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Inversion Symmetry of the Euclidean Group:
Theory and Application in Robot Kinematics

Yuanqing Wu, Harald Léwe, Marco Carricato, Zexiang Li

Abstract—Just as the three-dimensional (3D) Euclidean space
can be inverted through any of its points, the special Euclidean
group SE(3) admits an inversion symmetry through any of its
elements, and is known to be a symmetric space. In this paper,
we show that the symmetric submanifolds of SE(3) can be
systematically exploited to study the kinematics of a variety of
kinesiological and mechanical systems, and therefore has many
potential applications in robot kinematics. Unlike Lie subgroups
of SE(3), symmetric submanifolds inherit distinct geometric
properties from inversion symmetry. They can be generated
by kinematic chains with symmetric joint twists. The main
contribution of this paper is: (i) to give a complete classification
of symmetric submanifolds of SE(3); (ii) to investigate their
geometric properties for robotics applications; and (iii) to develop
a generic method for synthesizing their kinematic chains.

Index Terms—Euclidean group, geodesic symmetry, symmetric
space, totally geodesic submanifold, Lie triple system (LTS),
Constant-Velocity (CV) coupling, kinesiology, parallel manipu-
lator, type synthesis.

I. INTRODUCTION

The special Euclidean group SE(3) refers to the 6D Lie
group of proper rigid displacements of 3D Euclidean space.
It is Hervé [2,3] and Brockett [4] who initiated application of
SE(3) and its Lie subgroups (e.g. the special orthogonal group
SO(3); see [5]) in robotics (kinematics and dynamics [6]—[8],
estimation and control [9]-[11], etc.).

Recent advances in type synthesis of parallel manipulators
[12]-[18] can be attributed to the successful exploitation of the
Lie algebra se(3) of SE(3). Central to the synthesis problem is
the exponential map, denoted exp, which maps se(3), locally
diffeomorphically, into SE(3). In this paper, we shall adopt
the homogeneous matrix representation for SE(3) [6], so that
the exponential map is identified with the matrix exponential
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e(). Consider a serial manipulator comprising revolute (R),
helical (H,; p denotes pitch) or prismatic (P) joints, with
linearly independent joint twists {él, .. ,ék}, & € se(3). Its
direct kinematics map is given by the product of exponentials
(POE) formula [6]. The set of end-effector motions generated
by the serial manipulator is given by:

k
HeXp{éi}spé{ ef181...efrén eieR,z‘zl,...,k} (1)
=1

which coincides with a kD submanifold of SE(3) in an open
neighborhood of the identity I € SE(3). We shall refer to
(1) as a POE-submanifold, and we say it is the motion type
[18] of the serial manipulator. In particular, when the linear
span of £;’s, denoted by {£;,... ,ék}sp, is a Lie subalgebra g
of se(3), Hle exp{&;}sp is locally an open submanifold of
the corresponding (connected) Lie subgroup G ([19, pp. 299,
Lemma 9.2.6]). We simply say the motion type is G.

The element-wise product of two Lie subgroups [20,21] can
also be locally identified with a POE-submanifold [18], but is
in general not a Lie subgroup. Carricato er al. showed that
the tangent spaces of such submanifolds are all mutually con-
gruent, thus defining what is called a persistent screw system
of the end-effector [22,23]. When a persistent screw system
exists, the corresponding submanifold may be generated by
the envelop of a tangent space smoothly moving in SE(3)
like a rigid body [22]-[26]. In most previous studies on type
synthesis of parallel manipulators, the motion type of a parallel
manipulator can be identified with a POE-submanifold (see for
example, category I/II submanifolds [18], virtual chain [27],
displacement manifold [28]).

Since exp : s¢(3) — SE(3) is a local diffeomorphism of
an open neighborhood of the origin 6 € se(3) onto an open
neighborhood of the identity I € SE(3), the exponential image
of the kD vector subspace {él, ... ,ék}sp C se(3):

eXp{élv-"aék}SPé{€01£1+"'+0kék HieR,izl,...,k}

is locally a kD submanifold of SE(3), which we refer to as
an Exp-submanifold (Exp for “exponential”) [1]. It is clear
from the Baker-Campbell-Hausdorff formula ([19, pp. 57,
Prop. 3.4.4]) that in general Exp-submanifolds are not POE-
submanifolds (except for example, when {él, .. ,ék}sp is
a Lie subalgebra g C se(3), exp{€,...,Ex}sp is a subset
and contains an open neighborhood of the corresponding
connected Lie subgroup G ([19, pp. 299, Lemma 9.2.6])).
Therefore, in general, Exp-submanifolds can only be generated
by closed-loop manipulators [1,29].
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Fig. 1. (a) Listing’s law of eye saccade: wp, wg and wy, denote the primary
or initial direction (perpendicular to the Listing’s plane), the gaze direction
and their angle bisector (perpendicular to the velocity plane). (b) reflected
tripod [30].

Exp-submanifolds have been used in robotics and biome-
chanics without being explicitly recognized or systematically
studied. Bonev ef al. [31] analyzed the rotational motion of
several constant-velocity (CV) couplings using a modified
Euler angle parametrization (tilt and torsion angles, [32]),
which is equivalent to the following parametrization for SO(3)
[29]:

2)

where {x,y,z} denotes the canonical basis for R? and W
defines a 3 x 3 skew-symmetric matrix such that wv =
w x v, ¥w,v € R3. Bonev observed that the torsion angle
o for a CV coupling is always zero, leading to a motion type
exp{X, ¥ }sp, a 2D Exp-submanifold [1,29]. In kinesiology and
biomechanics, the same Exp-submanifold (under quaternion
representation) is identified to be the motion type of human
eye saccade [33,34], and is known to obey Listing’s half-angle
law: as the gaze direction rotates away from the initial primary
direction (normal of the Listing’s plane), the instantaneous
velocity plane rotates away from the Listing’s plane along the
same rotation axis but half in magnitude (see Fig. 1(a)).
Another example of Exp-submanifolds arises in three
degree-of-freedom (DoF) parallel-architecture CV couplings
for intersecting shafts [35,36]. The instantaneous velocity of
such a coupling always lies in the bisecting plane!, demanding
the joint twists in each connecting chain to be mirror sym-
metric about the bisecting plane in all configurations. Typical

(01,05, 0) s h1%H02Y 0%  SO(3)

IThe yellow plane shown in Fig. 1(b): (i) it is perpendicular to the plane of
input and output velocity wi, and wout; and (ii) it bisects the complement
of the working angle formed by w;, and Wous.
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Fig. 2. Graphical representation of the canonical basis of se¢(3) and notation
for twists with different pitch value p.

€

CV connecting chains include RSR (S for spherical joint)
chain and RER (€ for planar gliding joint) chain [35]. An
in-parallel assembly of three RSR chains that are mirror
symmetric about a common bisecting plane results in the
“reflected tripod” [30,31] (see Fig. 1(b)), which found appli-
cations in robotic wrists [37] and hyperredundant robots [38].
We showed that its motion type is the 3D Exp-submanifold
exp{@s, €4, €5 }sp [29], where {&;}°_; denotes the canonical
basis of se(3) (also see Fig. 2):
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If each 5-DoF RSR chain of the reflected tripod is reduced
to a 4-DoF mirror symmetric YU (U for Cardan or universal
joint) chain with the U/ joints of all chains on each side
of the mirror sharing the same center of rotation [36], we
have the UNITRU coupling [39] (see Fig. 9(a)), which has
the motion type of a 2D surface in exp{és,&4,€5}sp [29].
This 2-DoF parallel manipulator is later used by Rosheim
in the Omni-Wrist III [40] and reportedly to mimic human
shoulder complex movement in terms of an extraordinary
orientation range [41]. So far, no further results on general
Exp-submanifolds of SE(3) are available in the literature.

It turns out that both the Listing’s law of eye saccade
and mirror symmetry of CV couplings can be attributed to
inversion (or geodesic) symmetry, a class of diffeomorphism
maps associated with symmetric spaces [42]. In fact, SE(3)
is an (affine) symmetric space with the inversion symmetry at
each point g defined by [43]:

Vg € SE(3) = Sg(h) £ gh™'g € SE(3),Vh € SE(3) (3)

>
>

>
>

and that both exp{X,y}sp (or equivalently exp{és,@és}sp)
and exp{és,&4,&5}s, can be extended via inversions to a
unique symmetric space. Such a submanifold M is closed
under inversions:

Vg,heM = ghflgEM 4)

and will be referred to as symmetric submanifolds of SE(3)
(they are more often referred to as symmetric subspaces in



mathematical literature [42,43]). Note that all connected Lie
subgroups of SE(3) are automatically closed under inversions,
and are trivial symmetric submanifolds. We exclude Lie sub-
groups from our study, since their symmetric space structure
can be studied in a similar way to that for SE(3).

In this paper, we will show: (i) there are seven conjugacy
classes of symmetric submanifolds of SE(3), all of which can
be locally represented by expm, with m being a Lie triple
(sub)system (LTS) of se(3) [42,43], i.e. a vector subspace of
se(3) that is closed under double Lie brackets:

v€17€2553 em = [[51752]753] em

or simply [[m,m],m|] C m, where the Lie bracket is defined
by [£1,&2] £ &1& — £261,V€1, & € se(3); (ii) these sym-
metric submanifolds can be systematically studied to derive
several common geometric properties, which include Listing’s
law and mirror symmetry of CV couplings as special cases
(for exp{é4,és5}sp and exp{és,&4,65}s, respectively); and
(iii)) we can develop a generic method for synthesizing their
kinematic chains.

The only revelation that comes close to our discovery
is Selig’s attempt to study full cycle mobility using totally
geodesic submanifolds of SE(3) (see [44, Ch. 15.2]). Only Lie
subgroups are considered in [44], but both Lie subgroups and
symmetric submanifolds are totally geodesic (for the concept
of totally geodesic submanifolds of a symmetric space, see
[42,45]; the totally geodesic submanifolds of a symmetric
space are exactly the symmetric submanifolds [43, pp. 121,
Coro., Lemma 1.3]).

Recently, during the review process of this manuscript, Selig
[46] submitted and published a paper that, among other things,
presents a classification of the LTSs of se(3). However, we
published a systematic classification of the LTSs of se(3) in
an earlier conference paper [1], which this manuscript relies
upon and extends. In comparison to our previous and current
results, Selig’s classification has the following differences: it
includes several Lie subalgebras into the classification of LTSs
(all Lie subalgebras are, in fact, trivial LTSs), but omits the
5D LTS {é1, &3, €3, €4, €5}y, because its does not meet the
requirements of the application on which Ref. [46] focuses to,
namely motion planning.

This paper is organized as follows. Section II gives a
brief review of the symmetric space SE(3) and a systematic
classification of its symmetric submanifolds. Section III sum-
marizes a list of geometric properties common to all symmetric
submanifolds, and shows how they can be applied to the study
of eye saccade and CV coupling motion. Section IV proposes
a systematic approach for synthesizing kinematic chains for
symmetric submanifolds. Finally, Section V concludes our
work.

II. INVERSION SYMMETRY OF SE(3) AND SYMMETRIC
SUBMANIFOLDS

In this section, we first give a brief introduction to the
symmetric space theory of SE(3) following the elementary
treatment of Loos [43]. Then we give a systematic classifi-
cation of symmetric submanifolds or SE(3). We assume the
readers are familiar with basic Lie group theory of SE(3) [6].

A. SE(3) as a symmetric space

We associate to each g € SE(3) an inversion symmetry Sg
as defined in (3). Sg is involutive, i.e. Sg o S = idgg(3), and
reverses the exponential map exp gé £ get for any tangent
vector g€ € TgSE(3) at g € SE(3):

Sg(expgé) = g(ge®) 'g = ge ¢ = exp(—gf).

SE(3) equipped with the inversion symmetry is called a sym-
metric space. A quadratic representation Q(g) of g € SE(3)
is a diffeomorphism defined by:

Q(g) = Sg o S1:SE(3) — SE(3), Q(g)(h) = ghg

The group generated by {Q(g)|g € SE(3)} under composition
of maps is called the group of displacements ([43, pp. 64]) of
SE(3) and shall be denoted by G. Since SE(3) is connected,
G acts transitively on SE(3) ([43, pp. 91, Th. 3.1 a)]). See
Appendix A for more details.

For any £ € se(3), we denote the corresponding right- and
left-invariant vector fields on SE(3) by éT and él respectively,
ie.

P
{?l (&) R & g esEE)
£(g) =g
There are two special classes of vector fields relevant to the
inversion symmetry of SE(3): the (—)-derivations ©_ and
(+)-derivations © ([43, pp. 81]). Every twist f € se(3)
defines a (—)-derivation é,:

£ ()2 (€ +€)(g) = 5(ég+8d), VB ESER) ()
and a (+)-derivation é+:

E.0)2 (€~ €)(g) = ;(ég —8d), VB € SER) (©)

In this case, the R-vector spaces ©_ and ®_ can be identi-
fied with se(3) respectively. The integral curves of £ ‘and
é+ passing through g € SE(3) are given by eéggeéﬁ =
Q(exp £€)(g) and e2ége 3¢ = C(exp L€)(g) respectively
(C(h) denotes conjugation by h € SE(3)), since:

£_(g)

< Qe 1)(8)

=0 Vg € SE(3) (7)

é+(g)

< Clen o))

t=0

For any £, ¢ € se(3), from the fact that (see Appendix B
for proof):

€.¢1=—l6.c", [€.¢1=16.¢" €.¢{=0 ®

we have:

o 1. .
§-.¢-]= —%[S»CM © .9 ]cD,

(€4, ¢4 =—§[é7é]+ = (@94 CDr 9
o 1. 0,9 ]cD_
[€+ac—] = 75[574,]—

Therefore ® is a Lie algebra and ®_ is a LTS since:
[[D_,D_],@_] c [®+7©—] co-



TABLE I
CONJUGACY CLASSES OF LTSS OF se¢(3) (EXCLUDING ALL LIE SUBALGEBRAS OF s¢(3), WHICH ARE TRIVIAL LTSS).

’ dim | LTS m (normal form) ‘ screw sys. [30] ‘ bm = [m, m] ‘ gm = bm +m ‘ isotropy group ‘

maa = {83, 1}y 2nd special 2-sys. | {&2}sp (82,83, 84}sp exp{é1,é2}sp

2 mb, £ {&3,84 4 pé1}sp {é2,é3,é4 +pé1}sp
mop 2 {é4,é5}sp Ist special 2-sys. {é6}sp {é4,85,€6}sp exp{é6}sp

3 m3a = {&1,63,84}sp 10th special 3-sys. | {€2}sp {é1,é2,€3,€4}sp exp{é1, é2}sp
m3p = {&3,84,85}sp 4th special 3-sys. | {€1,€2,€6}sp exp{€1, €2, €é6}sp

4 ma £ {&1,82,84,85}sp Sth special 4-sys. | {€3,€6}sp se(3) exp{€3, &6 }sp
mg £ {&1,é2,83, 84,85 }sp special 5-sys. {é1,é2,€3,66}sp exp{é1, €2,€3,66}sp

Moreover, ®, @& ©_ is a Lie algebra, and is identified with
the Lie algebra of G ([43, pp. 91, Th. 3.1 d)]). In reference to
the identification of se(3) with ©®_ via (5), we also say that
se(3) is a LTS.

B. Symmetric submanifolds of SE(3)

A symmetric submanifold (containing the identity I) of
SE(3) is a submanifold M which is closed under inversion
symmetry (eq. (4)). Since for Vggp, g, h € SE(3):

C(go)(gh™'g) = go(gh 'g)gy "
= gogg; 'goh gy 'oge; !
= C(g0)(g)(C(go)(h))'C(go)(g)

the conjugation C(gp)(M) of a symmetric submanifold M
is still a symmetric submanifold. Therefore, the systematic
classification of symmetric submanifolds reduces to that of
their conjugacy classes.

Let m denote the tangent space TiM of M at I. m is
identified with the (—)-derivations ©_ (M) as in (5), and is a
LTS (subsystem) of se(3) ([43, pp. 121]). From the definition
of Lie group and Lie algebra ([6, Appendix A]), all Lie
subgroups of SE(3) are trivial symmetric submanifolds, with
their corresponding Lie subalgebras being trivial LTSs. Their
symmetric space structure can be understood in the same way
as that of SE(3). By the definition of LTS and Jacobi identity
([6, Appendix A]), one easily verifies that both by, £ [m,m]
and g, 2 by, +m are Lie subalgebras of se(3). by, is identified
with ©® (M) as in (6). A relation similar to (9) holds for m
and b,:

(B bm] C b,

The following theorem establishes the fundamental relation
between a symmetric submanifold M and its tangent space at
identity.

[m, m] = b, [Hm, m] C m (10)

Theorem 1. A (connected) symmetric submanifold M C
SE(3) (containing 1) is generated (via inversion symmetry)
by any open neighborhood (containing 1) of exp m, where the
tangent space m = T1M is a LTS of se(3):

M = {ghg € SE(3)|Vg,h € expm} (11)

Proof. See Appendix C. O

According to Theorem 1, there is a one-to-one correspon-
dence between LTSs of se(3) and symmetric submanifolds of
SE(3) (containing I). Therefore, the systematic classification
of symmetric submanifolds of SE(3) up to conjugation is
equivalent to that of conjugacy classes of LTSs of se(3).
Starting from a screw system of se(3) (see for example [30,
Ch. 12] or [44, Ch. 8]), we can determine if it is a LTS by
verifying closure under double Lie brackets for an arbitrarily
chosen basis (the complete computation cannot be provided
here due to space limitations and will be presented in [47].).
A total of seven conjugacy classes of LTSs are found and
listed in Table 1. The subscripts ,,o and ,p for the LTSs in
the second column denote an mD LTS containing one rota-
tional/helical DoF and an nD LTS containing two rotational
DoFs respectively. The same subscript convention is used for
the corresponding symmetric submanifolds. Essentially the
same classification was reported in [1]. The only difference
is that the 2D LTS {és3, &4 + pé; }p, though given here, was
omitted in [1], since it can be essentially studied in the same
way as {€s, €4 }sp.

The screw systems corresponding to the LTSs (normal form)
are depicted in Fig. 3. A generic member of each conjugacy
class m is of the form Adgm,g € SE(3), where Adg is the
Adjoint transformation:

Adg€ 2 gég™! € € 5e(3)

It is also clear from Theorem 1 that the local Exp-
submanifold expm we discussed in Section I is actually an
open neighborhood (about I) of a unique symmetric subman-
ifold M C SE(3) when m is a LTS of se(3). We shall say
M is generated (via inversion symmetry) by expm, which
we denote by M = (expm)?. A generic member of each
conjugacy class M is given by:

C(g)(M) = (exp Adgm).

It is proved that exp : g — G of a Lie subalgebra g into
its corresponding Lie subgroup G may not be surjective (sur-
jectivity fails for the conjugacy class of {&, &3, &4 + pé; }sp)
[48]. The following proposition shows exp : m — M may not
be surjective either.

2For convenience, we shall also denote a (connected) Lie subgroup G C
SE(3) with lie subalgebra g C se(3) by (expg), since Lie subgroups are
trivial symmetric submanifolds.
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Fig. 3. Screw systems of Lie triple systems. The basis screws of each LTS are denoted by green arrows, and a generic screw in each LTS is denoted by
a white arrow. Except for mg A the pitch value p of the generic screw takes an arbitrary finite value. The characteristic (char.) plane of mg A (M2a), mop,
mga, mgp is defined to be the plane containing all axes of their screw systems. c(.y and s(.y denote cos(+) and sin(-) respectively.

Proposition 1. exp : m — M is surjective for all LTSs except
mb, = {€é3, &4+ péi }sp. Every point of Mb, can be reached
Jrom exp m’z’ A by one inversion.

Proof. See Appendix D. O

III. GEOMETRIC PROPERTIES OF SYMMETRIC
SUBMANIFOLDS
In Section II-B, we use a LTS m C se(3) (identified with
D _(M)) to recover the corresponding symmetric submanifold
M = (expm) C SE(3). A list of useful properties common to
all symmetric submanifolds is given as follows.

Proposition 2. The following statements are true for all LTSs

m and symmetric submanifolds M = (expm):

a) The right translation (back to the identity 1) of the tangent
space at g = eé € € m is given by:

(TgM)g™! = Adg%m = Ad_¢/»m

In the case of g = efiefzela (for mb, ):
(TgM)gfl — Adeél 652/2111

b) m is Adjoint invariant by elements of the isotropy group
Hy £ (exp hm) with by £ [m,m]

VheHy = Adym=m
M is conjugation invariant by elements of Hyp
VheHy = Ch)M=M

C) gm = m + by is the completion algebra of m (i.e.
the smallest Lie subalgebra containing m), and Gy =
(exp gm) is the completion group of M (i.e. the smallest
connected Lie subgroup containing M); all LTSs except
ms = {&1,89, €3, €4, €5} satisfy hmwNm = {0} and admit
a local parametrization for Gyp:

:m X b — Gu

(€,6) > getet

exp
Vge Gy = £

in an open neighborhood of g € Gy.
Proof. See Appendix E. O

First, Prop.2 a) is indeed a generalization to Listing’s law of
human eye saccade for the special case of Myg = (exp map),
and may therefore be referred to as the half-angle property.
It is a direct consequence of the inversion symmetry of the
symmetric submanifolds (see the proof of Prop.2 a)). Other
than correctly predicting human eye saccade behavior, the half-
angle property also prescribes the location of the bisecting
plane of a CV coupling, and is therefore a convenient tool for
position and constraint analysis of CV connecting chains [36].

Second, Prop.2 b) can be referred to as the conjugation in-
variance property of the corresponding LTS m and symmetric
submanifold M = (expm). Physically, it corresponds to the
fact that the kinematics of the underlying symmetric subman-
ifold is uniform in the directions specified by the isotropy
group Hy;. In the case of a 2-DoF (Msyg) CV coupling, this
uniformity ensures uniform (or constant) velocity transmission
between two intersecting shafts. The conjugation invariance
of Mjsp, for example, can also be exploited to synthesize its
parallel manipulators using identical and conjugate kinematic
chains. From a more mathematical viewpoint, conjugation
invariance implies that symmetric submanifolds should be
quotient (or homogeneous) spaces of certain transitive Lie
transformation group action, which we briefly summarized in
Appendix A.

Third, in Prop.2 c), the completion algebra g, is very
useful for type synthesis of kinematic chains for symmetric
submanifolds (see Section IV). In the case b, Nm = {0},
the local parametrization exp; for an open neighborhood of I
in Gy is an immediate generalization of the tilt and torsion
angle parametrization for SO(3) [32].

We give two full computation examples with applications
for a better understanding of the aforesaid geometric properties
of symmetric submanifolds of SE(3).



Example 1 (Msp). It is obvious from:

[[€4, €3], 4] = [€6,84] = &5

[[64,€5], €5] = [é, 5] = —&4
that mop = {€4,&5}s, C 5¢(3) (or {X,¥}sp C s0(3), with
50(3) the Lie algebra of SO(3)) is a LTS. Since exp is
surjective for mop by Prop.1, Mop = exp mop (see also [34]):

Mop = {€W|W € {XvY}sp}

It can be verified by straightforward computation (preferably
using unit quaternions) that Msp is closed under inversion
symmetry:

VYwi,we € {X,¥}sp = eV V2% 2 Mop

A computational verification of the half-angle property for
Msyp = (expmap) can be given as follows: according to [49,
eq. (20)],

d . . . N
<ew(t)) e W) :/ eV Ow(t)e "My
0

dt
) A (12)
= ( / e“w(t)v'\/(t)du)
0

for w € mop = {X,¥}sp (Which is equivalent to {€4, €5 }sp).
Since both w and w lie in the xy-plane, w(t) can be written
as \1w 4+ dow for some real numbers A;, Ay and wt = zw.
Then (12) gives:

1
(dew(t)> efw(t) = (/ euw(t)()qw + >\2WJ_)d’LL>
ar o

= </01()\1W + A2 (Cufjw| W+ S“'“'lz))du) A
_ (evw)/2 (,\1w + Ag sinc (@) Wl))A
e (402 (x, y}sp)A

which verifies that (T« MQB)e*W = Ad w/2map.

Mg is conjugation invariant by elements of the isotropy
group Hyp,, of Masp, which is given by (exp B,y )
(exp{z}sp) = SO(2):

VoER = e (exp{X,y}ep) €
= (exp{cgX + 54y, =54X + C4¥ }sp)
= (exp{x, y}sp>

A direct consequence of the conjugation invariance is that
(expmgop) may be generated by a parallel manipulator with
identical and axially symmetric kinematic chains [50]. To
see this, if a submanifold M with conjugation invariance
prescribed by a Lie subgroup Hys is locally contained in a
POE-submanifold Hle exp{éi}sp generated by a kinematic
chain (517...,@) (generation of symmetric submanifolds
using kinematic chains will be systematically studied in Sec.
V),

AN

13)

k
M Clocal H exp{éi}SP

=1

Then we have:
k
vgeHy = M=C(g)(M) Cioear C(&)(] [ exp{&i}sp)
i=1

where the conjugate submanifold C' (g)(]_[f:1 exp{&;}sp) still
contains M and is generated by an identical but rigidly
displaced chain (Adgé:, ..., Adg€y). A parallel manipulator
comprising two or more such chains may generate M with
appropriate velocity or force matching conditions [18, Prop.
6].

Finally, exp; : {X,¥}sp X {Z}sp — SO(3) is simply a
slight variation of the tilt and torsion angle parametrization
[32] given earlier in (2). Its parametrization singularity may
be easily investigated using half-angle property: the spatial
Jacobian of e¥e?% W = 0% + 6,y is given by:

[(fol eV du)x (fol eV dy)y e‘;vz} € R3*3

where the first two columns always span the half tilted xy-
plane ¢¥/2{x, y}p. Therefore,

{<f01 W) dy)x, (fol e () dy)y, ewz}

= BW/z{X7 Y, eW/QZ}sp

sp

and parametrization singularity is reached when e%/?z lies in

the xy-plane, or when the tilt angle reaches 180 degrees. [

Example 2 (M3p). It is obvious from:

[[€3,84],83] = [€2,€3] =0
[[93,é4],e4] = [éQ,éd = —é3
[[€3,84],65] = [é2,€5] =0
[[€3,€5], &3] = [—€1,€3] =0
[[€3,85],&4] = [—€1,84] =0
[[€3,€5],85] = [—€1,e5] = —e3
[[€4,65], €3] = [é6,€3] =0
[[€4, €5],€4] = [€6,€4] = &5
[[e4, 5], &5] = [&6, €5] = —€4

that msg = {€3, €4, €5 }sp is a LTS. Since exp is surjective for
m3p by Prop.1, M3p = expmgp. A typical element g € Msp
is given by:

2W 2)\z e2W 2)\sinc(||w|))eVz
g = €Xp OT 0 =

or 1
and
. W oAz | eV )\sinc(@) eW/2y,
g2 = €exp OT 0 - OT 1

where w € {X,¥}sp and A € R.
It can be verified by straightforward computation that:

d 11 [2(0W + Agsine ([[w]) W) Nz] 1
<dtg)g —gz[ 0T 0|8 °
for some X' € R, where one needs to use both (13) and the
following similar equation:

4
dt

62‘7”) e 2V = (2€W(t) (AM1w + Az sinc (||w])) WL))A



and therefore (TgMsp)g™' = Ad 1m3]3,Vg € Msg. The
half-angle property immediately lea(?s to a closed-form direct
kinematic solutions for the reflected tripod [31].

Msp is conjugation invariant by elements of the
isotropy group Hypp,,, which is given by (expbm.;) =
(exp{@1,€2,€6}sp) = SE(2): given any g € SE(2) of the

form )
_ e’ \x + Aoy
&= |oT 1

we have:
Adgés = é3
Adgés = (A1sg — Nacy)és + co€s + sgé5
Adgés = (Aico + A2sp)és — sp€s + cpés

and therefore Adgmsp = mgp, Vg € SE(2) and C(g)(Msg)
= M;jp, Vg € SE(2). Using the same argument as in
Example 1, we see that Msp may be generated by identical
kinematic chains with arbitrary planar displacement (see the
Msp modules of The BROMMI hyperredundant robotic arm
[38]).

Finally, é;(IJ)I : {é3,é4,é5}sp X {él,ég,éﬁ}sp — SE(S)
gives a local parametrization of SE(3). O

IV. GENERATING SYMMETRIC SUBMANIFOLDS USING
SYMMETRIC KINEMATIC CHAINS

A. Symmetric chains of symmetric submanifolds

Consider a kD symmetric submanifold M = (expm)
and a basis of unit twists {51, .. £k} C m for the
LTS m. In general, M cannot be generated by the POE-
submanifold []5_, exp{€}sp since it is not closed under
group product. In view of the inversion symmetry, M can
be locally generated by a (2k — 1)-DoF symmetric twist

chain (SC) (&1,...,&k—1,E&k, &k—1,...,&1) with symmetric
joint variables:
60151 . e9k—1ék—1 . €9kék . 60k—1ék—1 . 69151 _
Q(eelél) 0.0 Q(egk—lék—l)(egkék) cM

0, €R, i=1,....k

We emphasize that the motion generated by a SC with arbitrary

joint variables:
I:—lék'—l e eel_él

k—1

951,, 0 € 1,69kék_69

oF R, i=1,...,

is in general not contained in M (but in Gyy) unless the joint
variables are also symmetric:

0 =07, i=1,....k—1. (14)

In this case, we say the SC undergoes a symmetric movement.
The following proposition shows that the joint twists in a SC
can take general values in the completion algebra g, = b +
m.

Proposition 3. Given a kD LTS m of a symmetric submanifold
M = (expwm), a pair of unit twists (€1,€7) of gm satisfies:

Vee MAcR = %ge’® eM

15)

o
{5 =+ i,

& =€£-¢
in which case (éﬂé‘) is referred to as a symmetric twist

pair (SP). The decomposition (15) is unique except for ms
where Bms, N m5 # {0}. A SC formed by k nesting SPs

(& 5 )ﬁiAéliQ,ﬁzeerhm,@_l .,k locally
generates M = (expm) if:
{éla cee 7ék}sp =m
Condition (15) is equivalent to
(&5, & }sp © b = g (16)
if bm Nm = {0}.
Proof. See Appendix F. O

We emphasize that in the above proposition, both {é+}k

and {€ }F_| are hnearly independent sets of twists, twists
of the SC (51 ,...,é'k ,£k ,...,51 ) may become linearly
dependent.

Corollary 1. Given a SP (€

(& E:_) of a LTS m C se(3) and

a twist § € w, the pair (€ € ) defined by:
ot a Ad. .- €t
& T Ademe (17
§ £Ad.&
is also a SP of m. In particular, (Ade+ﬁé, Ade+ﬁé),é €mis
a SP of m.

Proof. See Appendix G. [

B. Symmetry type of symmetric chains

We shall use both the geometric condition (17) and the
algebraic condition (15) to study the particular symmetry type
of SPs and SCs for each LTS.

1) mop: Consider the conjugacy class of 2D LTS mop =
{4, é5}sp as shown in Fig. 3(b). It consists of a pencil of zero-
pitch twists in the char. plane (Hunt’s Ist special 2-system,
[30]). A SP (€+ £ ) = (Ade+¢n€ Ad,- W,E) £,7 € myp is
generated by a pair of rotational displacements (+1, —1) of
€ about the unit twist 7). Pictorially, £+ and £~ are mirror
symmetric about the char. plane of mqp (see Fig. 4 left).
Equivalently, the SP is given by the algebraic condition:

{ EF = cp€ + syes
€ =cyé— 54€6

where £ € mop and & € b, = {€6}sp. Since gm,, =
{€4, €5, €6 }sp, members of the mop-SC can be arbitrary twists
not equal to scalar multiples of €g; a mop-SC consists of two
nesting SPs:

{£f=£1+él {é;=£2+é2
éfz&—fl 55252—62



I:éesz

Fig. 4. Symmetric twist pairs of map. On the left: geometric condition, and
on the right: algebraic condition.

where él,éz € mop = {64,685}y and 61,62 € bmyp =
{€6}sp» and such that:

{élaé?}sp =m= {é4, é5}sp-

We shall refer to (éf, é;, ég, éf) as an even SC. When (s =
0 and é; = ég = éz, we can lump the two twists together
and have an odd myp-SC (€7 ;€2; €7).

Therefore, a mop-SC is a concentric RRRR or RRR
chain with bilateral symmetry about the char. plane. As we
have pointed out earlier, without the symmetric movement
condition (14), a m-SC may generate a general subset of the
completion group Gy = (exp gm) instead of (expm). Twists
of a SC need not be linearly independent (or non-redundant)
either. Since g, is the three dimensional spherical Lie alge-
bra s0(3) of SO(3), the concentric 4-R chain is necessarily
redundant. When Cljé O,Athe 3—RA chainA is a Qon-redundant
50(3)-chain. When {1 = (2 =0, & =&, =& € map,i =
1,2 and we have a singular so(3)-chain. Both the odd myp-SC
and the even mop-SC can be found in the design of novel CV
joints [51,52]. O

2) mgp: Consider the conjugacy class of 3D LTS
mgp = {€3,€4,6E5}sp as shown in Fig. 3(d), with by, =
{€1,é2,6é6}sp. It consists of a field of zero-pitch twists in,
and an infinite-pitch twist perpendicular to, the char. plane
(Hunt’s 4th special 3-system, [30]). Its SP can be one of the
following cases (see Fig. 5):

a) A pair of infinite-pitch twists (€, €]) given by:

éi"_ e Ade+¢ﬁ1 ég = C¢é3 + S¢ |:3T SZ:|
. (18)

W1Z:|

&1 2 Ad,-om €3 = o3 — ¢ |:OT 0

where 771 € msp, with unit direction vector wy. The second
half of (18) gives the algebraic condition for the same SP,
where

|: () le

oT o :| € bmgB = {élvé%éﬁ}sp

The SP corresponds to a pair of prismatic joints that are
symmetric about the z-axis in a plane containing them, and
is the same as a mirror symmetry about the char. plane if
we flip the direction of él_ . This will make no difference
in type synthesis but will reverse the joint variable for 51_
in the symmetric movement condition (14).

0 Wiz
s¢{0T 0 }
Adg+emes gy Ad,-smé3

iy

. /\/Ade+'ll’ﬁ2€;
‘-J 12 17

2

W2

Y

e~ Y72 65

See eq. (19)

Fig. 5. Symmetric twist pairs of mgg. On the left: geometric condition, and
on the right: algebraic condition.

b) A pair of finite-pitch twists (é’;, £€',) with pitch (p, —p),
given by:

{ é/;r é Ade+'«b1’72 é;
€y 2 Ad,-vnéy

wjth ’Ijg € mgp having a unit direction vector of wo, and
(€5,€&5) is another SP defined by algebraic condition:

6 Wao
0T 0o

& 26—p 0]

A§3éz+p[

(f’;r, £€',) can also be directly derived from the algebraic
condition:

- . . . 0
£, = <C¢£2+S¢peg) + (Sweg-i-cwp |: or “62 ] )
— . . . 0
5/2 = <Cw€2+8¢peg) - <sw96+cwp { 0T “62 ] )

The SP corresponds to a pair of helical joints with equal
and opposite pitches p and —p (or a pair of revolute joints if

p = 0), and is mirror symmetric about the char. plane. This

gives an explicit proof of Hunt’s observation that mirror
symmetric helical joints in a CV kinematic chain should
have equal and opposite pitches [35].

Note that when 7> € m3p is a zero-pitch twist, the axes
of the two helical joints intersects at a point on the char.
plane; when 1), is chosen to be the infinite-pitch twist €3,
the axes of the two helical joints become parallel.

A m3p-SC consists of three nesting SPs {£7; €7 }2_,, each
being one of the aforementioned cases. According to (16), the
three twists £, €5, €5 € gmay, = 5¢(3) must be chosen such
that:

19)

{éra é;_a é;_}sp S {éla é?a éﬁ}sp == 58(3)

The enumeration of eligible candidates is studied in our earlier
work [53]. The two most commonly seen m3p-SCs [35] are
the mirror symmetric RER chain, which is equivalent to a
mirror symmetric R RPRR chain, and the mirror symmetric
RSR chain, which is equivalent to a mirror symmetric 5-R
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Fig. 6. Symmetric twist pairs of mgA (or mga by letting p = 0). On the
left: geometric condition, and on the right: algebraic condition.

chain. When (14) is not enforced, these chains generate 5D
submanifolds of SE(3). O

The above results corroborate Hunt’s exhaustive classifica-
tion of 3D CV chains in [35]. It also confirms our earlier
conclusion that M3p = (expmgg) is indeed the motion type
of 3-DoF CV couplings. Moreover, the mirror symmetry is
a manifestation of the inversion symmetry of the underlying
symmetric submanifold.

3) mop and m}, : Consider the conjugacy class of 2D LTS
mb, = {é3,é4+pé1 }sp (and also mop = {€3,&4}sp by letting
p = 0) as shown in Fig. 3(a), with bz = {€2}sp- It consists
of all twists with pitch p parallel to the x-axis in the char.
plane, and also a twist of infinite pitch perpendicular to the
char. plane (Hunt’s 2nd special 2-system, [30]). Note that mga
is a LTS (subsystem) of mgp; its SPs can be synthesized in a
similar manner and therefore have the same type of symmetry:
as shown in Fig. 6, mga-SPs are mirror symmetric about the
char. plane, with typical SPs given by:

£F 2 Ad,sonés = Cs€3 + 54€2
é; £ Ad,-4sné3 = C¢é3 — S¢é2

= 52 + pés

é; 2 Ade+ﬂé3£2
=& — pé

é; é Ad67“é3 52

mb , -SPs admit exactly the same symmetry type, with the zero-
pitch SP replaced by a SP of pitch p. Unlike the case of msp,
the two finite-pitch twists in (é; ; ég ) in Fig. 6 have equal but
not opposite pitches for the obvious reason that the LTS m?,
itself admits finite-pitch twists.

Since gm,, = {€2,€3,€4}p is the Lie algebra of the 3D
planar Euclidean group, a mga-SC (éf,é;;ég,éf) should
satisfy:

{érvé;}sp D {é2}sp = {é27é31 é4}sp

A mgoa-SC can be one of the following:

a) A mirror symmetric RRRR or RRR chain with parallel
axes;

b) A mirror symmetric PRRP or PRP chain with R
perpendicular to the two P’s;

¢) A mirror symmetric RPPR or RPR with parallel R’s
both perpendicular to the P’s.

Ad, oo, R Ad, pe, A1€1 + Aacges
\f\ &1 :/)\191 + Azé3 —A254€9 +A254€9
57 SR %
N Ade+ué3£2 O
HIAd, - pes€o

Fig. 7. Symmetric twist pairs of m3za. On the left: geometric condition, and
on the right: algebraic condition.

These are all planar motion generators if the symmetric motion
condition (14) is not enforced. Synthesis of mg » follows
exactly the same approach and have exactly the same result
with all revolute joints replaced by helical joints with pitch p.
Therefore m} , -SCs are planar helical motion generators when
(14) is not enforced. O

4) mga: Consider the conjugacy class of 3D LTS m3s =
{é1, €3, €4}sp as shown in Fig. 3(c), with by, = {€2}sp. It
consists of twists of all pitches on all lines parallel to the x-
axis in the char. plane (xy-plane), and a twist of infinite-pitch
perpendicular to the xy-plane (Hunt’s 10th special 3-system,
[30]). From the fact that mé’X C m3a, We see that any mog-
SPs and m?, -SPs are also m35-SPs (compare Fig. 7 with Fig.
6). Besides, m3a admits the following SP by the algebraic
condition:

€ 2 Ad,rsei€1 = M€ + cphaéy — Nasyés
él_ £ Ade,¢é4él = A\1€1 + CpA2€3 + Aa54é9

where él = A\1€1 + Agé3 for some real constants A1, Ay (see
Fig. 7). The prismatic SP is no longer mirror symmetric about
the xy-plane, but instead becomes mirror symmetric about the
xz-plane.

Since gm,, = {€1, €2, €3, e4}bp is the Lie algebra of the 4D
Schonflies group, a msa-SC (51 ,52 ,53 ,53 ,52 ,51 ) should
satisfy:

{éf—’ é;)é;_}sp & {éQ}SP = {élv €z, €3, é4}SP
The enumeration of eligible candidates of (£,£},£F) can
be found in [53]. Since m35-SCs are 5 or 6-DoF chains (in
comparison to the dimension of the Schonflies group being 4),
they are redundant Schonflies motion generators in the absence
of the symmetric motion condition (14). O]

5) my: Consider the conjugacy class of 4D LTS my =
{€1,862,64,65}s, as shown in Fig. 3(e), with b, =
{€3, € }sp. It consists of twists of all pitches along the lines
of pencils in each plane normal to the z-axis, and that the
centers of the pencils all lie on the z-axis (Hunt’s 5th special
4-system, [30]). Its SP can be one of the following cases (see
Fig. 8):

a) A pair of finite-pitch twists (£, €] ), both with pitch p,
given by: . A
{ Sf £ Adewme“ﬁi &1
& £ Ade*ff)ﬁle*)‘ﬁi &1



Ad ,m/lél Adewme“ﬁigl See eq. (20)

—

e~ PMe

N\

W1
/L"Adewfvzég ‘ +5y€3
4 Zolesé
- 2 V&2
h \ /l/) %\ A
S | e

Fig. 8. Symmetric twist pairs of m4. On the left: geometric condition, and
on the right: algebraic condition.

where 7j;,7; € my have pitches equal to 0 and oo
respectively, and £&; € my has unit direction vector w; and
pitch p. It can also be given by the algebraic condition:

. : 0 R R

g{r:0¢€1+)\8¢ |: OT v;/)l :| +(pc¢—)\C¢)eg+S¢96
0w 20
5;:C¢€1+)\8¢ |: oT 01 :| _(pc¢—)\C¢)é3—S¢é6

b) A pair of infinite-pitch twists (é; , é{ ), given by:

€5 2 Ad v €o = cpba + 5463
€y 2 Ad, unn€o = cypo — 5483

where 72 € my has pitch 0, and ég € my has infinite-pitch.

If we flip the direction of £ s, (£,€7),i = 1,2 both
admit a 2-fold rotational symmetry about the z-axis, with
the two twists (£, £;) having equal finite pitch of p (or in
particular 0). Therefore, a my4-SP may be a pair of prismatic,
helical or revolute joints.

Since gm, = se(3), a my-SC (£7,..
should satisfy:

LN )

{‘Ei’_a T 762_}813 & {é?w éG}Sp = 59(3)

Eligible candidates of (£;,...,£€F) can be found in [53].
Since m4-SCs are 7 or 8-DoF chains, they are redundant (and
possibly, singular) SE(3) motion generators in the absence of
the symmetric motion condition (14). O

We remark that since ms contains all other LTSs, its SPs
can be any of the SPs of the aforementioned LTSs and do not
possess a particular symmetry type. The derivation of its SCs
can be conducted in a similar manner to the previous cases.
Due to space limitations, a complete treatment of ms-SPs and
SCs will not be given here.

Finally, when a SC of a kD LTS m has less than k nesting
SPs, its symmetric movement generates a submanifold of the
symmetric submanifold M = (expm). Such incomplete SCs
are also prevalent in practice.

Ade+>\é3 et o fl Ade+)\é3 et 52

Ade’Aél‘) e~ M él Ade’*éfi e~ N2 52
(@) (b)

Fig. 9. (a) a UNITRU coupling with four UU/-SCs; (b) twists of a UU chain
as an incomplete m3p-SC.

Example 3 (UU SC). A UU SC (as shown in Fig. 9(b)) is
briefly mentioned in [35] and studied in [36]. Its SPs are given
by:

€ = Ad, ey 0 Adgron €1 2 Adgire, &
{ € = Ad, rey 0 Adom &1 2 Ad, ey &)
€ = Adgirey 0 Adgrom €s 2 Ad,re &
{ é; = Ad,-»e; 0 Ad,—vn, 52 £ Ad,-re 65

where A € R, él,ég,ﬁl,ﬁg € mog. In other words, the UU
SC is generated from a mop SC (¢, ¢ ;¢5, &) using a
geometric condition (17) for mgp.

The SC generates a 2D submanifold of M3p under symmet-
ric motion condition (14). In comparison to a m3p-SC, it has
not a free but a dependent translational DoF [29]. Rosheim
used this phenomenon to characterize the human shoulder
complex movement [41].

The UNITRU coupling can be synthesized using three
or more identical YU SCs with axial symmetry, since the
generated 2D submanifold is conjugation invariant by elements
of exp{é¢}sp [29]. O

V. CONCLUSION

In this paper, we have systematically studied inversion
symmetry of the special Euclidean group SE(3) and its
symmetric submanifolds that arise from kinesiology and robot
mechanical systems. Besides sharing many similarities with
Lie subgroups of SE(3), symmetric submanifolds expand
our general knowledge of motion types for the analysis and
synthesis of many kinesiological joints or robot mechanical
generators that defy a Lie group explanation.

The main contribution of our work is as follows. First, we
have identified, for the first time, seven conjugacy classes
of symmetric submanifolds of SE(3) (Table I), which are
generated via inversion symmetry by the exponential image
of Lie triple subsystems of se(3). So far as the authors are
aware of, this is also the first time the inversion symmetry
of SE(3) is studied. Second, we found that these symmetric
submanifolds share both a list of geometric properties and also
a universal type synthesis method for their symmetric twist



chains, which are kinematic chains comprising nesting sym-
metric twist pairs. Third, the symmetry type of the symmetric
pairs and symmetric chains for each LTS is systematically
studied, thereby systematically extending (if not completing)
Hunt’s observation made more than forty years ago.

Our ongoing work comprises: systematic type synthesis
of parallel manipulators generating symmetric submanifolds
and systematic kinematics and singularity analysis of such
parallel manipulators (some preliminary case study is available
in [50]); application of symmetric submanifolds of SE(3) in
robot dynamics, planning and control; study on general Exp-
submanifolds expn with n a general vector subspace of se(3)
that is neither a Lie subalgebra nor a Lie triple subsystem.
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APPENDIX A
SYMMETRIC SPACE AS HOMOGENEOUS SPACE [42,43]

The group of displacements G generated by Q(SE(3)) is
the Cartesian product SE(3) x SE(3) which acts on SE(3) via:

7: G x SE(3) = SE(3), ((g1,82),h) — gihgy!  (21)

where the quadratic representation Q(g) of g € SE(3) is given

by (g,g7 ') € G. The associated involution o : G — G is
given by:
o(g1,82) = S10(81,82) © S1 = (82,81)

the stabilizer H” of o equals {(g,g)|g € SE(3)}, and is the
same as the isotropy group H of I € SE(3).
The homogeneous space G/H is diffeomorphic to SE(3)
via:
m: G/H — SE(3), (g1,82)H— gig;"

and dWﬁ(éhéﬁ = é1 - éz-
o induces an involution do 1y on se(3) x se(3):

doy) : (&1,&2) — (€2,€1)

Its two eigenspaces 6 (of eigenvalue 1) and m (of eigenvalue
—1) are given by:

b2 {(£,€)€ €se(3)}, m 2 {(§ —-)I€ € 5e(3)}
and satisfy:
0,6 b, [h,@] Cm, [m,m@]Ch
drg; maps the Lie subalgebra h and LTS i to {6} and se(3)
respectively, thus identifying m with se(3).

Given a symmetric submanifold M with TtM = m and
fHm 2 [m,m], define m and b by:

w2 {(€, €€ em}, b2 {((,Q)IC € b}

The group of displacements of M is generated by the Lie
algebra g given by:

gehom={E+¢€+0Eemlchy)

Therefore, G is generated by elements of the form
(e5T¢,e7¢T¢) and a generic element of M is given by
T((e81¢,e761¢), g) = efT¢get ¢ Vg € M. The vector sub-
spaces m, by, and gy, in Prop.2 b), c) are in fact the projection
of t,h and § into the first component of se(3) x se(3).

APPENDIX B
PROOF OF EQ. (8)

Please refer to [54] for basic concepts in differential geom-
etry and Lie groups used in this proof.

Given any smooth function f : SE(3) — R and two right-
invariant vector fields £”, (" defined by &, ¢ € se(3), we have
for any g € SE(3):

€7,/ (8) = (€7C" = &€ f(g)
d

. : d -~ 5
= .C f(e" )l — € (" g)lo

= S ()l - o€ (g o
= L&) flo — o (Eg)
= (Cég — &le)f = —1€.{)" f(g)
and therefore [€7,¢("] = —[€,¢]".
Similarly,
€, ¢ (g) = (6¢" = {'éN f(g)
= L E e o — <€)
= e ) flo — <€ (e Tl
d : d :
= qu (O — &0 o
= (8¢ —8C&)f = [€,¢)' f(g)
and therefore [él7él] = [é,é]l
Finally,

€7.¢'f(g) = (€7¢' — ') f(g)
= %élf(euég)h) - %érf(geuﬁﬂo

= L&) flo— < €(ge) o

du
d, e s d . .
= diy(qungAf'O — 7. (€ge")flo
= (ég¢ —€gC)f =0
and therefore [£7, {!] = 0. O
APPENDIX C

PROOF OF THEOREM 1

In reference to (7), the group of displacements G(M) of M
is generated by Q(expm) 2 {Q(e?)|€ € m}. Since G(M)
acts transitively on M, M is recovered by letting G (M) act on
the identity I € M:

Q5)(X) = e Ief =X € M, £ em

Therefore expm C M and also contains an open neighborhood
of M, which generates M via inversion symmetry, i.e. M =



{gh~'g € SE(3)|Vg, h € expm}. For more details, see [43,
pp- 95, Prop. 3.2].

To see that {ghg € SE(3)|Vg,h € expm} is the same
as {gh'g € SE(3)|vVg,h € expm}, note that if h = ¢ €
expm, so is h™! = e~ ¢ € expm. O

APPENDIX D
PROOF OF PROPOSITION 1

The proposition is proved by straightforward computation,
as follows. Consider first the 2D LTS mos = {€3,€4}sp.
expmga comprises homogeneous matrices of the form:

- 01 &
X Ple= Xz
o' 1

exp(91é4 —+ egég) = |:

where 61,0, € R and 05 = 254, /50>, and also

R I 0,z
exp fré3 = l:OT i ]

Combining the two cases, exp myp comprises elements of the
form:
91x 02 71)2
, 01,0, € R
|: OT 1 :| 1,Y2
To see these are the only elements of Mya, compute ghg for
any g,h € expmaa (see eq. (11)):

% goeBxg | | 0% 9/6 . ,zz % 0Ty
o” 1 ()T 1 0T 1

—_— — S————

g h g
s 201 +6]
_ e(261+67)% (9/2_’_20(014_91)/2)6 %,
o* 1
€ exp Mmoa

This verifies that Moa = expmapa, or exp : moa — Moy iS
surjective. In a similar way, we can verify that exp is also
surjective for mop, msga, Msp, My and ms;.

For mb, = {&3,é4 + pé1}sp, it can be verified that the
only elements in M}, that do not correspond to elements in
exp mgA are of the form (c.f. [48, Prop. 2.2]):

“’T 2”’”?‘%}, i€Z—1{0),0 R - {0}

which can be generated by expm, via only one inversion:

[I 2ip7rx+6?z} B

o7 1

I 2] [1 2iprx|[1 £z
o7 1 ot 1 oT 1
_ egég ezm(é4+pé1)egé3

In particular exp is not surjective for m?, . O

APPENDIX E
PROOF OF PROPOSITION 2

Proof of a): Since Q(eé/ %) is a diffeomorphism sending I
to g = €%, it induces an isomorphism from m onto T _¢M.

Therefore:
(TeMg " = (¢4 mes/?)e¢

= ¢*/?me /2 = Ad_¢om

Similarly, Q(ef1) o Q(e52/2) sends I to g = efiefzeé
diffeomorphically, and
(TeM)g ™! = (eél e'EAQ/Qn‘ueEAQ/Qeél)e_éle_é"‘e_é1
_ (651652/2)‘(‘(1(651652/2)71
= Adeél 652/2m

Proof of b): For any [£1,£5] € by, and € € m:

[51 Ez

e m. (22)

Ad e, e215 = Ml ef = Z

since adg, 52]5 2 [[€1,£2),€] € m (since m is a LTS). Here
we have used the adjoint map ad., defined by:

adg 52 [€1,62], VEi, €5 € se(3)
and the fact that ([19, pp. 54, Lemma 3.4.1]):
Ad ¢ = ™, VE € 5e(3)

Now we have Ad_ i, ¢,ym C m. The equality holds because
Ad g, ¢, is a linear isomorphism. Since Hy; is generated by

exp by and Adgn = Adg o Adp, Vg, h € SE(3), we have
VheHy = Adym=m (23)

Next, in light of Prop. 1, for any Vg € M, either g = et 5 €
mor g = eéeeé, 7, € € m. In the former case,

C(h)(ef)
by the previous equation (23). The latter case:

C(h) (eéeﬁeé)

— hefh! = ¢Adné cexpm CM

= hefeefh!
— heth 'heh~'hefh !
= C(h)(¢%) - C(h)(e™) - C(h)(ef)

is reduced to the former. Therefore we have C(h)(M) C M.
The equality holds since C'(h) is a diffeomorphism for any
h € SE(3), i.e

VheHy = Ch)(M)=M

Proof of ¢): g, = bhm + m is a Lie subalgebra and therefore
contains the completion algebra of m. On the other hand, the
completion algebra should contain both m and by, = [m,m].
Therefore, by, is the completion algebra of m.

Next, since m C g, we have

Gum

M = (expm) C (exp gm) =

On the other hand, The Lie algebra of the (connected) comple-
tion group of M will be a Lie subalgebra of se(3) containing



m and therefore g,,. Therefore, Gy is indeed the completion
group of M.
If by Nm = {6}, we have gy = by & m and

éYI/Dg m X by — Gum
defines a local diffeomorphism by the inverse function theorem

[54]. O

APPENDIX F
PROOF OF PROPOSITION 3

The first claim is immediate, since according to Appendix
A, eyge( with

£r=6+¢
A~ A~ Ay S I ehm; GM
Gogog ST

is a generic element of M.
The second claim is the same as saying that when

{élv s vék}sp =m,
{eelé;r C L O i€y |01,...,0, € R}
with éli =& + (i€ € m¢; € by is locally identical
to M = (expm). The Jacobian of the map (01,...,0;)
€l L €l € L. B1€T a1 (0,...,0) is given by:
(01, 00) 01 (€F +€7) + -+ Ou(€] +£)
=201&1 + - +20€;
The claims follows immediate from the inverse function the-
orem [54]. .
Finally, if b, Nm = {6} and {&q, ...
{él iéla"'aék :l:ék}sp +hm = Om

The sum is direct by a simple dimension argument. On the
other hand, if

,ék}sp = m, we have:

{él iélw--aékiék}sp@hm = 9m
A change of basis leads to
{éh cee aék}sp ® bm = Im
The claim follows by a simple dimension argument. O

APPENDIX G
PROOF OF COROLLARY 1

Given a SP (£1,£7):

Eoéil
A O €em, ¢ € hm
i ¢ Gemley

Adsn€F = e (€ £ ()

0 ad2t 2 aditl o
B (1_0 (2"7)7! i;(%il)l (€+4)
_ - adff R ad?]iﬂ R
- <§ (21‘)!£+;(%+1),C +
21

with

by (10). Thus (Ad.+n€",Ad,—2£€) defines a SP by the
algebraic condition (15). O
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