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Abstract

We consider a power-type mild singular perturbation of a Dirichlet semilinear critical
problem settled in an open and bounded set in a Carnot group. Here, the term critical has
to be understood in the sense of the Sobolev embedding. We aim to prove the existence
of two positive weak solutions: the first one is obtained by means of the variational
Perron’s method, while for the second one we adapt a classical argument relying
on proper estimates of a family of functions which mimic the role of the classical
Aubin-Talenti functions in the Euclidean setting. Our results fall in the framework of
semilinear PDEs in Carnot groups but, as far as we know, are the first ones dealing
with singular perturbations of power-type.
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1 Introduction

Let G be a Carnot group, and let 2 C G be a bounded and connected open set.
Moreover, let y € (0, 1), let 22) = 2—_Q2 be the critical Sobolev exponent related
to the Sobolev inequality in G, and let A > 0. We consider the following singular
Dirichlet problem
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where Ag denotes a sub-Laplacian operator on G (see Section 2 for the relevant
definitions). We immediately state the main result of this paper. In what follows, we
refer to Definition 2.5 for the precise definition of weak solution of (P;).

Theorem 1.1 Let 2 C G be a bounded and connected open set, and let y € (0, 1).
Then, there exists A > 0 such that the following assertions hold:

a) problem (P,) admits at least two weak solutions for every 0 < A < A;
b) problem (P,) admits at least one weak solution;
¢) problem (P,) does not admit weak solutions for every . > A.

The above theorem is the natural generalization to Carnot groups of classical results
of Haitao [34] and Hirano, Saccon and Shioji [35], where the authors considered critical
perturbations of mild singular terms using sub and supersolution methods ( [34]) or
a Nehari manifold approach ( [35]). We stress that similar results have been obtained
with different leading operators, see e.g. [4, 32, 41]. Before commenting on the proof
of Theorem 1.1, we want to give a brief account of the existing literature concerning
partial differential equations (PDEs, for short) on Carnot groups, with a focus on
critical semilinear equations.

- PDEs on Carnot groups. To begin with, it is worth mentioning that, if G is a Carnot
group and if A is a sub-Laplacian on G (see Section 2 for the relevant definitions), then
Ag is a second-order differential operator with non-negative characteristic form, and
thus it falls in the class of degenerate-elliptic operators. These degenerate operators
have appeared in the literature since the early 1900s, due to their appearance in models
of theoretical physics and of diffusion processes; however, the lack of regularizing
properties (caused by the lack of ellipticity) creates several difficulties and prevents
the application of several techniques.

In this perspective, a major difference between general degenerate-elliptic opera-
tors and the sub-Laplacians on Carnot groups is that Ag is a sum of squares of vector
fields satisfying the celebrated Hormander hypoellipticity condition, see [36]. Start-
ing from this fact, and by taking benefit of the underlying geometry attached to Ag
induced by G, G.B. Folland, L.P. Rothschild and E.M. Stein developed in the 70’s the
singular integral theory in nilpotent Lie groups (see, e.g., Folland’s survey [22] for
a thorough discussion of the contributions of Stein in this context). More precisely,
in 1975 Folland [21] accomplished a functional analytic study of sub-Laplacians on
Carnot Lie groups and proved the existence of an associated well-behaved global fun-
damental solution. One year later Rothschild and Stein [60] proved their celebrated
lifting theorem enlightening the fundamental role played by the sub-Laplacians in the
theory of second order PDEs which are sum of squares of vector fields; this remarkable
result paved the way for a deep study of PDEs on Carnot groups.

- Critical PDEs on Carnot groups. Firstly, when G = H" is the Heisenberg group and
Q = H", problem (Py) (i.e.,with A = 0) coincides with the CR-Yamabe problem which
has been deeply studied in a series of papers by Jerison and Lee [37-39], in connection
with the existence of extremals for the associated Sobolev inequality. Further results
concerning the CR-Yamabe problem can be found in e.g. [15, 26, 27]. In [38], Jerison
and Lee actually provided the explicit expression of such extremals, resembling the
Euclidean ones by Aubin and Talenti. After the seminal paper by Brézis and Nirenberg
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[13], it became clear that the explicit knowledge of these functions was a key tool to
attack the study of critical PDEs both in bounded and unbounded domains, at least in
Heisenberg groups. In this perspective, we refer e.g. to [5, 6, 11, 17, 20, 29, 42, 47,
49, 51, 53, 55, 57-59, 65, 66] where several existence and non-existence results have
been proved for the critical (or slightly sub-critical) equations; we also mention the
papers [1, 16, 25, 28, 48] for perturbation results in the spirit of Brézis and Nirenberg,
even dealing with the Grushin operator. We refer to e.g. [50, 52, 54] and the references
therein for the case of sign-changing solutions.

The situation may a priori change when considering structures different from
Heisenberg groups. In [30, 31] Garofalo and Vassilev exhibited a family of mini-
mizers for the Sobolev inequality in groups of Iwasawa type. As far as we know, there
are no other structures, nor Sobolev inequalities with p # 2, for which the minimizers
are explicitly known. Nevertheless, it is worth mentioning that the best constant in the
Sobolev inequality is achieved in all Carnot groups, see [30]. Moreover, the asymp-
totic behaviour at infinity of the minimizers has been found also in the case p # 2,
see [45]. Going back to critical PDEs, thanks to [8], Loiudice in [43] obtained the
sufficient asymptotic expansions of a family of functions naturally associated with the
extremals, and this was enough to obtain a perturbation result a la Brézis-Nirenberg
in a general Carnot group G. We briefly mention that the above-mentioned papers are
mainly interested in the existence, multiplicity or non-existence of positive solutions.
Following this line of research, in [44, 46] Loiudice considered the case of singular
perturbations of critical problems, where the term singular has to be considered in the
sense of a suitable Hardy-type potential. See also [10] for further results in this line
of research. Our interest in the present paper is to consider mild singular perturbation
of the form u~" with y € (0, 1) (hence the term mild). Since the seminal paper by
Crandall, Rabinowitz and Tartar [18], the literature dealing with singular problems
of this kind in the Euclidean setting, even for y > 1, has seen a great amount of
contributions: we refer to the recent survey [56] and the references therein for a very
detailed account. We mention also [2] where a wide class of possibly nonlocal opera-
tors is considered. On the other hand, to the best of our knowledge, this seems to be
the first contribution which considers singular power-type perturbations in the setting
of Carnot groups.

Let us now briefly comment on the main result stated in Theorem 1.1. The proof
follows the argument performed in the Euclidean case by Haitao [34], suitably adapted
to the Carnot group setting, and it consists of several technical steps that we list here
below:

e we prove the existence of a first solution by means of a variational sub and superso-
lution scheme, adapting the approach of Struwe [62]. The subsolution is naturally
provided by the unique solution of the purely singular problem, see Theorem 2.7,
while the supersolution is constructed in Lemma 3.5. We notice that this scheme
immediately provides a threshold A (see (3.1)) for the non-existence;

e we show that for A € (0, A) the first solution obtained as described before is a
local minimizer in the natural topology associated with problem (P, ), see Lemma
3.6;

@ Springer



268 Page4 of 58 S. Biagi et al.

e we follow an argument originally due to Tarantello [64] (see also [3]) to prove the
existence of a second solution. Here we heavily employ the asymptotic expansions
found in [43], taking care of the new singular term, and we adapt the Euclidean
estimates of [14] exploiting the properties of the convolution in Carnot groups
proved in [23].

The paper is organized as follows: in Section 2 we recall the basic facts on Carnot
groups needed in what follows, like the Folland-Stein spaces which provide the natural
variational framework where problem (P;,) is set, strong maximum principle and weak
Harnack inequality for the operator —Ag + ¢ which we were not able to find in the
literature but is probably well known to experts in the field. We also provide the basic
result for the purely singular problem whose importance has been already described.
Section 3 is devoted to find the first solution while the second solution (for A € (0, A))
is found in Section 4.

2 Preliminaries

In this section we collect all the relevant notations, definitions and preliminaries needed
in the rest of the paper.

2.1 Carnot Groups

A Carnot group G = (R, o) of step k is a connected, simply connected Lie group
whose finite dimensional Lie algebra g of left-invariant (w.r.t. ¢) vector fields admits
a stratification of step k, namely there exist k linear subspaces gy, . .., gr such that

0=019D...@90% [9.0l=0gi+1. g #{0}, g;i={0}foralli > k.

In particular, this implies that Carnot groups are a special instance of graded groups.
We call g; the horizontal layer. We denote by X1, ..., X a basis of left-invariant
vector fields of g such that the following holds:

e Xi,..., X, isabasis of g;

o forevery I <i <k, Xp, 41,..., X, 1s a basis of g;;

e my=0andn; :=m; —m;_; =dimg; forevery 1 <i <k;
e mi~+...+mp=N.

We notice that N is the topological dimension of G, but we can also define its homo-
geneous dimension Q as follows

k
Q:=>in. 2.1)
i=1

We notice that N < Q and that N = Q if and only if G is the classical Euclidean
group (RY, 4). In particular, this is the only possible case whenever Q < 3.

@ Springer



Critical Singular Problems in Carnot Groups Page50f58 268

Since the exponential map is a one-to-one diffeomorphism from g to G, any point
g € G can be uniquely written in exponential coordinates as

g=g1X1+...+gnXy=(81,...,8N)-

Being a graded group, every Carnot group G possesses a family of anisotropic dilations
8y : G — G defined as

81.(8) = (A'g1, ..., A"V gy), forevery A > 0, 2.2)

where aj =iifm;_1 < j < m;. Wenotice that Q = a1 +... + apn.
An explicit expression of the group operation ¢ can be then determined by means of
the Campbell-Baker-Hausdorff formula, see e.g. [7] for more details. The null element

of ¢ is the identity O = (0, . . ., 0) and the inverse of a certain g # 0 is usually denoted
1

by g™ .

The group operation ¢ can also be used to define a further family of automorphisms
of G known as left translations T : G — G. More precisely, given a base point i € G,
we define

w(g) =hog. (2.3)

It is possible to endow a Carnot group G with aricher structure. Firstly, it is possible
to define a scalar product (-, -) 4, such that the basis {X1, ..., X, } of the horizontal
layer becomes orthonormal, and this provides a sub-Riemannian structure over G.
We notice that one can also provide a purely Riemannian structure defining a scalar
product on the Lie algebra g making the entire basis {X1, ..., Xy} orthonormal.
The sub-Riemannian Carnot group G can also be endowed with an intrinsic metric
structure by means of the so called Carnot-Carathéodory (CC in short) distance. It is
well known that with this distance, these spaces are not Riemannian at any scale, see
e.g. [61].

From a more analytic point of view, we can define several differential operators
modelled on the horizontal vector fields {X;, ..., X,,, }. First, given a smooth hori-
zontal vector field V = vi Xy + ... + vy, X,,,, we define its horizontal divergence
as

divgV :=Xv1 + ... + X, U, - 2.4)

Moreover, given a smooth enough scalar-valued function u : G — R, we can define
the horizontal gradient of u as

Veu = (Xqu, ..., Xy 1), 2.5)

and the sub-Laplacian of u as
Agu = divg(Vgu) = Xiu+ ...+ X} u, (2.6)
We point out that both the divergence divg and the horizontal gradient Vg (and a

fortiori the sub-Laplacian Ag) are independent of the choice of the basis on g;: in
fact, they are intrinsically associated to the sub-Riemannian structure on G.
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We notice that both the horizontal gradient Vg and the sub-Laplacian Ag are left-
invariant operators, i.e.

Vg(uoty) = (Vgu)otr, and Ag(uoty) = (Agu)ot,, foreveryh € G, (2.7)

and they are, respectively, homogeneous of degree one and two w.r.t. the family of
dilations §;, defined in (2.2), namely

Ve(uo8) =A(Vgu) o8, and Ag(uody) =A2(Agu) o8, forevery i > 0.

(2.8)
The Lebesgue measure £V coincides with the Haar measure of G and hence is left-
invariant and satisfies the following scaling property:

LN (E)) = A2LN(E)  for every measurable set £ C G. 2.9)

Every integral in this manuscript has to be understood with respect to the Haar measure,
unless otherwise stated.

Moreover, the homogeneity of the X;’s implies that the (formal) adjoint of X; in
the Lebesgue space L2@G) is precisely —X; (for 1 <i <my), that is,

f(X,xp)tp = —/ o(X;y) forevery 1 <i <mj. (2.10)
G G

In particular, —Ag is a self-adjoint operator.

Every Carnot group can be endowed with several homogeneous norms. A homo-
geneous (quasi)norm p : G — R is a non-negative function further satisfying the
following properties:

e p(g) =0ifand onlyif g =0;
e p(8,(g)) = A p(g) forevery g € G and for every A > 0;
e p(hog) <C(ph)+ p(g)) forevery g, h € G and for some constant C > 1.

The importance of such objects is witnessed by a famous result of Folland: in [21],
he showed that there exists a homogeneous norm | - |g on G and a positive constant
Cp > 0, depending only on Q, such that the function

o with 0 > 3, @2.11)
G

is a fundamental solution of —Ag with pole at 2 € G. Moreover, homogeneous norms
can be used to define distances, different from the C C-distance, as follows:

dy(g, 1) :=ph " og).

In any case, all these norms (and the relative distances) are equivalent and they all
induce on G the Euclidean topology. For our purposes, we prefer to work with the
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homogeneous norm | - | (and the associated distance dg) which provides the funda-
mental solution defined in (2.11). In particular, we will denote by

Br(g0) =g € G :dg(g, 80) = lgy ' o gle <7},

the open ball of radius » > 0 and center go € G.

2.2 Folland-Stein Spaces and Critical PDEs

Let O € G be an open set. For every f € C3°(O) there exists a positive constant
Co > 0 depending only on the homogeneous dimension Q such that the following
Sobolev inequality holds true

||f||iz*g(o) < CollIVe fllI 20y (2.12)

where
. 20
2Q =
Q-2
denotes the (sub-elliptic) critical Sobolev exponent, resembling the classical Euclidean
one

(2.13)

R 2N
X = —.
N-=-2
Thanks to (2.12), ||| VG f |l .2(q) provides a norm on the space C°(£2). We define the

Folland-Stein space S(l) (O) as the completion of C;°(O) w.r.t. the above norm, and we
set
lull 30y = I1Vaull 20, forevery u Se(0).

We explicitly observe that, owing to (2.12), we have
So(0) = {u e L*2(0): Xju € L*(O) forall 1 <i < mi}, (2.14)
where Xu, ..., X,,,u are meant in the sense of distributions, that is (see also (2.10)),
/ Xju)p = —/ uXjo forallp € CG°(O).
(@] o

In the particular case when O is bounded (which is the case we are mainly interested
in, together with the case O = G), the space Sé (O) enjoys the following classical
properties.

1) S(l) (O) is endowed with a structure of real Hilbert space by the inner product

(u, v)s(l)((g) = /(Q(VGM’ Vev)g, (u,v € S(%(O))a
whose associated norm is precisely || - || SH(O)*
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(2) By density, the Sobolev inequality (2.12) actually holds for every function u €
S& (O). As a consequence, Sé (O) is continuously embedded into LP (QO) for every
1 <pc< 222. Furthermore, this embedding turns out to be compact when 1 <
p < 2*Q.

(3) Ifu € S}(O), then uy = max{u, 0}, u_ = max{—u, 0} € S}(0), and

Veut = Vou - X{u=0) and Vgu_ = Vgu - X{u<0}-
In particular, for every ¢ € R, we derive
Vgu =0 a.e.on any level set {u = c}. (2.15)

We refer, e.g., to [24] for good approximation results in terms of smooth functions,
allowing to prove the above facts.

Remark 2.1 On account of the above properties of S(l)(Q), it is possible to prove the
following convergence result, which will be repeatedly used in the sequel.

Assume that {u}x € S}(R) is a bounded sequence. Since S} () is a real Hilbert
space, and since we have already pointed out that the embedding

S§(Q) = LP(RQ)

is compact for every 1 < p < 2%, as in the classical case we deduce that there exists
a function u € S(% (£2) such that (up to a subsequence, and as k — +00)

e up — u weakly in Sé(S'Z);
e u; — u strongly in L (Q2) forevery 1 < p < 2%;
® u; — u pointwise a.e.in 2.

On the other hand, since the embedding S(l)(Q) < L% (R2) is continuous, we have
that u € L0 (2), and {uy}x is bounded also in L2b(Q); in particular, setting

*

[ *
= e (1,27),
Po 2*Q_1 ( Q)

-1 . .
we have that {vy = qu }x is bounded in LP°(€2). As a consequence of this fact,
and since we know that u; — u pointwise a.e.in €2, we deduce that {vi }x converges

weakly to u?o™! (as k — 400, and up to a subsequence) in LP0(£2), that is,

2* —1 * ’ *
/Qqu pdx — /QMZQ_I(pdx for every ¢ € LP0(Q) = L*2(Q) D S}(RQ).

In [31] Garofalo and Vassilev adapted the celebrated concentration-compactness
principle of Lions showing that the best Sobolev constant in (2.12) can be achieved
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and it is characterized as follows

Ve fllI72,

T i@ 11
fesk@G) .
0 LZQ(G)

S (2.16)

As in the Euclidean case, this fact has immediate consequences at the level of the
critical PDE

2

— Agu=u’2"" inG. (2.17)

We list here below the most important results concerning (2.16) and (2.17).

e Every minimizing sequence of (2.16) is relatively compact in Sé (G), after possibly
translating and dilating each of its elements. In particular, the minimum in (2.16)
is achieved and (2.17) admits a non-negative and non-trivial solution U € Sé (G),
see [31, Theorem 6.1].

e By Bony’s maximum principle [9], every non-negative solution of (2.17)is actually
positive.

o IfT e Sé (G) is a positive solution of (2.17), then there exists a positive constant
M > 0 such that

T(g) < My min{l, |g|3 @), forevery g € G, (2.18)

see [8, Theorem 3.4].
o IfT € S& (G) is a positive solution of (2.17), then there exists a positive constant
M, > 0 such that

|B1(0)]

T@g) =M ——F-,
(1+1gle)22

forevery g € G, (2.19)

see [43, Lemma 3.2].

Letnow T € S(l) (G) be a minimizer of (2.16). For every ¢ > 0 define the rescaled
function
T.(g) := e®7 2T (816(2)) - (2.20)

Let further be R > 0 such that Bg(0) C Q2 and let ¢ € Cgo (Br(0)) be a cut-off
function such that 0 < ¢ < 1 and ¢ = 1 in Bg/2(0). Define the function

Ues(g) :i=0(9)T:(g), g€G. (2.21)

The following holds:

e Up to multiplicative constants, T is a solution of (2.17).
e Due to scaling invariance, we can set T as to have

2*
2 _ 0 _ ¢Q/2
VTl = TS, =S5 (2.22)
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e The function U, satisfies the following estimates as ¢ — 0T

2 _
VU2 g, = S8 + 0(e272) (2.23)

2% 2
10079 =527+ 09, (2.24)
L0 (G)

see [43, Lemma 3.3].

2.3 Strong Maximum Principle and Harnack Inequality

Now we have reviewed the basic concepts concerning the Carnot groups setting, and
before starting our study of problem (P, ), for a future reference we explicitly state
here below a Weak Harnack inequality for

L =—Ag +c(x) (withc > 0),

from which we will also derive a Strong Maximum Principle. These results will be
fundamental throughout the rest of the paper.

Proposition 2.2 (Weak Harnack inequality for —Ag + ¢) Let O C G be a bounded
openset, andletc € L*(0), ¢ > 0. Moreover, letu € S(% (O) be a weak supersolution
of the equation

—Agu+cu=0in0O, (2.25)

that is (see also the subsequent Definition 2.5),

/ (Vou, Vep)g, +/ cup >0 forevery ¢ € C°(O), ¢ > 0.
@ @

If, in addition, u > 0 a.e. in O, there exist constants cy > 0 and pg € (0, 1), indepen-
dent of u, such that, for every go € O, r > 0 with B4, (go) € O, we have

1/po .
( ][ |u|1’0) < ¢p inf u. (2.26)
B3, (g0) By

Proof The proof of this proposition is contained in the proof of [33, Theorem 4.1],
where the Authors establish a full Harnack inequality for the non-negative weak solu-
tions u of

Lu =0in L, (2.27)

and L is a general X-elliptic operator (of which —Ag + c(-) is a particular case).
Indeed, to prove the cited Harnack inequality for a given non-negative weak solution
u of (2.27), the Authors in [33] use an adaptation of the Moser iteration technique,
and they show that
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i) since u is, in particular, a weak subsolution of (2.27), then

1/s
sup u§C1<][ Iuls> ,
Br(go) BZr(gO)

for some constants C; > 0, s > 0 independent of u;
ii) since u is, in particular, a weak supersolution of (2.27), then

—1/po
inf u> cz(][ |u|_p°> ,
By (80) Bi:(g0)

for some constant C; > 0 and every pg small enough;
iii) there exists a constant C3 > 0, only depending on po, such that

1/po —1/po
(f wm)y™<ea(f wrm)™™
B3 (80) B3, (g0)

provided that B4, (go) € O. Thus, since the proofs of i) - iii) are mutually independent,
if u is just a weak supersolution of (2.25) (which is a particular case of (2.27)), the
demonstration of assertion ii) in [33] gives exactly the desired estimate (2.26). O
From Proposition 2.2, and using a classical covering argument, we obtain the following

Corollary 2.3 Let O C G be a bounded open set, and let c € L>*(0), ¢ > 0. Further-
more, let u € Sé (O) be a weak supersolution of equation (2.25) satisfying

u > 0 a.e.on every open ball B = B,(g9) € Q.
Then, for every open set O @ O there exists C = C(O', u) > 0 such that
u>CO,u)>0aein?.

As anticipated, Proposition 2.2 implies the following Strong Maximum Principle.

Proposition 2.4 (Strong Maximum Principle for L) Let O € G be a bounded and
connected open set, and let u € Sé((’)), u > 0 be a weak supersolution of (2.25).
Then,

eitheru=0o0ru > 0a.e.in O. (2.28)

Proof We assume that there exists a set Z C O of positive Lebesgue measure such
that # = 0 (pointwise) on Z, and we prove that in this case we have u = 0 a.e.on O.

To this end we first observe that, since | Z| > 0, we can find r¢ > 0 such that

Zo=2Nn{ge€0: ds(g,30) > ro}
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has positive Lebesgue measure; moreover, since K = {g € O : dg(g,90) > rg} C Q
is compact (recall that dg induces the Euclidean topology), there exist g1, ..., gp € K
andry,...,rp, > 0 (for some p € N) such that By, (g;) € O (for 1 <i < p) and

P
2y = J(Z0 N B (2)).
i=1

As a consequence, there exists a dg-ball By = B”io (gi,) (for some 1 < ip < p) such
that
|20 0 By, (8i)] > 0. (2.29)

In particular, since u > 0 a.e.in O and u = 0 on Zj, we have

inf  u=infu =0. (2.30)
B’io (gio) Q

With (2.29)-(2.30) at hand, we then define the set
S ={g € O: thereexistsaball B= B,(g) € Os.t.u =0a.e.on B},

and we prove that S = O by a connection argument:

-S # 0. Let gj, € O be as in (2.29)-(2.30). Since u is a non-negative weak
supersolution of equation (2.25), and since B = Bar(gip) € O, we can apply the
Weak Harnack Inequality in Proposition 2.2: this gives the following estimate

1/po
(][ |M|p°) <c¢ inf u=0,
By, (i By, (8ig)

from which we derive that u = 0 a.e.in B3r[.0. Hence, g;, € S.

- S is open. Assume that g € S, and let B = B, (g) € O be a dg-ball such that
u=0a.e.in B.

Given any g’ € B, if we choose p > 0 in such a way that B,(g") € B, we obviously
have
u=0ae.on B,(g') C B,

and this proves that ¢’ € S. By the arbitrariness of g’ € B,(g), we conclude that
B,(g) € S, and hence S is open, as desired.

- S is closed. Assume that (gi) is a sequence of points in S which converges (as
k — 400) to some g € O, and let p > 0 be such that B4,(g) € O. Since gy — g as
k — o0, there exists some ko € N such that g;, € B,(g); on the other hand, since
8k € S, itis possible to find a suitable dg-ball B = B, (g,) such that B C B,(g)
and
u =0a.e.in B.
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Hence, using once again the Weak Harnack Inequality in Proposition 2.2, we get

1/po
<][ |u|p°) <c¢ inf u =0,
B3, () B,(s)

and thus ¥ = 0 a.e.in B3,(g), thatis, g € S. Hence, S is closed.

Gathering the above facts, and recalling that O is connected, we then conclude that
O = §, and this obviously implies that u = 0 a.e.in O, as desired. O

2.4 Weak Sub/supersolutions of (P;)

We are now ready to properly set the definition of weak sub/supersolution of (P;).
However, we prefer to provide such definitions for the following slightly more general
singular Dirichlet problem:

A
—Agu = — + f(x,u) in 82,
uv

u>0 in Q,
u=0 ondS2,

2.31)

where y € (0,1), A > O and f : Q2 x (0, 400) — R is a Carathéodory function
satisfying the following critical growth condition: there exists a positive constant
K s > 0 such that

[ fx, )] < Kp(14+ tz*Q_l) for a.e. x € Q and for every ¢ > 0. (2.32)

Here and throughout, Q C G is a fixed bounded and connected open set (as in (P;)).

Definition 2.5 Let f : © x (0, 4+00) — R be a Carathéodory function satisfying the
growth condition (2.32). We say that a function u € S(l)(Q) is a weak subsolution
(resp. supersolution) of (2.31) if it satisfies the following properties:

() u>0inQandu™” € L] (Q).
(ii) Forevery 0 < ¢ € C3°(£), it holds that

/Q(VGM,V«w)gl < (resp. Z)?»/

u e +/ fx, we. (2.33)
Q Q

Finally, we say that u € S(% (R2) is a weak solution of (2.31) if it is both a weak
subsolution and a weak supersolution of (2.31) without the non-negativity condition
on ¢.

Remark 2.6 We now list here below some comments concerning the above Definition

2.5. In what follows, we tacitly understand that f : 2 — (0, +00) is a Carathéodory
function satisfying the growth assumption (2.32).
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DIfu € Sé(Q) is a weak sub/supersolution of problem (2.31), all the integrals
appearing in (2.33) exist and are finite. Indeed, by Holder’s inequality, for every
¢ € C3°(R2), ¢ > 0in 2, we obtain

<lu ||Sé(Q) ”(ﬂ”S(g(Q) (2.34)

/ (Vgu, Vgo)g,
Q

Moreover, using (2.32) and the Sobolev inequality, we also get

[ rewiol < &y (ol + [ P iplax)
Q Q

(using Holder’s inequality)

< Ks(llgl + |l ||222 : ol )
1 u
=2 L) 12 %@ (2.35)

< Ks(lellie + Sg ||”||s(;<m lelsye)

(again by Holder’s inequality and Poincaré inequality)
= C”Q"”s&(g)( + ”u”S (Q)) < +00,

where Sg > 0 is the best Sobolev constant in G, and C > 0 depends on Q, f, |L].

Finally, since we are assuming that u™" € L}OC(Q), we obviously have

0 sf W < ||¢||Lw<g>/ ™ < +oo.
Q supp(¢)

We explicitly stress that this last estimate (which is related with the singular term u™")
is the unique estimate involving the L°°-norm of the test function ¢; on the contrary,
estimates (2.34)-(2.35) only involve the Sé -norm of ¢.

DIfu € Sé(Q) is a weak solution of problem (2.31), and if ¢ € C3°(Q) is a
non-negative test function (that is, ¢ > 0 in 2), by (2.34)-(2.35) we have

0</u—y —l</(VuV ) +/f(xu))
_Q qj—)\‘ GUu, ngl , W)

= C”‘P”S (Q)(l + ||u||5 (Q))
from this, by using a standard density argument, we can easily prove the following
facts:

a) u~’p € LYRQ) for every ¢ € S} (Q);
b) identity (2.33) actually holds for every ¢ € S0 ().

3)Letu € SO(Q) be a weak solution of problem (2.31). Since, in particular, we
know that u > 0 a.e.in  (and u = 0 a.e.in G \ ), it is quite easy to recognize that

@ Springer



Critical Singular Problems in Carnot Groups Page 150f58 268

u is a weak supersolution of the equation
—Agu =0 inQ,

in the sense of Definition 2.5. As a consequence, we are entitled to apply [33], ensuring
that

for every O € 2 there exists ¢c(O, u) > 0s.t.u > c(O,u) > 0a.e.in O.

2.5 Singular Problem

The last preliminary result we aim to present concerns the unperturbed, purely singular
version of problem (P, ), that is,

A
~Agu=— inQ,
u
u>0 inQ, (2.36)
u=0 ond2,

where y € (0,1) and A > 0. We say that u € Sé (R2) is a weak solution of (2.36)
according to Definition 2.5 with f = 0. In this context, we have the following theorem.

Theorem 2.7 Let Q C G be a bounded open set. Moreover, let y € (0, 1) and ). > 0.
Then, there exists a unique weak solution w, € S(} (R)NL*® () to (2.36). Moreover,
wj, is a global minimizer in the S(l) (2)-topology of the functional

1 A _
J(u) = E/QWMZ—E/QW v, (2.37)

Finally, we also have that J, (w;) < 0.

Proof The proof of this theorem is very similar to that of [63, Theorem 1.1] (for the

solvability of (2.36)), and exploits a classical scheme of Stampacchia (for the global

boundedness of w; ); however, we present it here in detail for the sake of completeness.
To ease the readability, we split the proof into five steps.

STEP ). In this first step we prove that J, possesses a global and strictly negative
minimum, which is attained by a function w; € Sé (£2) \ {0} such that w; > 0 a.e.in
Q.

To this we first observe that, since Sé (£2) is aHilbert space and since 0 < 1—y < 1,
the functional J, is weakly lower semicontinuous on S(% (€2) (notice that ||| Veulll 2 ()
is precisely the norm of Sé (£2)). Moreover, owing to the Sobolev inequality (2.12) and
using Holder’s inequality, we have

, >”””§g<m Yo
W) 2 —= = g
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(for some positive constant C only depending on Q and €2), and this proves that J)
is coercive on Sé(Q). Gathering these facts, we then derive that J, attains a global
minimum, that is, there exists a function w;, € S(% (€2) such that

J)\(wx) = min ])L(I/t) =m,.
ueSy ()

We now observe that, if ¢ € C(C)’O(SZ) is a fixed non-vanishing function, we have

A=y
l—vy

2
t —
J(tp) = E/Q|VG(P|2 — /Q|go|l Y > —00 ast — 0t

(recall that 0 < 1 — y < 1); as a consequence, we have m; < 0, and thus w; 0.
Finally, taking into account that J, (Ju|) = J, (u) for every u € Sé(Q), by possibly
replacing the function w; with |w;, |, we can assume that w; > 0 a.e.in Q.

STEP II). In this second step we prove that the global, non-negative minimizer
w; € Sé (£2) obtained in the previous step is actually strictly positive (a.e.) in 2.

To this end, we arbitrarily fix a non-negative function ¢ € C3°(£2) and we notice
that, since the function w), is a global minimizer of J,, we have

-
0 < timinf { s +19) — hiwi)] = [ (Vown, Voglg,
t—0+t Uf Q

and thus —Agu > 0in the weak sense on €2; from this, by using the Strong Maximum
Principle in Proposition 2.4 (and since w; s 0), we deduce that w; > 0 a.e.in Q.

STEP III). In this third step, we prove that the function w; € Sé (€2) (which we have
already proved to be a global and strictly positive minimizer of J) is a weak solution
of

A
—Agwr = — in , (2.38)
w),
and hence of the whole problem (2.36).
To this end we first observe that, since w,, is a global minimizer of J,, the point

to = 0 is a global minimum for the (smooth) map & : R — R defined by

1 2 A(l I-y
7t = J3 (1 + D) = S+ /|va$—¢/ w7
2 Q l—y Q

as a consequence, we have

0=h/(0)=/Q|v@,wk|2—)\/g|wk|‘*y. (2.39)
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Moreover, again by the minimality of J, (w;,), we also get
0 < Ji(wy + 1) — Ju(wy)

2
t A _ 1—-
S/WGM,VG(P)QI-F?/ IVGQDIZ—I—/ [(wx-H(P)l Y —w, y]
Q Q —vJa

for every non-negative function ¢ € S(% () and every t > 0; thus, by letting t — 0
with the aid of the Fatou Lemma (and by the arbitrariness of ¢), we obtain

/ ((V(gw)\, Ve@)g — )ka_y(p) >0, foreverygp € Sé(Q), ¢ > 0. (2.40)
Q

With estimates (2.39)-(2.40) at hand, we can easily complete the demonstration of this
step.
Indeed, given any i € Sé (R2), by applying (2.40) to

¢ = (W +eP)4 € SH(Q)
(and with ¢ > 0 arbitrarily fixed), and by using (2.39), we get
0= [ ((Veus, Voply, — 1" 9)
= / ((Vewa, Ve (ws, + e¥))g, — Aw, 7 (wy + £9))
{wy+ey >0}
= /Q ((Vews, Ve (ws 4 &9))g, — 2wy " (wy + e9))
- / ((Vews, Vo (ws 4 e¥))g, — Aw, " (wy + £v))
{wy+ey <0}

= ([ 1WewnP i [ il 7Y e [ (o Vowia, 2w v)
Q Q Q

—/{ oy (F60 Vo4 e)ey 2 s+ e9)
wyteY <
(here we use (2.39))

=& [ ((Vows. Verg, =17 ¥)
-/ ((Vows. Ve, +ev))g, — w7 (w, +ev)
{wy+ey <0}

= 8/9 ((Vows, Vei) g, — 2w, "¢) — 8/ (Vowy, V),

{wa+ey <0}

where we have used the fact that w, > 0 a.e.in Q. In view of this fact, we also
recognize that the Lebesgue measure of the set A, = {wy + ¢y < 0} goes to 0 as
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& — 071 indeed, since

1
Y < ——w, <0 onAg,
e

and since 2 D A, has finite measure, we have

tim [Acl = | () Ae| = ltws < 031 = 0.

e—0F

e>0

Hence, from the above estimate (and by the arbitrariness of ¢ > 0), we obtain

/ ((Vows, Vevr)g, — Aw, ") > lim (Vewy, Veyr) = 0.
Q e=0" J{w, +ey <0}

This, together with the arbitrariness of € Sé (£2), allows us to finally conclude that
w;, is a weak solution of equation (2.38), as desired.

STEP IV). In this fourth step we show that w) € L% (2). To this end we first
observe that, since we already know that w, is a weak solution of (2.36), for every
k > 1 we have

/Q(VGw)\, Vel(wy — k)11 g — A /Q w, " (w; — k)4 = 0;

from this, by using the Holder inequality and the weighted Young inequality, together
with the continuous embedding of Sé (R2) into L% (2), we get

A A - «\ 1/27
_ 2 _ A _ A 1-1/2 B 2 0
/Qw«;[(m D4P = = /Akm R4 = 1Al (/Ql(wx K4 [2)

—1)2* 1/2
< clael' ™2 ( [ Vet —o-P)

< @A) e /Q Vel(ws = k)+17,
where c(e) > 0 is a suitable constant depending on ¢, and
Ap = {wy > k}.
From this, by choosing ¢ > 0 sufficiently small, we get
fg Vel(ws, — )11 < el A1), (2.41)
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With estimate (2.41) at hand, we can easily complete the proof of this step (and of the
whole theorem). Indeed, owing to the cited (2.41), for every 1 < k < h we have

* 2* N 2/2% 2%\ 2/2%
= 021n P2 ([ =02 < ([ -02) T
Ap Ag

(here we use once again (2.12))

= C/ IVal(wy, — k)+11% < c] A2 7120,
Q

for some constant ¢ > 0 independent of k, &; as a consequence, we get

1

Anl < — - |Ae™" forall I <k <h.

(h — k)%

Since, obviously, g = 2*Q — 1 > 1, we can apply [40, Lemma B.1]: this gives
|Aal = [{w) = d} =0

for some d > 0, and thus w; € L°°(R2), as desired.

STEP V). In this last step, we prove that w;, is the unique weak solution of problem
(2.36). To this end, let us suppose that z, € S(l)(Q) is another weak solution of the
same problem; we then choose a smooth function & € C*°(R) satisfying the following
properties

e () =0fort <0andO(t) =1fort > 1;
e 0 is non-decreasing on R;

and we define (for every ¢ > 0)

0.(1) := 0 (5) .
£

Now, since 6, € Sé(Q), and since wy, z) solve (2.36), we get

0 (wy, —
() f (Vowy, Vg (wy, — 22))g, Os(wi — 23) — x/ M —o:
Q Q w;
/ Oc (wy, — 25)
(0) | (Vezn, Ve(wr —z20))g, Og(wp —23) —A | ————— =0.
2 Q Z;

As a consequence, by subtracting the above identities, we obtain

0> —/Q V(2 — w0 (wy — 23)

1 1
=A (———)9(11) —Z3)-
/S\2 ZK wy &€ A A

A

(2.42)
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From this, by letting ¢ — 07 we derive that

1 1 1 1
lim — - — G(wA—ZA)=/ — - — ] <0,
e—0" Jo (ZK w;\/) ¢ sz \20 w!

from which we derive that [{wy > z,}| = 0, that is, wy < z; a.e.on Q. Finally, by
interchanging the role of z; and w, , we conclude that

wy = 7z, a.e.in ,

and this proves the uniqueness of w. O

3 Existence of the First Solution

To begin with, we define
A = sup{A > 0 : (P,) admits a weak solution}. (3.1

We then turn to prove in this first part of the section the following facts:

a) A is well-defined and A < +o0;
b) problem (P;) admits a weak solution for every 0 < A < A.

We begin by proving assertion a).
Lemma 3.1 Let A be as in (3.1). Then A € (0, +00).

Proof We consider the functional
1 A _ 1 .
umw=1/WmF———1/w1%~7/mﬁ,ue%@y (3.2)
2 Ja -y Ja 25 Ja

First of all, by combining Holder’s and Sobolev’s inequalities, we have

2* 2b .
a) o |M| 0 E C”lVGu'”LZ(Q)y

(1=y)/2¢ 33
b) | [l <Cllull .70 < CllIVeull5
>L|| = Cllull 1, = ClIVGull g
as a consequence, denoting by

B, := {u € S () : Nlullgyq) < ’}’
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the above estimates (3.3-a) imply the existence of rp > 0 and §yp > O such that

2*
SIVeulI22q) = 2 ”””Lf*g o Z 200 forallu € 9By,
. (3.4)

2
Q
2 |||VGU|“L2(Q) Z*Q “u”LrQ(Q) 2 0 fOr 3.11 ue Br()7

hence, again by (3.3-b) we conclude that there exists A, > O such that

L > 280 — rC ri77 > 80, forevery A € (0, A (3.5)
AaBrO_ 0 1—}/0 = 00, y s Ax e .

We now define ¢, := inf By, I, , and we notice that ¢, < 0. Indeed, for every v # 0,
it holds that

which becomes negative for# > 0 small enough because 0 < 1—y < 1. The argument
is now pretty standard. We first consider a minimizing sequence {u;}; C By, related
to ¢, and we know that there exists u, such that, up to subsequences,

e uj — u,as j — +oo weakly in S} (Q);
® u; — u, as j — oo strongly in L" (2) for every r € [2, 2} )
® Uj —> Uy as j — +oop01ntw1seae in Q.

Moreover, since I, (Ju|) = I (u) for every A > 0, we may also assume that u; > 0.
Combining (3.5) with ¢, < 0, we realize that there exists a positive, and independent
of j, constant &9 > 0 such that

lujllsi ) = 1o — €o. (3.6)

Now, by combining the algebraic inequality (a 4+ b)? < a” 4 b? (holding true for all
a,b>0and 0 < p < 1) with the Holder inequality, as j — +o0o we have

/17</uiy+/|u—u*|l7’
Q
1- 1—
S\/\Qu* V+C||u] M*”LZ(Q) \/S;u* V+0(l)a

and similarly

/ul*V S/u}*“r/ luj — u, |7 =/ ;7 +o(l),
Q Q Q Q

which in turn implies
/ ut™v =/ w7 +o(l), asj— +oo. (3.7)
o’ Q
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By Brezis-Lieb lemma, see [12], it is now well known that

2% 2% 2% .
lujl ™ =% A lu—wll S +o(l), asj—> +oo,  (3.8)
L72(Q) L72(Q) L72(Q)
and
IVeu;1172q) = IIVeull72q) + Ve — udllifa g, + o), asj — +(§°9')

By combining (3.9) and (3.6), it follows that u, € By, and that u; — u, € By, for
big enough j, and this allows to use the second line of (3.4) on u; — u,. Using now
(3.7)-(3.9), as j — 400, we find

e =1, (uj) +o(1)

1 2
luj —uell 5. +o(l)
L°2(Q)

1 2
=1, (u,) + §|||V(g,(uj — u*)|”L2(Q) _ %

> I, (uy) +o(1) = ¢+ o(1),

which proves that u, > 0, u, # 0 is a local minimizer of I, in the Sé (2)-topology.
From this, by arguing exactly as in the proof of Theorem 2.7 (the unique difference
being the presence of the critical term, see also [34, Lemma 2.1]), we show that u, is
actually a weak solution of (P, ), and hence we get that

A > A, > 0.

Let us now prove that A < +o00. Following [34], we consider the first Dirichlet
eigenvalue |1 of the operator —Ag in €2, namely

i = min {[||Veulll72q, : u € So(R) and [lull> g = 1},

and we let ] € S(% (£2) be the principal eigenfunction associated with 1, i.e.,
a) lle1llz2g) =1 and e¢; > O a.e.in ;

b) IVgerllg = 1.
The proof of the existence of such a function e follows by rather standard arguments.
Now, assuming that there exists a weak solution u € SO1 (2) of problem (P,) (for
some A > 0), and using this e; as a test function in identity (2.33), we get

Ml/ uey =/(VGu,V@,el)gl :/(ku7y+u2*9_1)el.
Q Q Q

Setting A a constant such that

A 4% S wit, foreveryt > 0,

we find that . < A and then A < A < 400, as desired. ]
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Now we have established Lemma 3.1, we then turn to prove assertion b), namely
the existence of at least one weak solution of problem (P,) for every 0 < A < A.

To begin with, we prove the following simple yet important technical lemma.

Lemma3.2 Let w,u € Sé (€2) be a weak subsolution [resp. weak supersolution] and
a weak solution of problem (P;,), respectively. We assume that

a) w <ulresp.w > u] a.e.in Q;
b) for every open set O € Q2 there exists C = C(O, w) > 0 such that

w > CaeinQO.

Then, either w = u or w < u [resp.w > u] a.e.in Q.

Proof We limit ourselves to consider only the case when w is a weak subsolution of
problem (P, ), since the case when w is a weak supersolution is analogous.

To begin with, we arbitrarily fix a bounded open set O € 2 and we observe that,
since w is a weak subsolution of problem (P;) and since u is a weak solution of the
same problem, we have the following computations:

—Ag(u—w) = A —w V) + @ —we!)
(since w < u, see assumption a))
>AuV —w™)
(by the Mean Value Theorem, for some 6 € (0, 1))
=—yru+ 1 —0)w) 7 u—w)
> —yriw " - w)
(by assumption b))
= —yACT7 e —w),

in the weak sense on O (here, C > 0 is a constant depending on O and on w).

As a consequence of this fact, and since w < u a.e.in 2, we are then entitled to
apply the Strong Maximum Principle in Proposition 2.4 to the function v = u — w
(with ¢ = yAC~V ™1, obtaining that

eitherv =0o0rv > 0 a.e.in O.

Due to the arbitrariness of O € €2, this completes the proof. O

Remark 3.3 We explicitly observe that, if w € Sé (2) is a weak supersolution of
problem (P, ), it follows from Remark 2.6-3) that assumption b) in Lemma 3.2 is
always satisfied. Hence, if u € Sé (R2) is a weak solution of (P,), we get

(u <wae.in 2) — (eitheru = woru < w a.e.in Q).
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We now turn to establish a crucial Perron-type lemma which extends [34, Lemma
2.2] to the case of Carnot groups.

Lemma3.4 Letu,u € Sg (R2) be a weak subsolution and a weak supersolution, respec-
tively, of problem (P,). We assume that

a) u(g) <u(g) fora.e. g e ;
b) for every open set O € Q2 there exists C = C(O, u) > 0 such that

u>CaeinO.

Then, there exists a weak solution u € Sé (2) of (Py) such that

u(g) <u(g) <u(g)forae gecQ.

Proof We adapt to our setting the proof of [34, Lemma 2.2]. We consider the set
M = {u eSé(Q) u<u §Ha.e.in§2],

which is closed and convex.

STEP 1: we claim that there exists a relative minimizer u; of I, on M.
It is enough to show that I, is w.l.s.c.on M. To this aim, let u; € M be weakly
convergenttou in Sé (£2). Without loss of generality, possibly passing to a subsequence,
we may assume that u; — u pointwise a.e. in 2, so that u € M. Thanks to the
continuous embedding of S(l) (2), we have that

/ w0 < +oo f 7' < 400,
Q Q

where in the latter we used first Holder inequality. Hence, by dominated convergence,
we have that, as j — +o0,

2% 2*
s S e and f|u,~|1—V+/ ™.
L72(Q) L™2(Q) Q Q

Therefore,
liminf 1) (u;) > I, (u),
J—=+o0
as desired.
STEP 2: we prove that i, is a weak solution of (P;). Just in this paragraph we will
use more compact notation u instead of u;.
We take ¢ € S(l)(Q) and ¢ > 0. We define the function

Ve i=u+ep—¢° +o. €M,

where
P i=utep—u)y o= Utep—u).
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Since u + t(ve — u) € M fort € (0, 1), we have that

0< lim L(u+1t(ve —u)) — L)

t—07t t
Vg — U 2% —1
:/(VGu,Vg(ve—u))gl—k/ £ . —/ u 0 (ve —u).
Q Q Uu Q

We omit the details concerning the second integral, we refer to [34] for the details.

Set now
E* 1=/(VGM, Vee©) g —?»/ L / 01yt
Q Qu’

E, _/<vGu Veee)q / /uzg 1
Qu Q

With this notation at hand, we can write (3.10) as

—E
/(V([;u Veo)g f / —5.
Q Quv £

We want to show that

(3.10)

and

&

E
— >o0(l) and == <o(1), ase — 0%,
& e

We will show only the first one, being the second very similar. Firstly, we define the
sets

Q° :={geQ:u(g) +ep(g) >u(g) >u(g)}l,
CQF =={g e Q:u(g)+ep(g) <u(g)}

and notice that, being # and u measurable functions,
Q6] > 0 ase — OF.

Indeed, (). 2° = @, and as |Q2| < +o0, this implies

lim |Qf] =

e—07F

ﬂQs —

e>0
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Therefore, following [34], we have that

E?f 1 _ e _ e —y 251y ¢
— == (Vo —u), Vgo©)g, + | (Vout, Vgo©)g, — | Qu™ +u"2 e
& & Q Q Q
1 _ e 1 —y =21 - 21, e
> — | (Vou —u), Vog®)g, + — A7 +ueT — TV —ute g
EJQ & Jqe
! n e A =Y -y
>— [ (Velu—u),Veg'lg, — = | lu" —u""llg|
EJQ & JQe
(3.11)
Now, owing to (2.15) and since ¢° = 0 on CQ2¢, we have that
1 _ . 1 _ .
= | (Vou—u),Vge“)g, == | (Velu—u), Vgy')g,
e Jo & Jqe
1 _ _
= —/ IV — g +/ (Ve (u —u), Veg)g, (3.12)
& Jqe Q¢
> [ (Yot -1 Voply =o(h),  ase > 0.
QE
Combining (3.11) and (3.12), we finally get
Eé‘
— >o0(1), ase— 0. (3.13)
&
Similarly
E, N
— <o0(l), ase —>0". (3.14)
I3
Combining (3.13) and (3.14), we get that
[(%u,v@w)gl —/w—y —u®2 g = o(1) ase - 07
Q Q
Taking now —¢, and passing to the limit as ¢ — 0T, one closes the proof. O

We are now ready to prove the existence of a weak solution of (P;). Itis an adaptation
to our setting of [34, Lemma 2.3].

Lemma 3.5 Problem (P,) admits (at least) one weak solution u; € Sé(Q) for every
A€ (0, Al

Proof The idea of the proof is rather standard: we want to construct both a weak
subsolution and a weak supersolution and then apply Lemma 3.4.

Let us start with the weak subsolution. By Theorem 2.7, we know that for every A €
(0, A) (and actually for all A > 0) there exists a unique solution wj of (2.36), which
is the Euler-Lagrange equation naturally associated with the functional J; defined in
(2.37). The function w;, is a weak subsolution of (P;).

Let us now look for a weak supersolution. By the very definition of A, we know
that there necessarily exists A’ € (A, A) such that (P;/) admits a weak solution u;/,
and this can be easily taken as a weak supersolution of (P;).
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We now claim that
wy(g) <uy(g), forae.ge Q. (3.15)

To this aim, we proceed essentially as in the proof of Theorem 2.7, STEP V). First of
all, let us consider a smooth non-decreasing function 6 : R — R such that

(t)=1fort>1 and 6(t) =0 fort <0,

and it is linked in a smooth way for ¢ € (0, 1). We further define the function

t
t%(t)::@(—), e>0,reR
&

Due to its definition, we are entitled to use the function 6, (w) — u; ) as a test function
in both (P;/) (solved by u;, /) and (2.36) (solved by w;, ). Thus, we have

O (wy, — uy)
/ (Vows, Ve, — 1)), 04 (w — up) — A / 2o =0, (316)
Q Q w)L

and
/ (Veuy, Vo(wy — up))g, Op(wi — uzr)
Q

0 — Uy 2% —1
— )\1/ M — M)L/Q Qg(w}" — u}",) = O.
Q MK/ Q

(3.17)

Subtracting (3.16) from (3.17) we get

0> —/Q IV — wi) 20 (w3 — 0y0)

Az A 2 -1
zfg i G IR0 (3.18)
A/

1 1
>al (= = — ) 6wy — up).
- \/;2(1,{;, w;:) S()\. )\.)

Now, letting ¢ — 0T we find that

f 1 1 <0
{wy>u,/} MK/ w;: -

{g € Q:wy(g) > uy(g)}l =0,

and this implies that
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as claimed in (3.15).

With (3.15) at hand, we are ready to complete the proof of the lemma: in fact,
setting ¥ = u,/ and u = wj,, by (3.15) and Theorem 2.7 we know that

i) u is weak subsolution and u is a weak supersolution of problem (P;);
ii) u and u satisfy assumptions a)-b) in Lemma 3.4.

We can then apply Lemma 3.4, thereby proving that problem (P;) admits a weak
solution u,, for every A € (0, A), further satisfying

L(u) = min{L () : u € SH(R) and wy, < u < uy} < Li(wy).
In particular, by Theorem 2.7 we have
L (up) = Li(wy) < Ju(wy) < 0. (3.19)
We now turn to consider the ‘limit case’ A = A. The proof in this case is analogous
to that in [34, Lemma 2.3], but we present it here for the sake of completeness.
To begin with, we choose an increasing sequence {A;}x < (0, A) which converges
to A as k — +o0; accordingly, we let

up = uy, € ()

be the weak solution of problem (P;, ) constructed above (via the Perron method). On
account of (3.19), for every k > 1 we have

1 Ak _ 1 *
Dy (ug) = 5,/ |Vguel* — =y / |77 — 27/ ugl*e < 0. (3.20)
Q -vJa 0 /e

Moreover, by using ¢ = uy in (2.33) (recall that uy solves (Py,)), we get

_ 2%
/ |v@uk|2—xk/ et —/ 0, =0. (3.21)
Q Q Q

By combining (3.20)-(3.21), it is then easy to recognize that the sequence {uy}x is
bounded in Sé (£2); as a consequence, we can find a function

up € SH(Q)

such that (up to a subsequence and as k — +00)

a) up — up weakly in Sé(SZ) and strongly in L”(2) for 1 < p < 2%;
b) up — up ae.in Q.

We now observe that, since Ay > A1 for every k > 1 (recall that the sequence {Ay}x is
increasing), by arguing as above we see that u;, > w;,, and thus

up >0 ae.in Q.

@ Springer



Critical Singular Problems in Carnot Groups Page29of 58 268

Moreover, since uy solves problem (P;, ), we have

_ 21
/(VGuk,V@go)gl —Ak/ ukygo—/ u,® @ =0 forevery ¢ € SH(Q).
Q Q Q

As a consequence, by letting k — o0 in the above identity with the aid of the
Lebesgue Dominated Convergence theorem (see, e.g., the proof of [34, Lemma 2.2]
and take into account Remark 2.1) we conclude that u 5 satisfies

_ 25 —1
/(V(c,uA,V(;go)gl —A/ uAV(p—/ uAQ =0 forevery(peSé(Q),
Q Q Q

and this proves that u 5 is a weak solution of problem (P;,).
We explicitly point out that the convergence of the [, o{Veur, Vep)g, to
fQ (Vgun, Vo) g, follows from the weak convergence of uy to u,, since

v'—>/<VGU,VG§0>gl
Q

is a linear and continuous functional on Sé (€2). This closes the proof. ]

Lemma3.6 Let u,u,u; € Sé (2) be, respectively, the weak subsolution, the weak
supersolution and the weak solution of problem (P,) obtained in Lemma 3.5, and
assume that 0 < A < A. Then, u, is a local minimizer of I in (3.2).

Proof By contradiction, suppose that u; is not a local minimizer for ;. Then, we can
construct a sequence {u;}; C Sé (£2) satisfying the following properties:

i) u; — u; in SH(Q) as j — +o0;

ii) I (u;) < I)(u) forevery j € N.

We explicitly observe that, by possibly replacing u; with z; = |u |, we may assume
that u; > 0 a.e.in  for every j > 1. In fact, since u; — uj in S&(Q) and since
u) > 0 almost everywhere in €2, it is easy to recognize that
luj| — |up| = us in SH(Q) as j — +o0,
and this shows that property i) is still satisfied by {z;} ;. Moreover, we have
L(lujl) = Li(uj) < Ii(uy) forevery j > 1,

and this shows that also property ii) is still satisfied by the sequence {z;};. Hence,
from now on we tacitly understand that {u ;} ; is a sequence of non-negative functions
satisfying properties i)-ii) above. Accordingly, we set

vj := max{u, min{u, u;}} € Sé(Q)

and we define
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() W) = (u; — )4 € SHQ+(Q) and §; = supp(w;) = {u; > u};
() w; = () —w)- € SRR and §; = supp(w,) = {u; < u}.

We explicitly observe that, by definition, the following identities hold:

)

A vieM={ueSHR): u<u<u)

b) v; EﬁonEj,vj Egongj andvj =ujon{u <u; <uj; (3.22)

Quj=u+wjonSjanduj =u—w;ons;.

Following [34], we now claim that

lim [S;]= lim [S;]
Jj—>+o0 Jj—>—+o0 =/

—0. (3.23)

Indeed, let 0 > 0 be arbitrary and let § > 0 be such that [ \ Q5] < 5, where we
have set Qs = {g € Q2 : dg(g, 02) > §} € Q. Since, by construction,

u=w, € Sé(SZ)
is the unique solution of problem (2.36), we know from Theorem 2.7 that
up >u>C > 0ae.in Qg, (3.24)

where C = C(§, u) > 0 is a suitable constant (recall that u < u; < u).
On the other hand, since u, is a weak solution of problem (P, ), and since u = u);
for some A < A’ < A (see the proof of Lemma 3.5), by (3.24) we have

CAGE — ) = M — i+ @ — g0
(since, by construction, ¥ < u; <#and A < 1)
> @ —u, ")
(by the Mean Value Theorem, for some 6 € (0, 1))
= —yrOu+ 1 —0)uw) " @ —uy)
= —yhu " @~ up)
(here we use (3.24))
= —yhCTV TN~ ),

in the weak sense on $2s; as a consequence, we see that v := u — u; € Sé(Q) isa
weak supersolution (in the sense of Definition 2.5) of equation (2.25), with

c(x) =yrC@,w) "' >o.
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Since v > 0 a.e.on every ball B € Q2 (as u = u;, and A # 1), we can apply again
Corollary 2.3, ensuring the existence of C1 = C1(6, u,, u) > 0 such that

v=u—u; >Cy>0ae.in Q5. (3.25)

With (3.25) at hand, we can finally complete the proof of (3.23): in fact, recalling that
uj — uy in S(l)(Q) — L%(Q) as j — o0, from (3.25) we obtain
— — o 1 _ 5
ISjl < 1Q\Qs[+ 182N S| <5+ — _ (@ —uy)
2 Cl QNS
(since 0 <u —u) <uj; —uy a.e.ingj)

<g—i—i||u-—u||2 <o
22 J A2 @)

provided that j is large enough, and this proves that |§ jl — Oas j — +oo.Inavery
similar fashion, one can prove that | S il = 0as j — +oo.

Now we have established (3.23), we can proceed toward the end of the demonstra-
tion of the lemma. To begin with, using identities b)-c) in (3.22) we write

1 2 2
Ik(”j)zlk(vj)+—</ |VG'4/‘|G—/ |V(ij|((;,)
——/(m,l Y — v V)——/(|uj| 0 —|vj|%0)

=L, (vj) + 2/* (IVeujlg = 1Vev)1z)
Sjugj

by B 1 2% 2%

e N (7T e V)——*/, (lujl*e —vj|@)

l_V Sjuij 2 Ej

= L) + R +RY = (k).

where we have introduced the shorthand notation

1 _ —
@R =3 [ (Ve@-+mpP - Vel?)

J

)\‘ — S _ — _ 1 — S * —.*
—f, [E= @' — @) + i+, — @) |
Spt v 0

1
R =3 [ (Vo= - Veul?)

=Jj

)\' — — 1 2* 2*
[t w  '  - P — w)),
s; L—y 0
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and then we obtain
I(uj) = I(vj) +Aj + Bj,

where we have used the notation

1 o _ _
(94 = 5/ |VGw,-|%;,+/<vGu,va,->g]
Q Q

A - -
—/g{l_ (17 + ;'™ — [l V)+27(|u+w,|9—|u|9>}

J

1
8 =5 [ 1Vow, + [ (Vou Vou,)s
Q Q

A —
[ty - V)+27<|u—w 2 — u’2)}.
s, 1=y

Now, since we have already recognized that v; € M and since, by construction, we
know that 7, (u;) = inf s I, (see the proof of Lemma 3.5), we get

Luj) > L) +A; + Bj. (3.26)

On the other hand, since u = u, is a weak supersolution of (P, ), we have

1 _ — —
Aj = EfQWGwﬂéJr/(VGu,VGwJM

1 . .
—/ Y e L D R (G )
1—y 2
(by the Mean Value Theorem, for some 6 € (0, 1))
1 . _
> -f |V@,~|§;+/ (a7 + e YW dx
2 Ja S;

1

—ﬁ (h@+6w) 7w, + @+ 6w))*0 "W, }dx
S

J
1 * x
25/ |v@wj|é,—/, (@+6owp’e" —w*e™)w; dx
Q Sj

(again by the Mean Value Theorem)
1 _ _ -2
= 5/ Vei)Ig — / @02 4wl W
Q
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where C > 0 is a suitable constant only depending on the dimension Q. From this,
by exploiting Holder’s and Sobolev’s inequalities, we obtain

1 _ oy 252
Aj=§L|Vij|é—CA(uzQ 2_|_ij w;
i

*

1 . I R = _\Cedn
S RACTILE 1—c( | qux) o —¢( | 1vew, 2 ,
Q S; Q

(3.27)

v

where C > 0 is another constant depending on Q.
With (3.27) at hand, we are finally ready to complete the proof. Indeed, taking into
account the above (3.23), we have

* 2*Q%2
lim ( / EZde) % —o:
oo\ Js,

moreover, since u; — u; in S(% (2) as j — +o00, one also gets
— 2 _ — 2
0= [ Vet = [ Vo -l
Q S;
§2||uj—ux||§é(g)+2/7 IVe(uy —w)|> =0  asj — +o0.
S

Gathering these facts, we then infer the existence of some jp > 1 such that

| 22 2p-2)/2
— 2 A —2* 2% A — 2
Ajz-/|vaj|G 1—c(/ uQ) 0 —C(/ |vaj|G)
2 Ja S; Q
>0 Vj=jo

By arguing in a very similar way, one can prove that B; > 0 for every j > jo (by
possibly enlarging jo if needed); as a consequence, from (3.26) we get

Li(uj) = Li(uy) +A; + Bj = I, (uy),

but this is contradiction with property ii) of the sequence {u;};. O

4 Existence of the Second Solution

In this section we are going to find a second solution to (P, ). For this purpose, we
will apply the Ekeland’s variational principle similarly to what done in [34]. For any
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A < A, the set where we develop the method is
Hy = {uesg(sz): u >y ae. in Q} (4.1)

where u; is the (first, weak) solution to (P, ) determined in Lemma 3.5.
We know by Lemma 3.6 that ry > 0 exists such that ro < [Ju; ”Sé(Q) and I, (u;) <

I (u) for any u € Sé (€2) such that ||u — u;, ”55(9) < rg. Therefore, we are in one of
the following two cases

(1) forevery r € (0, rg),
inf L (u) = I(uy)

u—u . =r
lu—uslgh g

(2) there exists 1 € (0, rg) such that

inf I)L(M) > IA(M)L).

lu—w;ll g1, =1
s4®@

We treat the two cases separately.

4.1 First Case

We are going to prove that for any » € (0, ro) there exists a solution v, of (P;) such
that ||v, — u,\||58(9) = r, therefore in particular v, # u;.

By hypothesis, we can find a sequence {uy}x C H, satisfying the following prop-
erties:

o |lup — u;\||5(1)(9) =r forevery k > 1;
o I, (uy) — I)(up) =: ¢, as k - +oo.

We then choose ¥ > 0 so small that » — 7 > 0 and r + 7 < rg and, accordingly, we
consider the subset of H, defined as follows:

X, ={u € Hy : r—f§||u—uk||sé(9)§r+f}.

By construction uy € X for every k > 1. Since it is closed, this set X is a complete
metric space when endowed with the distance induced by || - || 5 (e} moreover, since

I, is a real-valued and continuous functional on X, and since
infx)L I)L = IA(M)L)

we are entitled to apply Ekeland’s Variational Principle [19] to the functional I, on
X, providing us with a sequence {vi}x C X, such that

D) L) < Lu(ug) < Li(uy) + 1/k2,
i) [lvg — Mk”sé(g) < 1/k, 4.2)

i) L(vg) < L(u) + 1/k ||vg — ””S(l)(sz) for every u € X.
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We now observe that, since {vi}x C X, and since the set X is bounded in Sé(Q),
there exists vy, € Sé(Q) such that (as k — 400 and up to a sub-sequence)

i) v — v weakly in S} (Q);
ii) vp — vy strongly in L7 (2) forevery 1 < p < 22); 4.3)

iii) vx — vy pointwise a.e.in 2.

where we have also used the compact embedding SO1 (Q) — L%(Q) (see Section 2.2).
Lemma 4.1 The function v, is a weak solution of (P,).
Proof Wefixw € H, and choose g9 = go(w, 1) sufficiently small that vy +e(w—uvg) €
X, for every 0 < ¢ < g9. We point out that such an gg exists (for k sufficiently big)
because by the properties above ||uy — uk||S(1)(Q) = r and
1
r— z < |lux — MA“sé(Q) — ok = uk”s(g(g) < v — ”A”Sé(g)

1
< llug — MA”sé(gz) + ok — Mk”s(;(gg) <r+ z

By setting u = vx 4+ ¢(w — vg) in (4.2) we get

L +ew—w) = Liw) 1 I — v
: el L e

Taking the limit for ¢ — 0T, we get

*

1 2% —1
— v = vy s/ﬁ(vgvk,v@(w—vk»gl —vakQ (w — )

— A lim [ (vp +0e(w —vr)) 7V (w — vg)
e—=>0t Jo

with 0 < 8 < 1. Observe that vy + e(w — vg) > uy ae.in Q,and w — v € Sé(Q),
therefore

[ 1w+ 0w = v 0 = w0 = [ 7w - ul < o0,
Q Q
By the dominated convergence theorem, this implies

lim [ (v +0s(w —v) " (w —vg) = / v (w — v,
Q

e—=0t Jq
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and therefore we get the inequality

- % lw— Uk”sé(g)

2% —1 _
< / (Veuk, Vo (w — vp))g, —/ v?  (w—w) —x/ v, ' (w—wv) Yw € H.
Q Q

Q
(4.4)

For any ¢ € Sé (€2) and any ¢ > 0 we introduce

® Qe = Uk +EQ — Uy
® Q. = Uy +EQ —Uy.
By construction w := vr + €@ + (¢r.s)— € H,, then, by (4.4),

1 25 —1
— lle + ()=l gy @) = /Q (VG uk, Ve (60 + (0r.e)))g) — /Q 0l 0+ (Pre)-)

.Y /Q 07 69+ (Pre)-)
4.5)
We aim to pass to the limit for k — +oo and ¢ — 0T. We first observe that, because

of (4.3-iii),
(¢e.k)— — (p¢)— pointwise a.e. in 2, for k — +o0.

Since v > u) > 0 a.e. in Q for any k, we get the following,

21 21 -
LA (‘pk,s)— =V (up —ep —vg) - l{uk—e(p—vkz()} < (u) +e¢lp|)2

o v (pre)- <2¢elplu,”.
By the results above and Remark 2.6-(2), we can use the Dominated Convergence
Theorem, obtaining

) 2-1 —
lim /ka (8(p+((ﬂk,s)7)+}»'/gvk (69 + (@r.e)-)

k— 00

4.6)
2*Q—1 —y
_ /Q o227 (o 4 (00)) + 2 /Q 07 (69 + (00)-)

Focusing on the remaining term on the RHS of (4.5), with computations similar to the
ones carried out in [3, Lemma 3.4], we get

/(Vﬁvk, VG (@ke)-)g < / (Veup, Va(@e)-)g, +o(1) ask — o0
Q Q
and as a consequence of the weak convergence vy — v, in Sé (2), we obtain

A(V@vk,VG(WﬁL(wk,sL))g] < /Q(Vc,vx,VG(8¢+(¢5)7)>91+0(1)ask—> +o0.
4.7
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Gathering (4.6) and (4.7), and taking into account that || (¢ ¢)—|| S1(Q) is uniformly

bounded with respect to k (as the same is true of vg), we can finally pass to the limit
as k — 400 in (4.5), obtaining

2% -1 -
[ o Voo + @1na = [ 7 ot oo+ [ 57 Ev+ 000,
Q Q Q
(4.8)
Exploiting the computations carried out in [34, Lemma 2.6], we get

—y 2"Q—1
(Vgua,Vee)g, — A U, "¢ — Uy %
Q Q Q
1 —y 25-1
> —— (VGua, Va(@e)—)g — A | vy "(@e)— — | v~ (@e)-
& Q Q Q

(since u,_is a solution of (P;))

1 _ —_
= ——(/Q(VG(UA —un), Ve (@e)-)g, — )\/Q(Ux " —u, ") (e)-

£
- / w2 —u?_l)«os)_>
Q

(since vy, > u; a.e.and vy = lim wvy)
k— 400
1
> ——<f (Vo (un —uyp), Ve (ua — us + £¢)) g,
€ \Mup>vr+ep)

- A/ (" —uy ") (p —up + 890))
{ur>v)+ep)

>o(l) ase — 0T,

where we used (2.15) and, as before, that

ﬂ{uk > v, +ep} = .

e>0

This implies that |{u; > vy + e¢}| — 0 and therefore, by letting ¢ — 07 in the
inequality above, we conclude that

_ 28 —1
/(VGW,VG%] —A/ uﬁp—/ v,? 9=>0, 4.9)
Q Q Q
and as ¢ € S(% (R2) is arbitrary, this allows to conclude that v, is a weak solution of
(P;) as claimed. ]

It remains to show that v, and u, are different solutions. In order to do that we use
the following lemma.

Lemma 4.2 [fv, is the solution introduced above, then ||v), — ”/\”55(9) =r.
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Proof We want to prove that

v — v; strongly in S(l)(Q) as k — 4o0. (4.10)

Indeed, if this is the case, owing to the fact that [lug — u; || sl =7 for any k, we have
— lvk — < |lvk — < v —
r— vk uk”sé(gz) < llv MA”sé(Q) <r+ v “k”s(;(gz)’
which with the strong convergence and the fact that ||vy — ug|| si@) = % implies
vy — =r.
llva u)»”_gé(gz) r

We turn to prove (4.10). As vy — v, weakly in S(l) (2) as k — +o00, we proceed as in
the proof of Lemma 3.1 obtaining the following analogs of (3.7)-(3.9)

fv,i v =/ v 7 +o(1) 4.11)
Q Q
2 2 2
loell 5 (2) = lluall 5 +llve—wall 5. +o(1) (4.12)
L@ L72(Q) L°2(Q)
2 2 2
Ukl ) = 102151 g + 0k = a5y ) + (1) (4.13)

Also, because of (4.3)-(ii) we get

lim / log — v, |77 = 0. 4.14)
k—+o00 Jo

Therefore, choosing w = vy, in (4.4), we obtain
2 —y 1-y 2p-1
IVe(ur —v)I"+A | v A | v "+ | v~ (vk—wi)+o(l)
Q Q Q Q
_ 2*
5/\[ n Hlu—wls + o).
Q L72(Q)

Observing that 0 < v,: Vo, < u;yvx € Ll(Q) we can use again the Dominated
Convergence Theorem,

/ vk_yvk — / vi_y as k — +oo0. (4.15)
Q Q

To proceed further, we choose w = 2v; € Hj, yielding

2% 1
2 0 1-y 2
v — v " A v > ——||lv =o0(1),
Il k”Sé(Q) I k||L2Q( ) / k = k“ k”S&(Q) (1
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combining the former equality with the following consequence of v, being a solution
of (P,),

2% _
ol e — ol S = v >o0(1) ask — 400
SO(Q) LZQ(Q) o k

we get

2*
ok = vill§y gy = ok —val % +o(1) ask — +oo. (4.16)
0 L79(Q)

Assuming without loss of generality that /) (1) < I, (v,),from (4.2) and (4.11)-(4.13)
we obtain

L(vg — ) = Li(ve) — L(vy) +o(1)

1
Lo (uy) — I(vy) + 2 +o(1)

o(l) ask - +o0

IA

which, together with (4.14), gives

o= Py = oo e = (= v — /| I < o(l)
—|lvk—v ———lvi=vall & = Lui—v)+——— | |vi—v < o(1).
2 Misj 25 * L’0(@) * M= v Jo *

4.17)
From (4.16) and (4.17) we finally conclude
lim o — vl = lim o=l =0,
k=00 L’0 k—>-+00 53(2)
proving (4.10). O

We showed that for any » € (0, ro) such thatinf I, (u) = I, (u;) (where the infimum
is taken on the set of u € Sé (€2) such that |lu — Mx||5(1)(g2) = r) there exists a solution

vy, to (Py) such that v;, # u;.

4.2 Second Case

We are going to prove that if there exists r; € (0, rp) such that

inf ])L(M) > IA(MA) (418)

llue—uy, ”sé @@=

for some r; € (0, rp), then there exists a (second) solution v, of the problem (P, ) such
that 0 < u) < vy.

Consider the space of continuous curves C([0, 1], H) endowed with the max dis-
tance

N o
dn,n) _tgf(a)l,)%] In@ —n (t)”_g(l)(g)- 4.19)
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We recall that the space H) was introduced in (4.1). We define the following complete
metric space,

n(0) = uy,
[y = 1n e C(0,1], Hy) : In(1) — Mxllsé(m >, (4.20)
L,(n(1)) < Iy(uy)

In order to apply Ekeland’s variational principle, we need to show that I'; # & and
to estimate the minimax level

Lo := inf I t
nlgf‘ [gg)i A ((2)).

We consider the functions U, introduced at (2.21). For any a € G, we also consider
the functions

Uea(g) = U@ 0 g) =gpla o 9)Te(a™ o g),

where {7} is the one-parameter family of functions defined in (2.20) starting from a
fixed minimizer T of the Sobolev Inequality (2.12).

Lemma 4.3 There exists g > 0, a € Q2 and Ry > 1 such that
Ly(u) + RU.4) < I (u;) Ve € (0, &), YR > Ry 4.21)

1
Loy, + tRoUp.a) < L. (uz) + Esgﬂ Vi e[0,1], Ve € (0,20)  (4.22)

where Sg is the best Sobolev constant introduced at (2.16).

Proof We start by breaking down the term I, (# + t RU; ). From now on we will use

the notation p := Z*Q —1= % for the sake of a simpler writing. We have
I+ tRU¢ ) = / \Veul® — —/ P [l

+tR <f(Vgu, VeUea)g, —/upUg,a _)h\/\u_yU(g’a) ©
(/(u—i—tRU P L /W“) +1R /ul’ue,a
p—l—l

(A)
t2R2 )
+— VG Ue,al (B)
A I—y I—y -y
T Ww+1tRU,q) 7 — | u +AtR | uVUg,
(D)
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where all the integrals are over 2 C G. We treat the conclusion of the calculation and
after that we pass to the breakdown of each part of the above sum. In particular, we
are going to prove that, as e — 0T, we have

(C) =0
APTIRp+1 _ _
) = ARk ko ()
p
Bt2*R? 0-2
B) = — +o(e : )

0-2

(D) =o(e7)

for an opportune choice of positive constants A, B, K. Again in the spirit of a simpler

1
notation, we define s ;= tR and § := (%) pT

We follow the approach of [64] and introduce

Bs? Asbtl

fels) == ——— P —sP K",

We denote by s, > 0 the point where f, achieves its max. Observe that
fl(s) = Bs — As? — psPTIK&" (4.23)

and also
BS — AS? =0. (4.24)

The last equations (4.23) and (4.24) imply
S>s,>0and s, > Sase — 0.

Let’s write
se = S(1 —t).

We can develop for 7,

1

B’\7T B
tg(p—1)<7> =pXK8"+o(e"), ase — 0.
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and we obtain, as ¢ — 0%,

Bs? Asf—H
IL(u+tRU.,) < I, (u) +

—sPKe" +o(e")

2 p+1
BS?  AsPt!
=L+ — — — BSt, + ASPt, — SPK&" + o(e")
2 p+1
(and therefore by Eq. (4.24))
BS?  ASPt!
— I - _ SpK n n
(u) + > P e +o(e")

p+l1
1 1 BT
:IA(H)+(§—m> 5 —SpK8n+0(8n)

AT
which allows to conclude proving (4.22), because % — ﬁ = é and moreover, we
will prove below the following equalities
=Tl 2 o, B=11V6T 12
therefore, by definition
B
Sg = -
AP

Breaking down part (C)

This part comes directly from the Definition 2.5 of a weak solution, by using U, , as
test function. Therefore, this term is null.

Breaking down part (B)
We set the constant B to be

2
B = |IVeTl2aq) = I1VeTeal 122 = 587

then, as already stated in (2.23), we know that

VG Ue.allf2 g = B+ 027,
Therefore, if we set ¢ and a as to have (a ¢ supp(¢)) € €2, then we can summarize
part (B) by

Bt*R?
4+ PR 0(s97?). (4.25)
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Breaking down part (A)

This part requires a further breaking down,

1
- </ (u+tRUg,a)p+1—/up+1>+tR/upU£,a
p+1\Ja Q Q

= / o (A1)
p+1 Jg
—tpRp/ uUl, (A2)
Q
+ Xe + Y, (A3)

In particular, we will prove that for almost every a € €2, the following are true,

A)=—-"" 409
p+1

for a suitable positive constant A,
(A2) = —tPRP K £ 5 + 0(c )
for a suitable positive constant K,
(A3) = (PRP o(eT)

for some 8 suchthat 1 < 8 < &

We will use widely [14, Lemma 4], that we state here precisely
Lemma4.4 Foranyx,y € Rand q > 1 we have
e Y17 = x|? = 31— gy (X772 + 1T = X + Y

where the numbers X,Y € R satisfy the following conditions:

(1) ifg <3, then X = 0 when |x| < |y| and Y = 0 when |x| > |y|, moreover there
exists a constant C = C(q) such that

IX| < Clxllylf™" if 1x] > |yl
Y| < Clxl9 Yyl iflx] < Iyl

(2) if g > 3, there exists a constant C = C(q) such that

X+ Y] = C (k22 + 221072
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We apply this lemma after imposing

X=1u
y=1tRUg,.
- Part (A1): we write
p+1 Tp+1 Tp+1 ((pp+1 1g—1). (4.26)

where T; 4,(g) := To(a ' o g)and ¢,(g) == pa ' o g). By definition there exists a
neighborhood V of a € 2 such that ¢,|y = 1. Moreover, as a consequence of (2.18),

we have that 92
Teu=¢ T

with i,a uniformly bounded on Q\V for ¢ — 0%. As ¢,|y = 1, the integral of the
second term in (4.26) is an O (8% (’H‘l)) = 0(£9).

For the first term, we set the constant

+1 2
A= Teall?Eh g = 17172 S = 58

Therefore, combining these terms, the integral of U/ ; ! equals
A+ 0@E?) ase — 0T,

as we wanted to prove.

- Part (A2): to treat this part we consider some known results about convolutions on
homogeneous Lie groups, that we use over the Carnot group G.

Consider two measurable functions f, h: G — R, then their convolution is defined
by

(@ = [ romoon = [ faoy me)
Consider ¥ : G — R measurable such that fG ¥ is finite. From this we get

1
12 -=t—Q¢°5

where Q is the homogeneous dimension of G and §, the associated family of dilations.
Then, by [23, Proposition 1.20], we know that if f € L9(G), with 1 < g < 400, then

Hf*wt—f/q;w

-0, as t — O™,
L9(G)
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In particular this implies that fora.e g € G, f * ¥, (g) = f(g) f((; Yast— 0T,

We consider
u Uslfa =u (ﬂtf Tsl,)a = MTEI,)a + u((pap - ])Ts{’a:

and we integrate separately the two terms. In order to integrate the first one, we set
V(g) :=TP(g"") forallgeG,

0-2
therefore, ¥, (g) = ¢ 2z T/ (¢g~"), and
0-2
/ uTl, =e2 uxye(a)foralla e Q.
G

We point out that we are considering u as a function defined on the whole group G
with u|g\q = 0. As we said above, for a.e. a the convolution converges to u(a) f(G v.
Observe that in this case fG Y= fG TP because the inversion has Jacobian identically
equal to 1 in the case of Carnot groups. Therefore for a.e. a € G,

u*ws(a)ﬁu(a)/Tp =K ase - 0.
G

Regarding the second term, we observe as before that ¢,|y = 1 in an opportune
. 0-2 ~ -~ .

neighborhood V of a, and T, , = ¢" 2 T , with T , uniformly bounded on 2\V as
& — 0. Therefore, for an opportune positive constant M,

0-2 0+2
/u(gocll)_])Tal?anng/M=0(87+>.
Q

Q

We may conclude that

0-2 0-2
/uU;fa —KeT +o<sT)
Q

for a.e. a € 2, and for an opportune positive constant K (depending on a).

- Part (A3): we follow again the idea of [14]. As suggested by Lemma 4.4, we have
to consider two sub-cases. First when ¢ = p + 1 < 3, which implies Q > 6, and
secondly the case ¢ > 3, that gives Q = 4 or O = 5. We observe indeed that there
exist no non-trivial Carnot groups with Q < 4 (trivial here means with step 1 and
therefore a Euclidean space structure); moreover, we have Q = 4 only in the case
when G = H! is the first Heisenberg group.

(1) CASE I): Q > 6. We have

|Xe| < CtPRP / uUl,
{MZ[RUe,a}

|Ye| < CtR / uf Ug 4
{u<tRU; 4}
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e Consider X;. Let «, 8 real numbers suchthate + 8 = pand 0 < 8 < QL

-2
As a consequence u tpRpra < ylte tﬁRﬂUfa on the set {u > tRU, ,}.
Moreover, by (2.18) we have the estimate

0-2

£ 2
Uea(g) = —| ool forallg € G
a " < glc

and

| X | StﬁRﬁ/

Q

_ -2)°

Q la 1<>g|G/3(Q )

By definition 1 + @ < p + 1 = 27, this implies that 't is in L1(Q)

because u € Sé Q) e L% (£2). Moreover, W isan L! function as well,
G

because B(Q — 2) < Q, the homogeneous dimension of G. We can conclude
by observing that for almost every a € G,

1
G la=! o glg

Indeed, this is the convolution (! f)(a) where f(g) := ﬁ, and by
¢ e
[23, Proposition 1.19] it has finite value for a.e. a € G. Therefore, we conclude

that | X¢| < tPRE O (e’g QT_Z) for any 8 < %, that gives

| Xe| =tﬁR’30(8QT_2) forf: 1 <8< QQ 5 and a.e.a € G.

e Consider Y,. Analogously to what we did for X, we take o, 8 > 0 such that
a+p=p=25—land B < 5= Therefore, u? Uy o < u t'+FRIFPU TP
on the set {u < tRU; ,}. Moreover, from the definition of Y, we get

e &2 (1+8)
_ -2)1 ’
1o glg @ 20+R)

V.| < (PRI / iy
Q a

Observe that & < p, therefore u® € L!(2). Moreover, by definition we have
the inequality 1 < 1+ 8 < % therefore W is a function L' (Q).

As before we have the convergence of the integral,

u
e ol oglg @20+
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for almost every a € G, therefore |V, | < t'TPRITF O (8%'(14—}3)) with the

constraint 1 <14+ 8 < % and as a consequence

- 2
|Ye| = tl+ﬂRl+ﬂ0(8%) forp: 0<p < 0_7 and for a.e. a € G.

This concludes the case Q > 5.

(2) CASE 1II): Q € {4,5}. We continue to follow Lemma 4.4. As p+1 =4 > 3 we
have

|Xe +Ye| < C°R? fu2 U2,

By the estimate (2.18), we know that

. 1 e
Ta,a(g) < min {—, —} .

— 2
€ Ja~logle

Therefore, if we consider «, 8 > 0 such that o + 8 = 2, we have

and as a consequence

M2

| X, + Ye| < Ct>R? 272 / —
Gla~'oglg

The integral is again the convolution of two functions in L'(G), therefore it is
finite for almost every a € G.

We conclude that | X, + Y| = t2R% O(¢2722) for any o such that 0 < o < 2 and
almost every a € G. Therefore, by setting o < % we get

IX; + Y| =12R*0(s) ase — OF.

Part (D): we finally need to estimate

A
. (/ (u+tRU: )™ —/ ul—V) + AtR / U Ugq.
-y \Ua Q Q

We consider a constant 0 < 7 < ;11. We divide the domain in two parts

Qli={geQ: o oglg <&
QU i={geQ: la'oglg >e").
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We start by focusing on the inner domain. Observe thatu 4+t RU, , > u > 0, therefore

A
- (u+tRUg,a)1—V—/ ul=r +XtR/ U Usq
l—)/ Qign an Qig"

§ktRf u VU,
Qin

(by Lemma 3.4)

< CtR / - Uea .
Qin (D-in)

(by estimate (2.18))
0-2

C R/ £’

< Ct -

= N )
an la=! o g|g?

(by the co-area formula)

T

— 5 —
=CIRE% / rdr:o(e%).
0

Indeed, after observing that for ¢ sufficiently small Qg‘ € €2, we can apply point b)
of Lemma 3.4 and obtain that « is bounded from below by a positive constant in €2;".
Moreover, as u is in L' (§2) we can use the co-area formula in the last step.

We treat now the outer domain. Consider the Taylor expansion of (u 4601 RU; 4)' ™7
with respect to 6 and evaluate it at & = 1 obtaining

-y

+u VtRUs g — y(u+0,tRU, )" 7V *R?UZ,

U+ 1RUz ) ™7 = ;‘

with 0 < 6, < 1 areal number.
Therefore, if supp(p,) € €2, we have

A
- / (u+tRUM)1*V—/ u'=v +/\tR/ u U,
1 — )/ qul ’ qul Q(g)ut ’

— 2R2 / v - Usa
Qut (u+ 0,1 RU, o)1

(by estimate (2.18) and Lemma 3.4)
0-2
2 p2 €
<Ct°R /s;gm 250D

S Ct2R2 |Q| 8(Q—2)(1—2r)

=0 (7).

(D-out)
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Here we used the definition of Q" and the fact that by Lemma 3.4, u + 6.t RU, 4 is
bounded below by a positive constant on any open set O & 2. Therefore, we choose
the cut-off function ¢ as to have supp(¢,) € 2. This concludes our proof of Lemma
4.3. O

4.2.1 Existence of the Second Solution
By Lemma 4.3, we see that
7(t) == u; +tRyUg 4 € T, forall e € (0, &) 4.27)

(by enlarging Ry if needed), and thus I',, # &, as claimed. Now we observe that, since
it is non-empty, this set I'y is a complete metric space endowed with the distance d
introduced in (4.19).

Now, we follow the idea of [3, Lemma 3.5]. Given a continuous and locally Lipschitz
functional such as I, : H, — R we consider its generalized directional derivative
defined in the Appendix at (A.1).

Observe that

_ o*
Ii)(xay):/(vﬁxvv@y>gl _A./X Vy—/x Q ly.
Q Q Q

We then apply Lemma A.2. The ® functional becomes
o(n) = I, (n(1)).
() trerggﬁ] A(n(@))

and we denote the minimax level as

Lo := inf D(n).
nery

From the application of the Ekeland’s Variational Principle and the lemma, we get a
sequence {ni}x € I'y verifying

o O(nk) < Lo+ 1
o () < () + +d (e 1)

and we find another sequence {f;}x C [0, 1] such that

o (k) € Hy,
o [ (vy) > fpask — +o0
e there exists C > 0 such that for every w € H,, the following is verified,

*

—y 2Q—1
f(VGvk, Ve (w — vg))g, —k/ v (w — k) —/ v~ (w— )
Q Q Q

C
= _;(1 + ”w“_g(')(g))- (4.28)
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In particular, if we choose w = 2vy in (A.4), we get
okl o — Il IIZZ) —a 7 > —lmaX(l lugl )
L ) ko= k sy @

Summing up this to the fact that I) (vy) — £ as k — 400, we obtain

totom =2 L)z a2 -1 / v 429
0 [ = 5 T Ax Vi — Paea v . .
2 2 55(%) -y 2 k

Since % — 2% > (0, then if v is unbounded in Sé (£2) we would have that (up to a

subsequence) ||vg|| sh@ 400 and this contradicts (4.29). Therefore v is bounded.
From (A.4) we get

1— 27 C
okl o) A/ka " - /Q v’z — L0+ 2ullge). (430
Now, we can proceed as in the proofs of Lemmas 4.1 and 4.2, to prove that v

weakly converges (up to a subsequence) to a weak solution v, of (P, ) and moreover

2 2o
— — — . =o(l) ask — +oo. 4.31
ok = 02113y gy = o = 021l 5, = o(D) + “31)

To complete this case, it remains to show that v, s u; . Observe that forany n € I,
1700) = usll g3 gy = 0 and (1) = wxllgy gy > 71,

therefore there exists #, € [0, 1] such that ||n(z;) — u)\”S(l)(Q) = ry. Since we are
assuming (4.18), we have

by = ipf Q) = ipf L.(n(ty)) = inf I(u) > I(uz)
A A

l|se—uy, ”Sém):rl

where the last infimum is taken among the u € H, such that ||u — ”k”sé @ =T1- At
the same time, if we consider 7 defined in (4.27), then by (4.22) we get,

~ 1 2
to = () = max LGO) < hw) + Esg/ :

Summing up,

1
Luy) < o < Li(uy) + Esg/z. 4.32)

Observe that, since vy — v, weakly in Sé(Q), then the equalities (4.11)-(4.13) hold
also in this context. Therefore, considering also (4.32) and the fact that ) (vy) — £o,
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we get (for k sufficiently large)
1 ) 1 5
A E T L N

Lo = Tl o) = = (ol 2. )+ (1)
= — (||l — ||v _ v, * o0
5 UWklls) ) Misi) 2, 1% @

(4.33)
= L, (vx) — Li(uy) + o(1)

=Ly — L (uy) +o(1)

1

for some §g > O such that the last term is positive. From (4.31), (4.32) and (4.33), by
reasoning as in [64, Proposition 3.1], we get that vy — v; strongly in S& (2). This,
together with (4.30) and (4.29), gives

L(u) <lo= lim I (v) = I, (v;),
k—~400

thus implying that u; # v;.

Gathering all the results established so far, we can finally provide the

Proof of Theorem 1.1 Let A be as in (3.1), that is,
A = sup{Ar > 0 : (P,) admits a weak solution}.

Taking into account Lemma 3.1, we know that A € (0, 400); moreover, by combining
Lemma 3.5 with the computations in Sections 4.1-4.2, we know that

1) there exist at least two distinct weak solutions u;,, vy of (Py) for A € (0, A);
ii) there exists at least one weak solution u; of (P,).

Hence, assertions a)-b) in the statement of the theorem are established.
Finally, by the very definition of A we derive that (P,) does not admit weak solutions
when A > A; this establishes also assertion c), and the proof is complete. O

Appendix A. Generalized directional derivative

In this Appendix we introduce the notion of generalized directional derivative and we
prove a related technical lemma; both this notion and this result have been exploited in
the proof of the existence of a second solution of (P;) (see, precisely, Section 4.2.1).

Consider the convex cone H; C Sé (2) defined at (4.1), and consider any continuous
and locally Lipschitz functional 7: H, — R. Moreover, to simplify the notation, let

lul| = ||”||53(Q) for every u € H,.
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The generalized directional derivative at x, v € H,,_ is defined as

Io(x,v) = limsup I(x+h+,0v)—1(x+h)’
I]]—0, p—0t 0

(A1)

Lemma A.1 For fixed x, the map I — 1°(x, v) is subadditive with respect to v.

Proof We use the notation I;‘h,v(p) :=I1(x + h + pv) — I(x + h). Therefore,

I;:,h,v-i-w(p) = [:,h—s—pv,w(p) + I;ck,h,v(p)‘

Then, the lemma follows by observing that

. * : *
limsup 17,4, ,(0) = limsup 17, (p)
I2]|—0, p—0+ I21—0, p—0+

because any 4’ sufficiently small can be represented as & + pv for i and p sufficiently
small. O

We now suppose that I respects property (4.18) and we apply the Ekeland’s principle
to the continuous functional

®(n) = ;gﬁ] I(n()),

setting £ := inf,cr, ®(17). Asadirectconsequence, there exists a sequence {1 }x C I'
verifying

1
Q) <€+ % (A2)

1
D) < P(n) + %d(nk, n) Vnely (A.3)

LemmaA.2 Foreveryk consider Ay := {t € (0, 1) : I(nx(¢)) = maxseo,11 1 (Mr(s))},
then for every k there exists ty € Ay such that, vy := ni(tx), we have

— 1
19 (v w0 % >~ VweH. (A4)
max (1, [lw — vl k
Proof Observe that Ay is always a compact subset of (0, 1). We start by considering
the case when Ay is a single point f.
We argue by contradiction supposing that there exists @ € H, such that

70 (nk(lk); ® — N () ) - _]1<

. (A.S5)
max(1, |lo — ne@) |l
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Consider a continuous cut-off function g: [0,1] — [0, 1] such that g = 1 in a
neighborhood of 7 and g(0) = g(1) = 0. We also define m(¢) := max(l, ||w —
Nk (1)]]) and we introduce

Nk,e(t) = i (1) + &(w — i (1)).
my (1)

By construction ni . (¢) € I';, for every ¢ € [0, 1]. Therefore by (A.3) we obtain

€ gWllw—nr@l
I(nr(1)) < I t s e B A.6
[g}gﬁ] k(1)) —zg}fi’i] M,e (1)) + kzrel}g,’i] o (A.6)

If # ¢ is a point where I (5 ) reaches its max, then there exists ¢, — 0 sequence
such that #x ., — t. Therefore g(tx,) = 1 for n sufficiently big. We denote by
Vk,n = Nk (tk,g,) and my , 1= max(l, || — vg ,||) (observe that this is a scalar value),
then

&n &n &n
T(en) < 1) < Ik, (Pre,)) + 5 =1 | vien + (@—=vkn) |+ —. (A7)
k M n k

where the first inequality comes from the fact that vy = i (#x) is the max for the /
value for any 7, (¢), and the second inequality comes from (A.6).

We set mj; := max(l, || — vg||), then by the continuity of ng, we get vg , — vg in
S&(Q) and my , — mZ as n — oo. Therefore, we can re-write (A.7) obtaining

1 w—v 1
—(1<vk+h:+en *k>_[(vk+hn)>2__
&n my k

with

hp = Vg n — vk
En

h: = Vkn — Vk +

En
(@ = vgn) — — (@ — wp).
Mk.n my

By what we proved, we derive that 1} —h, = o(g,) asn — oo and this in turn implies

w—v 1
k

thus contradicting the assumption (A.5).

If Ax has more than one element, we have to correct the above proof. For any
tx € Ay, consider the w € H, that satisfies (A.5) for #.

Claim. For any #; € Ay there exists a neighborhood J of #; such that

0 ® — Mk (s) 1
I (nk(s), ) ”w_nk(s)”)> < Wsel. (A.8)
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Let’s suppose that the claim above is correct and conclude. By compactness of Ag,

there exist t,il), e, t,fr) elements of A and their associated neighborhoods Ji, ..., J;,

such that (A.5) is verified on J; by some w; € H, and Ay C U;J; C [0, 1]. For an
opportune partition of the unit g1, ..., g associated to the J;s, we can update w to a
continuous function w: J = U; J; —> H,,

,
w(s) = Z gi($w;.

i=1

As a consequence of the subadditivity proved in Lemma A.1, we have
1 r

1000k(s), () = () < = D gi () max(l, oy = mi()1).
i=1
Moreover,

> i) (@i — m(s))

i=1

> i@l — ms)] =

i=1

| = llo(s) —m()I,

and therefore we get

0 () = i) 1
(0 o ) <k e (A9

From here the proof can continue as before if we replace every appearance of w
with w () (with the opportune value of ¢) and if we take the cut-off function g to be 1
on Ag and O outside J.

In this case t ¢, — i for some ty € Ay, vp = ni () and therefore we derive (A.6)
with w(fx ¢, ) in place of w. We also have to update the definition of 4} using w (t ¢, )
when necessary.

It remains to prove the claim above. Consider the function

@ — ni(s)

W) = (L o — e

which by definition is continuous. By (A.5), there exists €, s, 0 all positive such that

IT(k(t) +h + pw(ty)) — I (ni(te) + h) < _1_5 (A.10)
X . .

k<3, p<p p

We give a first definition of J by imposing ||nx(s) —nx (tx) || < 5. Then, forany h € H,

with ||kl < 3 we have
ne(s) +h = () +h', with |h]] <3.
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Therefore we have,

L(ni(s) +h + pw(s)) — I(qx + h)

1% (s), W(s)) < sup

Ikl<3. p<p p
- IO (tx) +h' + pw(s)) — I (tx) + ')
IWI<E, p<p P
— sp (I(nk(tk) + 1+ pw(s)) — L(ne(te) + 7' + pw(tx))
I 11<3, p<p P
N I (1) + R+ pw(t)) — I (e (1) + h/)>
0

Observe that the first term (in the last sum) can be made arbitrarily small (up to
stretching J) by using that I is locally Lipschitz, while the second term respects
(A.10). Therefore the claim is proved and this concludes our proof. O

Acknowledgements We warmly thank the anonymous referees for their careful reading of the manuscript,
and for their valuable comments.

Funding Open access funding provided by Politecnico di Milano within the CRUI-CARE Agreement.
S.B. and E.V. are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro
Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica INdAM), and are partially supported
by the PRIN 2022 project 2022R537CS N O3 - Nodal Optimization, NOnlinear elliptic equations, NOnlocal
geometric problems, with a focus on regularity, funded by the European Union - Next Generation EU and by
the Indam-GNAMPA project CUP E5324001950001 - Problemi singolari e degeneri: esistenza, unicita e
analisi delle proprieta qualitative delle soluzioni. M.G. is supported by the National Recovery and Resilience
Plan (NRRP), research funded by the European Union - NextGenerationEU. CUP D93C22000930002, A
multiscale integrated approach to the study of the nervous system in health and disease (MNESYS).

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Alves, C.O., Gandal, S., Loiudice, A., Tyagi, J.: A Brézis-Nirenberg type problem for a class of
degenerate elliptic problems involving the Grushin operator. J. Geom. Anal. 34(2), 52 (2024)

2. Arora, R., Nguyen, P.-T., Radulescu, V.D.: A large class of nonlocal elliptic equations with singular
nonlinearities, preprint. arXiv:2211.06634

3. Badiale, M., Tarantello, G.: Existence and multiplicity results for elliptic problems with critical growth
and discontinuous nonlinearities. Nonlinear Anal. Theory Methods Appl. 29, 639-677 (1997)

4. Biagi, S., Vecchi, E.: Multiplicity of positive solutions for mixed local-nonlocal singular critical prob-
lems. Calc. Var. Partial. Differ. Equ. 63, 221 (2024)

5. Birindelli, I., CapuzzoDolcetta, I., Cutri, A.: Liouville theorems for semilinear equations on the Heisen-
berg group. Ann. Inst. H. Poincaré C Anal. Non Linéaire 14, 295-308 (1997)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2211.06634

268

Page 56 of 58 S. Biagi et al.

10.

11.

12.

13.

14.

15.

16.

17.

19.
20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

. Birindelli, I., Prajapat, J.V.: Nonlinear Liouville theorems in the Heisenberg group via the moving

plane method. Comm. Partial Differential Equations 24(9-10), 1875-1890 (1999)

. Bonfiglioli, A., Lanconelli, E., Uguzzoni, F.: Stratified Lie Groups and Potential Theory for their

Sub-Laplacians. Springer Monographs in Mathematics, vol. 26. Springer, New York, NY (2007)

. Bonfiglioli, A., Uguzzoni, F.: Nonlinear Liouville theorems for some critical problems on H-type

groups. J. Funct. Anal. 207(1), 161-215 (2004)

. Bony, J.M.: Principe du maximum, inégalité de Harnack et unicité du probleme de Cauchy pour les

opérateurs elliptiques dégénérés. Ann. Inst. Fourier Grenobles 19(1), 277-304 (1969)

Bordoni, S., Filippucci, R., Pucci, P.: Existence problems on Heisenberg groups involving Hardy and
critical terms. J. Geom. Anal. 30(2), 1887-1917 (2020)

Brandolini, L., Rigoli, M., Setti, A.G.: Positive solutions of Yamabe-type equations on the Heisenberg
group. Duke Math. J. 91, 241-296 (1998)

Brézis, H., Lieb, E.: A relation between pointwise convergence of functions and convergence of inte-
grals. Proc. Amer. Math. Soc. 88, 486490 (1983)

Brézis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equation involving the critical Sobolev
exponent. Comm. Pure Appl. Math. 36, 437-477 (1983)

Brézis, H., Nirenberg, L.: A minimization problem with critical exponent and nonzero data, in Sym-
metry in Nature (a volume in honor of L. Radicati), Scuola Normale Superiore Pisa, (1989), Volume
1, 129-140

Cheng, J.-H., Malchiodi, A., Yang, P.: On the Sobolev quotient of three-dimensional CR manifolds.
Rev. Mat. Iberoam. 39(6), 2017-2066 (2023)

Citti, G.: Semilinear Dirichlet problem involving critical exponent for the Kohn Laplacian. Ann. Mat.
Pura. Appl. 169, 375-392 (1995)

Citti, G., Uguzzoni, F.: Critical semilinear equations on the Heisenberg group: the effect of the topology
of the domain. Nonlinear Anal. 46, 399—417 (2001)

. Crandall, M.G., Rabinowitz, P.H., Tartar, L.: On a Dirichlet problem with a singular nonlinearity.

Comm. Partial Differential Equations 2, 193-222 (1977)

Ekeland, I.: On the variational principle. J. Math. Anal. Appl. 47, 324-353 (1974)

Felli, V., Uguzzoni, F.: Some existence results for the Webster scalar curvature problem in presence of
symmetry. Ann. Mat. Pura Appl. 183(4), 469—493 (2004)

Folland, G.B.: Subelliptic estimates and function spaces on nilpotent Lie groups. Ark. Mat. 13, 161-207
(1975)

Folland, G.B.: The Heisenberg group and its relatives in the work of Elias M. Stein. J. Geom. Anal.
31(7), 6681-6697 (2021)

Folland, G.B., Stein, E.M.: Hardy Spaces on Homogeneous Groups, Princeton University Press (2020)
Franchi, B., Serapioni, R., Serra Cassano, F.: Approximation and imbedding theorems for weighted
Sobolev spaces associated with Lipschitz continuous vector fields. Boll. Un. Mat. Ital. B 11(7), 83-117
(1997)

Galeotti, M., Vecchi, E.: Critical concave-convex problems in Carnot groups. NoDEA Nonlinear Dif-
ferential Equations Appl. 33, 77 (2026)

Gamara, N.: The CR Yamabe conjecture the case n = 1. J. Eur. Math. Soc. 3(2), 105-137 (2001)
Gamara, N., Yacoub, R.: CR Yamabe conjecture the conformally flat case. Pacific J. Math. 201(1),
121-175 (2001)

Garagnani, E., Uguzzoni, F.: A multiplicity result for a degenerate elliptic equation with critical growth
on noncontractible domains. Topol. Methods Nonlinear Anal. 22(1), 53-68 (2003)

Garofalo, N., Lanconelli, E.: Existence and nonexistence results for semilinear equations on the Heisen-
berg group. Indiana Univ. Math. J. 41(1), 71-98 (1992)

Garofalo, N., Vassilev, D.: Regularity near the characteristic set in the non-linear Dirichlet problem
and conformal geometry of sub-Laplacians on Carnot groups. Math. Ann. 318, 453-516 (2000)
Garofalo, N., Vassilev, D.: Symmetry properties of positive entire solutions of Yamabe-type equations
on groups of Heisenberg type. Duke Math. J. 106(3), 411-448 (2001)

Giacomoni, J., Mukherjee, T., Sreenadh, K.: A global multiplicity result for a very singular critical
nonlocal equation. Topol. Methods Nonlinear Anal. 54, 345-370 (2019)

Gutiérrez, C.E., Lanconelli, E.: Maximum principle, nonhomogeneous Harnack inequality, and Liou-
ville theorems for X-elliptic operators. Comm. Partial Differential Equations 28(11-12), 1833-1862
(2003)

@ Springer



Critical Singular Problems in Carnot Groups Page 57 of 58 268

34.

35.

36.
37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

Haitao, Y.: Multiplicity and asymptotic behavior of positive solutions for a singular semilinear elliptic
problem. J. Differential Equations 189(2), 487-512 (2003)

Hirano, N., Saccon, C., Shioji, N.: Existence of multiple positive solutions for singular elliptic problems
with concave and convex nonlinearities. Adv. Differential Equations 9(1-2), 197-220 (2004)
Hormander, L.: Hypoelliptic second order differential equations. Acta Math. 119, 147-171 (1967)
Jerison, D., Lee, J.: The Yamabe problem on CR manifolds. J. Differential Geom. 25(2), 167-197
(1987)

Jerison, D., Lee, J.: Extremals for the Sobolev inequality on the Heisenberg group and the CR Yamabe
problem. J. Amer. Math. Soc. 1(1), 1-13 (1988)

Jerison, D., Lee, J.: Intrinsic CR normal coordinates and the CR Yamabe problem. J. Differ. Geom.
29, 303-343 (1989)

Kinderlehrer, D., Stampacchia, G.: An introduction to variational inequalities and their applications.
Pure and Applied Mathematics, vol. 88. Academic Press, Inc., Harcourt Brace Jovanovich, Publishers,
New York-London (1980)

Kumar, D., Radulescu, V.D., Sreenadh, K.: Singular elliptic problems with unbalanced growth and
critical exponent. Nonlinearity 33(7), 3336-3369 (2020)

Lanconelli, E., Uguzzoni, F.: Non-existence results for semilinear Kohn-Laplace equations in
unbounded domains. Comm. Partial Differential Equations 25, 1703-1739 (2000)

Loiudice, A.: Semilinear subelliptic problems with critical growth on Carnot groups. Manuscripta
Math. 124, 247-259 (2007)

Loiudice, A.: Critical growth problems with singular nonlinearities on Carnot groups. Nonlinear Anal.
126, 415-436 (2015)

Loiudice, A.: Optimal decay of p-Sobolev extremals on Carnot groups. J. Math. Anal. Appl. 470(1),
619-631 (2019)

Loiudice, A.: Critical problems with Hardy potential on stratified Lie groups. Adv. Differential Equa-
tions 28(1-2), 1-33 (2023)

Lu, G., Wei, J.: On positive entire solutions to the Yamabe-type problem on the Heisenberg and stratified
groups. Electron. Res. Announc. Amer. Math. Soc. 3, 83-89 (1997)

Maalaoui, A., Martino, V.: Multiplicity result for a nonhomogeneous Yamabe type equation involving
the Kohn Laplacian. J. Math. Anal. Appl. 399(1), 333-339 (2013)

Maalaoui, A., Martino, V., Pistoia, A.: Concentrating solutions for a sub-critical sub-elliptic problem.
Differential Integral Equations 26(11-12), 1263-1274 (2013)

Maalaoui, A., Martino, V., Tralli, G.: Complex group actions on the sphere and sign changing solutions
for the CR-Yamabe equation. J. Math. Anal. Appl. 431(1), 126-135 (2015)

Malchiodi, A., Uguzzoni, F.: A perturbation result for the Webster scalar curvature problem on the CR
sphere. J. Math. Pures Appl. 81(10), 983-997 (2002)

Molica Bisci, G., Ferrara, M.: Subelliptic and parametric equations on Carnot groups. Proc. Amer.
Math. Soc. 144, 3035-3045 (2016)

Molica Bisci, G., Pucci, P.: Critical Dirichlet problems on H domains of Carnot groups. Electron. J.
Diff. Equ. 25, 179-196 (2017)

Molica Bisci, G., Repovs, D.: Yamabe-type equations on Carnot groups. Potential Anal. 46(2), 369-383
(2017)

Mukherjee, T., Pucci, P,, Sharma, L.: Nonlocal critical exponent singular problems under mixed
Dirichlet-Neumann boundary conditions. J. Math. Anal. Appl. 531, 127843 (2024)

Oliva, F.,, Petitta, F.: Singular Elliptic PDEs: an extensive overview. Partial Differ. Equ. Appl. 6, 6
(2025)

Palatucci, G., Piccinini, M., Temperini, L.: Struwe’s global compactness and energy approximation
of the critical Sobolev embedding in the Heisenberg group, Adv. Calc. Var. (2024), https://doi.org/10.
1515/acv-2024-0044

Pucci, P., Temperini, L.: Critical equations with Hardy terms in the Heisenberg group. Rend. Circ. Mat.
Palermo (2) 71, 1049-1077 (2022)

Pucci, P., Temperini, L.: Entire solutions for some critical equations in the Heisenberg group. Opuscula
Math. 42, 279-303 (2022)

Rothschild, L.P., Stein, E.M.: Hypoelliptic differential operators and nilpotent groups. Acta Math.
137(3-4), 247-320 (1976)

Semmes, S.: On the nonexistence of bi-Lipschitz parameterizations and geometric problems about
A-weights. Rev. Mat. Iberoam. 12(2), 337-410 (1996)

@ Springer


https://doi.org/10.1515/acv-2024-0044
https://doi.org/10.1515/acv-2024-0044

268

Page 58 of 58 S. Biagi et al.

62.
63.

64.

65.

66.

Publ

Struwe, M.: Variational Methods, Springer-Verlag, Berlin, 1990. xiv+244 pp

Sun, Y.J., Wu, S.P,, Long, Y.M.: Combined effects of singular and superlinear nonlinearities in some
singular boundary value problems. J. Differential Equations 176, 511-531 (2001)

Tarantello, G.: On nonhomogeneous elliptic equations involving critical Sobolev exponent. Ann. Inst.
H. Poincaré C Anal. Non Linéaire 9, 281-304 (1992)

Uguzzoni, F.: A non-existence theorem for a semilinear Dirichlet problem involving critical exponent
on halfspaces of the Heisenberg group. NoDEA Nonlinear Differential Equations Appl. 6, 191-206
(1999)

Uguzzoni, F.: A note on Yamabe-type equations on the Heisenberg group. Hiroshima Math. J. 30,
179-189 (2000)

isher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps

and institutional affiliations.

@ Springer



	Critical Singular Problems in Carnot Groups
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Carnot Groups
	2.2 Folland-Stein Spaces and Critical PDEs
	2.3 Strong Maximum Principle and Harnack Inequality
	2.4 Weak Sub/supersolutions of Main Problem
	2.5 Singular Problem

	3 Existence of the First Solution
	4 Existence of the Second Solution
	4.1 First Case
	4.2 Second Case
	Breaking down part (C)
	Breaking down part (B)
	Breaking down part (A)
	4.2.1 Existence of the Second Solution


	Appendix A. Generalized directional derivative
	Acknowledgements
	References


