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Mathematical models for the
non-isothermal Johnson-Segalman
viscoelasticity in porous media:
stability and wave propagation

Franca Franca, Barbara Lazzari*and Roberta Nibbi

We present a nonlinear model for J-S type polymeric fluids in porous media, accounting for thermal effects of Oldroyd-B
type. We provide a thermodynamic development of a Darcy theory which is consistent with the interlacement between
thermal and viscoelastic relaxation effects and diffusion phenomena. The appropriate invariant convected time derivative
for the flux vector and the stress tensor is discussed.

This is performed by investigating the local balance laws and entropy inequality in the spatial configuration, within the single
fluid approach. For constant parameters, our thermomechanical setting is of Jeffreys-type with two delay time parameters,
and hence in the linear/linearized version it is strictly related to phase-lag theories within first-order Taylor approximations.
A detailed spectral analysis is carried out for the linearized version of the model, with a scrutiny to some significant limit
situations, enhancing the stabilizing effects of the dissipative and elastic mechanisms, also for retardation responses.

For polymeric liquids, rheological aspects, wave propagation properties and analogies with other theories with lagging are
pointed out.
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1. Introduction

Non-Newtonian materials with fading memory (polymers, fibre suspensions, blood ...) exhibit a behavior that is intermediate
between the nonlinear hyperbolic response of purely elastic materials and the likewise strong diffusion parabolic response of
viscous fluids. Under shear, complex fluids often undergo instabilities leading to new flow patterns which are triggered by the
nonlinear terms of the invariant rate-type equation for the elastic stress tensor. Their non-ideal, hysteretic and confinement
properties become challenging aspects to be taken into account in view of mathematical modellings.

The general Johnson-Segalman (J-S) model seems to provide a useful description for diluted suspensions of a high molecular
weight polymer into a largely viscous solvent, which may be generally considered as a liquid. As a special case also purely
polymeric solutions are properly accounted for. In this way, rather than the solvent-solution mixture approach, the single-fluid
frame is addressed. Here, we restrict our attention to the corotational J-S model, whose non-instantaneous response character is
embodied in a rate-type constitutive equation for the elastic polymeric stress tensor. This model is very flexible and furnishes an
interesting mathematical formulation that is easily incorporated also into the boundary layer theories for engineering applications.
It is a viscoelastic model of Oldroyd-B type and includes, as special sub-classes, the classical Newtonian and Maxwell models.

On the other hand, in many physical, astrophysical and biomedical situations, the influence of the temperature is important
and, hence, it is unlike to be negligible. So we, in a close analogy with the J-S type constitutive structure, we propose also a
non-Fourier heat transfer theory.
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Besides, several applications (see e.g. [1]) require to account for the presence of porous effects. It is well known that the
goodness of a mathematical model describing the porous media behavior is strictly related to the porosity (ranging from zero to
one) of the medium under consideration. Thinking of future applications in biomedical and astrophysical settings, in this paper
we focus our attention to non-isothermal viscoelastic flows in porous media well described by Darcy's law. Indeed, the Darcy
model can adequately capture the effects of porous media in many practical situations when the porosity is not high (that is to
say, it is not close to one).

On the other hand, it is often argued that, for porosities close to one as happens in metallic foams, the Brinkman model,
including an additional viscosity term, turn out to be more appropriate (see e.g. [2]). To this purpose, we believe that our model
may be easily generalized to account for also high porosity materials, since an analogous viscosity term is already present within
the J-S viscoelasticity.

So, in this paper, within an extended thermodynamic scheme and for a special choice of the Helmholtz free energy, we
deliver a nonlinear thermo-viscoelastic J-S model for dilute polymer solutions in a Darcy porous context, where the coupled
mechanical and thermal effects exhibit similar rheological properties, accounting for the necessary dissipation mechanisms and
non-instantaneous responses, through the elastic components.

For constant parameters, our constitutive setting is of Jeffreys type with a relaxation and a retardation time. Only within the
linear/linearized frame, and for small delay parameters, we point out the special link with other phase-lag theories by Tzou [3];
in the same context, the relation between the J-S and the "backwards” Kelvin-Voight models [4] is also stressed. As a special
case, we confine our attention on the destabilizing advance behavior of Walters-B type and the stabilizing retardation response
of Rivlin-Ericksen type.

In view of the previous remarks, our model seems to better describe the behavior of complex fluids; moreover, it is always
possible to generalize it in order to account for cellular and masses aggregation formation processes.

Interestingly, for human endothelial cells, several experiments show the formation of complex structures like clusters and
network patterns, both filaments and sprouts, that can be interpreted as the beginning of a vasculature: this phenomenon is
responsible of the tumor-induced angiogenesis. These structures cannot be explained by parabolic models, but are recovered
through numerical simulations on hyperbolic models [5]. Hyperbolic systems are so employed to study the intermediate regime
at the macroscopic level, for the cell density, whereas the parabolic flux gradient context for the chemoattractant is always
preserved (see, for example, [6, 7]).

By introducing a chemotactic force proportional to the chemoattractant gradient in the momentum equation, our
hydrodynamic theory may also describe a chemotactic aggregation process, in presence of delay parameters, thus generalyzing
the model proposed in [5]. Obviously, we need an enlargement of the governing system to include an evolution equation for the
chemoattractant concentration. One possibility is to consider the same parabolic reaction-diffusion equation as in the pioneering
Keller-Segel model [8], but, even if an interacting hyperbolic-parabolic system seems to be still legitimated both mathematically
and experimentally [9], in our opinion a totally hyperbolic system should give rise to a novel challenging research issue.

In order to interrogate our model, we also perform a judicious Fourier Modes tool for developing a linear stability analysis
and comment the general dispersion equation for transverse and longitudinal modes. Thanks to the joint dissipative and elastic
properties we always recover asymptotic stability, also in the presence of retardation effects. These stability results assess the
goodness of the model in view of its future applications.

For some purposes it has been proved useful to impose the constraint of incompressibility on the flow velocity, which is
also a commonly legitimated approximation in solar and astrophysical settings [10]; in our viscoelastic context, this leads to
some rheological analogies. In particular, for purely polymeric melts in a Darcy porous medium, it could be proved the existence
of nonlinear transverse shear waves, exhibiting a torsional character, related to the corotational convected time derivative.
Meanwhile, these viscoelastic waves could share analogies with the existence of incompressible torsional Alfvén waves in magnetic
flux tubes. Since their recent detection [11], these magnetic waves are thought to play a crucial role in solar coronal heating
events, in magneto-seismology and in the formation of complex structures, like clusters and network patterns (filaments, sprouts
and spicule-like features), that is the so called “cosmic web” [12, 13, 14, 15, 16, 17]. It is generally accepted that the framework
for the formation of such outstanding structural elements is just that of gravitational instability. By comparison, we conjecture
that also the incompressible poroviscoelastic shear waves might manifest a similar experimental importance in studies concerning
the formation of complex structures within chemotactic and gravitational collapses [5, 18].

The paper is organized as follows. In Section 2 we furnish some preliminaries and the thermodynamical scheme; thermodynamic
developments are presented in Section 3, whereas in Section 4, from a special choice of the free energy potential, we derive
the general governing system. Subsequently, in Section 5, a spectral tool is performed to investigate the linear stability problem;
finally, some comments on possible applications and generalizations of our model close the paper.

2. Preliminaries and thermodynamic scheme

Throughout the paper we consider a 3-D body B and denote by R: in R® the smooth region occupied by B in the present
configuration. For non-isothermal flows, besides the constitutive setting, it is necessary to include the energy equation in order
to enhance, among various terms, viscous dissipation aspects: it is known that many non-Newtonian fluids are highly viscous,
and hence, they exhibit a non negligible viscous dissipation. This consideration suggests to use a non-isothermal approach, where
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thermal and mechanical phenomena can be considered coupled.

For our present purposes, we need to provide a heat conduction theory for a J-S type viscoelastic fluid, flowing in a porous
material, modelling a solvent/solution polymeric fluid. Consequently, we work with spatial configurations, even if we omit all
spatial dependences; so we refer to the classical formulation of the local balance equations within the one-fluid approach.

In a non-isothermal polymeric solution, described through a viscoelasticity of J-S type, the total symmetric viscous stress
tensor I is given by the sum of a Newtonian/solvent part Ms and an elastic part M., due to the presence of the polymeric
solutions, which satisfy the following (stationary and evolution) constitutive equations:

M. = 2u.D + (cs - 2%) (tr D),

DI, _ 2Me
Tﬂe< Dt )J—l—l‘le—2ueD—|—<{e 3 >(trD)H,

where D is the symmetric part of the velocity gradient L = Vv, us and ue are the solvent and elastic shear viscosities, while (s
and (. are the solvent and elastic bulk viscosities.
The notation (D%)J stands for the corotational or Jaumann derivative, defined as follows

(Dne) = ne‘i’newfwney
Dt ),

where the superposed dot denotes the material time derivative, while W is the skew-symmetric part of L.

In most papers the viscosity parameters and the relaxation time 7., are supposed to be constant and positive. It is
experimentally shown that ws > pe and also p > e, 1 being the total shear viscosity and the analogous holds for the bulk
viscosities.

As it is known, the nonlinear invariant J-S model provides a non-instaneous response character, which is embodied in the
constitutive equation of rate-type for the elastic stress tensor, with a single relaxation time and elastic viscosities (see [19]). In
particular, it seems legitimated to regard a blood capillary as a viscoelastic material, where elastic and viscous properties are joined
together, as experimentally confirmed for examples in flux tubes [20]. Meanwhile this model can also reproduce angiogenesis
experiments under a variety of physiological conditions. Examples of blow-up are captured by numerical approximations and
global solutions are recovered by means of slow growth processes, which in turn validate also the linear stability analysis [21].

In order to provide a non-Fourier heat theory for a non-isothermal polymeric solution of J-S type, accounting for also delayed
thermal effects, we address our attention to a non-instantaneous thermal response, which may be based on an analogous
constitutive setting. So we propose a split form for the entropy flux vector q/©, © > 0 being the absolute temperature, as

follows:
q _ qr Qe

© © ©0

The Fourier/diffusion flux vector g and the elastic flux vector ge satisfy the following constitutive equations of stationary and
rate-type, respectively:

qr = —krVO,

2.1
qu(qu> = kYO, (2.1)
J

Dt

where the Fourier and elastic thermal diffusivity parameters ke, ke and the thermal relaxation time 7, are generally viewed as
positive and constant. In this case ( D) assumes the form

E)J
Dq. .
=qc — W(Qe .
(5), 0w

Remark 1 It is worth to note that, only for constant parameters, the J-S viscoelastic model is of Oldroyd-B type, with the
additional advantage of being described through a constitutive equation of Jeffreys-type with a relaxation time 7 = Tx. and
a retardation time Tp, as follows

() - oo () X5 e (26 ]

The classical (parabolic) Newtonian model and the (hyperbolic) Maxwell type viscoelasticity are recovered for the boundary
values of the dimensionless retardation parameter rr = 7p/7Tr (0 < rr < 1).

Moreover, this versatile model, in its linear/linearized version, is strictly related to the single/dual-phase-lag heat theories
by Tzou [3], when combined with first order Taylor series approximations, accounting for short memory elastic effects, which
happens whenever the delay parameters are suitable small (see also [22] and references therein).

Indeed the same rheological comments hold for the proposed thermal constitutive setting (see [23]).
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Remark 2 Other objective time derivatives for tensorial and vectorial fluxes are employed in the literature (see e.g. [24, 25]).
Among them, we recall the (lower convected) Oldroyd type derivative for M. and also the analogous one for ge, defined,
respectively, as follows

ne_Lne_neLT+V'Vne, Qe—LQe+QeV'V,

where an invariant compressional character is just expressed by the additional divergence term.

In most recent papers, the objective time derivative for the heat flux vector is labeled as the Christov convected derivative
(see e.g. [26]) and the relative evolution equation (2.1), is known as the Cattaneo-Christov constitutive equation (see e.g.
[27]).

3. Thermodynamic developments: restrictions on the constitutive responses and
evolution equations

In this section, we provide a typical extended thermodynamic development of the classical Darcy law theory, which is consistent
with a constitutive behavior of J-S type for thermo-mechanical effects, and accounts for non-constant parameters too.

In some limit situations, our general thermodynamic theory governs a hyperbolic model and hence allows for the propagation
of thermo-viscoelastic-poroacoustic nonlinear waves.

We begin by recapitulating the local field equations in their standard one fluid form, a few notational changes apart.

Since we are mainly interested in modelling the non-isothermal flow of non-Newtonian fluids in a Darcy type porous medium,
we reformulate the momentum equation in terms of the intrinsic fluid velocity v, rather than the usual seepage/Darcy velocity
vp (see e.g. [28] and references therein). The major advantage of this choice is that the momentum equation quickly generalizes
in a natural way to incorporate other terms, such as viscosity terms, or uniform rotations expressed by a Coriolis force.

Following the more general classical formulation as in [29], our theory is based on the local balance equations for mass,
momentum and energy, in the form

o+pV-v=0,
ov=—-Vp+pb—pupRv+V- -, (3.1)
pe="Pn+ P,

where, as already mentioned, the superposed dot denotes the material time derivative. The quantities p, v, p, b, Il and e are,
respectively, the density, velocity, pressure, external body force, total (viscous) stress tensor and internal energy, while up > 0 is
the so called dynamic viscosity.

Finally, in writing the momentum equation, taking into account the Dupuit-Forchheimer relation and following the Nield's
strategy, we have introduced the “retardability” R defined as

R=—
L0

where k, is the standard permeability and € (0 < € < 1) represents the porosity of the medium.
Here, as in [19], we decompose the symmetric solvent and elastic stress tensors into the spherical and deviatoric parts, with

1 1
ps:_gtTHSx pe:_gtrne,

and
1
<ns>:ns+psﬂy <ne>:ne+pe]1, (D)ZD*gV'VH.

In order to incorporate both the split forms for the heat flux vector and for the viscous stress tensor, the internal mechanical
power density P;, and the internal heat power density P}, are here given by’

Prp=N-D—pV-v=_((Ms)+ (M) (D)= (p+ps+p) V-V,
PL:ph

where h is the rate at which the heat is absorbed per unit mass and satisfies the heat balance equation [30]

ph= -V (ar +qe) + por, (3.2)

fClearly, both P/, and P}, will assume different expressions, depending on the non-local properties of the material under study (see e.g. [29]). In particular,
non-local capillary properties of polymeric fluids, fitting for blood capillary growth, may be properly captured by an additional capillary stress tensor contribution
of Korteweg type (see e.g. [21]).
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r being the heat supply.
The local form of the entropy inequality is taken as follows

_’_7

L (3.3)

pﬂngJréV@-(qi qe)-

where 7 is the entropy density.
It is worth to observe that multiplying (3.2) by the coldness @1, we obtain the identity

h 1
e~ @ Te”"

grt+qe |, 1 qr + ge 1 1 qdr + Qe
—V-( o )+@pr—6ve~ o

from which the internal and external entropy powers can be defined as

i h 1 qar +de
e _ _ . dr + de i
P, =-V (79 >+epr.

We observe that the usual proportionality relation between the energy and entropy inflows is still preserved.
In compliance with the Second Law of Thermodynamics, we assume that (3.3) holds for all admissible processes. and, replacing
ph©~! by means of the energy equation, it becomes

pO7 > pe—P;+Ve-7ngqe. (3.4)
Hence, in terms of the Helmholtz free energy W = e — ©n, (3.4) can be rewritten in the Clausius-Duhem form
. . qr + Je
o (+6n) = (M) + (M) (D) + (p+ ps + pe) Vv + VO W28 <, (3.5)

In order to provide our constitutive theory, within the (non-equilibrium) extended thermodynamics framework, we let [ =
(p,®,VO,D, ge, (Me), pe) be the enlarged set of the independent state variables. Then we assume WV, e, n and p be continuously
differentiable functions of I". Making use of the chain rule, inequality (3.5), easily gives

p(Vo+mn)O— (p% - %) P+ pVve - VO + pWp - D + oW, - de + oW n,) - (Me) + oW, pe — ((Ms) + (Me)) - (D)
(3.6)
qr +de <

+(P5+P5)VV+V@ =) _O,

where the subscripts stand for the partial derivatives.
In consistence with the fact that phenomenological statements must be linear in the (extra) variables, vanishing in equilibrium,
we henceforth suppose that

pVq. = Qeqe, P\U(ne) =B (Me) , PVpe = YePe . (3.7)

where the parameters Ge, Be and ye may depend at most on (x, t), p and ©. It is worth to stress that the positiveness of such
scalar valued functions is strictly related to stability requirements. In a simplified context &e, Be and e may be regarded as
constant.

The substitution of (3.7) in (3.6), together with a troublesome rearrangement of some terms, yields!

o
—Pe (YePe + V -v) — % (&c©4. + VO) > 0.

(p\Upfg)pfp(We+n)@prve~%prD-D+(I'|5>~<D)fp5V~v7qi~V@+<rle)-((D)fﬁem)

fWe also note that, in view of (3.7), the material time derivative of the deviatoric elastic stress tensor and of the elastic heat flux vector may be replaced by
the objective corotational/Jaumann convected time derivative, namely

(Me) - (May = (M) - (W—wne + I'IeW) = (Ne) - (Dg:e>> ,
J

) ) Dq
qe'QGZQe‘(Qe*qu):qe'<D:)J-
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The arbitrariness of p, ©, % and D implies that
p=pV,, n=-Vg, Vye=0, Vp=0, (3.8)

that is to say that W can only depend on p, ©, (M), pe and qe.
From the split residual entropy inequality we recover the classical Navier-Stokes/Fourier restrictions

(M) -(DY>0, —psV-v>0, —%~V@20 (3.9)
and the following further restrictions for the elastic terms
(Me) - (<D> —pe(n >) >0, —pe(YePe +V-v) >0, —% (&e©q. + VO) > 0. (3.10)
Inequalities (3.9) hold if
<n5> = 2Uus <D> ) Ps = _CSV -V, % = —/?FV@,

where s, (s and kr are positive valued functions, depending on at most (x, t), p and ©; us, {s play the roles of solvent shear
and bulk viscosities, while ke = kr© stands for the Fourier thermal conductivity.
Finally, inequalities (3.10), in turn, hold if we choose

(M) = =24 (Be(Me) = (D)) |

Pe =—Ce (YePe +V V), (3.11)
% = - /?e (deeqe + V@) )

e, Ce and ke being positive valued functions, depending on at most (x, t), p and ©. The functions u., (¢ may be interpreted as
the elastic shear and bulk viscosities, whereas k. = /A(e@ as the elastic conductivity.

Taking into account that the two first equations represent respectively the deviatoric and spherical part of the same rate-type
constitutive equation for the elastic stress tensor e, we need to have . = 2%@-

Moreover, letting ae = &0, if we define the (visco)elastic relaxation time as Tr, = 2Bte and the thermal relaxation time
as Tq. = aeke, from (3.11) we derive the evolution equations in the usual rate-type form for (M.), pe and ge:

Tre(Me) + (Me) = 2ue (D),
Tﬂepe+pe :_Cev'V,
Tgelle + Qe = — ke VO .

Remark 3 Interestingly the rate-type equation for q. may be easily rewritten as an evolution equation for the elastic entropy

flux vector & of the form

qu% (%) + % = —k.VO — ae/?e%(%.
This equation for & is compatible with the Second Law of Thermodynamics and is a generalization of the Cattaneo-type
equation for ge; moreover it may be compared with the constitutive equation recovered in [31], within the different framework
of internal variables.

Indeed whenewer 74, = 0, that is to say when ae = 0, the total entropy flux vector is given by the Fourier form

2 == (ke + k) VO = —kve,
which in turn, within the rigid heat conduction, allows for recovering a nonlinear degenerate parabolic equation, known in
literature as a PME with exponent 2. It is worth to remember that such equation exhibits the remarkable mathematical
property of finite wavespeed propagation (see e. g. [32]).

However, the classical linear parabolic heat equation follows for k = ko /©, ko being a positive constant playing the role of
thermal mobility.

4. A thermodynamic model for the J-S type viscoelasticity accounting for thermal effects
of Oldroyd-B type in a porous medium

In the light of the results of the previous section, we confine our attention to free energy potentials of the following quadratic
type

- To o, e (LNDP P2
V(p.0,M0) perae) = W(p.0) + 5 s lacl + 71 (KT 4 22
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where, for simplicity in writing, we let 7q, = 74 and Tn. = Tn.
By employing the definition of W and (3.8), we easily get

> o 1 ( Tq ) Tq 2 1 ( Tr ) Tr 2 1 (Tw) Tr 2
— 2V, =0t () = T ) e+ (o) - noP+ 2 (o) -2,
P=pTe=rTe 2(” ko) kel talrlzu) T ) 1M ) T )P
_ . _1 Tq 2_1 Tr 2 1 Tr 2
n=-ve=To-3(5fs) o -5 () P 5 ()
— (U —_OU 1( ™7 (T 2 L (T ([ Tx 2 L (T (Tx 2
pe = p(V 9We)+2(ke@ (kee)@e) a+ 2 (me (me)ee)unm *2(@ (@)ee)pe'

It is worth to observe that p and e depend on the extra variables also when the ratios l;—q@, 2% and Z—: are taken constant. On
the contrary, the classical case e = e(p, ©) may be readily recovered whenever the same ratios exhibit a homogeneous linear
dependence on ©.

In the general case, as a consequences of relations (3.1); and (3.8), the time derivative of the internal energy assumes the

form

pé =pes® + pe,p + pey. - Ge + peqn,y - (Me) + pep, Pe
=pee® + p° (OWpe — W,) V-V + pey, - de + peme) - (Me) + pepePe
=pee© + (0°OW,e — p) V-V + peq, - e + peqr,y - (Me) + pepePe ,

— 0 T T, T,
co = —pOVos — & q) 62+< ) ne2+<l) 2> a1
peo = —p00e0 =3 (({75) P+ (5) 1P+ (%) o (a1)

and the positive equilibrium heat capacity —©Weg is recoverable whenever the previous ratios are constant or show a linear
dependence on ©.
Therefore, within the constitutive theory of this section, the governing system reads as follows

where

p+pV-v=0, (4.2)

1
v+ ppVp + p2\UepV@ — WsAv — (Cs + gl-‘«s) VV v =V (M) + Vpe + upRv — pb = 2DV pus

4.3

+V-vV (Cs - %us) —Valpe. — V(M) pry — P Ve, )

pee® + p"OWe,V v — keA© + V - qe — pr = —peq. - Ge — peq,) .Y — pep.pe + Vke - VO (4.4)
+20s| (D) 2 + G|V - v[* + (Me) - (D) — peV - v,

Tq (Ge — Wde) + g = =k VO, (4.5)

7 (1) = W (ML) + (M) W) + (M) = 2. (D) . (4.6)

TrPe + Pe = —CeV - V. (4.7)

In order that the nonlinear parabolic heat equation (4.4) don’t degenerate and yields well-posed problems, we need to assume
the heat capacity eg > 0, as suggested by physical arguments.

Even if we restrict our discussion to constant parameters, we obtain a coupled system between heat and momentum equations,
which might capture the main properties of a non-isothermal viscoelastic polymeric fluid in a porous context, where non-
instantaneous/lagging and dissipation effects combine together. However, in the absence of the dissipation mechanisms, due
to the presence of diffusion terms, our model might become a suitable hyperbolic model for the cells within chemotaxis. The
idea of hyperbolic modelling in this framework, even preserving the Keller-Segel reaction-diffusion equation for the chemical
concentration [8], has been already performed in [9].

System (4.2)—(4.7) is a new system to be investigated mathematically under suitable initial and boundary conditions. It may
also model a thermal/penetrative convection problem in a horizontal layer R? x (0, d), heated from below, within the Boussinesq
approximation and, in our opinion, it may become the starting model to understand the basic processes in blood capillary growth
and astrophysical settings.

Indeed we may gradually make it more and more sophisticated and “hopefully” more realistic, by the additional contribution on
the right-hand side of the momentum equation of (self-gravity/concentration) gradient forces, so to describe both chemotactic
phenomena and gravitational instability mechanisms. Of course, the system should be closed with a parabolic reaction-diffusion
equation for the self-gravity potential/chemoattractant concentration of Keller-Segel type.
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In the isothermal case, our model reduces to the form

p+pV-v=0,

1 2
oV + ppoVp — tsAv — (C5+ 5“5) VV -v—V - (M) +Vpe+ pupRv —pb =2DVus +V-vV (Cs— 5“’5)

—V(Ne) ey — Poe Ve, (4.8)
7 (1) = W) + (M) W) + (M) = 2. (D) |
TrPe + Pe = —CV - v
and may be used for modelling a high molecular weight fluid, in order to fit a dilute polymeric solution composed of a Newtonian

solvent and a polymeric solution with more accuracy (for example confined in microtubes [33, 34, 21]).
Meanwhile, in the inviscid case, the evolution system reads

p+pV-v=0,
PV + pyVp + peVO + upRv — pb = —Va/ pq.
peo® + p°OWe,V -v — keAO + V - qe — pr (4.9)

= —peq. - Gc + Vkr - VO,
Tq (@e — WQe) + e = —k. VO,

and furnishes a nonlinear non-Fourier heat conduction theory for a barotropic gas in a porous medium which generalizes the
Cattaneo-Christov model [27] and might be suitable to model the non classical thermal effects in an astrophysical setting. For
example in [35], where the heat transfer mechanisms in solar flares are investigated, it is proven that it is “absolutely necessary”
to take into account the effects of the collisional relaxation of the heat flux.

5. The linearized model: a spectral analysis tool

As a starting point we choose a quiescent homogeneous state, described by v = 0, p = po positive and constant, © = ©q positive
and constant, ge = 0, (M) =0 and p. = 0.
In order to better understand the strengthness of our modelling, we now linearize system (4.2)—(4.7) around the above
equilibrium solution, by introducing a perturbation state §*s, given by 6*v = v, §*p, 6"©, §*"qe = ge, 6" (Me) = (M) and 6" pe = pe.
For small perturbations, we easily obtain the linearized system

8 pt =—poV -6,

* * 1 * *
oty =+ (85w + (6(0) + 3s(0)) V(T +5°) ~ oRE'w
— po(0)V&*p — paW,e(0)VE* O 4+ V-6 (M) — V& pe
00€s(0)8"0: = — p©oWe,(0)V - 6*v + ke (0)AG* O — V - §°qe (5.1)

T2(0)8" (M), = = 6" (Me) + 1e(0) [V6'v + V5V | — %ue(ow e

Tr(0)0 pet = — 6" pe — ((0)V - 8V,
74(0)0"qer = — 6"qe — ke(0)V5 O,

where we have used the notation (0), to denote the constancy of previous parameters as evaluated at equilibrium state.

As it is customary in linear stability analysis, we introduce a spectral tool in order to investigate the behavior of these
perturbations. So, in spatially unbounded domain, we address to the Fourier modes technique, and look for perturbations of the
dispersive wave form

0 7& §*s = Slei(k-x—wt)

where s; is the constant amplitude, k is the (real) wave number vector, with k? > 0, and w denotes the frequency of the
disturbance.
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In the sequel, for simplicity, we omit the notation (0), without misunderstanding. By using standard identities, from (5.1) we
easily get the linear algebraic system for the perturbation amplitude s; = (p1, vi, ©1, M1, p1, 1)

wp1 — pov1 -k =10,

— . . 1 .
powvi = C2pik + pgWoeO1k — ipsk’vy — i (cs + gus) (v1-k)k — ippRvy — Mik + pik,

poeow®i + pgQoWepvi -k = —ikr©1k” +q1 - k,

) (5.2)
(Tew + 1) M1 = —pte <V1®k+k®V1 — 3w -k]I> .
(Tew +7) p1 = Cev1 -k,
(Tqw + 1) a1 = ke©rk,
where, for brevity, we have simplified the notations, as follows
My = (M), , pr="Per, A1 =Qe1,
and C2 is now the isothermal sound speed. Moreover, from (4.1), we have eo = —OpVee, and hence, since phenomenological
observations suggest eg > 0, it is likely that Voo < 0.
The momentum equation (5.2); and the thermal constitutive equation (5.2)s may be resolved in normal (n = ¥, parallel

to the wave number vector) and tangential components along two orthogonal transverse directions t1 and t2, by using the
decomposition formula

k\ k
u= (u-;)z+(U't1)t1+(U't2)t2.

For w # 0, from (5.2)1 we derive the link

pP1 = %Vl -k (53)

whereas for T,w + i # 0, from (5.2)s we find
ke

p— 2 . = .:
qu k*qu+/@1k' q-t; =0,/ =1,2. (5.4)

Finally, for Trw + i # 0, from (5.2)4 5, we easily recover the new relations

4 Lek? _ Uek? .
nlk-k——3Tﬂw+iV1-k, nlk't,——Tww+iV1't,,I—].,2, (5.5)
Ce
= - 5.6
b1 'r,rw—&—/v1 ( )

Let now w ¢ {0, —%, —#}; by gathering the previous relations (5.3)—(5.6), we reduce the dispersion system (5.2) to the
following Cramer form in the essential amplitudes vi - n, vi - t;, (i = 1,2) and ©;

. s | 4 . k2 . 4 _
w? — C2Kk? + iwk? <——|—fl/5 + vpRiw — w - C——Fﬂ/e vi-n—poVewkO: =0,
oo 3 Trw+1 \po 3
o, NS .
W+ ivsk® + vpRI — - Jvi-t; =0, i=1,2, (5.7)
T + 1
00QoVe, [  Xek _
T Vi n+<k+lxpk o ©: =0,

where we have still used the well-known notations for the kinematical viscosity v = u/p, whereas x = k/pes stands for the
classical thermal diffusivity.
By applying the Cramer’s rule on system (5.7), the general dispersion relation follows straightaway

S 2 e e 2 WQ
{[MQ_C§k2+/UJk2 (2—+fus>+uDRiw— wk (C—+ﬂue)} x<9+ixpk— Xek ) + PO Vep L
0
(5.8)

3 Trw +1 \po 3 k Tqw + 1 eo

2 2
x(w+iusk2+uDRif vek ) —0.
T1|-UJ+I

As Wgo < 0, the parameter ki, defined as in [27] by

—2
_ p%w@p

ky —
Voo

may be henceforth considered negative.
Now we are going in performing a detailed discussion of the dispersion equation (5.8) in some significant limit cases, having
in mind future applications of our modelling.
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5.1. The linearized isothermal J-S viscoelatic fluid in a porous medium: viscoelastic-poroacoustic dispersive waves

In this case (5.8) leads to the following separate dispersion relations

2 2
(w+iusk2+uDRi— i) -0,

Te + 1
ot - (5.9)
. 4 . 4
wQ—C§k2+/wk2 é—&—fus +UDRIUJ—UJ7_ &—&—fue =0,
oo 3 Tew +1 \po 3
which account for transverse and longitudinal modes, respectively.
Setting
Vs + Ve > CS+<6 4 vs+ ve
C2 _ S ' C — o ’
VT P VL poTn + 3 T
it is an easy matter to rewrite the previous dispersion relations (5.9) in terms of the growth rate parameter 0 = —jw:
1 R
02+0<T—+u5k2+uDR)+C\2/Tk2+UD =0,
w1 ¢ 4 ’ R C3k? (5.10)
o 40’ (—+—5k2+£k2+uDR) +o (C\Z/Lk2+C§k2+UD—) +=""=0,
Tn Po 3 ™ Tr

At a first sight, it may be emphasized the jointly damping effects of the porous and solvent terms. Even in the absence of the
solvent component (hyperbolic model), the presence of the Darcy term changes the behavior of both transverse and longitudinal
viscoelastic-poroacoustic waves, but it is worth to note that the diffusion term strengthens the stabilizing effect.

With regard the cubic equation (5.10)2, by applying the Routh-Hurwitz stability test, we may establish the asymptotic stability
of the equilibrium state. As a matter of fact, we know that the solutions to (5.10)> have negative real part (and this guarantees
the asymptotic stability of the modes) if and only if all the coefficients are positive and the following condition

21,2
<i bl e +1/DR) (C\Q,LkQ + 2+ @) L S
Tr  Po 3 Tr Tr

holds. In our case this condition is trivially satisfied.

In the hyperbolic case (vs = {s = 0) the purely oscillatory regimes are lost, and hence we always obtain (fast and slow) damped
longitudinal viscoleastic-poroacoustic dispersive waves.

Transverse modes are now investigated by solving the quadratic equation (5.10)1; meanwhile in the incompressible case it is
the unique dispersion relation to be commented.

In the absence of the porous term and for a purely polymeric melt (vp = vs = 0), the quadratic equation simplifies to

0>+ 0+ vk =0,

which admits the solutions

1 1 v
+

Y
g 2Ty 472 T

2
In view of the smallness of the relaxation time 7, the nature of o is generally responsible of two distinct regimes, given by
transverse shear modes exhibiting a damped oscillatory behavior, so the purely oscillatory shear waves are lost. Obviously, such
behavior is strengthened by the additional presence of the Darcy term.

For polymeric solutions with positive solvent viscosity (vs > 0), negative elastic viscosity (ve < 0) and again in absence of
porous effects (vp = 0), we may introduce the viscoelastic dimensionless retardation parameter r; so that

Vs = Inl, Ve=(1—rr)v, TD = Trlr .

Then (5.10); reads
Tx0° + 0 (14 v1pk®) + vk> =0 (5.11)
and its solutions become
+  —1—vrpk® £ VA
o 2T '

g

with
A = PRk + 20k (Tp — 270) + 1.

We immediately realize that, whenever Tp — 27 > 0, we have A* > 0 for any k2 > 0, so that o are real and negative and this
allows the exponential decay in time for any transverse Fourier modes.
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This is in agreement with the findings in [36] for the analogous dual-phase-lag heat model, within the first order Taylor
approximation. Nevertheless, following the procedure of [37], in the same heat frame, we can see that the general stability
discussion is strictly related to the sign of 1 — r. In fact, by solving the bi-quadratic equation A* = 0, we find

—v(Tp — 27x) £ VA

2
k® = 242
D

with
N = 40270 (Tn — ) = 42121 — 1) .

So, for rr > 1, corresponding to the empirically legitimated retarded response of D on I (see e.g.[38]), we still recover the
previous exponentially decreasing regimes, while, for rr < 1, besides such regimes, we also obtain damped oscillatory viscoelastic
modes (transverse shear dispersive waves), accounting for the stabilizing presence of the Newtonian stress.

In conclusion, the equilibrium solution is always asymptotically linearly stable independently on the sign 1 — ry, contrarily to
the nonlinear stability results proven in [19], where, by using energy arguments, we showed that asymptotic nonlinear stability
may be recovered only in the range 1 < rpx < %

5.2. The linearized inviscid case: thermo-poroacoustic dispersive waves

In this context, relation (5.8) reduces to the form

2 2 2,2 . w o Xek
(w+ voRi)? | (w® = CSk* + vpRiw) (; +ixrk — m) - |k1\wk} =0. (5.12)

From (5.12) we firstly derive a stable mode due to the presence of the Darcy term with the frequency
w = 71'I/DR,
but also the general dispersion equation

k

(w® — C2K* + vpRiw) (% + ixrk — L) = |ke|wk, (5.13)

TqW + 1
which accounts for the coupled thermo-poroacoustic effects.
It is worth to note that, when the coupling parameter k; vanishes and also vp = 0, acoustic and thermal responses are

completely separate.
The split form of (5.13) gives

W= CP =0, Tw? +iw(l+4xek’Tq) — (XF + X )k* =0. (5.14)

From (5.14); we find the stable modes, corresponding to oscillatory acoustic dispersive waves. Then, if we introduce the thermal
dimensionless retardation parameter r, and pose

ke = rqk , ke = (1 —rq)k, To = Tqlyq ,

(5.14), yields the following equation
T40° + 0 (1 +xTek®) +xk* =0. (5.15)

Since it is formally similar to (5.11), the linear stability analysis follows straightaway. In particular, the asymptotic stability
is always recoverable also in the case rg > 1, namely for T¢ > T4, describing the retarded response of VO on q, which is
experimentally possible even if in disagreement with the causality principle (see e.g. [23]).

Within the incompressible setting, we find only transverse thermo-poro dispersive waves, accounting for the dissipative effects
due to the simultaneous presence of the porous and Fourier terms.

We now focus our attention on the general dispersion equation (5.13).

In absence of porous effects, it is a simple matter to rewrite it as the following quartic equation in o

1 1 k
o*+a° (? + ka2> +0? (CC+Ci+ k) K +0o [c_f (xpk2 + ?) + 'T—lq K>+ CICik =0, (5.16)
q q q
where we have defined C2 = xebxe,
When xr = 0, the model becomes hyperbolic and C2 represents the square of the thermal wave speed in the absence of
compressional effects, which is typical of the non-Fourier hyperbolic models. It is worth to note that, in this case, equation
(5.16) accounts for coupled (fast and slow) thermo-acoustic longitudinal dispersive waves, which in turn may be compared with

the analogous longitudinal waves, investigated in [27] within the nonlinear wave propagation frame.
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Nevertheless, in our linear framework and, analogously to the viscoelastic setting, purely oscillatory (transverse and
longitudinal) dispersive waves are lost.

By employing the Routh-Hurwitz stability criterion, equation (5.16) allows for recovering the exponentially asymptotic
stability of the homogeneous equilibrium state, regardless of the sign of (1 —rg). In fact, its solutions have negative real
part (corresponding to four asymptotically stable modes) if and only if, besides the positivity of the coefficients, the further
conditions

(1+ Toxrk®) (C2+ CF + lkal) — [C2 (14 Taxrk®) + |kil] > 0,
(14 Toxrk?) (C2+ C2 + [ka]) [C2 (1 + Taxrk?) + [ka|] — (1 + Taxrk?)® C2C2 — [C2 (1 + Taxr k) + [kal]® > 0

hold. The validity of these conditions can be trivially checked.

5.3. A link with the non-isothermal Kelvin-Voight viscoelasticity

It is noteworthy that, only within the linear theory, by employing the phase-lag concept together with “backwards” temporal
shiftings, a Kelvin-Voight viscoelastic model is always derivable from a Jeffreys-type viscoelasticity (see e.g. [4]). This is strictly
related to the fact that a single-phase-lag theory is always recoverable from a dual-phase-lag theory if one works with a difference
delay parameter.

In our setting the difference delay parameter is just given by 7(1 — rx); so, up to a first-order Taylor approximation, we
recover a viscoelastic model of Walters-B type when rr < 1, whereas the linear viscoelastic theory of Rivlin-Ericksen type is
obtained for ry > 1.

For polymeric liquids the new constitutive equation reads

0

n=2u DfTw(lfrﬂ)aD (5.17)

which may be further generalized to account for compressional terms.

In spatially unbounded domains and in a complete agreement with the results concerning the phase-lag heat theories [37], we
can show that the retarded response of D on I is always stabilizing, on the contrary the advanced behavior leads to the onset
of viscoelastic instabilities.

Following the same linear stability tool as before, but starting from equation (5.17), we obtain the linearized perturbation
system

VvV -§'v =0,

8wy = — %V(S*p + VAS'V — vTr(1 — rx) A8 Ve — vpRE"v .

Looking for Fourier modes perturbations, we easily get the simplified dispersion system

Vl‘k:O,

oV = f%ik +v[=14Tx(1 = rx)o] k*vi — vpRv1

where p; is now the amplitude relative to the pressure p.
In view of the constraint v; - k = 0, we find only transverse modes and, by solving the final dispersion relation, we have

vk?® + UpR

o= 1= (1—r)k?

As we can see, the stability discussion is affected by the sign of 1 — rr. Hence, for rr > 1, we always obtain exponentially
asymptotic stability and the Darcy term plays the same role as a cooling effect; on the other hand, for rr < 1, we always have
instability.

6. Final comments

We have investigated the constitutive theory for a new type of thermoviscoelastic polymeric fluid in a porous medium; linear
stability results and rheological analogies with different topics, recommend its applicability in various settings of physics,
astrophysics and biology.

In particular, the characteristics of our hydrodynamical model may fit both chemotactic and gravitational instability
mechanisms; in these contexts, the choice of the additional evolution equation for the chemoattractant and for the self-gravity
potential turns out to be a challenge issue. Indeed, in these research areas the further presence of a magnetic field is unlikely
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to be neglected. To this purpose it is however worth to put into evidence that the coupling between magnetic fields and porous
media should be carefully dealt with caution especially when investigating convection problems (see e.g. [39, 40]).

Besides, numerical simulations indicate that the propagation of incompressible torsional Alfvén waves on vertical flux tubes
be the driving mechanism in generating complex network patterns; so, by comparison, we may conjecture the same ability for
the formally similar incompressible torsional shear viscoelastic waves.

For these reasons, following the arguments of [5], we expect that our (isothermal or not) non-Newtonian environment in
porous media, might describe chemotaxis better than previous hydrodynamical modellings.

Moreover, the interlacing between dissipative and relaxation behaviors both for thermal and mechanical aspects, appears to
be theoretically and experimentally useful, also in connection with the instability of self-gravitating interstellar gas clouds.

In conclusion, throughout this paper we emphasize two relevant interplay effects: firstly, the interchange between diffusion
and elastic properties for mechanical and thermal effects, related to parabolic and hyperbolic modellings; secondly the joint
relation between micro and macro-scales events in any setting, which, in turn, lead to the important connection between kinetic
and continuum theories. In effect the kinetic approach describes not only the micro-scale cellular context, but it becomes an
interesting driver for the related continuum frame.
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