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A The second-best contract

For the sake of clarity, let us list the equations presented in the main text. The workers’ information rent

(surplus) is

1
U)=w®) -5 (@0+1)e (0)” + e (0) (1)
whereby, solving for the wage,
1
w(®) =U(0) + 5 (0 + 1) e(0)" e (0). (2)
The firm’s problem is )
1
max/ [(1 7)) -U(0) - 5(0+1) e (0)*] do, (3)
¢ Jo
subject, for all § € [0, 1], to: () the monotonicity condition
Oe (0)
< 4
U <o, @
(i) the envelope condition
oue) 1 2
and (421) the individual rationality condition
U (6) > 0. (6)

Given the envelope condition, incentive compatibility implies that only the participation constraint of the
least able type be binding, whereby the participation constraint (6) reduces to the boundary condition
U(1l)=0.

This is an optimal control problem, where e is the control variable and U is the state variable. In

order to solve this problem let us build the Hamiltonian

H=(147)e(6)~U0)~ 5 (6+1)c(0) +A(0) (-éewf),

1



where multiplier \ is the co-state variable. The first order conditions are the following ones

%{ (147) = (0+1)e(6) — A () e(8) =0 (a)
oH ,
—55 = 1=X0 (%)
u® 1,
a0~ 2 “
A(0) = 0 ()

where (d) is the transversality condition, since there is no constraint on U (0). Integrating (b) over 6, one
gets
A(#)=0+c

and, using (d) to compute the value of the constant ¢, one obtains ¢ = 0 and A (f) = 0. Replacing the

latter expression into (a) yields the optimal effort

_ _ 1+
(I+9)—0O+1)e(@)—0e(d) =0 = 653(9)—29+1. (8)
The optimal wage rate is obtained by the envelope condition
auw 1., (147)?
=—sell) ' =———7
00 2(20+1)
and integrating it over 6, with the requirement that U (1) = 0, yields
19?2  (1+4)? (1+9°@1-96
USB(H)—( 704" A+ (1-0) (9)

4204+ 1) 12 6(20 +1)

which reaches a maximum of Usp (0) = %. Substituting (9) and (8) into (2) one gets

1+ (@0+1)(A-29)+(1-0)(1+6)(1+1))
3(20 +1)°

wSB(O) =

)

where a sufficient condition for wsg(0) > 0 is that v < 1. Conversely, for v > 1, wgp(6) > 0 holds for

— (2= +V3(P -+

T+7) =0

0 <

where 0 < 1 if and only if v > %

B The limited liability contract

When a limited liability constraint is introduced, the second-best solution is no longer valid, at least for
workers with low skill levels. Therefore, one might expect that some bunching or some exclusion occurs
for types with low ability, i.e. high 6.

Three possible scenarios can arise, and the firm will choose the regime delivering the highest possible

payoffs. Each one of them is exposed in the next Subsections.



B.1 Full participation and pooling

Suppose that all types of workers are employed, even though some types (those with high effort cost)
are not separated and are offered the same contract. In this case, full participation of workers’ types is
guaranteed, but there exists an optimal threshold # such that types below 6 are fully separated whereas
types above 6 are pooled.

Then, by continuity of the optimal allocation, the solution is such that, for some threshold 6,

Y fr0<9<8

e(f)={ 20*1 I (10)
Y forg<h<1
260+1

When workers’ types belong to the range 6§ < # < 1, the schedule of information rents is given by (1)

with w = 0 and e = 2% and it is such that
20+1

(y+1) (407 — (1 =) —0(1+7~))

vo= 2(20+1)°

Under full participation, it is optimal for the employer to leave the worst worker with zero rents, so it

must be that U (1) = 0, which yields the optimal threshold

— 1
0=—
2y
and the optimal constant level of effort, that is required for types in the range § < 6 < 1,

1+~
E=———— =79.

2 (%) +1
Accordingly, the optimal allocation (10) can be fully specified as

1+ 1
er (0) = v for0<6< 2y
0% for % <6<1

When workers’ types belong to the interval 0 < 6 < %, the function U (6) can be recovered from the

envelope condition (5) and it is equal to

_ (149)?
U(a)*m+0a

where the constant ¢ can be computed using the continuity of the surplus function at § and the fact that

R (1—-0)42
U<9,927> =T

This leads to

14+7)?
UL (0) = 4((2011) —17(@2=-7) for0<6< %
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The wage rate as a function of  is such that

(HDEIA=+3-9) _ 1, (9 _ for0<f <L
wy, (0) = 1(20+1)? 7 (2-7) oo

0 for%ﬁ@ﬁl

Considering the easier case in which o = 1, the firm’s profits, computed by integrating over the

possible levels of ability 6, are given by

5 [ (1+ +1)(46(1—7)+3—
7 = [ (((20+71)) _ ((v )(4(2(0““3)2 D 12 77))> do
Y

=) (r+ 307+ 3) -+ (0 (F+4)) G i+ D +4

for the interval of ability levels in which full separation is possible, 0 < 0 < %, and by

1
To= [prydd=7-3

2y

for the interval of ability levels in which pooling is necessary, % < 0 < 1. Thus, total profits in this case

m =75 +af = (1n2+1n ((1;7)» (i (v + 1)2> +g(277 1).

B.2 Full separation and exclusion

amount to

Suppose now that the firm offers fully separating contracts but that it excludes workers with low ability
levels. In this case, there exists an optimal threshold 6§ such that types below 0 are fully separated

whereas types above 6 are excluded. Consider the schedule of rents obtained by setting w () =0and e

1~+’y
2041

(7+U(@7—O—v%—ﬂl+w)
2(2§-+1)2

independent of # and equal to e =

U(0) =

When is it that this function is non-negative? Consider § =  and substitute above. Then U () =0 for
0=0=

3{;]1 and U (0) > 0 for 0 < 0 = % For all 0 higher than 6 information rents are negative and

all types with 6 > 6 are excluded.

The effort function is
1+ s
0 for0<6<1
with
0= ——
(3v—1)

where 0 < 1 when v > %; moreover e* (5) =3y—1



Then U (#) can be recovered from the envelope condition, and, for 0 < 6 < 5, imposing the terminal
condition U (5) = 0 one gets
(1+7)* BGr-1HO+1)

VO =16a71 ~ s :

So the optimal rents left to workers are

1+v? _ Gy=D(y+1) R
Ut (0) = { 1D 1 for 0 <6 <0 ==

~ .
0 for 0 = (37_71) <#<1

and the wage rate is

(A+7)(40(1—7)+3—)  (By=D)(y+1) -
w* (0) = 4(20+1)2 1 for0 <6<

0 for =Y _<p<1

In this case, profits, computed by integrating over the possible levels of ability 0, are equal to

1—vy
3.1 [ (+ 147) (40 (1—7)+3— 3y=1)(y+1
me = [P (((20+71)) _ (( ”/)(4(2(0““;)2 v _ By i(”f ))) do
=) (Jr+ 42+ )+ (35 +3)) G+ P+ D)
It is straightforward to check that m; > mo is always true for v > %, which is precisely the case at hand.

So full participation and pooling always dominates full separation and exclusion. The latter solution can

then be discarded.

B.3 Pooling and exclusion

If neither full separation nor full participation are feasible, there exist two optimal thresholds a and b,
with a < b, such that workers’ types 6 below a are fully separated, types included between a and b are

pooled and types above b are excluded. So the optimal allocation takes the form

I for0<f<a
e(d) = 4y for g <O <b

0 forb <0 <1

The schedule of information rents becomes U () = 0 for b < 6 < 1, whereas for a < 0 < b it is such
that
1
U(G):—§(9+1)e2+'ye. (11)

At the boundary, when 6 = b, rents are zero. Substituting for § = b into (11) and equating to zero yields

1 14~ 2 1+~ v+4day—1
—Z(b+1 =0 = b=-—-—-7—.
5 0 )(2a+1> +V<2a+1 117




When 6 is between a and b rents are

(4ay—0(1+7)-(1=7)(+1)
2(2a+ 1)

U(0) =

and, in particular

U (a) = (@By-1)-(1=-7)O+1D
2(2a+1) '

When 6 < a, the schedule of information rents can be recovered by the envelope condition and, by

continuity at a (as in the previous cases), we obtain

(149 B-7+4a(1-9))(r+1)
v = 4(20+1) 4(2a+1)° '

Summing up, information rents are given by the following expression (which still contains the threshold

a, to be determined)

(1+7)? _ B=y+4e(-M)(+1D) ¢ <h<a

4(20+1) 4(2a+1)?
UT(0) = { Ut emetl fora << b= 1
0 for 7A’+f17*1 =b<6<1
¥

It is then possible to recover the wage as a function of 8 and a, which is the following

(3a+30+4a0—ay—0vy—4abvy+2)(v+1)(a—0)
w (0) = (20112 (2at 1) for0<f<a

0 fora<0<1

Finally, profits to the firm as a function of § and a are given by

5 fa ( (1+y) (3a+30+4a07a779'y74a0’y+2)(’YJrl)(afe))da
3 7 Jo \ (20+1) (20+1)2(2a+1)?
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= e )4((2(1,4-71)2 ) 4811—4-%) + (In(a+3) + (In2)) (i (v+1) >

when separation occurs, i.e. when 0 < 6 < a, and by

ytday—1
14+~

1+~ do — (y—a+3ay—1)

7TP _
3 — Ja 2a+1 (2a+1)

when pooling occurs, i.e. when a < 6 < b= %’4_1. Hence, total profits in this case amount to

Ty =75 + 7 = (7—‘1‘*33?2;23;%_@@ 4+ (In(a+3) + (In2)) (i (v+ 1)2> .

Differentiating these profits with respect to the cut-off a yields

O 2(2a+a2+a2’y+1)(’y+1) >

da (2a+1) 0

whereby profits to the firm are always increasing in a. This means that profits to the firm are maximal
at the highest possible value of the threshold a, but this simply implies that we are back to the first case

in which the firm does not exclude any type of worker and resorts to bunching for the less efficient types.



