n), which are compatible with a real divisor structure on a given rational degeneration

of a real hyperelliptic curve. Indeed we start from the ansatz that

Γ = Γ+ t Γ− = {η2 =
N∏
j=1

(ζ − κj)2},

is obtained from Γ(ε) = {η2 =
∏N
j=1(ζ − κj)

2 − ε2} when ε2 → 0 and that the divisor D =

{P1, . . . , Pn−1} ⊂ Γ\{P+} is the limit of a (n − 1)–point non special divisor (P
(ε)
1 , . . . , P

(ε)
n−1)

on Γ(ε)\{P+} satisfying Dubrovin–Natanzon reality conditions. For that reason we impose the



42 SIMONETTA ABENDA

finite oval condition ζ(Pj) ∈ [κj , κj+1], ∀j ∈ [n − 1] (see Figure 1). By construction such a KP

soliton solution is regular and bounded for all times.

Here P+ ∈ Γ+ is the marked point where the KP Baker–Akhiezer function has its essential

singularity, k divisor points, say P1, . . . , Pk belong to Γ+, and the remaining n − k − 1 are

in Γ−, for some k ∈ [0, n − 1]. In agreement with vacuum dressing, there exist a finite inverse

gauge operator W = 1−w1(~t)∂−1
x −· · ·wk(~t)∂−kx and k linearly independent solutions to the heat

hierarchy, f (1)(~t), . . . , f (k)(~t), which form a basis of the linear operator (Darboux transformation)

D(k) = W∂kx .

Such algebraic geometric structure is also compatible with the ansatz that the soliton solution

corresponds to a point in Gr(k, n) (the finite dimensional reduction of the Sato Grassmannian)

and that the double points K = {κ1 < · · · < κn} are related to the phases of the KP soliton

solutions, via the heat hierarchy solutions appearing in its τ–function.

Finally, according to [19], KP solitons corresponding to data in Gr(k, n) (the so–called (n−

k, k)–line solitons) are real regular bounded for all times (x, y, t) if and only if the soliton data

belong to the totally non–negative part of the Grassmannian GrTNN(k, n).

For all of the above reasons we have investigated which soliton data (K, [A]), with [A] ∈

GrTNN(k, n) are compatible with the divisor structure on Γ (Sections 3, 4). In particular we

have proven that Γ is a desingularization of Γξ as in [1] for points in GrTP(n− 1, n) (Section 5).

More precisely, for any fixed K = {κ1 < · · · < κn} and k ∈ [0, n − 1], we have called

D = {P1, . . . , Pn−1} ⊂ Γ\{P+}, with Γ as in (1), a k–compatible divisor if

(1) there is exactly one pole in each finite oval: ζ(Pj) ∈ [kj , kj+1], ∀j ∈ [n− 1];

(2) exactly k divisor points points belong to Γ+.

In figure 3, we show possible k–compatible divisor configurations for n = 4 and k = 3, 2, 1.

We have called T–hyperelliptic the soliton data (K, [A]), [A] ∈ GrTNN(k, n), which produce

k–compatible divisors on Γ. To identify T–hyperelliptic soliton data in GrTNN(k, n), we have

proceeded in two steps:

(1) On Γ we have defined a vacuum wavefunction Ψ(ζ;~t), which coincides with Sato vacuum

wavefunction on Γ+. Vacuum divisors are 0–compatible by construction and are in

bi-jection with points [a] ∈ GrTP(1, n) (see Lemmata 3.1 and 3.2);
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(2) Then we have applied the Darboux transformation D(k) generated by the soliton data

(K, [A]) and we have required that there exists a vacuum divisor [a] ∈ GrTP(1, n) such

that the divisor of the normalized KP–wavefunction
D(k)Ψ(ζ;~t)

D(k)Ψ(ζ;~0)
is k–compatible. Then

(a) If k = 1, n − 1, we have obtained a bi–jection between vacuum divisors [a] ∈

GrTP(1, n) and soliton data [A] ∈ GrTP(1, n), GrTP(n− 1, n);

(b) In Lemma 4.1 and Theorem 4.1, for any fixed k ∈]1, n − 1[, we have proven that

the soliton data (K, [A]) are T–hyperelliptic if and only if [A] ∈ GrTP(n−1, n) with

representative matrix

(70) Aij = κi−1
j aj , i ∈ [k], j ∈ [n].

For any fixed K and k ∈]1, n − 1[, such soliton data parametrize an (n − 1)–dimensional real

connected variety in the k(n− k) dimensional GrTP(k, n). For instance, varying the position of

the 2–compatible divisor in Figure 1.b), we parametrize a 3–dimensional variety of KP soliton

data in GrTP(2, 4).

Soliton data satisfying (70) are naturally connected with the solutions to the finite non–

periodic Toda lattice hierarchy (25) since, for any fixed k ∈ [n − 1], as observed in [3], the

τ–function generating such KP (n− k, k)–soliton solution uKP (~t) = 2∂2
x log τ (k)(~t)

τ (k)(~t) = Wrx

(
µ0(~t), ∂xµ0(~t), . . . , ∂k−1

x µ0(~t)
)
, µ0(~t) =

n∑
j=1

aj exp(κjx+ κ2
jy + κ3

j t+ · · · ),

is also the τ–function associated to the solutions to the finite non–periodic Toda lattice hierarchy

(25) for the Toda datum (K, [a]), where K is the Toda spectrum and [a] ∈ GrTP(1, n) uniquely

identifies the initial value Toda problem.

We have then discussed the relation between the spectral problem associated to KP T -

hyperelliptic (n− k, k)-line KP solitons and the open Toda lattice. The spectral curve proposed

for the open Toda lattice in [31, 28, 4] is determined by the equation η̂ =
n∏
j=1

(ζ−κj), considered

as the limit ε→ 0 of the hyperelliptic spectral curve η̂ + ε2

4η̂ =
n∏
j=1

(ζ − κj), of the periodic Toda

system. In [25], the Baker-Akhiezer function approach is used to provide a solution to the Toda

inverse spectral problem for the singular curve (36).
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The rational curve3 is the same for both finite Toda and KP T–hyperelliptic solitons and the

same τ–functions govern the solutions in both cases. Then, it is natural to expect a relation

between the divisor structure of the two problems. In the rational setting, the two systems may

be distinguished from one another from the different asymptotics at the essential singularities,

asymptotics which is modeled on the algebraic geometric regular periodic setting for the two

systems. In sections 8 and 9 we have investigated the relations between the two problems.

Here, to any KP soliton data (K, [a]), K = {κ1 < · · ·κn} and [a] ∈ GrTP(1, n):

(1) we associate the vacuum KP spectral data (K,B), where B = {b1 < · · · < bn−1} is

the vacuum divisor and satisfies bj ∈]κj , κj+1[, for all j ∈ [n − 1] and the vacuum KP–

wavefunction Ψ(ζ;~t) as in (9);

(2) for any fixed k ∈ [n−1], we associate a Darboux transformation D(k), the T -hyperelliptic

(n − k, k)-line KP soliton solution (K, [A]), with [A] ∈ GrTP(k, n) as in (70), the k–

compatible spectral data (K,D(k)) and the normalized KP–wavefunction
Ψ

(k)
B (ζ;~t)

Ψ
(k)
B (ζ;~0)

, with

Ψ
(k)
B as in (11).

The same data (K, [a]) parametrize the solutions to the IVP of the finite non–periodic Toda

hierarchy in the real configuration space (23). The results in [25] may be restated as follows:

(1) (K, [a]) are in bi–jection with Toda spectral data (K,B(T )), with B(T ) = {b(T )
1 < · · · <

b
(T )
n−1}, b

(T )
j ∈]κj , κj+1[.

(2) The time–dependent Baker–Akhiezer Toda vectors Ψ
(T )
k (ζ;~t) = eζ/2

(
k∑
i=0

ci(~t, k)ζi
)

,

Ψ
(T ),σ
k (ζ;~t) = e−ζ/2

(∑n−1−k
l=0 cσl (~t,k)ζl∏n−1
s=1 (ζ−b(T )

s )

)
, k ∈ [0, n − 1], satisfy the gluing conditions

Ψ
(T )
j (κ

(T )
l ,~t) = Ψ

(T ),σ
j (κ

(T )
l ,~t), and necessary normalization relations[25].

In Theorem 8.1), we have expressed the normalized KP wavefunction associated to the T–

hyperelliptic (n−k, k)–solitons in function of the entries of the Toda resolvent R = (ζIn−A)−1

for the data (K, [a]). It then follows (Corollary 8.1):

(1) the KP vacuum divisor and the Toda divisor coincide for the datum (K, [a]): B = B(T );

(2) the Darboux transformation associated to (K, [A]) is the differential operator associated

to Toda k–minors ∆̂(k)(ζ,~t);

3Notice that also the regular hyeperelliptic curves are the same, so it is natural to expect relations between

Toda periodic hierarchy and regular real–periodic KP solutions on Γ(ε).
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(3) the KP divisor of the T–hyperelliptic (n−k, k)–soliton, D(k) = {γ(k)
1 , . . . , γ

(k)
k , δ

(k)
1 , . . . , δ

(k)
n−k−1}

is the zero divisor at times ~t ≡ ~0, of the Toda Baker–Akhiezer components Ψ
(T )
k and

Ψ
(T ),σ
k (see (49)).

Then we have used the identities among the entries of the Toda resolvent R as recursive sets

of equations which allow to compute both the k–compatible divisors of the KP wavefunction

and the KP Darboux transformations D(k), as k varies from 1 to n− 1 (see Proposition 7.1 and

Corollary 8.2). We have also solved the inverse problem: in Theorem 9.1, given a k–compatible

divisor on Γ, we explicitly reconstruct the soliton data [a].

The space–time inversion ~t 7→ −~t allows to map (n− k, k)-soliton KP solutions to (k, n− k)-

soliton KP solutions and induces a duality relation between the Grassmann cells in Gr(k, n) and

Gr(n− k, n) (see [5] and references therein).

The space–time inversion leaves Γ invariant since it preserves the spectrum of A. For the Toda

hierarchy, it corresponds to the composition of the space–time inversion with the reflection of

the entries of A with respect to the anti–diagonal. This correspondence for Toda is natural in

view of the asymptotic behaviour of A(~t) when all times go either to +∞ or to −∞, which

generalizes a result in [33] for the first flow to the Toda hierarchy.

As a consequence, the entries R1,1(~t) and Rn,n(−~t) of the resolvent of A(~t) are the generating

functions for such dual Toda hierarchies (Proposition 10.1), and are also associated to dual

families of T–hyperelliptic soliton solutions.

We have used such correspondence to obtain explicit relations among the dual divisors. In

particular if the initial k–compatible divisor in (GrTP(k, n) is associated to [α] ∈ GrTP(1, n),

with [α] as in (59), then the dual divisor is (n−k)–compatible in (GrTP(n−k, n) and associated

to [1/α] (see Corollary 10.1). We have shown that such (n− k)–compatible dual divisor may be

explicitly computed by applying the hyperelliptic involution to the (k − 1)–compatible divisor

associated to [α] (see Theorem 10.1 and Figure 5).

T–hyperelliptic solitons are not the unique family of KP solitons which may be associated to

rational degenerations of hyperelliptic curves. In [2], we associate the rational degeneration of a

regular M–curve to generic soliton data (K, [A]), with [A] ∈ GrTNN(k, n) and we plan to classify

other families of KP solitons associated to rational degenerations of hyperelliptic or trigonal

curves. We also plan to investigate other connection between KP theory and Toda type systems

in future.
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