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Finally, for worker am one has

1
Wam — iﬁezm Z 0 (Pcam)
and
1, L o
Wam — 56611771 Z WAM — §9€AM (Icam/AM)
1 2 1 2
Wam — §6eam > WAm — 59614771 (Icam/Am)
1, Lo
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Considering participation constraints, one can show that participation constraint PC,j, is automati-
cally satisfied when PCy, and IC,ps/qm both hold. Also, participation constraint PCys is automatically
satisfied when PCy,, and IC /4y, are. Finally, once incentive constraint 1C 4y, /4., and participation
constraint PCy,, hold, then also participation constraint PC4,, is satisfied. So, when all worker types
are expected to be hired by the firm and when there is truthful revelation (that is under full participation
and full separation of types), it is only necessary to consider the participation constraint of the worst
type am.

As for the incentive compatibility constraints, one can sum them two by two yielding a partial ranking
of effort levels. In particular, adding ICxy,/am t0 ICyp/am and summing ICqnr/ans t0 IC AN /a0 ODE
has ea; > eq; Vi = M, m, meaning that, given motivation, effort required must be higher the higher
worker’s ability. In the same way, adding ICqnr/am t0 1Cqm /ans on the one hand and adding ICan/am
to IC gymyapm on the other hand yields ejnr > eim Vi = A,a. Namely, given ability, effort is higher the

higher the motivation. Hence the monotonicity condition

€AM Z max {eaM7 eAm} Z min {eaM7 6A'm} Z €am (1)

holds. Condition (1) also allows us to eliminate some ‘global’ downward incentive constraints and focus
on ‘local’ ones. Indeed, adding IC4pnr/q0 and ICq 1 /4m one obtains

1 1
—0e2 4 Yeam + iAOegM.

1
WAM — 56?4M +’76AM 2 Wam — 9

But, when e,n; > eqm, the right-hand side of the above inequality is greater than wg,, — %eim + Yeam,
which in turn implies that the global downward incentive constraint IC 4z 4, is satisfied when the two
local incentives constraints 1Caps/qnr and 1Cq 1 /am are.!

What about intermediate types of workers aM and Am? Adding IC gy, /qn and IC,pr)4m One has

1
§A9 (eam — €anr) (€am + €anr) — ¥ (€am — €anr) > 0,

IThe same conclusion holds taking the two local incentive constraints IC pp/am and IC Am jam-



which is satisfied for all e,p; = eaq, or for e pns # €an, when either

2
€a > €am  and  €am + eqn < Ai(a (2)
or
> d tean > 2 (3)
€Am > €q an €Am + ot > —
A M A M Aa
hold.

Using the same arguments as before, one can get rid of other global constraints. Suppose that
condition (2) is verified: then, the sum of the local constraints 1Cspr/qar and 1Cqpr) 4., implies that the
global constraint ICans 4., is satisfied as well. Moreover, IC,ar/am and 1C gy, /qm 1mply 1Cq01/am- By
the same token, suppose that condition (3) holds: then, one can prove that constraints 1C4pz/a,, and
IC g jan imply constraint ICxnr/qn and also that 1C 4., /a0 and I1Cq a7 /am can be used to eliminate

ICAm/am-

B Motivation prevails (Case M)

B.1 Full separation and full participation

In Case M, a separating equilibrium occurs if condition (2) holds, that is if e,pr > €arm and eam, +eqnr <
% both hold. The implementability condition (1) thus becomes eaps > eansr > €am > €am. At the
solution with full participation, the binding constraints are the downward local incentive constraints
ICantsams I1Canams 1Camjam and PCqp,. Given the binding constraints, one can solve for the wage

schedules and isolate information rents, whereby

1
am = =0 2 ’ 4
w 2 eam ( )
1 1
WAm = ieim +§A9€§m ) (5)
———
Info rent worker Am
Wy = 10 2 - —lAﬁ 2 }AH 2 6
aM — 2 CaM — VCaM 2 €Am T YeAm + 2 Cam ( )
Info rent worker aM
and finally
1 2 1 2 1 2 1 2
WAM = 5€an — veAM—i-§A96aM - §A9€Am + veam + §A9€am. (7)

Info rent worker AM

All information rents include at least one term depending on Af, as in Benchmark U.A. Only information
rents of motivated types aM and AM contain a term which depends on motivation v and which comes

from incentive constraint /Cq s/ linking the two unidimensional screening problems of Benchmark U A.



We then substitute the expressions for the wages into the firm’s objective function (i.e. into program

SB) and maximise with respect to effort levels only. This yields optimal effort levels

eani ' =1+~ =ehir, 8)
sem_ 1=v)A+7) _ ya
aM - (9 . V) = CaM> (9)

A T A A=) (1—p) — b

and

(SBM _ 1=v)(1—p) (11)

-1 -(1-v) (A -p)
All effort levels are always strictly positive, except for eif{"‘ In order for eSBM to be positive and to

be a maximum of the firm’s expected profits, it is necessary to impose that both the numerator and the

denominator in its expression be positive;? it must be that both

<t (12)

where v, > 1 for p > 75 = pq (thus p > p, implies that v < 7, is always verified), and that

(=09 (-) g

0 <
I
with 8" > 1, hold.
As far as the monotonicity conditions are concerned, eSBM > e58M is satisfied if and only if
A=) +vA=m) -1 spu

T -+ 0—n(A-(-n)(i—p) 2

where y9BM < 1 is always the case for (3ur — v — p) > 0, that is for v > 3 Land p > Gv—1)» Whereas, for

31/ 1)’

(3uv — v — p) < 0, inequality vPM < 1 is true when

prv—3w+1-v)1-1-v)d—p)

0 <
w4 v—3uv

M
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with 65, > 07 if and only if 1 > p, (with py < ). Moreover, e 5M < e55M holds for

v < A-—p(A-(0-r)(1d-p)O-1) — 5SBM,

pl—01=1=-v)(1—p))

< 1 being always true for u > pg.

with 7985M

SBM 4 eSBM < 2% must be satisfied and this is

Recall that condition (2), which amounts to e} < %5

equivalent to

. O-1)Evd-—pA-r)+E—-—p@-1) _ SBM
Tl (-m)+@-Dr2-p@+1)-@-DA-)(1-1-v)Q-p) "

2This can easily be seen by collecting e4,, in the principal’s objective function, once the wage schedules have been

substituted, and observing the sign of the coefficient of eim.



where v75M < 153/\4 if and only if # < 6] . Finally, note that the chain of inequalities 77 5™ < Af <

BM
m

B ~SB
SBM « F5BM < v,

v holds provided that the denominator of ei is positive, that is provided that

9<9f/1.

Below, we summarize what we have found so far.

Result 1 Full screening when motivation prevails. A solution to the firm’s program SB which
entails full participation and full separation of worker’s types, which satisfies the monotonicity condition

EAM > €aM > CAm > €am > 0, and which is such that effort levels are given by expressions from (8) to

(11) exists if and only if 6 < min {giw,?éw} and yIBM < v < FIBM with

SBM — (n(1—v)+r(1—p))(6-1)
X = e DA I-(-n -
~SBM _  (1—p)(1—(1—v)(1—p))(6-1)
v = w0 (1) (1))
Mo 0=0-n(-p)
L= 1
M Z (r=3u) (-1 (1-(1-v)(1=p))
2 = (p+v—3puv)

Interestingly, both A < ISBM and min {5?4,92\/1} < 2 hold, so that the alignment of second-best

effort levels with the ranking obtained at first-best necessarily holds.

B.2 Pooling and exclusion

The firm can also resort to contracts involving pooling of worker’s types and eventually exclusion of some
worker’s types.

Observe that the full screening solution is characterised by the lower bound 13 BM wwhich comes from
the condition e M > e§BM. Therefore, if v < y¥5M, the principal is forced to offer the same contract
to both workers aM and Am. Likewise, the full screening solution is characterised by the upper bound

FIBM wwhich corresponds to eiﬁM > eSBM

. And if v > F9BM we always expect a pooling contract
where workers am and Am receive the same offer. We refer the reader to Appendix D.2 for the detailed
analysis of the first situation, while we consider the second one in what follows.

Suppose that there’s pooling between non motivated workers and that e, = eqsm = ep. Then the
ordering of effort levels is eans > €qanr > €am = €am = ep and the relevant downward incentive constraints
that one expects to be binding are 1C4ps/qn and ICqpr/am (0r ICqp1/am, Which is equivalent) together

with participation constraint PC,,,. Since here worker types Am and am receive the same wage and

provide the same effort, ua,, > ugm necessarily holds. The wages are

1
WAMm = Wam = Wp = 5961277 (13)
1 2
Wanm = =0€50 — Year +yep
2 ——

Info rent worker aM



and

1 1
2 2
WAM = §€AM — fyeAM+§A96aM + vep.
| —
Info-rent worker AM

Substituting the wages into the objective function of the principal and maximizing yields

SBM
ean = einit = ey =1+,

SBM w

Call = Ca = g )
and
(L—p) —py
€Am = €am = €5BM W = egn/}b/l (14)

Note that the expressions for eay; and egps are the same as in Case M, meaning that no-distortion-at-

the-top is verified and that the effort of individual aM is lower than the corresponding first-best level.

SBM

Moreover, eans > eqpr still holds. Concerning e , it is the same as in Benchmark UM, it is strictly

positive for v < yYM and such that easﬁM > egBM holds if and only if

v(l—p)AO
0(1—v)+ o P

v >

where 75 < ZS BM always holds. Finally, condition (2) holds whenever eSBM +eSBM < A—'Y, which is

equivalent to

A1 —p) (0 —r)+0(1—-v))
O —v)+uw—20(1—1—p)(1—v))+60* Q1 +v(l—p)

v > = Tp2

with 75, < lSBM.

We are then able to state the following result.

Result 2 Full participation and pooling between worker types Am and am when motivation
prevails. The solution to the firm’s program SB which entails full participation and pooling between
workers Am and am, which satisfies the monotonicity condition eapr > €qp > €Am = €am > 0, and
which is such that effort levels are given by expressions (8), (9) and (14) exists if and only if v; < v <
min {'yUM, 1} with

_ v(1—p) A AO(1—p) ((0—v)+6(1—1))
5 max {7517 752} = max { 0(17u)i,uvA0’ 9(171/)+;¢u729(1f(17u)(17u))+02(1+1/(17,u)) }

UM — (-p)
v - H
being YYM < 1 for p > %

The conditions of existence of a solution with full participation and pooling of workers am and Am

are less restrictive than the ones we obtained in Result 1 because the requirement e>BM < eSBM is

no longer relevant. Also, the pooled effort eS5M is always in-between expressions (10) and (11): in

particular, e55M > eXBM > ¢5BM holds if and only if v > 7°PM.



Note that vV > 1 if and only if p < %, therefore the employer always proposes a pooling contract
to workers Am and am when motivation is sufficiently high (i.e. for v > F5BM) and the probability
of workers being motivated is sufficiently low (i.e. for u < %) Conversely, when p > % and YYM < 1,
then for v > yYM the firm is expected to exclude worker am since the probability of having motivated
workers is high and the productivity loss from worker am is low.

As for exclusion, the necessary and sufficient condition for full participation requires in general that,
for any worker type 7, the expected profit from employing type ij be higher than the expected information
rents that have to be paid to her mimickers; this condition is satisfied as long as type ij’s effort is strictly
positive. However, the condition e;; > 0 might call for some restrictions on the parameter space, as
occurred in Benchmark UM.

In order to derive the conditions for existence and to characterise the contract with exclusion of worker
am, we proceed as in the case with full participation, but we obviously drop worker am from the firm’s
maximisation program SB and omit the monotonicity condition e, > €4mn. Since the upper bound
FIBM of the existence range for a solution with full participation comes precisely from the constraint
eiﬁM > e2BM  the range for the existence of a separating equilibrium with exclusion of am is broader
on the right hand side with respect to the interval bSBM, o BM] . Moreover, the optimal effort levels of
the remaining workers are given by the same expressions from (8) to (10), even with exclusion. Instead,

the optimal wages of the remaining workers will be lower than under full screening because the portions

of the three information rents that depend on e, disappear.

Result 3 Exclusion of worker am when motivation prevails. The solution to the principal’s
program S B, which entails separation and exclusion of worker type am, which satisfies the monotonicity
condition eapn; > €qns > €am > €qm = 0 and which is such that effort levels are given by expressions

from (8) to (10), ezists if and only if 6 < min {01 ,HQA} and YIPM < v <y = w

Up to now, we have identified all possible classes of solutions to the firm’s program SB, when mo-
tivation prevails, and their corresponding (possibly overlapping) existence regions. Actually, there still
remains to characterise the solution when there is bunching between intermediate types aM and Am
and we refer the reader to Appendix D.2 for the analysis of such a situation. In order to single out the
optimal contract chosen by the employer, we still have one step to go: when different solutions coexist,
we must pick the one that yields the highest profits to the firm and discard the others. This is precisely

what we do next.

B.3 Proof of Proposition 1

We want to show that the solution entailing full participation and full separation of types dominates

(meaning that it provides higher profits to the employer) both full separation but exclusion of at least



worker am and full participation but pooling of two workers’ types. Moreover, we prove that full partici-
pation and pooling of two different types dominates full separation and exclusion of worker am, whenever
the two solutions coexist. We consider the situation in which motivation prevails (Case M); the same
line of reasoning applies to Case A as well, which is therefore omitted.

Start with the comparison between full participation and full separation of types and exclusion of
worker am. We must evaluate the costs and benefits from participation of the worst worker type am. The

principal’s benefit from employing worker am is the expected profit
(1 =) (1 —v) (eam — Wam) (15)

whereas the cost from participation of am is represented by the information rents paid to the three

remaining workers’ types, which add up to

(1= (1= p) (1 -v))Abez, (16)

DN | =

Thus, the firm prefers full participation to exclusion of type am if and only if (15) is strictly greater
than (16). Taking into account the expression for the wage wg,, in Case M (given in the main text), the

SBM > easgj\/l

o , which is obviously satisfied as long as eSBM > 0. Alternatively,

inequality reduces to 2e it

substituting both the expression for the wage wg,, and expression (11) for ey, in (15) and (16), we obtain
that full separation and full participation dominates full separation and exclusion of worker am if and
only if § — (1 — (1 —p) (1 —v)) > 0. This is the denominator of e, in expression (11). The previous
inequality says that the effort cost of a low ability type # must be larger than the joint probability of
hiring types that are overall more efficient than am. This condition always holds in our setting, given
that @ > 1. Notice that the above requirements are exactly equivalent to the ones we would find by direct
comparison the firm’s profits in case of full participation and full separation (whose expression is given
in 17 below) and in the case of full separation but exclusion of type am worker.

Consider now the comparison between full separation and full participation of types and full partici-
pation but pooling of workers aM and Am (as said, this solution is considered in detail in Appendix D.2
but we anticipate some findings here for expositional convenience). Now the trade-off between costs and
benefits from full separation becomes less clear, so let us resort directly to the comparison between the
firm’s profits under the two solutions. The principal’s payoffs under full separation and full participation

of types are

2 1-v)%(1+9)? v(1—p)—py)*? 1-v)%(1—p)?
mEBHe = 3 (v (L) p OGRS - S Oy) (D)

while, under full participation but pooling of workers aM and Am, profits amount to

_ 2 v(1—p)+p(1—v)—ypr)? 1—-1)2(1—p)?
ng?;ﬁt/lM:Am = % (Vﬂ(l +7)" + ( l/(;?l*}it)g’ll«(l)flj)u — 97((17(17(1))(;107#)))



It is immediate to check that w%ﬁ%}; > ﬂfrgﬁ/‘M: Am always holds.

Consider now the comparison between full separation and full participation of types and full partici-
pation but pooling of workers am and Am (see Appendix B.2). The firm’s payoffs under full participation

but pooling of workers am and Am are given by

—p)2 2 o 2
W}gr%/;/lmzAm = % (V/i (1 +’y)2 4 ul (0)_$jl)+v) + ((19(#{)_:;7) )

and, again, it is straightforward to check that WIS,E%P > wf;?;f};‘m: Am lways holds.

Finally, consider the comparison between full participation but pooling of workers am and Am and
full separation but exclusion of worker am. Since both solutions are dominated by full separation and full
participation, they can be candidate optimal contracts only above 7°BM. The principal’s profits at the

latter solution are

2 —v 2 2 v(l— _ 2
ng,jc\z/lmzo = 3 (Vﬂ (1+7)"+ - (9)—21)“) + u((1(—1M)IL—)M(l;7—)1))

SBM SBM - :
and TP om—am > TpSam—o i and only if

(1= p) = py) e2PM > (v (1= p) — py) em M

The above inequality is always verified since ((1 — ) — puy) > (v (1 — ) — wy) always holds and egBM >
e3BM s true above 79 BM.

Note that the comparison between full participation but pooling of workers aM and Am and full
separation but exclusion of worker am is meaningless because, below ls BM it is never feasible to separate

types aM and Am. So we are done.

B.4 Optimal contracts when motivation prevails

Considering Proposition 1 (in the main text), Results from 1 to 3 and Result 13 in Appendix D.2, it is

now possible to characterise the optimal contracts when motivation prevails.

Result 4 When motivation prevails, the optimal contracts proposed by the employer are as follows:

(i) Full participation and pooling between types aM and Am and ICap qm binding (characterised in
Result 18) is implemented if and only if 6 < gf/l and AG < v < lSBM.

(#3) Full participation and full separation of types (characterised in Result 1) is implemented if and only
if 6 < min {?f/lﬁ;w} and lsBM <y < FIBM,

(#i1) Full participation and pooling between types Am and am (characterised in Result 2) is implemented
if and only if 0 < 9{% and 73PM < v < min {'yUM7 1} .

() Full separation and exclusion of type am (characterised in Result 3) is implemented if and only if

u>%,9<§f/{ and VM < v <1,



. M . . . .
Observe that, if # > 6] ', then the fully separating solutions do not exist and the only candidate
solutions are the ones with pooling of intermediate types and ICa. 4, binding or pooling of non-

motivated types.

C Ability prevails (Case A)

When ability prevails, condition (3) holds and ea,, > e, together with eanm+ eaps > % must be
satisfied. In order to find a full screening solution to the firm’s problem SB, one has to consider the
participation constraint PCy, and the following incentive constraints: ICanr/am; 1Cam/an O eventually
IC Ay jam (Whichever one binds first), 1Cqar/am or ICqn/am (again whichever one binds first). Since
IC gmmyjans and 1Cq 0174y, cannot be simultaneously binding at a separating equilibrium, then the possible
situations are the following: (A.1) all downward local IC's are binding and thus ICanr/am, 1Cam/am
and ICqpz/am hold with equality; (A.2) the downward local constraints 1Capr/am and ICq s /qm and the
global downward constraint IC gy, /qn, are all binding; (A.3) constraints ICan/am, 1Cam/am and the
upward ICqr/a,, hold with equality.

Such three possible cases will be analysed in detail in what follows.

C.1 Case A.1

C.1.1 Full separation and full participation

Suppose that all downward local IC's are binding. Solving the binding constraints for salaries, one obtains

the following wage schedules and information rents

1
Wam = 596(21,m7 (18)
1 2
WaM = 596(11\/1 — YeaM +veam y (19)
Info rent worker aM
1, 1.,
WAm = §6A7n+§A06aM —YeaM + Yeam (20)
Info rent worker Am
and
1, 1.,
WAM = ieAM —Yeapm+yeam + §A9€(IM —YeaM + Yeam- (21)

Info rent worker AM

All information rents are positive and have the usual cumulative structure. They all include at least one
term depending on v as in Benchmark UM, where asymmetric information concerns motivation only.

Only type Am receives an information rent which also depends on the difference in ability A#: this comes

10



from the fact that this program embeds the two problems in Benchmark UM and links them through
constraint 1C 4y, /ans- Type AM cumulates this rent too when trying to mimic Am.
Substituting the wage schedules into the objective function and differentiating with respect to effort

levels we obtain

5B =1 4 4 (22)
e5BA = er%m (23)
L (- (1) (- )y
e e LT (24)
and
L 0w - (- (- n) (1 )y
o = =0 -mwo | 25)

SB.Al

Observe that eSBA1 and eSﬁAl are strictly positive, while e} > 0 if and only if v < vYM_ and

eSBAL > 0 if and only if

N < (I1-—v)@A—p) ~ASBAL
=7 )
(1—(1—1/)(1— 1))

Actually, eiﬁf‘l > 0 always holds when p < 1 5 or when eIBAL ig strictly positive, since eZBAl > 0 implies
eSBAl >0 (belng ,yUM > ,YSBAl).

As for the monotonicity conditions, it can be checked that e5EA! > e5BAL always holds, that e384 >
eSBAL is true for

A=) (A-(1=v)(A—p))(6—1) _ ~SBA1
R [ AV 7 (T ) B

and that inequalities e55/1 > e5BAL, e58AL > eSBAL apd e55AL 4 e§BAL > 22 gl hold when v < 5 BAL

Note that y5BA < v7BAL if and only if

pAd-—vd-v)+vd—p _za
v(l-(1=v)(1—-p)

0 <

Finally, eSBAL > ¢3BAL for

vl-v)(1-p)(0-1) — ASBAL
=0 =»)A=p)@-v) =

SBA1 < min {,YSBAI ,YSBAI}

v >

where it is always the case that ~

We are then able to state the following result.

Result 5 Full screening when ability prevails and Case A.1 holds. The solution to the firm’s
program S B, which entails full participation, full separation of worker’s types and constraints ICan/am
IC gmjare and ICqp1/am binding, which satisfies the monotonicity condition eans > €am > €arr > €am >
0 and which is such that effort levels are given by expressions from (22) to (25) exists and represents the

optimal contract if and only z‘flsBAl < v < FIBAL with

SBA1 — v(1-—v)(1—p)(6—1)
(1-(1-v)(1-p))(0—v)

min {,YSBAl , ,YSBAl}

¥

~SBAl _
ol =

11



and
A-v)(1—p)
A-0-v)0-p))
(A=) (A=(1=)(1=p))(8=1)
p(1=1=r)(1=p) (-1 +@(1-p)+pu(l-r))

SBA1
71

SBA1
72“4

Finally note that Af > max {'nyAl, 'ygBAl} is always true, therefore Case A.1 with full participation

and full separation is always a subset of the first-best state of the world in which e5Z > eFB holds.

C.1.2 Pooling and exclusion

In light of Proposition 1 (in the main text), the solution will always be characterised by full participation
and full separation of types, except when the former solution is not viable, in which case pooling and

possibly exclusion will also be part of the optimal contract.

SBA1 SBA1 >

First of all consider pooling. Observe that the lower bound corresponds to condition e;;;

efﬁf‘l. Thus, if v < ZS BAL we expect a pooling equilibrium where workers aM and am receive the same
contract. Suppose that there’s pooling between the less able workers and that e ns = eqm = ep holds.
Then the ordering of effort levels is eaps > eam > ep > 0 and the relevant downward incentive constraints
that one assumes to be binding are ICanr/am and ICap jam (0r ICAp, /anr, Which is equivalent) with
participation constraint PC,,. Since here the incentive constraints IC ., /an and ICap jam are both
binding by construction, we do not need any condition on the sum of e,5; and eg,,. Moreover, since the
two types of workers receive the same wage and provide the same effort, ug,ps > ugm necessarily holds.
The wages are

1
_ _ _ 2
WaM = Wam = Wp = §9€£,

1 1
WAm = §eim +§A96121

Info rent worker Am
and
1 1
2 2
wAM = 5€AM — veam+yeam + iAer.
| S ——
Info rent worker AM

Substituting the salaries into the objective function of the principal and maximising with respect to effort

levels yields
SBA1

€AM = 1+ Y
eSBAT _ (I—p)—py _ UM
" (1—p) "
and
(1-v)
€aM = €am = eiBAl = (0 — V) = fz]r;;l (26)

Note that the expressions for esps and en,, are the same as in Case A.1 (and A.2 that follows) with

full separation, meaning that no-distortion-at-the-top is verified and that the effort of individual Am

12



is lower than the corresponding first-best level. Moreover, eaps > eaq, still holds. Concerning efBAl,

which is strictly positive, we expect that this effort lies in-between the effort exerted by workers aM and

am in Case A.1 with full separation. One can easily check that eSZA! < e;?BAl < e2BALif and only if

SBA1 SBA1

. Finally, e3 7" > eSBAL

= if and only if

T <

(1-wO-1) _
TSR

SBA1

where v, > v always holds.

Now consider the upper bounds (recall that condition v < 724! is equivalent to e5B41 > 0 and that

inequality v < y5B4! is equivalent to eiﬁ“‘u > efﬁ“‘u): if v > 79BAL we expect a solution in which

either workers aM and Am are pooled together or exclusion occurs or both.?

Result 6 (i) Full participation and pooling between workers aM and am when ability prevails.
The solution to the firm’s program SB which entails full participation, pooling between workers aM and
am, which satisfies the monotonicity condition easns > €am > €aM = €qm = ep >0 and which is such

that effort levels are given by expressions (22), (23) and (26) exists if and only if 0 <y < 7, = (;ze@f)e

and represents the optimal contract when 0 < v < ZSB“‘U.

(i4) Full participation and pooling between workers aM and Am when ability prevails. The
solution to the firm’s program SB which entails full participation, pooling between workers aM and Am
and ICaM/am binding, which satisfies the monotonicity condition eanr > €anr = €am = €5 > €am > 0

and which is such that effort levels are given by expressions (22), (25) and

o _ ospar__ (w(@d-p)+pd-v)(1+9)
aM = €Am = ep - s
V(0 -1+ (v (=) +p(1—0))0
represents the optimal contract only if 75 BAL #£ 3BAL gnd 75BAL < 4 < min {7337)1, ’nyAl} with
~SBP1 — (0=1)(A—p)(A=v) (ur(0=1)+20(u(A—1)+v(1—p))) .
v = vp(=0-)(I—p)((4=0)0+1)+0(0+1) (v+p) =20 (dpr+p2 (1—v)+v2(1-p))

Note that when F58A! = vy BAL and vy BAL o ~ < Vs BAL the employer will necessarily exclude
worker am. This would lead us to consider alternative solutions where either full separation but exclusion
of type am (and where IC 45, /qpr and PCypy are binding), or pooling of workers aM and Am and exclusion

of type am, or else exclusion of both types am and aM are implemented.*

3We refer the reader to Appendix D.1 for the detailed analysis of this situation.

~SBA1l

4In the region v > 7 , we do not provide the full characterization of the solution (available upon request though)

because different cases might arise and the analysis becomes cumbersome without being very insightful.
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C.2 Case A.2
C.2.1 Full separation and full participation

Given the pattern of binding constraints characterising Case A.2, the salaries of workers aM and am are
the same as in Case A.1, and given by expressions (19) and (18) respectively, whereas the salary of type
Am has the same expression as in Case M (see equation 5) and Case A.3; the other relevant wage level
is now

1 1
WAM = 56,24M —YeamM+YeAm + §A9€gm'

Info rent worker AM

The information rent of worker Am is formed by one term only, %Aéegm (as in Benchmark UA, Case M
and Case A.3 that follows) which depends on the effort exerted by worker am, while no rent depending
on e,y appears: this is because worker Am mimics type am directly, without “going through” type a M.
For the same reason, information rents accruing to both workers AM and Am are “shorter” than in Case
A.1, as the paths of binding incentive constraints in Figure 5b show. Also the information rent of worker
aM only depends on the effort provided by of worker am, however in wqp; the rent is vey,, (as the one
Benchmark UM). Thus, we can interpret this Case A.2 as a program that is in-between Case A.1 and
Case A.3.

Substituting the wage functions into the firm’s expected profits and differentiating with respect to

effort levels, we obtain

6:2111?)/1-/42 - 1 + 75 (27)

SBA2 (1 - M) — YK SBA1 UM
Edme = = €4p. = €A, 28
A (1 — u) A A ( )

1
e = T =l (29)
and
1-— 1—p)—

eSBA2 _ ( v) (( B) — Vi) (30)

o YA+ (1 —p) (1 —v)
Observe that both e5842 > 0 and eSBA2 > 0 hold provided that v < YU that eSBA2 > eSBA2 > eSBA2

SBA2 SBA2

> e5BA2 always hold, while ¢354

SB.A2

and e > el if and only if

(1—p) A _ ,YSBA2
1+ pAo o

It is easy to check that the condition v < VSBAQ implies both eSBA2 > 0 and eSBA2 > 0, being

7 BAZ < 4UM “and also that 7 P42 < 4§ BAL always holds, being the requirement eSBA2 > eSBA2 el'B

more restrictive than ef\%“l > eSBAl the corresponding requisite in Case A.1. Then, all monotonicity

conditions are satisfied provided that v < 77542, Moreover, condition v < 242 suffices for eas ﬁ“‘m +
SB.A2 2~

eAm Z R

14



There remains to check that incentive constraint IC 4y, /qm is binding rather than ICy,,/.as and that
ICqn/am is binding rather than ICqnr/am, Which amounts to eunm + eqansr < % < egm + eam. As for

inequality e>BA2 4 ef‘ffm > %, it holds if and only if

m

< AO(1—p) (A(L—p(1—1))+2(1—p) (1=1)) _ _SBA2
TS 0P A-v)+(0-)2u(—p(-v)+28601—p) )2 ’

am

conversely eSBA2 4 ¢5BAZ < X—VQ holds if and only if

AO(20(1—p)(1—v)+rvAB) __ ~SBA2
QA= 7. T ey Ty (Y7 ey A ’

whereby a solution exists for Y9842 < 4 < min {77842 5842} = F5BA2 Now, 9842 < 45BA2 <

SBA2
1

¥ is true if and only if pu < % and

(-p(+v)

O TG n )

with 4% < 2 if and only if

(5—3v)—/((5—3v)%—16(1-v)
p< (8(171/) e Bo <3 -

Hence a solution with full separation and full participation under Case A.2 does not exist for p > p.

We are then able to state the following result.

Result 7 Full screening when ability prevails and Case A.2 holds. A solution to the firm’s pro-
gram SB, which entails full participation, full separation of types and IC A Ams LC amjam and ICqn1am
binding, which satisfies the monotonicity condition eapns > €am > €anr > €am > 0 and which is such that
effort levels are given by expressions from (27) to (30) exists and represents the optimal contract if and

only if 1 < pg, 0 > 0% and XSBAQ <y < FIBAZ with

SBA2 — A0(20(1—p) (1—v)+vA0)
b = AII0-pm (1)) O+ )1 0A(1—)n
~SBA2 _ AO(1—p) (A0 —p(1—v))+2(1—p)(1—v))
v = 20200+ (0—1)2u(i—p(1—0))+2A6(1—p)
(=3 /(=32 -16(1-v)) )
Ho = 81-v) <3
9A2 = (A—p(1+v))

- (1-2p)(A-pd-v))
Observe that 5542 = 75842 < AQ always holds, thus implying that this solution is attained when,

at the first-best, e42 > eI'B holds.

C.2.2 Pooling and exclusion

SBA2

What happens when full screening is not viable? Below ~ , one expects the employer to exclude

SBA2

less skilled workers, namely am and possibly aM too, while above 7 , one expects to have a pooling

equilibrium where worker Am and aM are given the same contract and, eventually, the worst worker am

15



is excluded. Again, we refer the reader to Appendix D.2 for the detailed analysis of the latter situation
and we concentrate here on the first one, exclusion.

Suppose that the employer excludes worker am and offers her the null contract. The firm’s program
must be slightly modified with respect to full participation, the main differences being that monotonicity
constraint e, > €44 is omitted and that PC, s (rather than PCl,,) is assumed to be binding. Moreover,
the requirement that incentive constraint 1C 4y, /4 be binding and 1C 4., /401 be slack reduces to the need

that PC4,, binds and that e554? < 2% holds, which is true if and only if

Af SB.A2
>7:
T=hy1 2 ’

SBA2 IS BA2 always holds when p < % Furthermore, the requirement that incentive constraint

where
ICap1/am be binding and ICq /4, be slack reduces to PCqps being binding and to eiffm > %, which

is true for
(1—p)A0  _spa2
S2(l—p) tpro

with 13 BAZ < min {?SBA{ ls BAQ} . Hence a solution characterised by exclusion of type am, separation

of the remaining types and both PCy,,, and PC,); binding exists for ZSB“‘Q <7 < min {?SBAQ, ZSBAQ} .

Result 8 (i) Separation and exclusion of (at least) worker am when ability prevails. The
solution to the principal’s program S B, which entails separation but exclusion of worker am, both PCgps
and PC sy, binding, which satisfies the monotonicity condition eans > €am > €ans > €am = 0 and which

is such that effort levels are given by expressions from (27) to (29) represents the optimal contract when

. —SBA2
< % and ZSBAQ <~ < min {ZSBAQ,')/ A } , where

SBA2 — _AG
J = O+
=SBA2 _ (1—p) A0
v = 20 rule

The solution characterised by exclusion of both worker types am and aM represents the optimal contract

SBA2 SBA2

either when v < ~y or when ?SBAQ <y <7y
(ii) Full partici};ation and pooling between workers aM and Am when ability prevails and
ICAmjam 18 binding. The solution to the firm’s program SB which entails full participation and pool-
ing between workers Am and aM and IC ay, /qm binding, which is such that effort levels are given by

expressions (27), (30) and

spaz _ W =p)+p—v))—yuw _ SBM

€Am CaM €p (V (1 — ll) T (1 — l/)) P ( )
represents the optimal contract when v > ZSBP2, where
SBP2 — (A=) +pu(A-=v))AO(AO+2(1—v)(1—p)) S mSBA2
X = 00— (I-m))EI-m+u(-v)+uwhre) = 7
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(7i1) Pooling between workers aM and Am and exclusion of am when ability prevails. The
solution to the firm’s program SB which entails pooling between types Am and aM, exclusion of worker
am and PC 4, binding, which is such that effort levels are given by expressions (27) and (31) represents

the optimal contract when 75542 < v < ZSBPZ.

Observe that Result 8(i7) describes precisely the same pooling equilibrium obtained in Case M for

motivation levels below the threshold ZSBM.

C.3 Case A3
C.3.1 Full separation and full participation

Suppose that the binding incentive constraints are ICanr/ams 1Cam/am and the upward incentive con-
straint ICypz/am, together with participation constraint PCy,y,. This results in inequality eqm + eam <

2
Ai'é S €aM T €Am-

The relevant wage levels and information rents are now

1
Wam = 596(2“7” (32)
1 2 1 2 1 2

Wolr = 59(2&1\/1 — ’yeaMfiAHeAm + yeam + iMeaw (33)

Info rent worker aM

1 2 1 2
Wam = 5€4m +§A9€am (34)
———
Info rent worker Am
and

1, 1 2

WAy = §3AM_’76AM+7€Am+§A96am- (35)

Info rent worker AM

The information rent of worker aM is composed of two terms: one is $AfeZ and represents the rent
cumulated from worker Am mimicking am (which accrues to all types except am); the other one is
—%Aﬁe?‘lm + veam and represents the portion of the rent specific to type aM mimicking Am. The latter
term already appeared in Case M and it is strictly positive in this case as well. Also note that motivated
workers receive an information rent which depends both on the difference in ability and on motivation,
so that this case shares some features both with Benchmark U.A and with Benchmark UM.
Substituting the wage functions into the firm’s expected profits and maximising, one obtains optimal
effort levels
ein o =1+, (36)

oSBA3 _ v(l—p)—py
e P Sy g g v (37)
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€aM 0 = €uM = €M
and
1—p)(1-v)
efﬁAS = ( K = efﬁM. 39
w1 (- m (- ) (39)

SBM SB.AB

Observe that eSB43 has the same expression as e and

SB.A3
CalM

and, more importantly, that both e
are equal to their first-best levels. Moreover, the usual downward distortion holds for worker
Am, despite the upward incentive constraint IC,pz/4,, being binding. All effort levels are always strictly
positive, except for eif{“g. In order for 625;43 to be positive and to be a maximum of the principal’s

expected profits, it is necessary to impose that both the numerator and the denominator of its expression

SBAB

be positive: the numerator of e} is positive for v < 7, (see expression 12) and the denominator of

e5BA3 is positive when

(=0 +v(—p) s
p(l—v) '

—A3 . . . . —A3
Note that 8° ~ > 2 if and only if g < v, thus, under the assumption that 8 < 2, the requirement 6 < 6

0 <

is always satisfied when p < v.
As for the monotonicity conditions, it must be that e AmA“)’ > eS BA3 which holds if and only if

(WA=—v)+v(A—p)A0  _spas
prd+ (p(1—v)+v(l—p)

v <

SBA3 > eSB.AS

where 79843 < A@ and 75843 < 4, are always true. Moreover, e always holds and

e5BA3 > e3BA3 ig always satisfied when €543 > ¢9BA3 ig (namely when v < 79543). Notice that

e5B43 is distorted downwards if and only if

7> (1—v)Af =7BA3

SBA3 < ,YSB.AS

where 5 Hence if motivation is not too high, Case .A.3 could be compatible with an upward

distortion in the effort of the skilled but non-motivated worker Am.

Consider now the additional constraints e 4, + €qm <=3 2—7 < eam +eqn- As for 2—“’ < eSBA3 + efﬁA?’,

it is always satisfied provided that < 75543 while e5B: BA3 4 SBA3 < 2” holds if and only if

am

> A0(1—p) (2v(1-)(1=p)+(v=p(1-1)*)A0)  _  gpa3
7= A @I —p(d-2v)A0) X

SBA3 SBA3 SB.A3
.A>,ylA( A

where implying that e is always distorted downwards when full participation and

SBA3 < WSBAB

full separation is possible) and ~ when

g P +vd—p-rp(@-(0=-p@A-v) _,as

nA—v)+r-p -+ I-p-v)

where QA3 < 2 is always true when v < 1 — %\/6 = 0.1835 and otherwise QA?’ < 2 holds if and only if

6v—302—1)—/((6r—3v2—1))>—1202(1—v)
B < ( ) 6v(l—v) =

18



Moreover, 84 < §A3 if and only if

(4v—22-1)—/(4v—12-1))2—40(3v—2)(1-v)

1
B< 20Bv—2)(1-7) =2 >3
(for v # 2 or if and only if y < —%— for v = 2).

We are thus able to provide the conditions under which the optimal contract with full separation and

full participation is implemented.

Result 9 Full screening when ability prevails and Case A.3 holds. The solution to the firm’s
program SB, which entails full participation, full separation of workers’ types and I1Canrjam, 1Can/am
and I1C gp jam binding, which satisfies the monotonicity condition eapns > €am > €am > €am > 0 and
which is such that effort levels are given by expressions from (36) to (39), exists and represents the optimal

. . . —A _ .
contract if and only if p < min{pq, o}, 03 <0<0 ® and lsBA:‘ <y < FIBA3 with

SBA3 _ A0(1—p) (2v(1—v)(1—p)+(v—p(1—v)*)A9)
T T (- g a(1-2v)A0)
7SBA?, — AO(p(1—v)+v(1—p))
= w0+ (pd-v)+r(d-p))
_ (61/731/271)7\/((611731/271))27121/2(171/)
H1 = 6v(1—v)
(=12 1) =/ ((Ar—12—-1))2 —4v(3v—2) (1—v) ’
Ho = ( ) \/2(3u—2)(1—v) >3
g““?’ = (a=v)+v(-p))
w(l—v)
A3 = (- +r(A—p)—rp((1—(1—p)(1-v))))
= 7 (wO-)H+r(1-p)—rp((1+0-p)(1-v))))

C.3.2 Pooling and exclusion

A3

What happens when full participation and full separation is not viable? Above 7843, one expects to

have a pooling equilibrium where types Am and aM are given the same contract. And also below XSBA:S
one still finds that this solution is relevant. Again, we refer the reader to Appendix D.2 for the conditions

of existence of a pooling equilibrium and we focus attention here on optimal contracts.

Result 10 Full participation and pooling between workers aM and Am when ability pre-
vails and 1C 4., /4m 18 binding. The solution to the firm’s program SB which is characterised by full
participation and pooling between types Am and aM and 1C gy, am binding, by effort levels described
by expressions (36), (39) and (31) represents the optimal contract when F9BA3 < v < A and when

BP2 B
15 P S,ygls .A3.

Below XSBAB

one also finds pooling between workers aM and Am and exclusion of type am and
(eventually) a solution with separation but exclusion of type am. Interestingly, in the latter case, it is
possible to have an upward distortion of the effort required to type Am, but not so important as to allow

for a pooling equilibrium where types AM and Am are given the same contract.
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Suppose that worker am is left out. In this circumstance, the optimal levels of effort are the same as
under full participation, except for e,,, = 0, and all relevant constraints are satisfied whenever the chain
of inequalities e, < X 2—" < eAm + €qns holds.

Now, 2% < e3BA3 1 eSBAS i5 always satisfied when v < F9BA3 whereas e3BA3 <3 2”’ is true if and

» A
only if
N> v(l—p)Ab — ASBA3
T @l —p)—pAb(1-2v)) =
where 'yS BA3 < 'ySBA3 always holds and where 'ys BA3 WSBA?’ if and only if v > 1 Hence a solution

with exclusion of type am under Case A.3 exists for fySBAB <~y < 79BA3 and 0 < 7. Observe that,

1

when v < 5 and ZSBAS < v < y7BA3, the solution entails an upward distortion in the level of effort

provided by worker Am.

Result 11 (i) Pooling between workers aM and Am and exclusion of worker am when ability
prevails and PC 4, is binding. A solution to the firm’s program SB with pooling between workers
Am and aM and exclusion of type am, with PC 4., binding and with effort levels described by expressions

(36) and (31) represents the optimal contract when vPP? < v < min {ZSBAS,ZSBPQ} , where

SBA3 — v(1—p)Ad
J = 2v(1—p)—pAB(1—20))
7537?2 = AO(v(A—p)+p(l—v))

(vpA0+2(v(1—p)+p(1-v)))

(ii) Separation and exclusion of worker am when ability prevails and IC, /4 and PCa,, are
binding. A solution to the firm’s program SB with exclusion of worker am and I1Cqn/am and PCap,

binding and with effort levels described by expressions from (36) to (38) represents the optimal contract

SBA3 < lSBPQ SBA3 <~ < 153732_

only if v and

Result 11(4) describes precisely the same pooling equilibrium obtained in Case M and Case A.2.

C.4 Proof of Remark 5

Consider the contracts with full separation and full participation in Cases M and A.3. Since ~ is always

higher in Case M than in Case A.3, let v and v43, with 4™ > 443, denote two levels of motivation

supporting the two solutions; instead, let @ be the same in the two situations.’

Expected information rents paid by the employer in Case M are higher than in Case A.3 if and only
if

SBA3

yyrib (1 u) Uam >

HVWAN o (1-

)U'aM iy SBA3 (1 ) SB.A3 iy (1

M) uA'rrL > HVU Apg + H

51, . [ZM S —A3 . . . s
°It is always the case that mln{G'{\A,QQ/t} < G'A but there is a wide range of probabilities p < % and v such that

QA3 < min {5{\4,524} , meaning that the two subsets of 6 are at least partially overlapping.
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where 4, is omitted from both sides because it is equal to zero. A sufficient condition for the above

SBM > uSBA3 for every type of worker ij, with at least one strict inequality,

inequality to hold is that u;;
where the actual expressions for information rents are given by (4) to (7) for Case M and by (33) to (35)
for Case A.3.

Now, u35M > w5543 holds if and only if
2 2
LO—1) ((eSEM)" = (e58M)7) +9™MeSBM + 10— 1) (e35M)" > 4"%eSEAS 1 (0 - 1) (e354)

Given that ((eSBM)2 — (eSBM)2) is always positive in Case M and that e>BM = ¢9BA3 for fixed 0, a

SBM 7“43 5 BA3 which is indeed

sufficient condition for the above inequality to hold is simply that 4™

the case.

SBM > USB.AS

Moreover, u; if and only if

—10-1) (eii/\/l) FAMESBM L 19— 1) (e SBM)2 >

(40)
—3(0 1) (e55/%)7 4425 4 1 (0 - 1) (e554%)°
For the time being, suppose that v = ~43 = ~; since eSBM — efg““?’, one can simplify the above

inequality as

_% (9 _ 1) (eiﬁ/\/l + eii/—\?)) (eiiM SBA3) + ( SBM __ iiAB) > 0

and, being e58M > ef‘%“?’ for the same -, one can further simplify it as
2y
SBM SB.A3
eAm + e < Ig
Substituting for the expressions of eS BM and eS BA3 the latter condition is equivalent to
> (0—1)A—p)(2p+2v—20p—3uv+0puv) _ ’
v (2pu+2v—20pu—6uv+20uv—3u2+40p2+4p2v—20p2v—02u2) v

Note that 7/ < 'yS BA3 always holds so e3BM 4 eiﬁ;“?’ < % is always satisfied when both Cases M and
A.3 are relevant. A fortiori, inequality (40) also holds for yM > 443

SBM _

Finally, u§BM = w5843 because uam = 1 (6 — 1) €2, and again e 2M = eI BA3,

C.5 Proof of Proposition 6

Step 1. Let us first show that profits to the principal in Case M are strictly increasing in . Consider
profits to the principal, whose expression is the objective function in program SB, and substitute all
wages for their expressions, which are given by the binding IC' constraints that are relevant in Case M.

This yields profits as a function of effort levels only

WFMS,FP = v (L4+7) eans — 3€40) + (L= v) (1 +7) eans — 50€2),) —vp (5 (6 — 1) €2y)
(U 10 (e — 368 (30— 1) B, —ream) + (1) (1= ) (eam — 3662,
—1-0-pA-v)(50-1)e2,,)
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Applying the envelope theorem, which allows to disregard the indirect effect of parameters on optimal
effort levels, and differentiating the profit function 7™ with respect to v, yields

oM
T’V =p(vean + (1 —v)eanm — €am) -
Given that eans > eqnr and that eqpr > €4, in Case M, it can easily be checked that the above expression
is positive, so that profits are strictly increasing in ~ in Case M.

Step 2. Let us then show that profits to the principal in Case 4.3 are strictly increasing in . Now

the expression for profits is given by

WVFAg,FP = 4% (€AM - (%eiM - 'YeAM)) +(1-v)p (eaM — (%9631\4 - 'VeaM))
+ (1= p) =) eam — 5 (€am) ((1 =) +v (1= @) = u(1 - v)0)
*% (eam)Q(G*PJ*VJF.LW)JF(l*V) (1= n) eam

Applying the envelope theorem, again, one can differentiate the profit function with respect to « and

obtain
87TA3

Oy

But now the derivative cannot be signed clearly because, in Case 4.3, inequality ea.,, > eqns holds.

= p(vean + (1 —v)eans — €am)

Substituting optimal effort levels into the above expression yields

orAs 1+ v(l—p)—
>0 e v+ +0-v) (F) - oo m—aa=e > 0

and solving the inequality for v one obtains

A3

0—-1)(1—v 1—v)+v(l—p)+0ur
0 6y > Rl

DA (p(I—) Tr(A—p) +opf(0-Dv2—6) | 7

SBA3 A

where 7 < % sufficient condition for profits in Case A.3 to be always strictly increasing in v is

that 7 < 153,43. The latter condition is verified for

L=)(pQ—v)+v(L—p) —vu(p+v— ) +0v (v —2u+3uv + p? — jw? — 2p%v + p2v?)

(-1 =-p) (A=) =220 -)2((A-1-p)(1-v)-(1-p)F-—pl-v))))>0
(41)

It can be checked that condition (41) is always satisfied above the locus of points (u, ) such that

2u3 — p? — pv + 3 4+ 3 + 6pcv — 4 — Sudv + vt +
—10p202 + Tpvd + 11pP0? = 2p20* — 6p3 + Pt =0
(in particular it is always satisfied for v > 0.28). Below it, condition (41) is verified for 6 < 6, with

’é (u+u—7uu—2u2+2u3+10pv2+2p2V—4uu3—4u2V2+2p2u3)—\/5
- 2v(v—2p+3pv+p2 —puv? —2p2v+p2v?)
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where

= ((u +v—Tuy — 202 + 203 + 10uv? + 2u%v — 4% — 4p%0? + 2u21/3))2
v (v = 2+ B 22— ® = 2420+ 122) (1= ) (i (L= v) + v (1= ) = v (1= (1= ) (1= )

~ A3 .
Note that 0% < 6 < 67, so when Case A.3 exists, and when 1 and v are such that we are below the

0 < 0 < 0.

locus of points where expression (42) holds, profits to the principal are increasing in v for

Step 3. Finally, let us then show that, fixing 6 and dropping the terms depending on e, (because
they are the same in the two cases and do not depend on «), the lowest possible profits attainable under
Case M, that is M (ISBM) , are always higher than the highest profits attainable under case A.3, that

is A3 (WSBAS) . We have

SBM) (1=(1=p) (1=2))* (¥* (1= (1 =) (1=1))+(1=20) (u(1=v) +v(1=p)) +vub(0—2v))

M _
(v = (i (0—1)+(1—1) (1—(1—p) (1—1)))?

™

and

A (7SBAB) = (=) +r (1) +6% ) (1= (1) (1-0)))?
g - (=) Fv(T= ) +0uv)?
and M (ySBM) > 743 (F5B43) holds if and only if

(2,u+21/— Suv — v 4 uv? —|—29/u/) >0

or else for

S Suv — 2v — 2u + v — puv?

0 - 0.

2uv
But the condition 0 > 8 is always satisfied because 0 < 1, so we are done.

D Pooling between intermediate types aM and Am

Suppose that the principal offers a single contract to both agents Am and aM. Then one has ey, =

eaM = €p and Wam = Wep = wy. The relevant constraints are

L o Lo
WAM — S€apn +V€AM 2 Wy — 561’_'_761]

2
for type AM,
wp — %‘312) > Wam — %egm (43)
for type Am or
wy — %9612) +yep > Wam — %Qeim + Yeam (44)
for type aM. Finally, for type am
Wam — %Heam >0
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The binding participation constraint is the one of type am above, while all other participation constraints
are satisfied provided that PCl,, is. The monotonicity condition eans > €, > eqm holds; but which
incentive compatibility constraint between (43), that is 1C 4y, /qm, and (44), or else ICq s /qm, binds first?

Taking into account the binding participation constraint of type am, it must be that

1 1
wp > max {296127 — Yep + Yeam; 2ep + AHe } .

Thus, ICypr/am is binding first when

1 1 2
596129 —yep + Yeam > 2€p + Aﬁeam = ep+ eam > A—Z,

whereas IC gy, /qm is binding when

1 1 1 2y
59612) —vep + Yeam < 5612) + §A€eim = ep+egm < N

In what follows we study the two sub-cases separately.

D.1 Pooling between intermediate types with IC,j;/4, binding

Suppose that when pooling occurs, ICqns/am is binding while 1C 4y, /am, is slack. We call this situation

Case P.1. Then one has e,+ eqpm, > %. Wages must satisfy

1
Wam = =02, (45)
2
L)
w, = 59% — vep +Yeam , (46)
Info rent worker aM
and
L, 1 2
WAM = §eAM—'yeAM+§A96p+’yeam. (47)
—_—————
Info rent worker AM
The wage w,, has the same expression as wgs in Cases A.1 and A.2 (see equation 19).
Substituting again the wage schedules into the principal’s program we find
eant L =1+7,
GSBPL — SBAL _ (vA—p)+pd-—v)1+7) (48)
P P vuAd+ (v (1 —p)+u(l—v))0
and
psppr _ (1= A —p)—y(1-(A-v)(1—-p) _ spa
Com A=) 1-0 o

Note that e55Ft > eSBP1 and e3B! > eSBPL always hold. Moreover €557 is the same as e> 54! since

SBP1

in both cases participation constraint of worker am is binding. Also observe that e, 2" " is strictly positive

if and only if v < v$BA! and 6537)1 > eSBPL if and only if
vp(1—v)(1—p) A0 — ~SBP1
T2 A=) (-p) A Fr(—p) L ’

24



SBP1 < lSBAl S

if and only if v < 45841 and

SBA1 SBP1 SBA1
where v > e, > €oM

always holds. Moreover, e},

the condition e, + eqm > % holds if and only if

AO(1—p)(1—v) (prA6+20(pn(1—v)+v(1—p))) _ =SBP1
(I (- ) ((A-0)01 1)+ 00+ D) (vt ) —20(durt > (L—) 42— |

v <

where 75BP1 > 153731 is always true, 79BP1 < 49BAL if and only if

g <« w=mU-pO-v)t+pl-n)(-vi-p)) _ g~
(@v=1)(v(1—p)+n(1—v))+2(1—v)*p2)
(1—20)24+/(1—2v) (14+2v—412) 1

(1) = p3 < 3), where " < 87" if and only if

(always for v < 1 and p <

n< (172V)Z(V1it)4y(171/ = g, with p, > %, and 79BPL < 4FBAL if and only if
0> (=) +v(1—p))+u’ _ pP1

(n(l=v)+v(1—p))+pr2—2p2(1-v)?
with 8 " > 67 if and only if 11 < pus.
For further reference, note that, should type am be excluded, then the condition e, + eqm > %
ensuring that ICq /4 is binding while 1C 4, /4m, is slack would become e, > % which is equivalent to

the requirement that PC,ys be binding while PC 4, be slack. Then e, > % if and only if

((1—p)+u(1—v)) A0 —SBP1

TS A+ -pa-m e+ )

. —SBP1 _ _
with y5BP1 < 5 < 7SBP1,

It is now possible to state the following result.

Result 12 (i) Full participation and pooling between types aM and Am with 1C,pr)qm binding.
A solution to the principal’s program S B which entails full participation and pooling between types aM and
Am and ICyprjam binding, which satisfies the monotonicity condition eans > €amr = €am > €am > 0,

and which is such that effort levels are given by expressions (22), (25) and (48) exists if and only if

7/SB731 << min {,yi‘S'BA1775B731} with
SBP1 — vu(l—v)(1—p)A0
X = vp(I—(=) (A=) A0+ (u(I—r)+v(1—p))
~SBP1 — AO(1—p)(1—v) (urA0+20(u(1—v)+v(l—p)))
v = vp(I-(1-v)(1-p)(4=0)0+1)+0(0+1) (v+u) —20(4pv+p? (1—v)+v2 (1—p))
SBAL — _ (=)
et = T—(T-) (1)

(ii) Pooling between types aM and Am with ICq/qn binding and exclusion of type am. A
solution to the principal’s program SB which entails pooling between types aM and Am and PCyyy
binding, exclusion of type am and which satisfies the monotonicity condition easpns > eqpr = €am > 0, and

which is such that effort levels are given by expressions (22) and (48) exists if and only if v < ?SBPl.

Note that in this Case P.1 it never happens that type aM is asked to provide an effort which falls in the
range where her utility is increasing in effort, namely it is never the case that e,y = eap, = ef BPL < 7

This might occur in the subsequent Case P.2.
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D.2 Pooling between intermediate types with /Cy,, /4, binding

Suppose now that when pooling occurs, IC 4y, /am, is binding while ICypz/am is slack. We call this situation

Case P.2, in which e, + egpm < %. Wages must satisfy

1 1
wp = geb 4500, (49)
———
Info rent worker Am
and
1 2 1 2
WAM = ieAM —yeam +yep + gAgemn‘

—_— ——
Info rent worker AM

Note that the wage w, now has the same expression as wa., in Case M, Case A.2 and Case A.3.

Substituting the wage schedules into the program and deriving yields

P =147,

sBP2 _ sem _ spaz_ (A —p)+p(l—v))—yuv 50
€p =6 =6 - 1— 1— ( )
£ (1 =p)+pl-v)
and
eSBP2 _ (1-—v)(d—p) _ ¢SBM _ SBA3
N (R () YT ) B
where 5872 is equal to e5BM and e5B43 since in all cases the incentive constraint IC4,, /am is binding.

Note that e35F2 > 6537)2 and e55F? > e3BP?2 always hold, while egBPQ > 5BP2 holds if and only if

(=) (L -V)AS sy
o0~ (- (1= ) (1 - )

which is such that 75872 > A# whenever 0 < 5?4 and such that 75872 > ISBM and F9BP2 > 75SBA2

v <

always hold. Furthermore, observe that efBP2 > 0 always holds whenever v < 79872 is true. Finally,
the condition e5572 + e5BP? < 2% holds if and only if
> (r(A=p)+p(A=v))AO(AO+2(1—r)(1—p)) — ~SBP2
7= - ) Qe ra(—v) ruwde)
where ISBPQ < min {A@,WSBPQ} is always true and where 73542 < 1537)2 and XSBAS < 153732 < §5BA3

are also true.

Result 13 Full participation and pooling between types aM and Am with IC 4y, /0m binding. A
solution to the principal’s program SB which entails full participation and pooling between types aM and
Am and IC gy jam binding, which satisfies the monotonicity condition eapns > €ars = €am > €am > 0, and

which is such that effort levels are given by expressions (8), (11) and (50) exists if and only if 133732 <

v < 79BP2 with
SBP2 _ (v(1=) +(1=1)) AO(AO+2(1—1) (1—p))
X = 00— T—m) @I p) +p(1—v))+prAB)
~SBP2 _— (v(1=p)+u(1-v))A0
v = v (I—(1—0) (1))
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Concerning exclusion of the worst type, we need to consider a similar program where, instead of
having IC gy, /am binding and I1C,p/am slack, we need PCay, to be binding and PC,ys to be slack. In
this case, the requirement 65 BP2L ¢, < % reduces to the more general condition 65B7)2 < %7 which
is satisfied if and only if

Ab(v(1—p)+p(l—v)) _ SBP2
(pA0+2(w (1 —p)+p(l-v)) =

Y2

where 4SBP2 < 4SBP2,

Result 14 Pooling between types aM and Am with PC,,, binding and exclusion of type am.
A solution to the principal’s program SB which entails pooling between types aM and Am with PC gy,

binding and exclusion of type am, which satisfies the monotonicity condition eans > eqpr = €4m > 0,

and which is such that effort levels are given by expressions (8) and (50) exists if and only if vBP? <

v < 79BP2 with
SBP2 — AY(v(1—p)+p(l—v))
L = (wpAd+2(v(l—p)+p(l-v)))

)

For further reference note that 1537?2 is smaller than 7842 provided that 6 < 2.

Also note that it might eventually be the case that e,y = eam, = 6537’2 < 7 in which situation type

aM would have incentive to provide more effort than the one required by her optimal contract since the
required effort falls in the range in which her indifference curve is downward sloping in the space (e, w).

Nonetheless, the wage received by type aM would always be positive.

E Example

Let 7,, =0 and v,; = v € (0,1] and let 04 = 1 and 0, = 6 € (1,2]. Assume that motivation and skills
are uniformly distributed across workers, so that y =v = % Case M with full screening is attained for

1 <6< %, Case A.2 does not exist, while Case A.3 with full screening holds for % < 6 < 2. Hence

one can have three classes of problems: (i) the difference in ability is low and 1 < 6 < %, and either

motivation prevails and Case M is attained or ability prevails and Case A.1 holds; (i) the difference in
ability is high and % < 0 < 2, ability always prevails and either Case A.1 or Case A.3 holds depending
on the value taken by ~; (i7i) the difference in ability is intermediate so that % <0< %, ability prevails

and only Case A.1 holds.

In situation (z), one observes the following optimal contracts: when 0 < v < % = ZSBAl
the principal offers a pooling contract to low-skilled types aM and am, when 15 BAL < 4 < 79BAL —

7*293'41 = % full participation and full separation under Case A.1 is implemented, when 75841 < v <
FIBPL — I?i’,g:im the principal offers a pooling contract to intermediate types aM and Am, which is
such that ICys/am is binding. Notice that 79BA1 < F5BP1 if and only if # < 2, hence for 1 < § < 2

/ v v 1 1
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the latter pooling equilibrium exists, while for 2 < # < % it does not. When max {733?1,753’41} <

13 gl
v < 133732 = % there is pooling between intermediate types aM and Am with the constraint

IC 4 jam binding and exclusion of type am. Note that 1537)2 < A6 so that we still are in the domain

in which ability prevails and ea,, > eqp. When 1537’2 <7< lSBM = % we have pooling between

intermediate types aM and Am with the constraint 1C4,/an, binding but full participation is attained,

and we cross Af so that motivation prevails and eyp; > €4y, When ISBM <y < % = F9BM ~ %,

full separation and full participation is attained under Case M. When 7°8M < ~ < 1 the principal offers
a pooling contract to non-motivated types Am and am.

In situation (#4) , one observes the following: when 0 < v < ls BP2 there are the same optimal contracts

SBP2 < o < ZSBA3 _ (36-1)A6

as in (i), when v S@s—3) We have pooling between intermediate types aM and

Am with the constraint IC 4y, /4, binding and full participation, when 153’43 <y < FIBAS = %

there is full participation and full separation under Case A.3. When v > 79843 two optimal contracts
coexists: full participation and pooling between intermediate types aM and Am with the constraint

IC 4 jam binding, and full participation and pooling between non-motivated types Am and am. The

—4(40-3)(0—1)2+10(0—1)/0(20—1)(46—3)

former yields higher payoffs to the principal when v < 0=3)(110—26°—1) = 7. Hence,

when 79843 < v < 7, there is full participation and pooling between intermediate types aM and Am
with the constraint IC4,,/an binding, while when 7 < 4 < 1 there is full participation and pooling
between non-motivated workers.

In situation (ii7), one observes the following optimal contracts: when 0 < vy < y95%2 there are the
same solutions as in (¢) and (i7) , when 1337}2 < v < 7 we have full participation and pooling between
intermediate types aM and Am with the constraint /C 4, /qm binding, and finally when 7 < <1 there

is full participation and pooling between non-motivated workers.
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