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Abstract

Alternating projections, like Griffin-Lim and Fast Griffin-Lim algorithms, are among
the most widely used iterative methods for phase retrieval. In this paper, we build upon
the appendix of the original paper by Griffin and Lim and formulate them as gradient
descent algorithms. By this approach, we can give convergence guarantees, evaluate
the rate of convergence, and introduce a new phase recovery method based on the
Nesterov acceleration of the gradient descent.
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1 Introduction

The problem of phase retrieval consists in recovering an unknown signal from the
magnitude of its Fourier transform [1]. This is an important task in many engineering
fields, including optical imaging [2], crystallography [3], and astronomy [4]. In audio
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signal processing, estimating a time-domain signal from the (modified) magnitude of
its time-frequency representation is key to many applications [5—13]. Several audio
processing techniques such as time-scale modification and spectral subtraction, in fact,
entail magnitude modifications which may result in inconsistent Short-Time Fourier
Transform (STFT) spectrograms [14, 15]. Retrieving signals from synthetic magnitude
STFTs, i.e., with phase information not being available in the first place, also plays a
central role in many neural vocoders and text-to-speech models [16—19].

Introduced in 1984, the Griffin-Lim Algorithm (GLA) [20] is still one of the lead-
ing methods for signal estimation and phase retrieval [15, 21-24]. This celebrated
alternating projections method, differently from the closely related Gerchberg-Saxton
algorithm [25], which retrieves the phase of complex-valued signals in terms of the
non-redundant Fourier transform, exploits the redundancy of STFT to estimate a real-
valued sequence such that its magnitude is closest to a target magnitude spectrogram
in a least squares sense. To accomplish this, GLA starts from an arbitrary initial phase
and iteratively projects the resulting complex-valued matrix back and forth between
time and time-frequency domains, while ensuring that the STFT magnitude matches
the target at each step.

In 2013, the Fast Griffin-Lim Algorithm (FGLA) [26] was empirically shown to
improve upon GLA, accelerating the original algorithm by means of an inertial term
with constant momentum. In the past decade, FGLA has established itself as one of
the most widely adopted iterative phase retrieval methods for audio signal processing
applications. Nevertheless, theoretical convergence remains an open problem.

In 2023, Nenov et al. proposed the Accelerated Griffin-Lim Algorithm
(AGLA) [24], which combines doubly-projected and non-projected STFTs. Further-
more, the authors provide convergence guarantees for FGLA and AGLA for restricted
ranges of momenta, which, however, do not include the values that empirically proved
to work best.

In this manuscript, we build upon the appendix of Griffin and Lim’s 1984 paper [20].
From there, it follows directly that GLA reduces to a gradient descent algorithm under
mild conditions on the analysis window. This result has been known since GLA’s
inception, at the same time, to the best of our knowledge, this interpretation has
received limited attention in the literature on Griffin-Lim methods ever since. We
refer to [22] for a second order algorithm based on the gradient of a generalization of
the nonconvex objective function in GLA.

Here, we exploit the fact that the objective function of GLA is locally L-smooth,
that is with Lipschitz continuous gradient, in convex sets. Among them, there are
unbounded neighborhoods of any point with target magnitude. We then apply to audio
phase recovery the theory of the standard and accelerated gradient descent which is
well-established also for nonconvex objective functions [27-31]. This approach allows
us to prove the convergence of a gradient descent phase recovery algorithm which con-
tains GLA as a special case for an appropriate choice of the step-size. Namely, we
prove that there exists a subsequence of the iterates convergent to a critical point
of the objective function and that the whole value sequence converges monotoni-
cally decreasing [20]. Furthermore, we can evaluate as O(1/i) its convergence rate
in neighborhoods of convexity [32], i being the iteration index. Experimental results
consistently fit with this asymptotic behavior in most cases.
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In this framework, we can look at FGLA as an accelerated gradient descent with
constant momentum [32]. Under a local L-smoothness assumption, in [33] we have
provided convergence guarantees for a broader range of momenta than the one dis-
cussed in [24]. Here, we present a slightly more general result, which applies also to
some particular cases of AGLA.

In addition, our proof shows the convergence of the whole FGLA value sequence,
which is nontrivial due to the lack of monotonicity in inertial methods [32, 34]. The
critical limit value is most likely a local minimum because accelerated gradient descent
algorithms escape saddle points faster [31, 35-37].

The achievement of a provably superior rate of convergence in neighborhoods of
convexity is to be found in the Nesterov mathematical theory. In his impactful 1983
paper [34], Nesterov proved that the convergence rate of the convex gradient descent
can be improved from O(1/i) to O(1/i%) using a sequence of variable momenta
depending on the iteration index i [28, 32, 38].

Nesterov acceleration gained renewed attention in the deep learning community
when, in 2013, Sutskever and colleagues [39] popularized its use for stochastic gradient
descent under the name Nesterov Accelerated Gradient (NAG).

Examples of proper Nesterov accelerated gradient methods can be found in ear-
lier phase retrieval literature [40, 41]. Nesterov acceleration, though, was applied to
the convex program that results from the semidefinite relaxation of the problem of
estimating the rank-one outer product of the target signal with itself. While such a
“lifting” operation leads to a tractable convex optimization program, it comes at the
cost of dramatically increasing the dimensionality of the problem, thereby severely
limiting its applicability.

Following the Nesterov theory, we propose an accelerated method, called Nesterov
Accelerated Griffin-Lim Algorithm (NAGLA), that has O(1/ i2) rate of convergence
in neighborhoods of convexity. Our experimental results are in line with this asymp-
totic behavior in most cases. Furthermore, NAGLA achieves a moderate but consistent
improvement over the other fast algorithms in the short-time regime. The remainder
of this manuscript is organized as follows. In Sect. 2, we focus on GLA and the stan-
dard gradient descent in phase retrieval. Our main results about the convergence of
FGLA as an accelerated gradient descent algorithm are presented in Sect. 3. In Sect. 4,
we propose NAGLA basing on Nesterov’s theory. Section5 is devoted to numerical
evaluation. Finally, Sect. 6 concludes this work.

2 Griffin-Lim algorithm

In this section, we consider the Griffin-Lim Algorithm [20] for audio signals phase
recovery. We first recall the mathematical results about the uniqueness of the solution
in phase retrieval, then introduce GLA in its original alternating projections form in
the time-frequency domain. Analyzing the appendix of [20], we exploit the equivalent
gradient descent formulation of GLA in the time domain to give an alternative proof of
convergence, which extends to a generalized version of the algorithm. Our approach
also provides estimates of the rate of convergence.
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2.1 Uniqueness of the solution

The problem of phase retrieval does not have a unique solution. Let
[X] = (IX[O]], XTL]], ..., |X[N — 11D

be the magnitude of the nonredundant discrete time Fourier transform

X[k] — Zx[n]efiann/N,

of the time signal
x = (x[0], x[11, ..., x[N — 1]).

For any given x, the following y share the same magnitude, i.e., |Y| = | X]|:

e Constant phase shift y = cx with a unitary scalar factor |c| = 1;
e Time shift y = (x[s], ..., x[N — 1], x[0], ..., x[s — 1]);
e Mirror y = (x*[N — 1], ..., x*[1], x*[0]).

From a physical viewpoint, these are acceptable ambiguities but in general infinitely
many solutions can be obtained beyond these trivial associates of x [42].
Uniqueness up to a constant phase holds thanks to the redundancy of the STFT

X[m, k] =Y x[n]w[Sm — n]e~ /K, 1)

n

where w[n] is an analysis window of length K with stride S. From the results in [43],
we have equal STFT magnitudes

IX|=1Y] <= y=cx, [c]=1,
for a sufficiently large overlap ratio (K — S)/K.

2.2 Griffin-Lim double projection

Phase retrieval algorithms were introduced well before the mathematical proof in [43]
of the uniqueness of the solution up to a constant phase. The Gerchberg-Saxton algo-
rithm [25] for image reconstruction inspired the Griffin-Lim algorithm [20] for the
recovery of an audio signal x, from the magnitude 7" = | X, | of its STFT. For a noisy
or modified 7', GLA seeks for the closest estimate x, in a least squares sense. As the
Gerchberg-Saxton, GLA is an alternating projections algorithm. The first projection

X
Pr(X)=T

— 2
X @)

@ Springer



ANNALI DELL'UNIVERSITA’ DI FERRARA (2026) 72:126 Page50f29 126

Flg..1 GLA alternating . PT(X3) PT(X2)
projections

IXI=T

V =valid STFT

isontheset 7 = {X : |X| = T}. If X[m, k] = O the corresponding entry in X/|X| is
set to 1 (null phase). Py is continuous in the complementary of the singular set

S ={x; I[m, k] : X[m, k] =0, T[m, k] # O}. A3)

The second projection
Py(X) = STFTGSTFT(X)) 4)

is the orthogonal projection on the linear subspace V spanned by the STFT. Here, iSTFT
denotes the so-called inverse short-time Fourier transform, i.e., the pseudoinverse of
the full column rank linear transformation in (1).
The iSTFT is given by
> wlSm —nl) , X[m, klei2mkn/K
Ky, w[Sm—n]

x[n] =

; (&)

using the (normalized) synthesis window w[n] = wlnl/>_,, w2[Sm — n]. In order to
simplify w[n], the analysis window w([n] can be chosen to satisfy the mild Constant
Overlap-Add (COLA) constraint

Z wi[Sm —n]l=C, VneZ, CeR., (6)
m

as for the experiments in the original GLA paper [20].
The double projection GLA is defined by

Xit1 = Py(P7(X})) @)

with initial point X such that |X¢o| = T, Fig. 1.
If any phase information is not available, the standard choices for the initial step
are the null or random phase [20, 23, 24, 26]. In the time domain, GLA takes the form

xi+1 = 1STFT((Pr(X)))). ®)
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2.3 The original proof of convergence for GLA

The convergence of GLA is proved in the appendix of [20] using the global convergence
theorem [38] for a descending algorithm x;4+; = A(x;):

Theorem 1 (global convergence) For x;+1 = A(x;), assume that
(1) x; is a bounded sequence;
(i) A(x) is a closed map;
(iii) there exist a continuous real-valued function d (x) and asetI" such thatd (x;+1) <
d(x;) if x; ¢ I', and d(xl-+1) < d(xl-) ifx; el

Then, there exists a subsequence of x; converging to a point x, € I'.

In the following, the set I" is referred to as the solution set.
For GLA, the map A(x) is given by

A(x) = iSTFT((P7(X))) &)

as stated in (8).
In [20], the function d(x) is the spectral distance measure

d(x) = [I1X| - TI%, (10)

where || - || r denotes the Frobenius norm in the Hilbert space of complex matrices,
and the solution set is proved to be the set of its critical points, i.e.,

[ ={x:Vd(x) = 0}. (11)

Therefore, applying Theorem 1, in the appendix of [20] it is proved that there exists a
subsequence of x; convergent to a critical point x, of d(x). Being d(x) non-globally
convex, X4 may turn out to be a local minimum or even a saddle point.

The hypothesis (i) of Theorem 1 is satisfied because the boundedness of the GLA
sequence x; in (8) follows from || P7(X)||F = || T || r for all X.

Concerning hypothesis (ii), in [20] the authors claim that A(x) in (9) is closed
because it is a continuous map. In doing so, they implicitly assume that x; ¢ S, S the
singular set (3) of the projection Pr.

In order to prove the validity of hypothesis (iii) and that the solution set I" is given
by (11), the authors deduce

d(xiy1) <d(xj)) <= Xxip1 # xi (12)
from the definition of the two projections Pz, P)). Then, they observe that
Vd(x;) = L(xi — xit+1), 13)
with
L=2K§:w%&n—nL (14)

m
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from (8) and the straightforward computation of the gradient
1
ZVd(x) =x —iSTFT((P7(X))), x ¢ S. (15)

Equations (12) and (13) imply that hypothesis (iii) in Theorem 1 is satisfied with I"
the set of critical points of d(x) in (11).

2.4 Griffin-Lim gradient descent

The key point in the original proof of the convergence of GLA is the evaluation (13),
formula (A11) in [20], of the gradient of the function d(x) in (10) at the iterates x;.
Solving for x; 41 in equality (13), we can recast the GLA update (8) in the time domain
as follows:

Xitl] =X — %Vd(xi), xi ¢ 8. (16)

With a COLA window, the constant L does not depend on the time index n. Under this
mild condition, the above update (16) shows that the GLA double projection (7)-(8)
is equivalent to a gradient descent algorithm.

From now on, we take a window function that satisfies the COLA constraint, and
we assume x; ¢ S [20]. In general, a gradient descent phase recovery algorithm does
not require the analysis window to satisfy (6), see, e.g., [22]. However, the COLA
assumption is needed to establish the equivalence of (16) with the double projection
formulation given in (7) and (8).

Convergence guarantees of gradient descent methods hold under the assumption
that the objective function is L-smooth. The function d(x) in (10) does not have this
global regularity but there exist convex sets R, which we call regions of L-smoothness,
where for any fixed x, y € R, and also for all interior points z of the line segment
with endpoints x, y, we have

1
7 IVd@) = Vdy)l < llx = yll. a7)

and
1
ZIIVd(Z) —Vd)l <llz=yll, z=y+ilx—y), 2e(0,1). (18

Examples of said regions are presented in subsection 2.7.

2.5 Griffin-Lim convergence by L-smoothness

The theory of the L-smooth gradient descent applies to the algorithm

Xipl = Xi — %Vd(xi) (19)
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with step-size y/L,0 < y < 2[32]. In view of the representation (15) of the gradient,
in the time-frequency domain this results in the linear combination

Xiy1 = = y)Xi +yPp(Pr(Xi)). (20)

With y = 1, we have the GLA double projection, see (7).

Under assumptions of local L-smoothness, we can prove the convergence of the
algorithm (19) in a similar way as under global Lipschitz regularity [29, 32].

We recall key inequalities at fixed points x, y that follow from (17) and (18) [32].

Lemma 1 Let x, y satisfy (17) and (18). Then, we have

L
ﬂ@sdwnwwmmx—w+5w—yw 1)

and L
ﬂwsduwwwm»x—w+3w—yﬁ (22)

Proof Both inequalities (21) and (22) follow from (17) and (18) via the interpolation
integral formula

1
d(X)—d(y)Z/(; (Vd(y + A(x — ¥)), x — y)dA

given by the fundamental theorem of calculus. O

In the proof of the following theorem, only (21) is needed. We have stated also (22)
for later use in treating inertial methods.

Theorem 2 Assume that there exists ip € N such that the iterates x; in (19) belong to
aregion of L-smoothness for i > ig. Then, for all y € (0, 2):

(1) The sequence d(x;) is decreasing for i > iy, hence there exists lim;_, o, d(x;) =
dy.
(i) Vd(x;) — 0 with

min || Vd(x)||> < C/i, i > io, (23)
0<t<i—1

C a positive constant depending on L, y, ip.
(iii) x; is a bounded sequence. Any limit point x, of a convergent subsequence is a
critical point for d(x), hence a point such that

X« = Py(P1(Xy)). (24)

Proof With (x,y) = (x;+1,Xi), Xi, Xj+1 being the iterates in (19), inequality (21)
gives

IVd(xp)|I?, i > io. (25)

2_
duﬁosdu»—ZLIll

2
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This proves the descent d(x;+1) < d(x;) for i > ip with equality if and only if
Vd(x;) = 0 and x;+1 = x;. The value sequence d(x;) converges to the lower bound
de = inf{d(x;) 171 > ip}.

Telescoping (25) we have

2 _ o
YOI S Vel < dexiy) — da. (26)

i=i

The convergence of the series implies Vd (x;) — 0.Then, from

i
i —ip)- min [[Vd(x)|?* < vd(xo)|%,
(i =ig)- min |[VdGxo] _;|| ol
=10

inequality (26), and

. 2 . 2
min [|[Vd(xo)|” < min [[Vd(xp)|l",
0<t<i—1 ig<t<i—1

we get the rate estimate (23) with constant

c_ 2L(3io + 1)(d(xiy) — dy)
B y2—1y)

Finally, from the representation of the gradient (15) and Vd(x;) — 0, we have
x; —iSTFT(P7r(X;)) — 0

that shows that x; is a bounded sequence as P7(X;). Any limit point x, of a convergent
subsequence xy; is such that d(x,) = d, and Vd(x,) = 0 by uniqueness of the limits
lim; o0 d(x¢;) and lim; o0 Vd(x¢;). X, satisfies (24) since from (15) any critical
point of d(x) is a fixed point of the double projection. O

Remark 1 The conclusions of Theorem 2 hold true under the more general assumption
that inequality (21) is satisfied by (x, y) = (x;+1, x;) fori > ip.

2.6 GLA rate of convergence

For y = 1, Theorem 2 provides an alternative proof of the convergence of GLA. On
the one hand, it is a weaker proof because of the L-smooth assumptions for i > iy.
On the other hand, it works for the generalized algorithm defined by (19) and (20).
Furthermore, inequality (23) provides a first information about the rate of convergence:
it implies that GLA finds a point x such that

V()| < e, 27)
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an ¢ critical point, in at most O(¢~2) steps. Note that (27) is equivalent to
X = Pu(PT (X))l <¢/vV2L (28)

by (15) and Parseval identity.

The gradient descent theory originates in convex optimization. If for i > i, > i
the iterates enter a region of local convexity for d(x), then we can prove the same rate
of convergence of the value sequence

d(x;) —d(x,) = O(1/i)

to the local minimum d(x.), as in the case of a globally convex function to the optimal
value [29, 32]. This is done in the following corollary to Theorem 2.

Corollary 1 If the GLA (16) iterates x;, i > i. > io, and the limit point x4 of a
convergent subsequence belong to a region of local convexity for d(x), then x, is a
local minimizer, d(x;) converges to the local minimum value d(x,) with rate given by

d(x;) —d(xy) < Co/i, (29)
i > i, Co a positive constant, and Vd(x;) — 0 with the rate

min || Vd(xo)||* < C1/i?, (30)
0<t<i-—1

C1 > 0. Moreover, the whole sequence x; converges to X..

Proof Any critical point in a region of local convexity is a local minimizer.
For the GLA sequence (16), the inequality (21) gives

A1) = ) — = it — il i = o,
Subtracting d(x) in both sides we obtain
d(xip1) = d(x) < d(x) —d(x) — %nxiﬂ —xil. (31)
By convexity, for i > i, > ig, we have
d(x;) —d(xs) = (Vd(xi), xi — xx) = L{Xip1 — Xi, X — Xi). (32)
Substituting (32) in (31) we get
A1) — ) = 5 241 — w0 =) — e —wl?]. 33)
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Then, by 2(a, b) — ||a||> = ||b||?> — |la — b||* witha = x;; | —x; and b = x, — x;, for
i > 1. > iy, we obtain

L
0= b)) —d() = 5 (Il =2l = s —xl?). (34)
In particular, ||x;j 41 — x«|| < |lx; — x|l Vi > i., which yields the localization
Xi, = xll <& = llxi —xll <& Vi =ie > ie.

The convergence to x, of a subsequence ensures that for any ¢ > 0 there exists such
an x;,, hence the whole sequence x; converges to x,.. Furthermore, from (34) we have
also

L
dx) —d(x) = 5 (I —xl? = lxi —xwl?) €2 i+1 G9)
since d(x¢) < d(x;j4+1). Summing up fori =i, ..., £ — 1 and telescoping the above
inequalities (35), we obtain

L
(€ —ic)(d(xe) —d(xy)) = S llxi, = Xl (36)

hence the estimate (29) with Cy = % llx;, — x| using again i as index instead
of £.
Finally, telescoping (25) we have also

2i—1
2 —
PEZD S IV = (i) — de) = d() —dG), (3T

=i
i > ig, which gives (30) thanks to
2i
i _min IVdGol’ < KZH IVd o) ?
=i

and (29). O

2.7 On the existence of regions of L-smoothness

Theorem 2 assumes that, from some iteration ig onward, the iterates x; in (19) belong
to a region of L-smoothness, that is, a region in which (17) and (18) hold. Here, we
discuss the applicability of our hypotheses by providing nontrivial examples of such
regions.

First, we recast the inequality (17) in terms of phase variation and given magnitude:
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Proposition 1 Let L be the constant in (14), and let x, y ¢ S. The condition

Z T{m, k)1 = [m, kD)(|1X[m, k]| + [Y[m, k]| — T[m,k]) =0 (38)

m,k

with
Yim, k] = cos (LX[m, k] — £Y[m, k]) (39)

is sufficient for inequality (17).

Proof The COLA condition (6) ensures the Parseval identity || X ||*> = %Hx |* for any
signal x whose STFT is X. Substituting (15) into (17), applying the STFT, and squaring
both sides thus yields

I(X = Y) = (Pu(Pr(X)) — Ppy(PT(Y))II> < X = Y% (40)
Since (4) is an orthogonal projection, (40) is implied by
I(X = ¥) = (Pr(X) = PrOY)IP < 1X = Y|°. (41)

By taking W = (X — ¥), Q = (P7(X) — Pr(Y)), and [|[W — Q|* = W] —
200(W, Q) + || Q||%, with (W, Q) the Frobenius inner product, we can write (41) as

294w, Q) — [ 2]* = 0. (42)

Substituting (2) and expanding in polar coordinates, after some straightforward
algebraic manipulations, we obtain

MW, Q) = Z T{m, k](|1X[m, k]| + Y [m, k]D(1 — Y [m, k]),

m,k

1QI1* =) 2T [m, k1> (1 — yrlm, k).

m,k

Factoring out 27 [m, k](1 — ¥ [m, k]) in (42) yields (38). It follows that (41) holds as
long as (38) is satisfied. Hence, (38) is a sufficient condition for (17). ]

Condition (38) requires the weighted sum of | X[m, k]| + |Y [m, k]| — T [m, k] to be
nonnegative, T [m, k](1 — ¢ [m, k]) > 0 being nonnegative weights. Therefore, (38)
is readily satisfied for
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A 4

Fig.2 Example of a region of L-smoothness covering signal estimates satisfying | Xx| > T /2

| X[m, k]|, |Y[m, k]| = T[m, k]/2 (43)

because each term in the sum is then nonnegative. This remains true at any couple of
points Z, Y, with Z in the line segment with endpoints X and Y, as long as X[m, k]
and Y[m, k] belong to the same half-plane of complex numbers with modulus greater
than or equal to T'[m, k]/2. This constitute an example of unbounded regions R of
L-smoothness that cover all optimal signal estimates x, with |X,| = T, as well as
suboptimal estimates with | X,| > T /2, see Fig. 2.

More generally, (38) being less restrictive than (43), x, y may also satisfy (17) and
(18) in sets containing signal estimates x,. for which | X, [m, k]| < T[m, k]/2 at some
time-frequency indices. In fact, condition (38) holds true at endpoints X, Y, and for
every pair Z, Y with Z on the line segment joining them, whenever the positively
weighted contributions from bins at which X[m, k] and Y [m, k] lie in the same half-
plane are sufficiently large to compensate for the negative contributions from the
remaining bins.

3 Fast Griffin-Lim algorithm

In this section, we consider GLA-based inertial methods that speed up the double
projection by means of a momentum term. Specifically, we focus on the Fast Griffin-
Lim Algorithm [26]. In [33], by looking at FGLA as the acceleration with constant
momentum of GLA, we have proved its convergence for a broad range of momenta
under the local L-smoothness assumption. Here, we prove a slightly more general
result.

@ Springer
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3.1 Fast Griffin-Lim double projection

In [26], Perraudin et al. introduced the double projection method

Xit1 = Py(PT(Y))), (a4)
Yigr = Xip1 + a(Xip1 — Xi),

with Xg = Yo, |Yo| = T, « > 0 a constant momentum coefficient. With @ = 0, FGLA

coincides with the original GLA.

It was noted that FGLA achieves optimal performance when « is close to, but less
than, one (e.g., « = 0.99). By contrast, setting o > 1 can lead to instability or prevent
convergence altogether. FGLA consistently outperforms GLA in experiments and is
one of the most used iterative algorithms in audio phase recovery.

In[24], Nenov et al. introduced a method called Accelerated Griffin-Lim Algorithm.
For initial points X, Yy, Zp and constant parameters ¢, 8, ¥y > 0, AGLA iterates
are defined by

Xiv1 =0 =pY)Z;i +y Py(Pr(Y))),
Yipr = Xip1 +a(Xip1 — Xi), (45)
Zit1 = Xip1 + BXiy1 — Xp).

With y = 1 AGLA coincides with FGLA.

From the numerical evaluation in [24], the AGLA configurations which perform
best have o € [0.95, 1.05], B € [0.99, 1.40], and y € [1.25, 1.30]. The convergence
of the algorithm is proved for [24]

0<y <2,
0=<28[1—y|l<2-vy,

(1-4)p+i-% o<y=<1,
! —%, l<y<?2,

(40)

0<aua< {
28(y—D+y

hence all the best-performing parameter settings do not satisfy the convergence guar-
antee (46). In particular, taking y = 1 in (46), the convergence of FGLA follows for
a €1[0,1/2).

As such, the convergence of the most effective FGLA and AGLA remains to be
proved.

3.2 Fast Griffin-Lim gradient descent

From the representation of the gradient (15), the FGLA update (44) in the time domain
is formulated as the acceleration with constant momentum [32] of the GLA gradient
descent (16):

(47)

Xip1 =y — 1Vd(),
Yitl = Xit+1 +o(Xip1 — Xi).
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In the above algorithm (47) the step-size can be taken from the interval (0, 1/L] [32].
Replacing 1/L with y /L, y < 1, we have

Xip1 =y — ¥Vd(y), 48)
Yiel = Xip1 + o (Xip1 — xi),
that corresponds to
Xit1 =0 =py)Yi +yPp(Pr(Y))), (49)
Yip1 = Xip1 + a(Xip1 — X)),

in the time-frequency domain, hence to AGLA (45) with parameters 8 = «,0 < y <
l,and Z; =Y;.

In order to prove results of convergence for FGLA together with its generalization
with parameter y # 1 in (49), we look at (48) as the discretization of the dynamical
system

X+ —-a)x+Vdx)=0 (50)

with x = x(¢) a continuous-time signal [44-46].
A Lyapunov function for (50) is given by

A 1
d(x(1) = d(x(1)) + EIIJ'C(I)IIZ, D

where d(x) and |x|?/2 are the potential and kinetic energy, respectively [31].
Differentiating with respect to time, we get

d -
@) =—1- a)[E@0]* <0 (52)

hence the monotonic descent of d (x()). For the discrete system (48) of the generalized
FGLA we introduce the Lyapunov sequence

n L
d(x;) =d(x;) + 5”)@- — xi—1]%. (53)

Theorem 3 In the momentum-based gradient descent algorithm (48), let a € [0, 1)
and y € (0, 1] be such that

1
< —, 54
VI+y oD
in particular
1
o< — (55
V2

in the FGLA case y = 1. Assume that there exists ip € N such that the iterates x;, y¢
belong to a region of L-smoothness for i, £ > ip. Then, we have:
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(i) The sequence d (x;) in (53) is decreasing for i > ip, hence converging to the

lower bound d,, = inf{d(x;) : i > io}.

(i) The positive sequence |x; — x;_1| converges to zero. In particular, d(x;)

converges to the same limit d, of d(x;).
(iii) Vd(y;) — 0 with

2L(d (x;,) — dy)

min | Vd 2 <
min | IVAGoI” < =Z =0

in<

_Jyd =y, y <1,

C =
=222 4%, y=1.

(56)

(iv) x;, y; are bounded sequences. Any limit point x,, of convergent subsequences is

a critical point for d(x) hence such that X, = Py (P7(Xy)).

Proof From inequality (21) with x = x;41, y = yi, i > io, and the update in (48), we

have @ )
yla—Vy
d(xit1) < d(yi) — anmn2 (57)
whereas (21) with x = x;, y = y; implies
L 2
d(yi) <d(x;)) —(Vd(yi), xi —yi) + E”xi -yl (58)
From inequality (58) and the identity
la+0bl>  llal> (]
—{a,b) = — ,
{a, b) 2 > T
we obtain
Ly L 2
d(y;) <d(xj)) — —(=Vdi), xi —yi) + —lxi — yill~ =
y L 2
L L(1+y)
= d(x) — gn%wm — i+l + IV + Tynx 07 =
L L(+vy)
= d(x;) — — i — xip1 12 + IV + L2k — yil2. (59)
2y 2L 2y
Combining inequalities (57) and (59), it follows that
L vy —vy) L(+y)
d(xit1) + ~—llxi — xig11? < d(x) — 2 NVdO)II* + ———">lx; — yill*
2y 2L 2y
(60)
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Now, substituting y; —x; = a(x; —x;_1) and adding L||x; — x;_1 ||2/2y to both sides
in (60), we have

Lllx; — xi—11?
IVd()I? + (1 — @ — yat) —————— (6])

d-»
L 2y

5 5 Y
d(x;) —d(xit1) = >

This proves the decrease c;'(xi_H) < c;'(xi) for i > ip thanks to y € (0, 1] and (54).
Next, telescoping in (61), we obtain both

N—-1
2 oo Ll —xial® s ; -
(1—a®—ya )ZTSd(xio)—d(xN)Sd(xio)—d* (62)

i=ig

and

| — oy Nl A R .
YEP S Vool = dey) —dan) < dg) —dee (©)

i=ig

From (62), it follows that the kinetic energy L|x; —x;_1 I2/2y — 0 as the general
term of a convergent series. In particular, the potential energy d(x;) converges to the
equilibrium energy level d,.

As far as Vd(y;) is concerned, inequality (63) implies Vd(y;) — 0 with rate (56)
fory < land Cy,, = y (1 — y). To include the FGLA case y = 1, we combine

L2
IVd(y) > = ﬁuxm —xi—aly — x| <

- 4L (L||x5+1 —xi? _szLllxi _xi—1||2>’ 64)
14 2y 2y

with (62), obtaining

N—-1 NP
4L(1 d(x;,) — dx
S V(| < L) — d)

y(1—a?—ya?) ©

i=ig
since inequality (62) is valid for N and N + 1. This proves that Vd(y;) — 0 and the
estimate (56) with C, = (1 — 20?)/2(1 4 &2) also for y = 1.
From the representation of the gradient (15) and Vd(y;) — 0, we have
y; —iSTEFT(P7(Y;)) — 0
which shows that y; is a bounded sequence as Py (Y;). Then, from

yi —xi =ax —xi-1) >0

also the sequence x; is bounded as y; and the two sequences have convergent subse-
quences with same indices. Any same limit point x, of convergent subsequences yy,
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and xy, is a critical point for d(x) with value d(x,) = dy = lim; oo d(x;) and itis a
fixed point of the double projection. O

Remark 2 The conclusions of Theorem 3 hold true under the more general assumption
that inequalities (21) and (22) are satisfied by (x, y) = (xi+1, yi) and (x, ¥) = (x;, ¥i),
respectively, for i > i,.

In [33], we proved Theorem 3 for the case y = 1. We showed that, under the
local L-smoothness assumption, FGLA convergence is guaranteed for momenta o €
[0, 1/+/2), thereby extending the guarantees in [24] that hold for & € [0, 1/2) by
taking y = 1 in (46). For y < 1, inequality (54) yields a sufficient condition for
the convergence of particular cases of AGLA (45) which is more general than o <
1 — y /2, which follows from (46) with ¥ < 1 and 8 = «. Nevertheless, it is worth
emphasizing that the convergence guarantees presented in [24] do not require any
Lipschitz assumption.

In general, the monotone descent

d(xiy1) <d(x;), >0,

that characterizes GLA sequences [20] is not valid for FGLA. Yet, the decrease of
the Lyapunov sequence c?(xi) provides the convergence d(x;) — d(x,) of the entire
FGLA value sequence.

The convergence of FGLA can be extended to all « € [0, 1) in the case that the
limit point of a convergent subsequence lies in a neighborhood of convexity:

Corollary 2 If x;, yg, fori, £ > i. > iy, and the limit point x, of a convergent subse-
quence belong to a region of local convexity for d (x), then the conclusions of Theorem 3
hold true foralla € [0, 1) and y € (0, 1] without assuming condition (54). Moreover,
X« is a local minimizer, and the whole sequence x; converges to xy.

Proof If x;, y; belong to a region of local convexity for d(x), then we have
d(yi) <d(xi) — (Vd(yi), xi — yi). (66)
This gives the stronger descent

Lixi — xi-1?
Ivd(I? + (1 - a%# (67)

~ N 1 —
dx) — dxien) = %

for the Lyapunov sequence and all the conclusions hold true for any @ € [0, 1) and
y € (0, 1].
Moreover, convexity localizes the iterates

||xig —xill <& = |lxi —xll <€ Vi >ip > i,

as we have seen in the proof of Corollary 1 for GLA. We refer to Lemma 6.4 in [31]
for a unified proof that works both for the classic and accelerated gradient descent
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methods. The convergence to x, of a subsequence ensures that for any ¢ > 0 there
exists such an x;,, hence the whole sequence x; converges to x,. O

Not all critical points are minimum points and not all minimum points lie in a
neighborhood of convexity. However, it is known that inertial methods escape saddle
points faster than the classic gradient descent [31, 35-37].

4 Nesterov accelerated Griffin-Lim algorithm

In this section, we propose an inertial method that accelerates GLA according to
the Nesterov theory [34] of the gradient descent. We call it Nesterov Accelerated
Griffin-Lim Algorithm (NAGLA). In the time-frequency domain, the implementation
is similar to that of FGLA (44) but with a sequence of variable momenta instead of
a constant one. Nesterov’s principles endow NAGLA with a rate of convergence of
O(1/i?) in neighborhoods of convexity, improving the O(1/i) rate of GLA.

4.1 Nesterov accelerated gradient descent

We first briefly recall Nesterov’s theory. Inertial gradient descent algorithms with
constant momentum accelerate the standard gradient descent in case of a L-smooth and
u-strongly convex objective function f (x), thatis a function such that f (x)— || x|| 2/
is convex, 0 < p < L. In this case, the standard gradient descent converges linearly
with contraction factor 1 — u/L [32]. The inertial method with the precise choice
o= (\/Z -/ («/Z + /i) for the momentum coefficient improves the contraction
factor to 1 — 4/i/L [32]. Acceleration fails in the convex case i = 0 [32]. Inertial
methods with constant momentum exhibit the same O(1/i) convergence rate as the
standard algorithm for any o € (0, 1), even in a weaker form [47].
In his seminal paper [34], Nesterov introduced an accelerated gradient descent with
variable momenta
Xip1 =X — LV f(y),

(68)
Yitl =Xit1 + o (X1 — x).

The rate of convergence of the standard gradient descent is improved from O(1/i) to
f@) = flx) = 00/i%).
The momenta sequence «; is increasing and convergent to 1. It is given by
@ =0_,07" -1 (69)
with y;, 6; € (0, 1] so that

Vie1(1 = 0i41) ZYi

2 = 52’
0 b;

0 =0 (/i). (71)

(70)
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The original choice in [34] is 6y = 1 and equality in (70). Also

i
i+3

i o =

i+2 =
is frequently used [28, 44, 48]. In convex settings, the standard choice for the step-size
is given by y; = 1, Vi [32, 34].

Nesterov’s accelerated method together with its variants and generalizations is
widely used also in stochastic gradient descent and nonconvex or nonsmooth opti-
mization [27, 28, 30, 39]. In nonconvex landscapes, it escapes saddle points faster
than any other first-order algorithm [31] maintaining its optimal rate of convergence
in neighborhoods of convexity.

4.2 Nesterov Griffin-Lim double projection

We propose to accelerate the gradient descent (19) following Nesterov’s principles.
NAGLA is defined by (68) with f(x) the objective function d(x) of GLA, i.e., (10).
In the time-frequency domain, this corresponds to

Xiy1 = U = y)Yi +yi Pp(PT (1)), (72)
Yigr = Xip1 + i (Xip1 — Xi).
By choosing y; = 1, we obtain the FGLA-like double projection
Xi+1 = Py(Pr(Y)),
i+1= Pu(Pr(Y) 73
Yio1 = Xip1 i (Xip1 — Xi).

with variable momenta as in (69)—(70) instead of the constant momentum in (44).
We can give a concrete realization of the algorithm by taking

|+ H —2
PO (74)
i+ H+1

for any fixed hyperparameter H > 2, which comes from substituting

2
i+H

;i = (75)
into (69).

The convergence of NAGLA (72) under the local L-smoothness assumption can
be proved with the arguments of the proof of Theorem 3 taking a decreasing step-size
sequence y; € (0, 1] such that

2 Vz+1
o; Yi = (76)
! Vl(l + i) IZ:: '
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Note that inequality ozl.z < ¥i+1/yvi(1 + y;) implies y; — O.

According to Nesterov’s theory, NAGLA (73) improves the O(1/i) conver-
gence rate of GLA to O(1/i?) in neighborhoods of convexity for d(x). In these
neighborhoods, NAGLA converges with y; = 1, Vi.

Theorem 4 Let the NAGLA iterates x;, yg, with i, £
a region of L-smoothness for d(x) and for i, £ > i,
convexity with local minimum interior points.

Then, the limit point x, of a convergent subsequence of the bounded sequence x;
is a local minimizer, and d(x;) converges to the local minimum value d(x,) with rate
given by

io, in (73) enter and remain in

>
> ip belong to a region of local

d(x;) — d(x) < Co/i?, (77)
i > i., Cp apositive constant. Moreover, the whole sequence x; converges to x..

Proof As the double projection (73), the NAGLA iterates x; form a bounded sequence.
From Nesterov’s theory, the limit point x, of a convergent subsequence is a critical
point [29,49], hence alocal minimizer, and d (x;) — d(x,) withrate givenby (77) [34].
The convergence of the entire sequence x; to x, follows from the localization of the
iterates as in the proofs of Corollary 1 and Corollary 2. O

5 Numerical evaluation

In this section, we investigate by numerical experiments the Lipschitz inequality (17)
at the iterates, the expected rates of convergence of GLA and NAGLA, and compare
the short-term performance of the considered inertial methods.

In subsections 5.1, 5.2, and 5.3, we use signals from the TIMIT speech corpus,1
In subsection 5.4, we use music signals from the StarNet dataset.? For the TIMIT
experiments, we assume no prior knowledge of the signal phase and initialize the
phase to zero. In contrast, the StarNet experiments consider a simple music source
separation task, where we evaluate the methods using an informed phase initialization.

TIMIT data. For the experiments presented in subsections 5.1 through 5.3, we use
the 72 phonetically diverse (SI) utterances from the TIMIT core test set, spoken by
a total of 24 speakers and made available as monophonic WAV files at a sampling
rate of 16 kHz. The utterance durations range from 1.33 s to 6.21 s, with an average
of 3.32 s. The STFT and iSTFT are computed using a 32 ms Hann window with an
8 ms hop size. This choice of window and analysis parameters satisfies the COLA
constraint [20] and provides sufficient overlap to guarantee uniqueness of the solution
up to a constant phase [43].

StarNet data. For the experiments presented in subsection 5.4, we use a portion of
the StarNet dataset [50] consisting of 52 of its 104 music pieces. The pieces, provided
as 16bit-44.1kHz stereo WAV files, include two instrument tracks, and each piece

1 7. s. Garofolo et al. 1993, “TIMIT Acoustic-Phonetic Continuous Speech Corpus,” distributed by
Linguistic Data Consortium. [Online]. Available: https://catalog.ldc.upenn.edu/LDC93S1.

2 M. Alinoori and V. Tzerpos, August 20, 2022, “StarNet,” Zenodo. [Online]. Available: https://dx.doi.org/
10.5281/zeno0do.6917099.
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Fig.3 Zm,k Tlm, k1(1 = [m, k))(|X;41[m, k1| 41Y;[m, k]| — T [m, k]) as a function of i for GLA, FGLA
and NAGLA sequences of the 72 SI utterances from TIMIT

is rendered using two instrument sets: strings-piano and clarinet-vibraphone. Each
music piece is several minutes long. First, we convert the stereo tracks to mono by
averaging the channels. Then, we extract the first non-overlapping 10-second excerpt
where the power of both instruments is above a given threshold. As in the speech
experiments, we choose the STFT and iSTFT parameters to achieve a 75% overlap
between consecutive analysis windows, this time using a 92 ms Hann window and a
23 ms hop size.

Parameter choices. In subsection 5.1, FGLA is tested with « = 0.7, which satisfies
the convergence condition & < +/1/2 established in Theorem 3.

For the comparative study of the performance of inertial methods presented in sub-
sections 5.3 and 5.4, we do not impose parameter choices that guarantee convergence.
Instead, FGLA is run with « = 0.99, following the recommendation of [26], while
AGLA uses the best parameter combination from [24, Table II, p. 197].

As far as NAGLA is concerned, H > 2 is a tunable parameter that sets the initial
momentum. For the case of null initial phase, we choose H = 49 to ensure a data-
independent setup. This produces a relatively high initial momentum (g = 47/50 =
0.94), allowing NAGLA to shorten the transient regime [39]. At the same time, o
remains noticeably below one relative to the growth rate determined by (74). Specif-
ically, H = 49 yields an initial momentum o that is 0.05 lower than the standard
choice a = 0.99 of the FGLA momentum and reaches it after 250 iterations.

In the experiments with informed initial phase, instead, we use H = 29. This
choice reflects the fact that, when some prior phase information is available, the
transient regime tends to be shorter, thereby motivating a lower initial momentum
(g = 27/30 = 0.90) than in the null-phase initialization experiments (g = 0.94).

5.1 Lipschitz inequalities

The left-hand side of (38) is evaluated at (X, Y) = (X;+1, ¥;), with ¥; = X; for GLA,
for each of the 72 TIMIT utterances described above. By Proposition 1, nonnegativity
of this quantity is sufficient for inequality (17) to hold at points (x, ¥) = (Xj4+1, yi).

Figure 3 reports the resulting values for (a) GLA, (b) FGLA (o« = 0.7), and (c)
NAGLA (H = 49).In all three cases, the summation in (38) becomes nonnegative after
only a few iterations. Thereafter, it converges toward zero as phase differences diminish
across time-frequency bins, with this behavior appearing at relatively small iteration
indices. We emphasize, however, that this pairwise test does not verify condition (18)
at the interior points of the corresponding line segments.
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Fig.4 Logarithm of the absolute difference, log;y D(x;), for GLA (blue) and NAGLA (red) sequences. The
dashed black lines with slope —« represent reference bounds corresponding to the theoretical asymptotic
convergence rates O(1/i%), k = 1 for GLA, k = 2 for NAGLA

5.2 Numerical evaluation of the rate of convergence

In this subsection, we empirically examine the asymptotic convergence rates of GLA
and NAGLA. We use the same dataset and the same parameter choices as in previous
subsection 5.1.

Figure 4 depicts the difference

D(xi) = |d(xi) — d(xn,)|. (78)
With N, = 10%, the value d(xy,) serves as an approximation of the local minimum
d(x,). Although the minimum index at which the iterates start to exhibit the asymptotic

rate may vary from signal to signal, we set i, = 100 to illustrate the overall trend.
For better visualization, the analysis is carried out in logarithmic scale with a machine
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Fig.5 Average SSNR at 100
iterations as a function of H.
The maximum value is taken at
H =44,

[dB]
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epsilon so that D(xy,) # 0, and absolute value to prevent effects from the possible
nonmonotonic behavior of the inertial method NAGLA. The rate is verified when
log;o D(x;) lies below a line of slope —«, where x = 1 for GLA, and x = 2 for
NAGLA.

It turns out that, for most signals, the observed behavior of GLA and NAGLA is
consistent with with the asymptotic rates prescribed by Corollary 1 and Theorem 4,
respectively.

5.3 Short-term performance of inertial methods

Having performed the convergence analysis for i > 100, we now examine the early-
iteration performance of NAGLA, and compare it with FGLA, implemented with
a constant momentum of & = 0.99 as specified in [26], and AGLA, where we set
o =099, 8 =1, and y = 1.3, i.e., the best parameter combination from [24,
Table II, p. 197]. For this purpose, we report the Spectrogram Signal-to-Noise Ratio
(SSNR) [23, 24, 26]

I F
ISTFT(x)| — TllF’

SSNR(x) = 101og;, (79)

computed between the ground-truth signals from TIMIT and the estimates at iteration
i = 100. Notably, minimizing the function d(x) in (10) is equivalent to maximizing
SSNR(x) in (79).

NAGLA turns out to have the same computational complexity of FGLA since, at
iteration i, the constant momentum « in (44) is simply replaced by the prescribed value
from the sequence «;. This operation is O(1) in both time and space. Comparatively,
the update of Z; in AGLA (45) entails an additional O(MK) complexity factor, M K
the total number of time-frequency bins.

NAGLA achieves a moderate but consistent improvement over the other fast algo-
rithms. At H = 49 (Fig. 5), the average SSNR values are 15.83 dB, 16.06 dB, and
16.35 dB for FGLA, AGLA, and NAGLA, respectively. Moreover, all fast methods
outperform GLA by approximately 4 dB.
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Fig.6 SSNR after 100 iterations 311
as a function of H on the FGLA
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We analyze the sensitivity of NAGLA to variations in its hyperparameter and
demonstrate that a broad range of values yields consistently good performance. A
grid search was conducted over integer values of H in the interval [2, 250]. For each
value, NAGLA was run for 100 iterations on all SI utterances in the TIMIT core
test set. The grid search range was chosen so that its upper limit, H = 250, yields
a momentum sequence {«;} that remains nearly constant (£1073) around its central
value asg = 0.99, which corresponds to the constant momentum used in FGLA.

As shown in Fig. 5, NAGLA achieves an average SSNR higher than that of AGLA
and FGLA across a wide range of H values, outperforming AGLA for 10 < H < 140,
and surpassing FGLA for2 < H < 232. Although the overall improvement is modest,
the breadth of these intervals indicates a substantial margin for the practical choice of
H and that NAGLA is robust with respect to such a choice.

5.4 Informed initial phase

In this subsection, we investigate the use of an alternative to zero-phase initialization.
For all 52 StarNet excerpts, we compute the magnitude 7 of the solo clip and initial-
ize the algorithm with the phase of the corresponding two-instrument mixture. For
example, given a solo strings clip, the methods are initialized with the phase of the
corresponding strings-piano mixture.

We compute the SSNR at 100 iterations as a function of H in the range [2, 250] for
all clips. Figure 6 depicts the average value and the corresponding interquartile range
for FGLA, AGLA, and NAGLA.

At H = 29, the average SSNR is 24 dB for GLA, 26.85 for FGLA, 27.55 for AGLA,
and 28.15 for NAGLA. The gain of NAGLA with respect to FGLA is of 4.8%, higher
than the 3.3% showed in the experiments from TIMIT with null phase initialization
reported in subsection 5.3. The red dot in Fig. 6 marks the highest average SSNR
achieved by NAGLA, which occurs at H = 31 (xg =~ 0.906).

Finally, Fig. 7 presents illustrative examples of individual signals that we consider
particularly representative of recurring trends observed across the dataset.
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Fig. 7 SSNR as a function of the iteration index i for four audio held-out music pieces from StarNet
(H =29)

6 Conclusions

We have formulated the Griffin-Lim Algorithm (GLA) as a gradient descent algorithm
and identified regions of L-smoothness for the objective function that contain all
optimal and a full class of suboptimal signal estimates.

Under local L-smoothness assumptions, we provided an alternative proof of con-
vergence for GLA that also applies to generalized gradient descent formulations with
different step sizes. We also established convergence guarantees for the Fast Griffin-
Lim Algorithm (FGLA) over a broad range of momenta. Furthermore, inspired by
Nesterov’s acceleration theory, we introduced the Nesterov Accelerated Griffin-Lim
Algorithm (NAGLA), an accelerated gradient descend method with variable momenta,
and proposed a principled choice for its momentum sequence.

Under the further assumption that the iterates enter a region of local convexity, we
also showed that GLA achieves a rate of convergence of O(1/i), whereas NAGLA
achieves the accelerated rate of O(1/i?).

Going forward, the performance of the proposed and other Nesterov accelerated
phase retrieval methods is worth being investigated further, considering different types
of signals, initialization strategies, and audio quality metrics.
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