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Abstract
We explore how Stochastic Gradient methods with momentum perform within a
time-varying framework by establishing bounds on their tracking errors, specifically
focusing on quadratic cases. Notably, we find thatmomentummethods achieve, in high
drift-to-noise regimes, i.e., when the rate of change of the dynamic optimum prevails
on the variance of the gradient noise, smaller neighborhood of convergence compared
to stochastic gradient descent. To the best of our knowledge, this is the first proof that
a momentum method can improve upon stochastic gradient descent’s tracking error
bounds in a time-varying setting. We then investigate, for a given learning rate, the
optimal choice of the momentum parameter that minimizes the tracking error bound.

Keywords Stochastic gradient descent · Stochastic heavy ball · Nesterov
accelerated · Optimization

Mathematics Subject Classification 65K05 · 62F12

1 Introduction

1.1 Optimization in the Static Case

Among the numerous optimization techniques available, Stochastic Gradient Descent
(SGD) stands out for its simplicity, scalability, and effectiveness in handling large-scale
data and high dimensional objective functions. Introduced by [23], SGD minimizes
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an objective function by iteratively updating parameters using noisy estimates of the
gradient, often computed over small, randomly sampled subsets of data. Formally,
given an objective function of the form

ł(x) := EX [ f (x, X)], x ∈ R
d , (1)

where X is a random variable representing the data distribution, and f (x, X) is a
stochastic function that depends on both the decision variable x and the random vari-
able X , the SGD algorithm is defined by the following recursive equation

xt+1 = xt − α∇x f (xt , Xt+1), (2)

where α > 0 is the learning rate (or step size) while Xt+1 represents a random
sample drawn from the data distribution X . Thus, under mild regularity conditions,
∇x f (xt , Xt+1) acts as an unbiased stochastic estimator of the gradient of the objective
function, namely

EXt+1

[∇x f (x, Xt+1)
] = ∇x l(x), for all t ∈ N ∪ {0} and x ∈ R

d ; (3)

this property ensures that, on average, the stochastic gradient aligns with the true
gradient, enabling the algorithm to converge in the appropriate setting.

Currently, the most widely used algorithms in practical applications are acceler-
ated or momentum methods. Renowned for their effectiveness, these algorithms have
been empirically found to increase the convergence speed. Indeed, momentum based
gradient descent algorithms are well-known for their ability to enhance convergence
rates in static, deterministic settings [20, 21]. As a foundational approach for modern
adaptive gradient methods likeAdam [15], understanding the properties ofmomentum
algorithms has substantial practical implications.

Historically, the first momentum method to be introduced was the deterministic
Heavy Ball (HB) method [21]. This method is defined by the recursive equation

xt+1 = xt − α∇x�(xt ) + γ (xt − xt−1), (4)

where γ > 0 is known as the momentum parameter. The initial convergence results
for HB by [21] demonstrated its accelerated convergence (in a deterministic setting)
for strongly convex quadratics. A global convergence analysis of HB was provided by
[12], showing that the method applies to convex problems with a Lipschitz-continuous
gradient, even without assuming strong convexity. Recently, [13] demonstrated that
beyond quadratic cases, the HB method cannot achieve an accelerated worst-case
convergence rate on the standard class of smooth, strongly convex problems in higher
dimensions.

The stochastic version of the HB method, commonly referred to as the Stochastic
Heavy Ball (SHB) method, extends its deterministic counterpart (4) to stochastic
optimization settings:

xt+1 = xt − α∇x f (xt , Xt+1) + γ (xt − xt−1). (5)
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[11] established almost sure convergence of (5) for general non-convex coercive func-
tions, also examining convex and strongly convex potentials. Their work provides
non-asymptotic results for the SHBmethod. Some limitations were identified by [14],
who demonstrated that simple problem instances exist where SHB fails to outperform
SGD, even with optimal parameter settings. Subsequently, [18] established the first
linear convergence rate for SHB on quadratic objectives.

Another renowned momentum method is Nesterov’s Accelerated Gradient descent
(NAG) that was developed by [20] to achieve an accelerated convergence rate for
smooth convex optimization problems. The NAG method can be written in a single
recursive equation as

xt+1 = xt − α∇x�
(
xt + γ (xt − xt−1)

) + γ (xt − xt−1),

where γ > 0 is again the momentum parameter.
Similarly as before, in the stochastic setting, we can define its counterpart which

we call the Stochastic Nesterov’s Accelerated (SNA) method. It can be written as

xt+1 = xt − α∇x f (xt + γ (xt − xt−1), Xt+1) + γ (xt − xt−1). (6)

In the stochastic approximation framework, [2] showed that the SNA method con-
verges to a neighborhood of the optimal point at the same accelerated rate as in the
deterministic case. However, in the finite-sum setting, they proved that SNA may
diverge with the standard choice of learning rate and momentum unless additional
problem-specific conditions are met. Meanwhile, [27] studied the SNAmethod with a
constant learning rate and diminishing momentum, demonstrating linear convergence
when the gradient variance vanishes at a stationary point.

1.2 Optimization in the Dynamic Case

Traditional optimization techniques typically assume a static environment, where
parameters and constraints remain constant over time. However, real-world systems
are often dynamic, with underlying parameters that fluctuate as conditions change.
Static optimization approaches can fall short in capturing these variations, potentially
leading to suboptimal solutions in practice. As a result, there has been a growing
interest in time-varying optimization, a paradigm that explicitly incorporates tempo-
ral changes into the optimization framework. Formally, the goal is to find or track the
sequence of time-dependent optima defined as:

x�
t = argmin

x∈X
ł(t, x), t ∈ N,

whereX ⊂ R
d is typically a convex set and {ł(t, ·)}t∈N denotes a sequence of objective

functions, often assumed to be smooth and convex. Since we will be analyzing the
stochastic setting, we consider sequences of the form

ł(t, x) := EXt [ f (x, Xt )], t ∈ N, x ∈ R
d; (7)
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here the data distribution Xt is allowed to change with t (cf. (1)).
This formulation is closely connected to adaptive stochastic approximation.A recur-

sive estimator with a non-vanishing learning rate can continually react to a moving
parameter, but faster adaptation also transmits more observation noise. The resulting
trade-off between tracking ability and noise rejection is central in adaptive filtering and
online system identification [17]. It also appears in continual learning, where a learner
processes a nonstationary data stream and must remain plastic enough to follow distri-
butional change while retaining stable performance on previously encountered data.
Distributional-drift models provide an optimization-based description of this aspect
of continual learning [9].

The time-varying setting has been the focus of extensive study, with foundational
contributions by Polyak [21, Chapter 6], who was among the first to formally address
the scenario in which the optimum evolves over time, a context he termed the non-
stationary case. Polyak demonstrated that by applying a gradient descent algorithm
using, at each time t , the gradient of the corresponding function in the objective
function sequence, it was possible to track a minimum that evolved smoothly over
time. Subsequently, numerous other works emerged, providing theoretical tracking
error bounds for gradient-based algorithms [22], [5], [10].

In the context of time-varying systems, Simonetto et al. [25] were the first to explore
prediction-correction algorithms, which include both a prediction step and a corrective
adjustment (typically performed using gradient descent). More recently, Madden et al.
[19] analyzed a general first-order framework, establishing a universal lower bound on
tracking iterate error. Additionally, they proposed a ‘long-step’method, demonstrating
that it achieves this lower bound up to a fixed constant. For a review of time-varying
optimization schemes see also [26].

Several studies have also addressed the stochastic time-varying setting. In such
cases, the analysis typically assumes access to a stochastic gradient at each time t ,
which plays the role, as we mentioned above, of an unbiased estimate of the determin-
istic gradient for the corresponding objective function. Formally, the canonical SGD
update rule at each iteration t becomes

xt+1 = xt − α∇x f (xt , Xt+1), (8)

where now ∇x f (x, Xt+1) is an unbiased estimator of ∇x ł(t + 1, x), i.e.

EXt [∇x f (x, Xt )] = ∇x l(t, x), for all t ∈ N, x ∈ R
d . (9)

We remark that, while the recursive scheme (8) is identical to (2), the unbiasedness
condition (9) differs from (3) in the fact that the law of Xt may vary with t (thus
producing a time-varying objective function ł(t, ·)).

In [6], rigorous bounds on the tracking error of stochastic gradient algorithms
like the one defined by (8) applied to a time-varying problem are established. In a
statistical context, Lanconelli and Lauria [16] investigated tracking errors in stochastic
gradient algorithms designed to track a time-varying parameter. This analysis involved
comparing the derived error bounds to the variance of other statistical estimators. In [9],
novel non-asymptotic convergence guaranteeswere provided for stochastic algorithms
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with iterate averaging. The analysis focuses on establishing bounds that hold both in
expectation and with high probability for problems exhibiting concept drift, where the
underlying hypothesis may evolve over time.

Although recent work by Sahu et al. [24] studies fixed-momentum SGD for non-
stationary strongly convex objectives and shows that momentum can incur an inertia
penalty after distribution shifts, to date, relatively little attention has been devoted
to the study of momentum algorithms in the time-varying settings. In this paper,
we establish tracking error bounds for momentum algorithms within a time-varying
framework, focusing on quadratic problems with a time-dependent optimum, where
SHB is equivalent to SNA. Specifically for quadratic problems with a time-varying
optimum, we show that momentum methods achieve, in high drift-to-noise regimes,
i.e. when the rate of change of the dynamic optimum prevails on the variance of
the gradient noise, smaller error bounds than SGD when using a fixed learning rate.
While SHB or SNA do not reduce the convergence neighborhood of SGD in a static
setting with a fixed learning rate when optimizing quadratic functions, they do so in a
dynamic, time-varying context. To our knowledge, this is the first proof demonstrating
that momentum methods can improve upon the tracking error bounds of SGD.

2 Statement of theMain Results

Our analysis focuses on quadratic objective functions, which are widely used in the
theoretical study of optimization algorithms with momentum due to their analytical
tractability [18], [11]. The quadratic objective functionswewill consider can bewritten
in the form

ł(t, x) = EXt

[
(x − Xt )

2

2

]
, t ∈ R, x ∈ R (10)

and hence, following the notation in (7),

f (x, Xt ) = (x − Xt )
2

2
t ∈ R;

(see [23] for a similar setting). Here, {Xt }t≥1 is a sequence of independent random
variables with

E[Xt ] = x�
t and V[Xt ] = σ 2 for all t ∈ N;

in particular, {x�
t }t∈N is a sequence of real numbers while σ 2 is a positive constant.

Since the optimum of x �→ ł(t, ·) in (10) is achieved at x�
t , the optimization problem

related to the objective functions ł(t, x) is classified as time-varying.

Remark 2.1 For clarity of exposition, we develop our results in the one–dimensional
setting. When the covariance matrix of Xt is diagonal the extension to R

d is direct,
all statements carry over coordinate–wise without modification. For a general (full)
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covariance matrix, the same conclusions obtains by applying a simple diagonalization
argument to the covariance matrix � and leveraging the linearity of the recursive
equations. Alternately, one can apply an appropriate preconditioning on the gradient
(see [1]) —or perform a Newton update. That is, let Xt ∈ R

d be a random vector with
E[Xt ] = x�

t and Cov(Xt ) = � 	 0. Consider the quadratic objective

�(t, x) = 1
2 E

[
(x − Xt )


�−1(x − Xt )
]

(11)

The gradient and Hessian are

∇x�(t, x) = �−1(x − x�
t ), ∇2

x �(t, x) = �−1. (12)

Hence, a Newton update with step size η > 0 is

xt+1 = xt − α
(∇2

x �(t + 1, xt )
)−1∇x�(xt , Xt+1) = xt − α��−1(xt − Xt+1) (13)

= xt − α(xt − Xt+1). (14)

which coincides with the scalar update applied componentwise.

The SHBmethod has been extensively studied in the context of quadratic objective
functions [18], [11], as these functions serve as a baseline model for understanding the
behaviour of stochastic optimization algorithms. The focus on quadratic objectives is
particularly useful for deriving precise theoretical results, as amore general framework
can often lead to significant analytical complexity, especially in the stochastic setting.

For the specific case of quadratic objective functions defined in (10), the general
SHB update equation (5) simplifies to

xt+1 = xt − α(xt − Xt+1) + γ (xt − xt−1).

or equivalently,
xt+1 = (1 − α)xt + αXt+1 + γ (xt − xt−1).

Notably, in the quadratic objective function case we are considering, the SNAmethod
takes the form

xt+1 = (1 − α)xt + αXt+1 + γ (1 − α)(xt − xt−1).

that up to a reparametrization γ̃ = γ (1 − α) is equivalent to the SHB method. Since
we will be focusing on the quadratic case, we will henceforth refer to the algorithm
under study simply as momentum methods.

To establish our primary result, we introduce a condition on the time-varying opti-
mal solution we aim to track. This condition, which is commonly employed in the
literature on time-varying optimization (see [21, Chapter 6], [26]), requires that the
sequence of optima exhibit Lipschitz continuity over time.
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Assumption 2.1 (Lipschitz continuity of the optima)
There exists a positive real constant K such that

|x∗
t+1 − x∗

t | ≤ K , for all t ∈ N.

We are now prepared to present our first main theorem that finds explicit error
bounds on momentum methods. To make the result easier to state and interpret, we
first introduce the notation used in its formulation. Let

E := {
(α, γ ) ∈ (0, 1) × [0, 1) : 0 ≤ γ < (1 − √

α)2
}
,

and, for (α, γ ) ∈ E , set

	(α, γ ) := 1 − α − γ, L(α, γ ) := 1 − α + γ,

μ(α, γ ) :=
√
L2(α, γ ) − 4γ , λ1,2(α, γ ) := L(α, γ ) ∓ μ(α, γ )

2
,

ρ−(α, γ ) := 2γ

	(α, γ ) − μ(α, γ )
, ρ+(α, γ ) := 2γ

	(α, γ ) + μ(α, γ )
.

Here λ1 and λ2 will be the two characteristic roots of the homogeneous momentum
recursion.

Define coefficients

A(α, γ ) :=
α4

μ2(α,γ )
ρ2+(α, γ )(1 + ρ−(α, γ ))2

1 − λ21(α, γ )
+

α4

μ2(α,γ )
ρ2−(α, γ )(1 + ρ+(α, γ ))2

1 − λ22(α, γ )

− 2
γ

1 − γ

α2

μ2(α, γ )
, (15)

and

B(α, γ ) :=
(

α

μ(α, γ )

|(1 − α)ρ+(α, γ ) − γ |
1 − λ1(α, γ )

+ α

μ(α, γ )

|(1 − α)ρ−(α, γ ) − γ |
1 − λ2(α, γ )

)2

. (16)

Then we can state the following theorem, whose proof can be found in Sect. 5.

Theorem 2.1 Consider the momentum method

{
xt+1 = (1 − α)xt + αXt+1 + γ (xt − xt−1), t ≥ 2,

x1 = X1, x2 = X2.
(17)
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Under Assumption 2.1, the functions A(α, γ ) and B(α, γ ) defined above are analytic
in E, and, for every (α, γ ) ∈ E,

lim sup
t→∞

E
[
(xt+1 − x�

t+1)
2] ≤ σ 2A(α, γ ) + K 2B(α, γ ). (18)

The two terms in (18) separate the effects of observation noise and temporal drift: A
measures the amplification of the noise variance,whereas Bmeasures the amplification
of the squared drift bound. The initialization x1 = X1, x2 = X2 does not affect
the asymptotic bound. Indeed, two trajectories driven by the same observations but
starting from different square-integrable initial values differ only by a solution of
the homogeneous momentum recursion. Since both characteristic roots have modulus
strictly smaller than one for (α, γ ) ∈ E , this difference decays geometrically in mean
square. Thus initialization affects only the transient behavior and disappears from the
asymptotic tracking error.

The special case γ = 0 is stated explicitly in the following remark.

Remark 2.2 The bound (18) with γ = 0 aligns with the tracking error bounds estab-
lished for SGD in [4], i.e.

lim sup
t→∞

E[(xt+1 − x�
t+1)

2] ≤ σ 2 α

2 − α
+ K 2

(
1 − α

α

)2

,

thereby extending and generalizing their results. See also [8] for a similar tracking
error bound.

Remark 2.3 Independence across time is used in the proof only to eliminate cross-
covariance terms in the stochastic tracking error. For genuinely correlated observations
the cross-covariance terms must be retained. Under standard short-range dependence
conditions, such as absolutely summable autocovariances, stability still yields a finite
asymptotic tracking bound, but the effective noise level depends on the full autocovari-
ance sequence. See [3] for a treatment on how to proceed with correlated observations.

Due to the complexity of the expressions in the upper bound (18), analytically
proving that the introduction of a momentum term improves the tracking error bounds
is not straightforward. To address this, we now present an asymptotic expansion of
the functions in (18) as γ approaches zero. For the proof see Sect. 6.

Theorem 2.2 The functions A(α, γ ) and B(α, γ ) in (18) have asymptotic develop-
ments, as γ goes to 0, given by

A(α, γ ) = α

2 − α
+ 2α(1 − α)

(2 − α)2
γ + 2α(1 + (1 − α)2)

(2 − α)3
γ 2 + O(γ 3),

and

B(α, γ ) =
(
1 − α

α
− 1

α
γ +

(
1

1 − α
+ 2(

α

1 − α
)2

)
γ 2 + O(γ 3)

)2

. (19)
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Combining Theorems 2.1 and 2.2 we can now prove that in high drift-to-noise

regimes, i.e. for σ 2

K 2 ≤ 1, the algorithm with momentum performs better than the
corresponding SGD scheme. This means that there exists a positive γ such that the
upper bound (18) is smaller than the one with γ = 0.

Corollary 2.1 If σ 2

K 2 ≤ 1, then for any α ∈ (0, 1) there exists γ > 0 such that

∂

∂γ

[
σ 2A(α, γ ) + K 2B(α, γ )

] ∣∣∣
γ=0

< 0. (20)

Consequently, for the values of α and γ > 0 such that condition (20) holds, we have

σ 2A(α, γ ) + K 2B(α, γ ) < σ 2A(α, 0) + K 2B(α, 0).

Proof Using the asymptotic expansions of A(α, σ ) and B(α, σ ) from Theorem 2.2 it
is straightforward to see that condition (20) holds true if

σ 2

K 2 <
(2 − α)2

α3 . (21)

Such inequality is always true since σ 2

K 2 ≤ 1 while (2−α)2

α3 > 1 for all α ∈ (0, 1). ��
According to Corollary 2.1, for any α ∈ (0, 1), there exists γ > 0 such that the
error bound of the momentum method is smaller than that of the corresponding SGD
algorithm.

2.1 Interpretation of the Bound

For a general target sequence {x�
t }t∈N satisfying

|x�
t+1 − x�

t | ≤ K ,

the right-hand side of the bound in Theorem 2.1 is a uniform guarantee over all admis-
sible drift sequences. The assumption controls the size of each increment but not its
temporal pattern; consequently, the bound need not be equal to the true asymptotic
tracking error for a particular sequence. Thus, in this general setting, Corollary 2.1
establishes that momentum can improve the guaranteed tracking neighborhood, rather
than asserting that it decreases the true tracking error for every admissible drift. For a
linear drift, however, the true asymptotic error can be computed explicitly and com-
pared directly with the bound revealing that themomentummethod improves the exact
tracking error in such a setting.

Indeed, suppose that

x�
t = c + bt, Xt = x�

t + εt ,
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where the random variables εt are independent, centered, and have variance σ 2. Let
et = xt − x�

t . Since x
�
t+1 − x�

t = b, the tracking error of SHB in this case satisfies

et+1 = (1 − α + γ )et − γ et−1 − (1 − α − γ )b + αεt+1.

For 0 < α < 1 and 0 ≤ γ < 1, this is a stable second-order autoregressive, or AR(2),
recursion: et+1 is a linear function of the two preceding errors et and et−1, a constant
forcing term, and the new innovation αεt+1; see, for example, [7, Chapter 3]. Here
stability means that the two roots of the characteristic polynomial

p(r) = r2 − φ1r − φ2, φ1 = 1 − α + γ, φ2 = −γ,

lie strictly inside the unit disk. For an AR(2) recursion this is equivalent to

1 − φ1 − φ2 > 0, 1 + φ1 − φ2 > 0, 1 + φ2 > 0.

In the present case,

1− φ1 − φ2 = α > 0, 1+ φ1 − φ2 = 2− α + 2γ > 0, 1+ φ2 = 1− γ > 0.

Consequently, the effect of the initial conditions decays geometrically, and the recur-
sion admits a unique covariance-stationary solutionwith finite variance. The stationary
mean is

mγ = −1 − α − γ

α
b.

And the Yule–Walker equations give the stationary variance

vγ = σ 2 α(1 + γ )

(1 − γ ) [2(1 + γ ) − α] .

Thus the initialization vanishes asymptotically and we have

lim
t→∞E

[
(xt − x�

t )
2
]

= σ 2 α(1 + γ )

(1 − γ ) [2(1 + γ ) − α] + b2
(
1 − α − γ

α

)2

. (22)

Where equation (22) follows from E[e2t ] = vγ + m2
γ .

One can notice that the exact error for linear drift and the upper bound of Theorem
2.1 agree at γ = 0 and have the same first derivative:

∂

∂γ

[
σ 2A(α, γ ) + b2B(α, γ )

]
∣∣∣∣
γ=0

= ∂

∂γ
lim
t→∞E[(xt − x�

t )
2]

∣∣∣∣
γ=0

= 2(1 − α)

[
σ 2α

(2 − α)2
− b2

α2

]
.
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This derivative is negative whenever

σ 2

b2
<

(2 − α)2

α3 .

In particular, the condition σ 2/b2 ≤ 1 guarantees that a sufficiently small positive
momentum parameter decreases the exact asymptotic tracking error relative to SGD
in the linear-drift model.

While the momentum parameter γ has been widely recognized for enhancing the
speed of convergence in various settings, this result, to the best of our knowledge,
represents the first instance where a stochastic momentum method has been shown to
improve the neighborhood of convergence in a time-varying setting.

2.2 Beyond Quadratic Objectives: Local Mechanism and Limitations

The exact results above use more than convexity: they rely on the fact that, after
subtracting the moving optimum, the algorithm is a time-invariant linear recursion.
This may not be the case for a general smooth objective.

Consider a sequence of differentiable objectives �t : Rd → R, with minimizers x�
t .

Using similar notation to the one used in the proofs

et := xt − x�
t , dt+1 := x�

t+1 − x�
t , Ht+1 := ∇2�t+1(x

�
t+1),

a Taylor expansion around x�
t+1 gives

∇�t+1(xt ) = Ht+1(et − dt+1) + rt+1.

Where we are calling rt+1 the nonlinear Taylor remainder. Consequently, the tracking
error of a stochastic Heavy Ball update satisfies

et+1 = (
I − αHt+1 + γ I

)
et − γ et−1 + γ dt + (

αHt+1 − I
)
dt+1 − αξt+1 − αrt+1.

(23)

Equation (23)makes precise which part of the quadraticmechanism survives. Its linear
part is again a second-order tracking system driven by drift and stochastic noise. The
final term is absent for quadratic objectives and prevents the proof of Theorem 2.1
from being an exact global analysis in the general nonquadratic case. If the Hessian
is ρ-Lipschitz in a neighborhood of the optimum, then

‖rt+1‖ ≤ ρ

2
‖xt − x�

t+1‖2 = ρ

2
‖et − dt+1‖2.

And the nonlinear remainder is second order in the distance from the point where the
gradient is linearized. From this point additional conditions may be imposed on rt+1
to attempt to extend the results presented in this paper; however, such extensions are
beyond the scope of the present work.

123



   72 Page 12 of 34 Applied Mathematics & Optimization            (2026) 94:72 

Remark 2.4 Suppose that we have smooth strongly convex objective functions such
that

μI � Ht � L I

uniformly in t , and that the Hessian is Lipschitz. If the parameters (α, γ ) give the
linearized recursion a uniform stability margin, that is, perturbations decay geomet-
rically at a rate bounded away from one, uniformly in time and if drift and noise
keep the iterates in a sufficiently small neighborhood of x�

t , then the Taylor remain-
der is of higher order than the linear terms. In this regime one expects the quadratic
bias–variance mechanism to remain predictive. A rigorous extension would addition-
ally require controlling higher moments of the tracking error and showing that the
nonlinear remainder can be absorbed by the stability margin but strong convexity
and smoothness alone do not provide this conclusion globally for a fixed Heavy Ball
parameter.

Remark 2.5 In the case of an ill-conditioned Hessian a Newton-type update may be
used in place of a standard gradient-descent step, which can be interpreted as pre-
conditioning the gradient with an appropriate matrix. Preconditioning replaces the
stochastic gradient g by Pg, using a positive definite matrix P to rescale directions
having different curvatures. In our multidimensional quadratic setting,

g(x, Xt ) = �−1(x − Xt ), H = ∇2� = �−1.

The Newton step preconditioner P = H−1 = � therefore gives Pg(x, Xt ) = x− Xt .
Hence the effective Hessian is the identity and the preconditioned SHB recursion
is precisely the scalar recursion applied componentwise. Without preconditioning,
diagonalizing H = Q diag(λ1, . . . , λd)Q
 gives effective learning rate αλi in the
i-th direction. If λmax/λmin is large, stability in the steep directions constrains α,
leaving slow tracking and potentially large lag in the flat directions. Momentum tuned
to improve the latter may instead cause oscillations or amplify noise in the former.
Thus, without preconditioning, performance depends on the Hessian spectrum and
on the directions of drift and noise. To address this difficulty, one may use direction-
dependent learning rates α = (α1, . . . , αd), with different learning rates assigned to
each dimension.

Remark 2.6 In the case of nonconvex objectives there may be several competing min-
ima, indefinite curvature, bifurcations, or disappearing minimizer branches. In such
a setting the target x�

t may not be unique or continuous, and momentum may cause
transitions between basins. Thus, the present tracking-error theory does not address
the general nonconvex case.

3 Numerical Experiments

We now examine the main qualitative predictions of the theory numerically. We first
test the drift–noise transition and the dependence on the momentum parameter in
the one-dimensional quadratic model. We then observe the effects of dimension in a
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Fig. 1 Drift–noise phase transition. Errors are normalized by K 2. Solid curves are the exact asymptotic
MSEs and markers are estimates from 3,000 paired Monte Carlo runs. Momentum reduces drift-induced
lag but has a larger stochastic-variance coefficient, giving a transition from a drift-dominated momentum
regime to a noise-dominated SGD regime. The sufficient condition R ≤ 1 used in the theoretical result lies
inside the observed momentum regime for both trajectories. The different crossover points also show that
a bound on the one-step drift alone does not encode its full temporal structure

multidimensional quadratic and, finally, test whether the same phenomenon persists
for a nonquadratic logistic regression objective. In all experiments, SGD and SHB are
evaluated on paired realizations of the stochastic inputs.

3.1 Quadratic Objectives

For the first three experiments we use

�t (x) = 1

2
E‖x − Xt‖2, Xt = x�

t + εt ,

with independent Gaussian observation noise. The solid curves below are the exact
asymptotic errors obtained from analytically solving the corresponding linear recur-
sions for the error et := xt − x�

t as in Subsect. 2.2. While the markers are produced
by Monte Carlo estimates.

Drift–noise phase transition. We begin with the central prediction that momentum
is beneficial when drift dominates stochastic noise, whereas SGD becomes preferable
when noise is sufficiently large. We fix α = 0.4, γ = 0.1, and normalize the targets
so that supt ‖x�

t+1 − x�
t ‖ = K = 1. We then vary R = σ 2/K 2 for a constant-velocity

target and for a bounded sinusoidal target.

Dependence on the momentum parameter. For the same constant-velocity and
sinusoidal targets considered in Fig. 1, we fix R = σ 2/K 2 = 1, and vary the momen-
tum parameter γ . Each error is divided by the exact SGD error for the same target. This
experiment illustrates both the gain from moderate momentum and the deterioration
caused by excessive momentum (see Fig. 2).
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Fig. 2 Dependence on γ .We useα = 0.4, K = 1, and R = σ 2/K 2 = 1. Solid curves are exact andmarkers
are obtained from 3,000 paired runs. In both cases the tracking error is U-shaped: momentum first reduces
the drift-induced bias, but its stochastic-variance cost eventually dominates. The different minimizers show
that the preferred momentum depends on the temporal form of the drift, not only on K and σ 2

Fig. 3 Dimension dependence. We use α = 0.4, γ = 0.1, and dimensions d = 1, . . . , 64. Solid curves
are the exact total asymptotic MSEs, while markers are obtained from 1,500 paired runs. With fixed per-
coordinate noise variance, total noise energy grows linearly with d, eventually reversing the momentum
advantage

Dependenceondimension. To isolate dimension fromconditioning,we consider the
same quadratic objective inRd with εt ∼ N (0, Id), so that the Hessian is the identity.
We keep the total drift norm fixed at K = 1, while the per-coordinate observation
variance remains one. Consequently, E‖εt‖2 = d, and increasing dimension moves
the problem toward a noise-dominated regime.

In these experiments, the noise variance is fixed in each coordinate, so the total
noise energy grows as d. If the total noise energy were instead held fixed by taking
εt ∼ N (0, Id/d), the isotropic quadratic model would exhibit no dependence on
dimension. Thus, Fig. 3a and b illustrate the effect of accumulating independent noise
across dimensions, not an intrinsic deterioration caused by high dimension itself.
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3.2 Beyond Quadratics: Time-Varying Logistic Regression

We finally test the phenomenon on a standard nonquadratic statistical objective. In
particular we choose as a toy model the case of a logistic regression objective function

f (θ; z, y) = log
(
1 + ez


θ
)

− yz
θ,

where z ∼ N (0, I5) and, conditionally on z,

P(y = 1 | z) = s(z
θ�
t ), s(u) = 1

1 + e−u
.

The correctly specified population logistic risk is minimized at θ�
t . We let this mini-

mizer rotate according to

θ�
t = 1.5

(
cos(2π t/512), sin(2π t/512), 0, 0, 0

)
.

Unlike the quadratic model, the Hessian

E

[
s(z
θ)

(
1 − s(z
θ)

)
zz


]

depends on the current parameter. The experiment is therefore an empirical test of
whether the tracking mechanism persists beyond the constant-Hessian setting (see
Fig. 4).

4 A Special Choice for �

A natural question that arises at this point is: what value of γ should be selected in
the general setting where the exact dynamics of the drift are unknown? In this section
we provide a heuristic discussion for the choice of a guaranteed-improvement choice
of γ . To this aim, let us set

ES(α, σ, K ) := σ 2
(

α

2 − α

)
+ K 2

(
1 − α

α

)2

(24)

and

EHB(α, γ, σ, K ) := σ 2
(

α

2 − α
+ 2α(1 − α)

(2 − α)2
γ

)
+ K 2

(
1 − α

α
− 1

α
γ

)2

; (25)

the expression in (24) stands for the upper bound of the SGD method while (25) cor-
responds to the upper bound of the momentum algorithm where we have truncated the
expressions obtained in Theorem 2.2 at first order in γ . Accordingly, the calculations
below concern this surrogate and not the exact momentum bound.
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Fig. 4 Time-varying logistic regression. SGD and SHB use fresh mini-batch stochastic gradients with
step size α = 0.1. The vertical axis is E‖θt − θ�

t ‖2 divided by the SGD error for the same mini-batch size.
Curves are obtained from 300 paired runs, and filledmarkers identify the best tested γ .Momentum improves
tracking over a broad range for all three mini-batch sizes. As the mini-batch size grows and gradient noise
decreases, the best tested momentum shifts from 0.65 to 0.75 and 0.80, while the corresponding relative
MSEs decrease from 0.452 to 0.295 and 0.187. Excessive momentum again worsens tracking. These
results provide empirical, rather than theorem-derived, evidence that the momentum effect persists for a
nonquadratic objective

Let R := σ 2

K 2 . We suppose α ∈ (0, 1) is fixed and find the value of γ that maximizes
the gap

G(α, γ, σ, K ) := ES(α, σ, K ) − EHB(α, γ, σ, K ).

Notice that G(α, γ, σ, K ) > 0 is equivalent to

γ

[(
2(1 − α)

α2 − R
2α(1 − α)

(2 − α)2

)
− 1

α2 γ

]
> 0

or alternatively,

γ

[
2(1 − α)

(
1 − R

α3

(2 − α)2

)
− γ

]
> 0. (26)

The maximum value of γ for which (26) holds is

γ∗(α) = (1 − α)

(
1 − R

α3

(2 − α)2

)
. (27)

Before we plug this value in the algorithm described in Theorem 2.1 we have however
to check whether it lies in the parameter interval covered by that result. That is we
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need to check whether γ∗(α) < γe(α), where we have defined

γe(α) := (1 − √
α)2,

the right end point of the region where the two eigenvalues of the matrix M in the
proof of Theorem 2.1 are distinct. Recalling that 0 < R ≤ 1, it is a simple calculation
to check that

γ∗(α) > γe(α) for all α ∈ (0, 1).

Thus themaximizer of the truncated surrogate lies beyond the interval and so the γ that
maximizes the distance between the upper bounds of SGD and momentum methods
is

γe(α) = (1 − √
α)2 for all α ∈ (0, 1).

This choice does not establish that γe(α) minimizes the true tracking error but it facil-
itates a more structured and manageable formulation of the tracking error bounds,
although the matrix M is no longer diagonalizable and is instead similar to a Jordan
block of order 2. This observation necessitates a modification of the proof tech-
nique used in the preceding theorems to derive the tracking error bounds. The refined
approach is presented in the proof of the following theorem.

Theorem 4.1 Consider the momentum method

{
xt+1 = (1 − α)xt + αXt+1 + (1 − √

α)2(xt − xt−1), t ≥ 2

x1 = X1, x2 = X2.

Then, there exist two functions A(α) and B(α) analytic in (0, 1) such that for all
α ∈ (0, 1) one has

lim sup
t→∞

E[(xt+1 − x�
t+1)

2] ≤ σ 2A(α) + K 2B(α); (28)

furthermore A(α) and B(α) can be written explicitly as

A(α) = √
α
2 − 2

√
α + α

(2 − √
α)3

and

B(α) = 4(1 − √
α)2

α
.

Theorem 4.1 gives a closed-form tracking-error bound for this explicit choice of
momentum. More importantly, its improvement over SGD can be verified directly,
without relying on the truncated surrogate. Indeed, writing s = √

α, comparison with
(24) shows that the bound in Theorem 4.1 is strictly smaller than the SGD bound
whenever

R < Rcrit(α) := (3s + 1)(2 − s)3(2 − s2)

4s5
. (29)
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For s ∈ (0, 1), we have 3 s + 1 > 4 s, 2 − s > 1, and 2 − s2 > 1, and therefore
Rcrit(α) > 1. Consequently, the assumption R = σ 2/K 2 ≤ 1 guarantees that γe =
(1−√

α)2 produces a strictly smaller tracking-error bound than SGD. Thus, although
the optimizer of the original bound or of the true tracking error may occur at another
value, γe is a simple guaranteed-improvement choice in a general setting.

Remark 4.1 The condition
σ 2

K 2 ≤ 1

compares two per-update scales: the standard deviation σ of the observation noise and
the bound K on the one-step displacement of the optimum. It is a simple sufficient
condition, rather than a sharp characterization of when momentum is beneficial. In
particular, the numerical experiments show that the momentum advantage can persist
for σ 2/K 2 > 1, with the crossover depending on the algorithm parameters and on
the temporal structure of the drift. Moreover, because K is a worst-case bound, the
terminology “drift-dominated” is most informative when K is chosen as a tight or
physically meaningful drift scale.

This regime is plausible when the latent parameter changes appreciably between
successive updates while observations or stochastic gradients have moderate variance.
Examples include transient periods following a regime change, adaptive filtering or
online system identification with rapidly varying coefficients, and tracking of time-
varying signals or channels. These are classical settings in which an algorithm must
balance tracking ability against noise rejection [17]. A similar regime can arise in
continual-learning problems when concept drift is appreciable and mini-batch gradi-
ents are sufficiently accurate.

5 Proof of Theorem 2.1

We will divide the proof of Theorem 2.1 in two steps.

5.1 Step One

We rewrite equation (17) as

⎧
⎪⎨

⎪⎩

xt+1 = (1 − α)xt + αXt+1 + γ Bt ,

Bt+1 = xt+1 − xt ;
x1 = X1, x2 = X2;

(30)

moreover, setting for all t ≥ 1

	t = xt − x�
t , Zt = Xt − x�

t and Kt+1 := x�
t+1 − x�

t ,
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system (30) becomes

⎧
⎪⎨

⎪⎩

	t+1 = (1 − α)	t + αZt+1 + γ Bt − (1 − α)Kt+1,

Bt+1 = 	t+1 − 	t + Kt+1;
	1 = Z1, 	2 = Z2;

(31)

We now set Vt = (	t , Bt )
T ; this transforms equation (31) into

[
1 0

−1 1

]
Vt+1 =

[
1 − α γ

−1 0

]
Vt +

[
α − 1
1

]
Kt+1 +

[
α

0

]
Zt+1, (32)

and upon multiplying (32) on the left by

[
1 0
1 1

]
one gets

Vt+1 = MVt + w1Kt+1 + w2Zt+1, (33)

where

M =
[
1 − α γ

−α γ

]
, w1 =

[
α − 1

α

]
, and w2 =

[
α

α

]
.

The matrix M is diagonalizable, with eigenvalues λi , i = 1, 2 given below, and there
exists Q such that Q−1MQ = �, with � diagonal. The transpose MT can also be
diagonalized as (QT )MT (QT )−1 = �. In order to lighten the final expressions of our
result we recall the definitions of some auxiliary functions in α, γ ∈ (0, 1):

	(α, γ ) := 1 − α − γ , L(α, γ ) := 1 − α + γ,

μ2(α, γ ) := 1 + α2 + γ 2 − 2αγ − 2α − 2γ,

ρ−(α, γ ) := 2γ

	(α, γ ) − μ(α, γ )
, ρ+(α, γ ) := 2γ

	(α, γ ) + μ(α, γ )
, (34)

λ1(α, γ ) := L(α, γ ) − μ(α, γ )

2
, λ2(α, γ ) := L(α, γ ) + μ(α, γ )

2
.

It is an easy computation to check that the diagonalizer Q = Q(α, γ ) is

Q =
(−ρ+(α, γ ) −ρ−(α, γ ),

1 1

)
(35)

with inverse

Q−1 = α

μ(α, γ )

(
1 ρ−(α, γ )

−1 −ρ+(α, γ )

)
, (36)

and diagonal matrix

� =
(

λ1(α, γ ) 0
0 λ2(α, γ )

)
(37)

In the region E defined in the statement of Theorem 2.1 the eigenvalues ofM satisfy
the inequalities 0 ≤ λ1(α, γ ) ≤ λ2(α, γ ) < 1. Notice in addition that the quantity

123



   72 Page 20 of 34 Applied Mathematics & Optimization            (2026) 94:72 

μ2(α, γ ) will be non-negative if and only if (α, γ ) ∈ E , i.e.

0 ≤ γ ≤ γe = (1 − √
α)2.

5.2 Step Two

Let us now multiply (33) on the left by Q−1 to get

V̂t+1 = Q−1MQV̂t + ŵ1Kt+1 + ŵ2Zt+1, (38)

with
V̂t := Q−1Vt , ŵ1 := Q−1w1 and ŵ2 := Q−1w2.

Notice that (38) is equivalent to two scalar recursive equations

V̂ (i)
t+1 = λi V̂

(i)
t + ŵ

(i)
1 Kt+1 + ŵ

(i)
2 Zt+1,

whose solutions, assuming for simplicity that V̂1 = 0 ( the initial condition is not
relevant in our analysis since we focus on the asymptotic behaviour of the solution),
are given by

V̂ (i)
t+1 = ŵ

(i)
1

t∑

h=1

Kh+1λ
t−h
i + ŵ

(i)
2

t∑

h=1

Zh+1λ
t−h
i , i = 1, 2. (39)

Our aim is to estimate the quantity

E[(xt+1 − x�
t+1)

2]; (40)

since

xt+1 − x�
t+1 = 〈

[
xt+1 − x�

t+1
Bt+1

]
,

[
1
0

]
〉 = 〈Vt+1,

[
1
0

]
〉,

and Vt = QV̂t , we see that

xt+1 − x�
t+1 = 〈V̂t+1, g〉,

where we set g := QT
[
1
0

]
. Therefore using (39) we obtain

xt+1 − x�
t+1 =

2∑

i=1

g(i)V̂ (i)
t+1

=
2∑

i=1

g(i)

(

ŵ
(i)
1

t∑

h=1

Kh+1λ
t−h
i + ŵ

(i)
2

t∑

h=1

Zh+1λ
t−h
i

)

= Dt + Rt ,
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where

Dt :=
t∑

h=1

(
2∑

i=1

g(i)ŵ
(i)
1 λt−h

i

)

Kh+1, (41)

and

Rt :=
t∑

h=1

(
2∑

i=1

g(i)ŵ
(i)
2 λt−h

i

)

Zh+1.

Thus, exploiting the fact that the random variables Zh’s are independent and have
mean zero, we can evaluate the quantity (40) as

E[(xt+1 − x�
t+1)

2] = D2
t + σ 2

t∑

h=1

(
2∑

i=1

g(i)ŵ
(i)
2 λt−h

i

)2

. (42)

The second term in the right hand side of (42) can be elaborated as follows:

t∑

h=1

(
2∑

i=1

g(i)ŵ
(i)
2 λt−h

i

)2

=
t−1∑

l=0

(
g(1)ŵ

(1)
2 λl1 + g(2)ŵ

(2)
2 λl2

)2

=(g(1)ŵ
(1)
2 )2

t−1∑

l=0

λ2l1 + (g(2)ŵ
(2)
2 )2

t−1∑

l=0

λ2l2

+2g(1)ŵ
(1)
2 g(2)ŵ

(2)
2

t−1∑

l=0

γ l

=(g(1)ŵ
(1)
2 )2

1 − λ2t1

1 − λ21
+ (g(2)ŵ

(2)
2 )2

1 − λ2t2

1 − λ22

+2g(1)ŵ
(1)
2 g(2)ŵ

(2)
2

1 − γ t

1 − γ
,

recalling that λ1 × λ2 = γ . On the other hand, writing (41) as

Dt =
t−1∑

l=0

(
2∑

i=1

g(i)ŵ
(i)
1 λli

)

Kt−l+1 =
t−1∑

l=0

Kt−l+1

(
g(1)ŵ

(1)
1 λl1 + g(2)ŵ

(2)
1 λl2

)
,

and using the bound |K j | ≤ K , for all j ≥ 2, yields

|Dt | ≤ K
t−1∑

l=0

(
|g(1)ŵ

(1)
1 |λl1 + |g(2)ŵ

(2)
1 |λl2

)
,

that is

|Dt | ≤ K |g(1)ŵ
(1)
1 |1 − λt1

1 − λ1
+ K |g(2)ŵ

(2)
1 |1 − λt2

1 − λ2
.
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Combining all the previous inequalities we can conclude that

lim sup
t→∞

E[(xt+1 − x�
t+1)

2]

≤ K 2
(

|g(1)ŵ
(1)
1 |1 − λt1

1 − λ1
+ |g(2)ŵ

(2)
1 |1 − λt2

1 − λ2

)2

+ σ 2
(

(g(1)ŵ
(1)
2 )2

1 − λ2t1

1 − λ21
+ (g(2)ŵ

(2)
2 )2

1 − λ2t2

1 − λ22

+ 2g(1)ŵ
(1)
2 g(2)ŵ

(2)
2

1 − γ t

1 − γ

)
.

Using (34), (35) and (36) we have that

g =
[−ρ+(α, γ )

−ρ−(α, γ )

]
,

and that

ŵ1 = α

μ

[
α − 1 + αρ−(α, γ )

1 − α − αρ+(α, γ )

]
, ŵ2 = α

μ

[
α + αρ−(α, γ )

−α − αρ+(α, γ )

]
.

This means that

(
|g(1)ŵ

(1)
1 |1 − λt1

1 − λ1
+ |g(2)ŵ

(2)
1 |1 − λt2

1 − λ2

)2

≤
(

(
α

μ(α, γ )
|γ + (α − 1)ρ+(α, γ )| 1

1 − λ1
+ (

α

μ(α, γ )

|γ + (α − 1)ρ−(α, γ )|
1 − λ2(α, γ )

)2

.

(43)

By the same token we get that

(g(1)ŵ
(1)
2 )2

1 − λ2t1

1 − λ21
+ (g(2)ŵ

(2)
2 )2

1 − λ2t2

1 − λ22
+ 2g(1)ŵ

(1)
2 g(2)ŵ

(2)
2

1 − γ t

1 − γ

≤
α4

μ2(α,γ )
ρ2+(α, γ )(1 + ρ−(α, γ ))2

1 − λ21(α, γ )

+
α4

μ2(α,γ )
ρ2−(α, γ )(1 + ρ+(α, γ ))2

1 − λ22(α, γ )
− 2

γ

1 − γ

α2

μ2(α, γ )
.

(44)

Calling B(α, γ ) the right hand side of (43) and A(α, γ ) the right hand side of (44) we
have proven (15) and (16) and thus Theorem (2.1).
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6 Proof of Theorem 2.2

The proof of Theorem 2.2 is rather long so again we divide it in several steps.

6.1 Step One

Referring to the notation of Sect. 5.1, it is easy to check that

Mw1 = (1 − α)w1 + γw2 and Mw2 = −αw1 + γw2.

Since we are assuming α > 0, w1 and w2 form a basis of R2 so that we can always
have for some real coefficients gl , hl

Mlw1 = glw1 + hlw2, (45)

for every l ∈ N: g0 = 1, h0 = 0 and g1 = 1 − α, h1 = γ . We want to compute these
coefficients gl , hl for every l ∈ N. By comparing the l + 1 powers from (45) we get

{
gl+1 = (1 − α)gl − αhl
hl+1 = γ (gl + hl)

, (46)

and (46) can be written as

ζl+1 = MT ζl with ζl = (gl , hl)
T . (47)

From (47) we deduce that

ζl = (MT )lζ0 = (MT )l
[
1
0

]
. (48)

Therefore we also have from the preceding form of Q

QT =
(−ρ+(α, γ ) 1

−ρ−(α, γ ) 1

)
,

and

(Q−1)T = α

μ(α, γ )

(
1 −1

ρ−(α, γ ) −ρ+(α, γ )

)
.

Using (48) we get
(MT )l = (QT )−1�l QT , (49)

with � given by (37). Therefore we get from (48) and (49)

gl(α, γ ) = α

μ(α, γ )
(ρ−(α, γ )λl2(α, γ ) − ρ+(α, γ )λl1(α, γ )), (50)
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and
hl(α, γ ) = α

μ(α, γ )
(λl2(α, γ ) − λl1(α, γ ))ρ−(α, γ )ρ+(α, γ ), (51)

for every l ∈ N. Also notice that

ρ−(α, γ )ρ+(α, γ ) = γ

α
.

6.2 Step Two

Let us consider (33) written like

Vt+1 = MVt + St+1,

with St = w1Kt + w2Zt . Then the recursive equation is solved explicitly

Vt = Mt−1V1 +
t∑

h=1

Mt−h Sh . (52)

Sincewe are interested in estimating thefirst component ofVt wemultiply (52) scalarly
by eT1 = (1, 0). Thus we get

	t = 〈MtV1, e1〉 +
t∑

h=1

〈Mt−h Sh, e1〉.

Therefore we have

	t = 〈MtV1, e1〉 +
t∑

h=1

〈w1Kh + w2Zh, (M
T )t−he1〉.

Using (48) we get

	t = 〈MtV1, e1〉 +
t−1∑

l=0

Kt−l((α − 1)gl(α, γ ) + αhl(α, γ ))

+
t−1∑

l=0

α(gl(α, γ ) + hl(α, γ ))Zt−l

= ν1 + ν2 + ν3

. (53)

We now proceed to estimate all the terms coming from squaring 	t and subsequently
applying the E operator to them.
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6.3 Step Three

Let us examine ν2; we have:

ν2 =
t−1∑

l=0

Kt−l

(
(α − 1)

α

μ(α, γ )
(ρ−(α, γ )λl2(α, γ ) − ρ+(α, γ )λl1(α, γ ))

+ αγ

μ(α, γ )
(λl2(α, γ ) − λl1(α, γ ))

)
.

(54)

Let us regroup (54) in this way

ν2 =
(

αγ

μ(α, γ )

(
2(α − 1)

	(α, γ ) − μ(α, γ )
+ 1

)) t−1∑

l=0

Kt−lλ
l
2(α, γ )

−
(

αγ

μ(α, γ )

(
2(α − 1)

	(α, γ ) + μ(α, γ )
+ 1

)) t−1∑

l=0

Kt−lλ
l
1(α, γ ).

(55)

Let us set

�2(α, γ ) := αγ

μ(α, γ )

(
2(α − 1)

	(α, γ ) − μ(α, γ )
+ 1

)
, (56)

�1(α, γ ) := αγ

μ(α, γ )

(
2(α − 1)

	(α, γ ) + μ(α, γ )
+ 1

)
; (57)

it is easily checked that
�2(α, γ ) < �1(α, γ ) < 0,

in the region where μ2 > 0. In the same region ν2 is analytic in (α, γ ).
Our aim now is write Taylor asymptotic developments of all the functions involved

in the computation of ν j , j = 2, 3, uniform in α ∈ (0, 1) when γ is close to 0 in the
region 0 ≤ γ < (1−√

α)2, so that we can measure the effect of "turning on" γ in the
estimate for E[(	t )

2].

6.4 Step Four

Wenow list a number of straightforwardTaylor expansions for all the relevant functions
and their combinations. The following computations are easy albeit tedious:

μ(α, γ ) = (1 − α) − 1 + α

1 − α
γ − 2α

(1 − α)3
γ 2 + O(γ 3),

1

μ(α, γ )
= 1

1 − α
+ 1 + α

1 − α
γ + 1 + 4α + α2

(1 − α)5
γ 2 + O(γ 3),

	(α, γ ) − μ(α, γ ) = 2α

1 − α
γ + 2α

(1 − α)3
γ 2 + 2α(1 + α)

(1 − α)5
γ 3 + O(γ 4), (58)
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	(α, γ ) + μ(α, γ ) = 2(1 − α) − 2

1 − α
γ − 2α

(1 − α)3
γ 2 + O(γ 3),

L(α, γ ) − μ(α, γ ) = 2

1 − α
γ + 2α

(1 − α)3
γ 2 + 2α(1 + α)

(1 − α)5
γ 3 + O(γ 4),

L(α, γ ) + μ(α, γ ) = 2(1 − α) − 2α

1 − α
γ − 2α

(1 − α)3
γ 2 + O(γ 3), (59)

λ1(α, γ ) = 1

1 − α
γ + α

(1 − α)3
γ 2 + α(1 + α)

(1 − α)5
γ 3 + O(γ 4),

λ2(α, γ ) = (1 − α) − α

1 − α
γ − α

(1 − α)3
γ 2 + O(γ 3),

1

1 − λ2(α, γ )
= 1

α
− 1

α(1 − α)
γ − 1

(1 − α)3
γ 2 + O(γ 3), (60)

1

1 − λ22(α, γ )
= 1

α(2 − α)
− 2

α(2 − α)2
γ − 4 − 3α

(1 − α)3(2 − α)
γ 2 + O(γ 3).

Recalling that ρ− = 2γ
	−μ

we get

ρ−(α, γ ) = 1 − α

α

(
1 − 1

(1 − α)2
γ − α

(1 − α)4
γ 2 + O(γ 3)

)
;

similarly, from ρ+ = 2γ
	+μ

we see that

ρ+(α, γ ) = 1

1 − α
γ + 1

(1 − α)3
γ 2 + 1 + α

(1 − α)5
γ 3 + O(γ 4).

We are now ready to start analyzing the coefficients in (57) and (56).

�1(α, γ ) = αγ

μ(α, γ )

(
2(α − 1)

	(α, γ ) + μ(α, γ )
+ 1

)
,

and using the previous expansion it is readily seen that

�1(α, γ ) = − α

(1 − α)3
γ 2 + O(γ 3).

Now let us study

�2(α, γ ) = αγ

μ(α, γ )

(
2(α − 1)

	(α, γ ) − μ(α, γ )
+ 1

)
.

Since what follows is crucial we need to compute everything very carefully:

2(α − 1)

	(α, γ ) − μ(α, γ )
+ 1 = −1 + α − γ − μ(α, γ )

	(α, γ ) − μ(α, γ )
= − L(α, γ ) + μ(α, γ )

	(α, γ ) − μ(α, γ )
. (61)
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This means

�2(α, γ ) = − αγ

μ(α, γ )

L(α, γ ) + μ(α, γ )

	(α, γ ) − μ(α, γ )

= − α

μ(α, γ )

L(α, γ ) + μ(α, γ )

	(α,γ )−μ(α,γ )
γ

= −α

(
2(1 − α) − 2α

1−α
γ − 2α

(1−α)3
γ 2 + O(γ 3)

)

D(α, γ )
,

where

D(α, γ ) = μ(α, γ )
	(α, γ ) − μ(α, γ )

γ
.

Using the previous asymptotic expansions we have that

D(α, γ ) =
(

(1 − α) − 1 + α

1 − α
γ − 2α

(1 − α)3
γ 2 + O(γ 3)

)

×
(

2α

1 − α
+ 2α

(1 − α)3
γ + 2α(1 + α)

(1 − α)5
γ 2 + O(γ 3)

)
.

Combining the asymptotic developments of the numerator and of the denominator
we see that

�2(α, γ ) = −(1 − α) + O(γ 2)

in other words no linear term in γ appears. The coefficient of γ 2 is 1
(1−α)3

. Going back
to (55) we can write

ν2 =
(

−(1 − α) + 1

(1 − α)3
γ 2 + O(γ 3)

) t−1∑

l=0

Kt−lλ
l
2 (62)

+
(

α

(1 − α)3
γ 2 + O(γ 3)

) t−1∑

l=0

Kt−lλ
l
1. (63)

From (62) we derive the estimate of the absolute value of ν2:

|ν2| ≤ |(1 − α) + 1

(1 − α)3
γ 2 + O(γ 3)|K 1

1 − λ2
+ K

(
α

(1 − α)3
γ 2 + O(γ 3)

)
.

(64)
Notice that by (60)

1

1 − λ2(α, γ )
= 1

α
− 1

α(1 − α)
γ − 1

(1 − α)3
γ 2 + O(γ 3)
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and also that λ1(α, 0) = 0 therefore combining the two asymptotic developments we
end up with

|ν2| ≤ K

∣∣∣∣
1 − α

α
− 1

α
γ +

(
1

1 − α
+ 2(

α

1 − α
)2

)
γ 2 + O(γ 3)

∣∣∣∣ .

We can therefore define

B(α, γ ) =
(
1 − α

α
− 1

α
γ +

(
1

1 − α
+ 2(

α

1 − α
)2

)
γ 2 + O(γ 3)

)2

,

and conclude that
ν22 ≤ B(α, γ ).

The analyticity of B(α, γ ) is clear from (64).

6.5 Step Five

Now from (53) we get

	2
t = (ν1 + ν2 + ν3)

2 = ν21 + ν22 + ν23 + 2ν1ν2 + 2ν2ν3 + 2ν3ν1. (65)

Let us examine ν23 :

ν23 =
(

t−1∑

l=0

α(gl(α, γ ) + hl(α, γ ))Zt−l

)2

= α2
t−1∑

l=0

(gl(α, γ ) + hl(α, γ ))2Z2
t−l

+ terms with zero expectation .

From equations (50) and (51) we have

gl + hl = α

μ(α, γ )
(ρ−(α, γ )λl2(α, γ ) − ρ+(α, γ )λl1(α, γ ))

+ γ

μ(α, γ )
(λl2(α, γ ) − λl1(α, γ )).

(66)

We can see that in (66) with l = 0 we have

g0 + h0 = α

μ
(ρ− − ρ+) = 1,

as it is easily verified. Thus we have

ν23 = α2

(

Z2
t +

t−1∑

l=1

(gl(α, γ ) + hl(α, γ ))2Z2
t−l

)

.
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Since we also interested in the first order error in γ we need to be a little more
precise. When l ≥ 1 we have that

(gl(α, γ ) + hl(α, γ ))2 =
[(

αρ−(α, γ )

μ(α, γ )
+ γ

μ(α, γ )

)
λl2(α, γ )

−
(

αρ+(α, γ )

μ(α, γ )
+ γ

μ(α, γ )

)
λl1(α, γ )

]2
.

Now, notice that ρ+(α, γ ) = O(γ ) as well as λ1. More precisely we have

αρ+(α, γ )

μ(α, γ )
+ γ

μ(α, γ )
= 1

(1 − α)2
γ + 1 + 2α

(1 − α)4
γ 2 + O(γ 3),

which gives us

(
αρ+(α, γ )

μ(α, γ )
+ γ

μ(α, γ )

)
λ1(α, γ ) = 1

(1 − α)3
γ 2(1 + O(γ )),

and the term (
αρ+(α, γ )

μ(α, γ )
+ γ

μ(α, γ )

)
λl1(α, γ ),

is O(γ l+1) for every l ≥ 2. Utilizing all the previous asymptotic expansions we have
that (αρ−

μ
+ γ

μ
)2 has the following asymptotic development

(
αρ−(α, γ )

μ(α, γ )
+ γ

μ(α, γ )
)2 = 1 + 2

1

(1 − α)2
γ + 4α + 3

(1 − α)4
γ 2 + O(γ 3).

This implies that modulo O(γ 3) we can write when l = 1

(g1(α, γ ) + h1(α, γ ))2 =
( (

1 + 2
1

(1 − α)2
γ + 4α + 3

(1 − α)4
γ 2

)
λ2(α, γ )

− 2

(1 − α)2
γ 2

)
+ O(γ 3),

and that modulo O(γ 3) we can write when l ≥ 2

(gl(α, γ ) + hl(α, γ ))2 =
(
1 + 2

1

(1 − α)2
γ + 4α + 3

(1 − α)4
γ 2

)
λ22(α, γ ) + O(γ 3),

so that

E[ν23 ] ≤ σ 2α2

(

1 +
(
1 + 2

1

(1 − α)2
γ + 4α + 3

(1 − α)4
γ 2

) ∞∑

l=1

λ2l2 − 2

(1 − α)2
γ 2

)

+ O(γ 3),
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which implies

E[ν23 ] ≤ σ 2α2

(
1

1 − λ22
+

(
2

1

(1 − α)2
γ + 4α + 3

(1 − α)4
γ 2

)
λ22

1 − λ22
− 2

(1 − α)2
γ 2

)

+ O(γ 3).

But we recall that
λ22(α,γ )

1−λ2(α,γ )2
= (1−α)2

2α−α2 − 2
α(2−α)2

γ + O(γ 2), and that

1

1 − λ2(α, γ )2
= 1

α(2 − α)
− 2

α(2 − α)2
γ − 4 − 3α

(1 − α)3(2 − α)
γ 2 + O(γ 3),

eventually yielding

E[ν23 ] ≤ σ 2(
α

2 − α
+ 2α(1 − α)

(2 − α)2
γ + 2α(1 + (1 − α)2)

(2 − α)3
γ 2 + O(γ 3)) = σ 2A(α, γ ).

6.6 Step Six

Going back to equation (65) and applying the expectation E operator we can compute

E[	2
t ] = E[ν21 ] + ν22 + E[ν23 ] + 2E[ν1ν2]. (67)

From (53) ν1 = 〈MtV1, e1〉 Since the spectrum of M and of MT is in (0, 1) any
induced norm of Mt goes to 0 when t → ∞. Indeed, from M = Q−1�Q we have
‖Mn‖ = ‖Q−1(�)nQ‖ ≤ ‖Q−1‖‖Q‖max{λn1, λn2} = C max{λn1, λn2}. From (67) we
conclude that

lim sup
t→∞

E[	2
t ] ≤ σ 2A(α, γ ) + K 2B(α, γ ),

with

A(α, γ ) = (
α

2 − α
+ 2α(1 − α)

(2 − α)2
γ + 2α(1 + (1 − α)2)

(2 − α)3
γ 2 + O(γ 3))

and B(α, γ ) =
(
1 − α

α
− 1

α
γ +

(
1

1 − α
+ 2(

α

1 − α
)2

)
γ 2 + O(γ 3)

)2

.

6.7 Proof of Theorem 4.1

The special value γ = (1 − √
α)2 is chosen in such a way as to maximize the

negative contribution of B(α, γ ) in (19), thus causing the function μ(α, γ ) =√
1 + α2 + γ 2 − 2αγ − 2α − 2γ in the statement of Theorem2.1 to vanish and hence

generating an eigenvalue λ(α) = 1−√
α of multiplicity 2 in the matrix M . The com-

putation proceeds formally as in Sect. 6.1 until we get to

ζl = (MT )lζ0 = (MT )l
[
1
0

]
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where now the matrix M is given by

M =
[
1 − α (1 − √

α)2

−α (1 − √
α)2

]

It is easy to verify thatM has a unique double eigenvalue λ = 1−√
α and thatM−λI2

has a Jordan block of size 2. Then, we cannot diagonalize M but we can bring to its
Jordan form via the matrix S

S =
[
1 − 1√

α
− 1

α

1 0

]

and we can check that

M = SJ S−1 where J =
[
1 − √

α 1
0 1 − √

α

]
=

[
λ(α) 1
0 λ(α)

]

A straightforward computation yields that

(MT )l
[
1
0

]
=

[
λl(α) − α(1 − 1√

α
)lλl−1(α)

(1 − 1√
α
)λl(α) + (α − √

α)(− 1
α

+ lλl−1(α)(1 − 1√
α
))

]

In a similar way to (50) and (51) we get, with l ≥ 0

gl(α) = λl(α) − (α − √
α)lλl−1(α)

and
hl(α) = (1 − √

α)2lλl−1(α)

The same identity as (53) holds

	t = 〈MtV1, e1〉 +
t−1∑

l=0

Kt−l((α − 1)gl(α) + αhl(α)) +
t−1∑

l=0

α(gl(α) + hl(α))Zt−l

= ν1 + ν2 + ν3

To estimate ν2 we consider

(α − 1)gl(α) + αhl(α) = −(1 − α)λl(α) − √
α(1 − √

α)2lλl−1(α)

Then

|ν2| ≤ K
∞∑

l=0

(
(1 − α)λl(α) + √

α(1 − √
α)2lλl−1(α)

)
= K

2(1 − √
α)√

α
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and we finally get

|ν2|2 ≤ K 2 4(1 − √
α)2

α
.

Notice how
4(1 − √

α)2

α
<

(
1 − α

α

)2

;

we set

B(α) = 4(1 − √
α)2

α

We now estimate E[ν23 ]:

E[ν23 ] = α2σ 2
t−1∑

l=0

(gl(α) + hl(α))2

We check that

gl(α) + hl(α) = λl(α) − (α − √
α)lλl−1(α) + (1 − √

α)2lλl−1(α) = (1 + l)λl(α)

Recall now the simple summation identity

∞∑

k=0

(1 + k)2x2k = 1

1 − x2
+ 2x2

(1 − x2)2
+ x2(1 + x2)

(1 − x2)3

valid when |x | < 1, then we have with

A(α) = √
α
2 − 2

√
α + α

(2 − √
α)3

that
E[ν23 ] ≤ σ 2A(α)

The final statement in (28) is then reached exactly as in the proof of Theorem 2.2.
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