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Abstract
We consider a power-type mild singular perturbation of a Dirichlet semilinear critical
problem settled in an open andbounded set in aCarnot group.Here, the termcritical has
to be understood in the sense of the Sobolev embedding.We aim to prove the existence
of two positive weak solutions: the first one is obtained by means of the variational
Perron’s method, while for the second one we adapt a classical argument relying
on proper estimates of a family of functions which mimic the role of the classical
Aubin-Talenti functions in the Euclidean setting. Our results fall in the framework of
semilinear PDEs in Carnot groups but, as far as we know, are the first ones dealing
with singular perturbations of power-type.
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1 Introduction

Let G be a Carnot group, and let � ⊂ G be a bounded and connected open set.
Moreover, let γ ∈ (0, 1), let 2�

Q := 2Q
Q−2 be the critical Sobolev exponent related

to the Sobolev inequality in G, and let λ > 0. We consider the following singular
Dirichlet problem

⎧
⎪⎨

⎪⎩

−�Gu = λ

uγ
+ u2�

Q−1 in �,

u > 0 in �,

u = 0 on ∂�.

(Pλ)
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where �G denotes a sub-Laplacian operator on G (see Section 2 for the relevant
definitions). We immediately state the main result of this paper. In what follows, we
refer to Definition 2.5 for the precise definition of weak solution of (Pλ).

Theorem 1.1 Let � ⊂ G be a bounded and connected open set, and let γ ∈ (0, 1).
Then, there exists � > 0 such that the following assertions hold:

a) problem (Pλ) admits at least two weak solutions for every 0 < λ < �;
b) problem (Pλ) admits at least one weak solution;
c) problem (Pλ) does not admit weak solutions for every λ > �.

The above theorem is the natural generalization to Carnot groups of classical results
ofHaitao [34] andHirano, Saccon andShioji [35],where the authors considered critical
perturbations of mild singular terms using sub and supersolution methods ( [34]) or
a Nehari manifold approach ( [35]). We stress that similar results have been obtained
with different leading operators, see e.g. [4, 32, 41]. Before commenting on the proof
of Theorem 1.1, we want to give a brief account of the existing literature concerning
partial differential equations (PDEs, for short) on Carnot groups, with a focus on
critical semilinear equations.

- PDEs on Carnot groups. To begin with, it is worth mentioning that, if G is a Carnot
group and if�G is a sub-LaplacianonG (seeSection2 for the relevant definitions), then
�G is a second-order differential operator with non-negative characteristic form, and
thus it falls in the class of degenerate-elliptic operators. These degenerate operators
have appeared in the literature since the early 1900s, due to their appearance in models
of theoretical physics and of diffusion processes; however, the lack of regularizing
properties (caused by the lack of ellipticity) creates several difficulties and prevents
the application of several techniques.

In this perspective, a major difference between general degenerate-elliptic opera-
tors and the sub-Laplacians on Carnot groups is that �G is a sum of squares of vector
fields satisfying the celebrated Hörmander hypoellipticity condition, see [36]. Start-
ing from this fact, and by taking benefit of the underlying geometry attached to �G

induced by G, G.B. Folland, L.P. Rothschild and E.M. Stein developed in the 70’s the
singular integral theory in nilpotent Lie groups (see, e.g., Folland’s survey [22] for
a thorough discussion of the contributions of Stein in this context). More precisely,
in 1975 Folland [21] accomplished a functional analytic study of sub-Laplacians on
Carnot Lie groups and proved the existence of an associated well-behaved global fun-
damental solution. One year later Rothschild and Stein [60] proved their celebrated
lifting theorem enlightening the fundamental role played by the sub-Laplacians in the
theory of second order PDEswhich are sum of squares of vector fields; this remarkable
result paved the way for a deep study of PDEs on Carnot groups.

- Critical PDEs on Carnot groups. Firstly, when G = H
n is the Heisenberg group and

� = H
n , problem (P0) (i.e.,withλ = 0) coincideswith theCR-Yamabeproblemwhich

has been deeply studied in a series of papers by Jerison and Lee [37–39], in connection
with the existence of extremals for the associated Sobolev inequality. Further results
concerning the CR-Yamabe problem can be found in e.g. [15, 26, 27]. In [38], Jerison
and Lee actually provided the explicit expression of such extremals, resembling the
Euclidean ones by Aubin and Talenti. After the seminal paper by Brézis and Nirenberg

123



Critical Singular Problems in Carnot Groups Page 3 of 58   268 

[13], it became clear that the explicit knowledge of these functions was a key tool to
attack the study of critical PDEs both in bounded and unbounded domains, at least in
Heisenberg groups. In this perspective, we refer e.g. to [5, 6, 11, 17, 20, 29, 42, 47,
49, 51, 53, 55, 57–59, 65, 66] where several existence and non-existence results have
been proved for the critical (or slightly sub-critical) equations; we also mention the
papers [1, 16, 25, 28, 48] for perturbation results in the spirit of Brézis and Nirenberg,
even dealing with the Grushin operator. We refer to e.g. [50, 52, 54] and the references
therein for the case of sign-changing solutions.

The situation may a priori change when considering structures different from
Heisenberg groups. In [30, 31] Garofalo and Vassilev exhibited a family of mini-
mizers for the Sobolev inequality in groups of Iwasawa type. As far as we know, there
are no other structures, nor Sobolev inequalities with p �= 2, for which the minimizers
are explicitly known. Nevertheless, it is worth mentioning that the best constant in the
Sobolev inequality is achieved in all Carnot groups, see [30]. Moreover, the asymp-
totic behaviour at infinity of the minimizers has been found also in the case p �= 2,
see [45]. Going back to critical PDEs, thanks to [8], Loiudice in [43] obtained the
sufficient asymptotic expansions of a family of functions naturally associated with the
extremals, and this was enough to obtain a perturbation result à la Brézis-Nirenberg
in a general Carnot group G. We briefly mention that the above-mentioned papers are
mainly interested in the existence, multiplicity or non-existence of positive solutions.
Following this line of research, in [44, 46] Loiudice considered the case of singular
perturbations of critical problems, where the term singular has to be considered in the
sense of a suitable Hardy-type potential. See also [10] for further results in this line
of research. Our interest in the present paper is to consider mild singular perturbation
of the form u−γ with γ ∈ (0, 1) (hence the term mild). Since the seminal paper by
Crandall, Rabinowitz and Tartar [18], the literature dealing with singular problems
of this kind in the Euclidean setting, even for γ ≥ 1, has seen a great amount of
contributions: we refer to the recent survey [56] and the references therein for a very
detailed account. We mention also [2] where a wide class of possibly nonlocal opera-
tors is considered. On the other hand, to the best of our knowledge, this seems to be
the first contribution which considers singular power-type perturbations in the setting
of Carnot groups.

Let us now briefly comment on the main result stated in Theorem 1.1. The proof
follows the argument performed in the Euclidean case byHaitao [34], suitably adapted
to the Carnot group setting, and it consists of several technical steps that we list here
below:

• we prove the existence of a first solution bymeans of a variational sub and superso-
lution scheme, adapting the approach of Struwe [62]. The subsolution is naturally
provided by the unique solution of the purely singular problem, see Theorem 2.7,
while the supersolution is constructed in Lemma 3.5. We notice that this scheme
immediately provides a threshold � (see (3.1)) for the non-existence;

• we show that for λ ∈ (0,�) the first solution obtained as described before is a
local minimizer in the natural topology associated with problem (Pλ), see Lemma
3.6;
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• we follow an argument originally due to Tarantello [64] (see also [3]) to prove the
existence of a second solution. Here we heavily employ the asymptotic expansions
found in [43], taking care of the new singular term, and we adapt the Euclidean
estimates of [14] exploiting the properties of the convolution in Carnot groups
proved in [23].

The paper is organized as follows: in Section 2 we recall the basic facts on Carnot
groups needed in what follows, like the Folland-Stein spaces which provide the natural
variational framework where problem (Pλ) is set, strong maximum principle and weak
Harnack inequality for the operator −�G + c which we were not able to find in the
literature but is probably well known to experts in the field. We also provide the basic
result for the purely singular problem whose importance has been already described.
Section 3 is devoted to find the first solution while the second solution (for λ ∈ (0,�))
is found in Section 4.

2 Preliminaries

In this sectionwe collect all the relevant notations, definitions and preliminaries needed
in the rest of the paper.

2.1 Carnot Groups

A Carnot group G = (RN ,�) of step k is a connected, simply connected Lie group
whose finite dimensional Lie algebra g of left-invariant (w.r.t. �) vector fields admits
a stratification of step k, namely there exist k linear subspaces g1, . . . , gk such that

g = g1 ⊕ . . . ⊕ gk, [g1, gi ] = gi+1, gk �= {0}, gi = {0} for all i > k.

In particular, this implies that Carnot groups are a special instance of graded groups.
We call g1 the horizontal layer. We denote by X1, . . . , X N a basis of left-invariant

vector fields of g such that the following holds:

• X1, . . . , Xm1 is a basis of g1;
• for every 1 < i ≤ k, Xmi−1+1, . . . , Xmi is a basis of gi ;
• m0 = 0 and ni := mi − mi−1 = dim gi for every 1 ≤ i ≤ k;
• m1 + . . . + mk = N .

We notice that N is the topological dimension of G, but we can also define its homo-
geneous dimension Q as follows

Q :=
k∑

i=1

i ni . (2.1)

We notice that N ≤ Q and that N = Q if and only if G is the classical Euclidean
group (RN ,+). In particular, this is the only possible case whenever Q ≤ 3.
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Since the exponential map is a one-to-one diffeomorphism from g to G, any point
g ∈ G can be uniquely written in exponential coordinates as

g = g1X1 + . . . + gN X N = (g1, . . . , gN ).

Being a graded group, everyCarnot groupG possesses a family of anisotropic dilations
δλ : G → G defined as

δλ(g) = (
λα1g1, . . . , λ

αN gN
)
, for every λ > 0, (2.2)

where α j = i if mi−1 < j ≤ mi . We notice that Q = α1 + . . . + αN .
An explicit expression of the group operation � can be then determined bymeans of

the Campbell-Baker-Hausdorff formula, see e.g. [7] for more details. The null element
of � is the identity 0 = (0, . . . , 0) and the inverse of a certain g �= 0 is usually denoted
by g−1.

The group operation � can also be used to define a further family of automorphisms
of G known as left translations τ : G → G. More precisely, given a base point h ∈ G,
we define

τh(g) := h � g. (2.3)

It is possible to endow a Carnot groupGwith a richer structure. Firstly, it is possible
to define a scalar product 〈·, ·〉g1 such that the basis {X1, . . . , Xm1} of the horizontal
layer becomes orthonormal, and this provides a sub-Riemannian structure over G.
We notice that one can also provide a purely Riemannian structure defining a scalar
product on the Lie algebra g making the entire basis {X1, . . . , X N } orthonormal.
The sub-Riemannian Carnot group G can also be endowed with an intrinsic metric
structure by means of the so called Carnot-Carathéodory (CC in short) distance. It is
well known that with this distance, these spaces are not Riemannian at any scale, see
e.g. [61].

From a more analytic point of view, we can define several differential operators
modelled on the horizontal vector fields {X1, . . . , Xm1}. First, given a smooth hori-
zontal vector field V = v1X1 + . . . + vm1 Xm1 , we define its horizontal divergence
as

divGV := X1v1 + . . . + Xm1vm1 . (2.4)

Moreover, given a smooth enough scalar-valued function u : G → R, we can define
the horizontal gradient of u as

∇Gu := (X1u, . . . , Xm1u), (2.5)

and the sub-Laplacian of u as

�Gu := divG(∇Gu) = X2
1u + . . . + X2

m1
u, (2.6)

We point out that both the divergence divG and the horizontal gradient ∇G (and a
fortiori the sub-Laplacian �G) are independent of the choice of the basis on g1: in
fact, they are intrinsically associated to the sub-Riemannian structure on G.
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We notice that both the horizontal gradient ∇G and the sub-Laplacian �G are left-
invariant operators, i.e.

∇G(u◦τh) = (∇Gu)◦τh and �G(u◦τh) = (�Gu)◦τh, for every h ∈ G, (2.7)

and they are, respectively, homogeneous of degree one and two w.r.t. the family of
dilations δλ defined in (2.2), namely

∇G(u ◦ δλ) = λ(∇Gu) ◦ δλ and �G(u ◦ δλ) = λ2(�Gu) ◦ δλ, for every λ > 0.
(2.8)

The Lebesgue measure LN coincides with the Haar measure of G and hence is left-
invariant and satisfies the following scaling property:

LN (δλ(E)) = λQLN (E) for every measurable set E ⊂ G. (2.9)

Every integral in thismanuscript has to be understoodwith respect to theHaarmeasure,
unless otherwise stated.

Moreover, the homogeneity of the Xi ’s implies that the (formal) adjoint of Xi in
the Lebesgue space L2(G) is precisely −Xi (for 1 ≤ i ≤ m1), that is,

∫

G

(Xiϕ)ψ = −
∫

G

ϕ(Xiψ) for every 1 ≤ i ≤ m1. (2.10)

In particular, −�G is a self-adjoint operator.

Every Carnot group can be endowed with several homogeneous norms. A homo-
geneous (quasi)norm ρ : G → R is a non-negative function further satisfying the
following properties:

• ρ(g) = 0 if and only if g = 0;
• ρ(δλ(g)) = λ ρ(g) for every g ∈ G and for every λ > 0;
• ρ(h � g) ≤ C (ρ(h) + ρ(g)) for every g, h ∈ G and for some constant C ≥ 1.

The importance of such objects is witnessed by a famous result of Folland: in [21],
he showed that there exists a homogeneous norm | · |G on G and a positive constant
CQ > 0, depending only on Q, such that the function

�h(g) := CQ

|h−1 � g|Q−2
G

, with Q ≥ 3, (2.11)

is a fundamental solution of−�G with pole at h ∈ G. Moreover, homogeneous norms
can be used to define distances, different from the CC-distance, as follows:

dρ(g, h) := ρ(h−1 � g).

In any case, all these norms (and the relative distances) are equivalent and they all
induce on G the Euclidean topology. For our purposes, we prefer to work with the
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homogeneous norm | · |G (and the associated distance dG) which provides the funda-
mental solution defined in (2.11). In particular, we will denote by

Br (g0) := {g ∈ G : dG(g, g0) = |g−1
0 � g|G < r},

the open ball of radius r > 0 and center g0 ∈ G.

2.2 Folland-Stein Spaces and Critical PDEs

Let O ⊆ G be an open set. For every f ∈ C∞
0 (O) there exists a positive constant

CQ > 0 depending only on the homogeneous dimension Q such that the following
Sobolev inequality holds true

‖ f ‖2
L
2�Q (O)

≤ CQ ‖|∇G f |‖2L2(O)
, (2.12)

where

2�
Q := 2Q

Q − 2
, (2.13)

denotes the (sub-elliptic) critical Sobolev exponent, resembling the classical Euclidean
one

2� = 2N

N − 2
.

Thanks to (2.12), ‖|∇G f |‖L2(�) provides a norm on the space C∞
0 (�). We define the

Folland-Stein space S1
0(O) as the completion of C∞

0 (O)w.r.t. the above norm, and we
set

‖u‖S10 (O) = ‖|∇Gu|‖L2(O) for every u ∈ S1
0(O).

We explicitly observe that, owing to (2.12), we have

S1
0(O) = {

u ∈ L2�
Q (O) : Xi u ∈ L2(O) for all 1 ≤ i ≤ m1

}
, (2.14)

where X1u, . . . , Xm1u are meant in the sense of distributions, that is (see also (2.10)),

∫

O
(X j u)ϕ = −

∫

O
u X jϕ for all ϕ ∈ C∞

0 (O).

In the particular case when O is bounded (which is the case we are mainly interested
in, together with the case O = G), the space S1

0(O) enjoys the following classical
properties.

(1) S1
0(O) is endowed with a structure of real Hilbert space by the inner product

〈u, v〉S10 (O) =
∫

O
〈∇Gu,∇Gv〉g1 (u, v ∈ S1

0(O)),

whose associated norm is precisely ‖ · ‖S10 (O).
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(2) By density, the Sobolev inequality (2.12) actually holds for every function u ∈
S1
0(O). As a consequence, S1

0(O) is continuously embedded into L p(O) for every
1 ≤ p ≤ 2�

Q . Furthermore, this embedding turns out to be compact when 1 ≤
p < 2�

Q .

(3) If u ∈ S1
0(O), then u+ = max{u, 0}, u− = max{−u, 0} ∈ S1

0(O), and

∇Gu+ = ∇Gu · χ{u>0} and ∇Gu− = ∇Gu · χ{u<0}.

In particular, for every c ∈ R, we derive

∇Gu = 0 a.e. on any level set {u = c}. (2.15)

We refer, e.g., to [24] for good approximation results in terms of smooth functions,
allowing to prove the above facts.

Remark 2.1 On account of the above properties of S1
0(�), it is possible to prove the

following convergence result, which will be repeatedly used in the sequel.
Assume that {uk}k ⊆ S1

0(�) is a bounded sequence. Since S1
0(�) is a real Hilbert

space, and since we have already pointed out that the embedding

S1
0(�) ↪→ L p(�)

is compact for every 1 ≤ p < 2�
Q , as in the classical case we deduce that there exists

a function u ∈ S1
0(�) such that (up to a subsequence, and as k → +∞)

• uk → u weakly in S1
0(�);

• uk → u strongly in L p(�) for every 1 ≤ p < 2�
Q ;• uk → u pointwise a.e. in �.

On the other hand, since the embedding S1
0(�) ↪→ L2�

Q (�) is continuous, we have

that u ∈ L2�
Q (�), and {uk}k is bounded also in L2�

Q (�); in particular, setting

p0 = 2�
Q

2�
Q − 1

∈ (1, 2�
Q),

we have that {vk = u
2�

Q−1
k }k is bounded in L p0(�). As a consequence of this fact,

and since we know that uk → u pointwise a.e. in �, we deduce that {vk}k converges
weakly to u2�

Q−1 (as k → +∞, and up to a subsequence) in L p0(�), that is,

∫

�

u
2�

Q−1
k ϕ dx →

∫

�

u2�
Q−1

ϕ dx for every ϕ ∈ L p′
0(�) = L2�

Q (�) ⊇ S1
0(�).

In [31] Garofalo and Vassilev adapted the celebrated concentration-compactness
principle of Lions showing that the best Sobolev constant in (2.12) can be achieved
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and it is characterized as follows

SG := inf
f ∈S10 (G)

‖|∇G f |‖2
L2(G)

‖ f ‖2
L
2�Q (G)

. (2.16)

As in the Euclidean case, this fact has immediate consequences at the level of the
critical PDE

− �Gu = u2�
Q−1 in G. (2.17)

We list here below the most important results concerning (2.16) and (2.17).

• Everyminimizing sequence of (2.16) is relatively compact in S1
0(G), after possibly

translating and dilating each of its elements. In particular, the minimum in (2.16)
is achieved and (2.17) admits a non-negative and non-trivial solution U ∈ S1

0(G),
see [31, Theorem 6.1].

• ByBony’smaximumprinciple [9], every non-negative solution of (2.17) is actually
positive.

• If T ∈ S1
0(G) is a positive solution of (2.17), then there exists a positive constant

M1 > 0 such that

T (g) ≤ M1 min{1, |g|2−Q
G

}, for every g ∈ G, (2.18)

see [8, Theorem 3.4].
• If T ∈ S1

0(G) is a positive solution of (2.17), then there exists a positive constant
M2 > 0 such that

T (g) ≥ M2
|B1(0)|

(1 + |g|G)Q−2 , for every g ∈ G, (2.19)

see [43, Lemma 3.2].

Let now T ∈ S1
0(G) be a minimizer of (2.16). For every ε > 0 define the rescaled

function
Tε(g) := ε(2−Q)/2T

(
δ1/ε(g)

)
. (2.20)

Let further be R > 0 such that BR(0) ⊂ � and let ϕ ∈ C∞
0 (BR(0)) be a cut-off

function such that 0 ≤ ϕ ≤ 1 and ϕ ≡ 1 in BR/2(0). Define the function

Uε(g) := ϕ(g)Tε(g), g ∈ G. (2.21)

The following holds:

• Up to multiplicative constants, Tε is a solution of (2.17).
• Due to scaling invariance, we can set T as to have

‖|∇GTε|‖2L2(G)
= ‖Tε‖2

�
Q

L
2�Q (G)

= SQ/2
G

. (2.22)
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• The function Uε satisfies the following estimates as ε → 0+

‖|∇GUε|‖2L2(G)
= SQ/2

G
+ O(εQ−2) (2.23)

‖Uε‖2
�
Q

L
2�Q (G)

= SQ/2
G

+ O(εQ), (2.24)

see [43, Lemma 3.3].

2.3 StrongMaximum Principle and Harnack Inequality

Now we have reviewed the basic concepts concerning the Carnot groups setting, and
before starting our study of problem (Pλ), for a future reference we explicitly state
here below a Weak Harnack inequality for

L = −�G + c(x) (with c ≥ 0),

from which we will also derive a Strong Maximum Principle. These results will be
fundamental throughout the rest of the paper.

Proposition 2.2 (Weak Harnack inequality for −�G + c) Let O ⊂ G be a bounded
open set, and let c ∈ L∞(O), c ≥ 0. Moreover, let u ∈ S1

0(O) be aweak supersolution
of the equation

−�Gu + cu = 0 in O, (2.25)

that is (see also the subsequent Definition 2.5),

∫

O
〈∇Gu,∇Gϕ〉g1 +

∫

O
cuϕ ≥ 0 for every ϕ ∈ C∞

0 (O), ϕ ≥ 0.

If, in addition, u ≥ 0 a.e. in O, there exist constants c0 > 0 and p0 ∈ (0, 1), indepen-
dent of u, such that, for every g0 ∈ O, r > 0 with B4r (g0) � O, we have

(
−
∫

B3r (g0)
|u|p0

)1/p0 ≤ c0 inf
Br

u. (2.26)

Proof The proof of this proposition is contained in the proof of [33, Theorem 4.1],
where the Authors establish a full Harnack inequality for the non-negative weak solu-
tions u of

Lu = 0 in �, (2.27)

and L is a general X -elliptic operator (of which −�G + c(·) is a particular case).
Indeed, to prove the cited Harnack inequality for a given non-negative weak solution
u of (2.27), the Authors in [33] use an adaptation of the Moser iteration technique,
and they show that
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i) since u is, in particular, a weak subsolution of (2.27), then

sup
Br (g0)

u ≤ C1

(
−
∫

B2r (g0)
|u|s

)1/s
,

for some constants C1 > 0, s > 0 independent of u;
ii) since u is, in particular, a weak supersolution of (2.27), then

inf
Br (g0)

u ≥ C2

(
−
∫

B3r (g0)
|u|−p0

)−1/p0
,

for some constant C2 > 0 and every p0 small enough;
iii) there exists a constant C3 > 0, only depending on p0, such that

(
−
∫

B3r (g0)
|u|p0

)1/p0 ≤ C3

(
−
∫

B3r (g0)
|u|−p0

)−1/p0
,

provided that B4r (g0) � O. Thus, since the proofs of i) - iii) are mutually independent,
if u is just a weak supersolution of (2.25) (which is a particular case of (2.27)), the
demonstration of assertion ii) in [33] gives exactly the desired estimate (2.26). ��
FromProposition 2.2, and using a classical covering argument, we obtain the following

Corollary 2.3 Let O ⊆ G be a bounded open set, and let c ∈ L∞(O), c ≥ 0. Further-
more, let u ∈ S1

0(O) be a weak supersolution of equation (2.25) satisfying

u > 0 a.e.on every open ball B = Br (g0) � �.

Then, for every open set O′ � O there exists C = C(O′, u) > 0 such that

u ≥ C(O′, u) > 0 a.e. in O′.

As anticipated, Proposition 2.2 implies the following Strong Maximum Principle.

Proposition 2.4 (Strong Maximum Principle for L) Let O ⊆ G be a bounded and
connected open set, and let u ∈ S1

0(O), u ≥ 0 be a weak supersolution of (2.25).
Then,

either u ≡ 0 or u > 0 a.e. in O. (2.28)

Proof We assume that there exists a set Z ⊆ O of positive Lebesgue measure such
that u ≡ 0 (pointwise) on Z , and we prove that in this case we have u ≡ 0 a.e. on O.

To this end we first observe that, since |Z| > 0, we can find r0 > 0 such that

Z0 = Z ∩ {g ∈ O : dG(g, ∂O) ≥ r0}
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haspositive Lebesgue measure;moreover, since K = {g ∈ O : dG(g, ∂O) ≥ r0} ⊆ �

is compact (recall that dG induces the Euclidean topology), there exist g1, . . . , gp ∈ K
and r1, . . . , rp > 0 (for some p ∈ N) such that B4ri (gi ) � O (for 1 ≤ i ≤ p) and

Z0 =
p⋃

i=1

(Z0 ∩ Bri (gi )).

As a consequence, there exists a dG-ball B0 = Bri0
(gi0) (for some 1 ≤ i0 ≤ p) such

that
|Z0 ∩ Bri0

(gi0)| > 0. (2.29)

In particular, since u ≥ 0 a.e. in O and u = 0 on Z0, we have

inf
Bri0

(gi0 )
u = inf

�
u = 0. (2.30)

With (2.29)-(2.30) at hand, we then define the set

S = {g ∈ O : there exists a ball B = Br (g) ⊆ O s.t.u = 0 a.e. on B},

and we prove that S = O by a connection argument:

- S �= ∅. Let gi0 ∈ O be as in (2.29)-(2.30). Since u is a non-negative weak
supersolution of equation (2.25), and since B = B4ri0 (gi0 ) � O, we can apply the
Weak Harnack Inequality in Proposition 2.2: this gives the following estimate

(
−
∫

B3ri0
(gi0 )

|u|p0
)1/p0 ≤ c inf

Bri0
(gi0 )

u = 0,

from which we derive that u = 0 a.e. in B3ri0
. Hence, gi0 ∈ S.

- S is open. Assume that g ∈ S, and let B = Br (g) ⊆ O be a dG-ball such that

u = 0 a.e. in B.

Given any g′ ∈ B, if we choose ρ > 0 in such a way that Bρ(g′) ⊆ B, we obviously
have

u = 0 a.e. on Bρ(g′) ⊆ B,

and this proves that g′ ∈ S. By the arbitrariness of g′ ∈ Br (g), we conclude that
Br (g) ⊆ S, and hence S is open, as desired.

- S is closed. Assume that (gk)k is a sequence of points in S which converges (as
k → +∞) to some g ∈ O, and let ρ > 0 be such that B4ρ(g) � O. Since gk → g as
k → +∞, there exists some k0 ∈ N such that gk0 ∈ Bρ(g); on the other hand, since
gk0 ∈ S, it is possible to find a suitable dG-ball B = Br (gk0) such that B ⊆ Bρ(g)

and
u = 0 a.e. in B.
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Hence, using once again the Weak Harnack Inequality in Proposition 2.2, we get

(
−
∫

B3ρ(g)

|u|p0
)1/p0 ≤ c inf

Bρ(g)
u = 0,

and thus u = 0 a.e. in B3ρ(g), that is, g ∈ S. Hence, S is closed.

Gathering the above facts, and recalling thatO is connected, we then conclude that
O = S, and this obviously implies that u = 0 a.e. in O, as desired. ��

2.4 Weak Sub/supersolutions of (P�)

We are now ready to properly set the definition of weak sub/supersolution of (Pλ).
However, we prefer to provide such definitions for the following slightly more general
singular Dirichlet problem:

⎧
⎪⎨

⎪⎩

−�Gu = λ

uγ
+ f (x, u) in �,

u > 0 in �,

u = 0 on ∂�,

(2.31)

where γ ∈ (0, 1), λ > 0 and f : � × (0,+∞) → R is a Carathéodory function
satisfying the following critical growth condition: there exists a positive constant
K f > 0 such that

| f (x, t)| ≤ K f (1 + t2
�
Q−1

) for a.e. x ∈ � and for every t > 0. (2.32)

Here and throughout, � ⊆ G is a fixed bounded and connected open set (as in (Pλ)).

Definition 2.5 Let f : � × (0,+∞) → R be a Carathéodory function satisfying the
growth condition (2.32). We say that a function u ∈ S1

0(�) is a weak subsolution
(resp. supersolution) of (2.31) if it satisfies the following properties:

(i) u > 0 in � and u−γ ∈ L1
loc(�).

(ii) For every 0 ≤ ϕ ∈ C∞
0 (�), it holds that

∫

�

〈∇Gu,∇Gϕ〉g1 ≤ (resp. ≥)λ

∫

�

u−γ ϕ +
∫

�

f (x, u)ϕ. (2.33)

Finally, we say that u ∈ S1
0(�) is a weak solution of (2.31) if it is both a weak

subsolution and a weak supersolution of (2.31) without the non-negativity condition
on ϕ.

Remark 2.6 We now list here below some comments concerning the above Definition
2.5. In what follows, we tacitly understand that f : � → (0,+∞) is a Carathéodory
function satisfying the growth assumption (2.32).
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1) If u ∈ S1
0(�) is a weak sub/supersolution of problem (2.31), all the integrals

appearing in (2.33) exist and are finite. Indeed, by Hölder’s inequality, for every
ϕ ∈ C∞

0 (�), ϕ ≥ 0 in �, we obtain

∣
∣
∣
∣

∫

�

〈∇Gu,∇Gϕ〉g1
∣
∣
∣
∣ ≤ ‖u‖S10 (�)‖ϕ‖S10 (�) (2.34)

Moreover, using (2.32) and the Sobolev inequality, we also get

∫

�

f (x, u) |ϕ| ≤ K f

(
‖ϕ‖L1(�) +

∫

�

|u|2�
Q−1|ϕ| dx

)

(using Hölder’s inequality)

≤ K f
(‖ϕ‖L1(�) + ‖u‖2

�
Q−1

L
2�Q (�)

· ‖ϕ‖
L
2�Q (�)

)

≤ K f
(‖ϕ‖L1(�) + S

−2�
Q/2

G
‖u‖2

�
Q−1

S10 (�)
· ‖ϕ‖S10 (�)

)

(again by Hölder’s inequality and Poincaré inequality)

≤ C‖ϕ‖S10 (�)

(
1 + ‖u‖2

�
Q−1

S10 (�)

)
< +∞,

(2.35)

where SG > 0 is the best Sobolev constant in G, and C > 0 depends on Q, f , |�|.
Finally, since we are assuming that u−γ ∈ L1

loc(�), we obviously have

0 ≤
∫

�

u−γ ϕ ≤ ‖ϕ‖L∞(�)

∫

supp(ϕ)

u−γ < +∞.

We explicitly stress that this last estimate (which is related with the singular term u−γ )
is the unique estimate involving the L∞-norm of the test function ϕ; on the contrary,
estimates (2.34)-(2.35) only involve the S1

0 -norm of ϕ.

2) If u ∈ S1
0(�) is a weak solution of problem (2.31), and if ϕ ∈ C∞

0 (�) is a
non-negative test function (that is, ϕ ≥ 0 in �), by (2.34)-(2.35) we have

0 ≤
∫

�

u−γ ϕ = 1

λ

( ∫

�

〈∇Gu,∇Gϕ〉g1 +
∫

�

f (x, u)ϕ
)

≤ C‖ϕ‖S10 (�)

(
1 + ‖u‖2

�
Q−1

S10 (�)

);

from this, by using a standard density argument, we can easily prove the following
facts:

a) u−γ ϕ ∈ L1(�) for every ϕ ∈ S1
0(�);

b) identity (2.33) actually holds for every ϕ ∈ S1
0(�).

3) Let u ∈ S1
0(�) be a weak solution of problem (2.31). Since, in particular, we

know that u > 0 a.e. in � (and u ≡ 0 a.e. in G \ �), it is quite easy to recognize that
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u is a weak supersolution of the equation

−�Gu = 0 in �,

in the sense of Definition 2.5. As a consequence, we are entitled to apply [33], ensuring
that

for every O � � there exists c(O, u) > 0 s.t.u ≥ c(O, u) > 0 a.e. in O.

2.5 Singular Problem

The last preliminary result we aim to present concerns the unperturbed, purely singular
version of problem (Pλ), that is,

⎧
⎪⎨

⎪⎩

−�Gu = λ

uγ
in �,

u > 0 in �,

u = 0 on ∂�,

(2.36)

where γ ∈ (0, 1) and λ > 0. We say that u ∈ S1
0(�) is a weak solution of (2.36)

according toDefinition 2.5with f ≡ 0. In this context, we have the following theorem.

Theorem 2.7 Let � ⊆ G be a bounded open set. Moreover, let γ ∈ (0, 1) and λ > 0.
Then, there exists a unique weak solution wλ ∈ S1

0(�)∩L∞(�) to (2.36). Moreover,
wλ is a global minimizer in the S1

0(�)-topology of the functional

Jλ(u) := 1

2

∫

�

|∇Gu|2 − λ

1 − γ

∫

�

|u|1−γ . (2.37)

Finally, we also have that Jλ(wλ) < 0.

Proof The proof of this theorem is very similar to that of [63, Theorem 1.1] (for the
solvability of (2.36)), and exploits a classical scheme of Stampacchia (for the global
boundedness ofwλ); however, we present it here in detail for the sake of completeness.

To ease the readability, we split the proof into five steps.

Step I). In this first step we prove that Jλ possesses a global and strictly negative
minimum, which is attained by a function wλ ∈ S1

0(�) \ {0} such that wλ ≥ 0 a.e. in
�.

To this we first observe that, since S1
0(�) is a Hilbert space and since 0 < 1−γ < 1,

the functional Jλ is weakly lower semicontinuous on S1
0(�) (notice that ‖|∇Gu|‖L2(�)

is precisely the norm of S1
0(�)). Moreover, owing to the Sobolev inequality (2.12) and

using Hölder’s inequality, we have

Jλ(u) ≥
‖u‖2

S10 (�)

2
− λC

1 − γ
‖u‖1−γ

S10 (�)
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(for some positive constant C only depending on Q and �), and this proves that Jλ

is coercive on S1
0(�). Gathering these facts, we then derive that Jλ attains a global

minimum, that is, there exists a function wλ ∈ S1
0(�) such that

Jλ(wλ) = min
u∈S10 (�)

Jλ(u) = mλ.

We now observe that, if ϕ ∈ C∞
0 (�) is a fixed non-vanishing function, we have

Jλ(tϕ) = t2

2

∫

�

|∇Gϕ|2 − λt1−γ

1 − γ

∫

�

|ϕ|1−γ → −∞ as t → 0+

(recall that 0 < 1 − γ < 1); as a consequence, we have mλ < 0, and thus wλ �≡ 0.
Finally, taking into account that Jλ(|u|) = Jλ(u) for every u ∈ S1

0(�), by possibly
replacing the function wλ with |wλ|, we can assume that wλ ≥ 0 a.e. in �.

Step II). In this second step we prove that the global, non-negative minimizer
wλ ∈ S1

0(�) obtained in the previous step is actually strictly positive (a.e.) in �.
To this end, we arbitrarily fix a non-negative function ϕ ∈ C∞

0 (�) and we notice
that, since the function wλ is a global minimizer of Jλ, we have

0 ≤ lim inf
t→0+

{1

t
(Jλ(wλ + tϕ) − Jλ(wλ))

}
≤
∫

�

〈∇Gwλ,∇Gϕ〉g1 ,

and thus−�Gu ≥ 0 in the weak sense on�; from this, by using the StrongMaximum
Principle in Proposition 2.4 (and since wλ �≡ 0), we deduce that wλ > 0 a.e. in �.

Step III). In this third step, we prove that the functionwλ ∈ S1
0(�) (which we have

already proved to be a global and strictly positive minimizer of Jλ) is a weak solution
of

− �Gwλ = λ

w
γ
λ

in �, (2.38)

and hence of the whole problem (2.36).
To this end we first observe that, since wλ is a global minimizer of Jλ, the point

t0 = 0 is a global minimum for the (smooth) map h : R → R defined by

h(t) = Jλ

(
(1 + t)wλ)

) = (1 + t)2

2

∫

�

|∇Gwλ|2 − λ(1 + t)1−γ

1 − γ

∫

�

|wλ|1−γ ;

as a consequence, we have

0 = h′(0) =
∫

�

|∇Gwλ|2 − λ

∫

�

|wλ|1−γ . (2.39)
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Moreover, again by the minimality of Jλ(wλ), we also get

0 ≤ Jλ(wλ + tϕ) − Jλ(wλ)

≤
∫

�

〈∇Gwλ,∇Gϕ〉g1 + t2

2

∫

�

|∇Gϕ|2 − λ

1 − γ

∫

�

[
(wλ + tϕ)1−γ − w

1−γ
λ

]

for every non-negative function ϕ ∈ S1
0(�) and every t > 0; thus, by letting t → 0+

with the aid of the Fatou Lemma (and by the arbitrariness of ϕ), we obtain

∫

�

(〈∇Gwλ,∇Gϕ〉g1 − λw
−γ
λ ϕ

) ≥ 0, for every ϕ ∈ S1
0(�), ϕ ≥ 0. (2.40)

With estimates (2.39)-(2.40) at hand, we can easily complete the demonstration of this
step.

Indeed, given any ψ ∈ S1
0(�), by applying (2.40) to

ϕ = (wλ + εψ)+ ∈ S1
0(�)

(and with ε > 0 arbitrarily fixed), and by using (2.39), we get

0 ≤
∫

�

(〈∇Gwλ,∇Gϕ〉g1 − λw
−γ
λ ϕ

)

=
∫

{wλ+εψ≥0}
(〈∇Gwλ,∇G(wλ + εψ)〉g1 − λw

−γ
λ (wλ + εψ)

)

=
∫

�

(〈∇Gwλ,∇G(wλ + εψ)〉g1 − λw
−γ
λ (wλ + εψ)

)

−
∫

{wλ+εψ<0}
(〈∇Gwλ,∇G(wλ + εψ)〉g1 − λw

−γ
λ (wλ + εψ)

)

=
( ∫

�

|∇Gwλ|2 − λ

∫

�

|wλ|1−γ
)

+ ε

∫

�

(〈∇Gwλ,∇Gψ〉g1 − λw
−γ
λ ψ

)

−
∫

{wλ+εψ<0}
(〈∇Gwλ,∇G(wλ + εψ)〉g1 − λw

−γ
λ (wλ + εψ)

)

(here we use (2.39))

= ε

∫

�

(〈∇Gwλ,∇Gψ〉g1 − λw
−γ
λ ψ

)

−
∫

{wλ+εψ<0}
(〈∇Gwλ,∇G(wλ + εψ)〉g1 − λw

−γ
λ (wλ + εψ)

)

≤ ε

∫

�

(〈∇Gwλ,∇Gψ〉g1 − λw
−γ
λ ψ

)− ε

∫

{wλ+εψ<0}
〈∇Gwλ,∇Gψ〉,

where we have used the fact that wλ > 0 a.e. in �. In view of this fact, we also
recognize that the Lebesgue measure of the set Aε = {wλ + εψ < 0} goes to 0 as
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ε → 0+: indeed, since
ψ < −1

ε
wλ < 0 on Aε,

and since � ⊇ Aε has finite measure, we have

lim
ε→0+ |Aε| =

∣
∣
∣
⋂

ε>0

Aε

∣
∣
∣ = |{wλ ≤ 0}| = 0.

Hence, from the above estimate (and by the arbitrariness of ε > 0), we obtain

∫

�

(〈∇Gwλ,∇Gψ〉g1 − λw
−γ
λ ψ

) ≥ lim
ε→0+

∫

{wλ+εψ<0}
〈∇Gwλ,∇Gψ〉 = 0.

This, together with the arbitrariness of ψ ∈ S1
0(�), allows us to finally conclude that

wλ is a weak solution of equation (2.38), as desired.

Step IV). In this fourth step we show that wλ ∈ L∞(�). To this end we first
observe that, since we already know that wλ is a weak solution of (2.36), for every
k > 1 we have

∫

�

〈∇Gwλ,∇G[(wλ − k)+]〉g1 − λ

∫

�

w
−γ
λ (wλ − k)+ = 0;

from this, by using the Hölder inequality and the weighted Young inequality, together
with the continuous embedding of S1

0(�) into L2�
Q (�), we get

∫

�

|∇G[(wλ − k)+]|2 ≤ λ

kγ

∫

Ak

(wλ − k)+ ≤ λ

kγ
|Ak |1−1/2�

Q

( ∫

�

|(wλ − k)+|2�
Q

)1/2�
Q

≤ c|Ak |1−1/2�
Q

( ∫

�

|∇G[(wλ − k)+]|2
)1/2

≤ c(ε)|Ak |2(1−1/2�
Q) + ε

∫

�

|∇G[(wλ − k)+]|2,

where c(ε) > 0 is a suitable constant depending on ε, and

Ak = {wλ ≥ k}.

From this, by choosing ε > 0 sufficiently small, we get

∫

�

|∇G[(wλ − k)+]|2 ≤ c|Ak |2(1−1/2�
Q)

. (2.41)
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With estimate (2.41) at hand, we can easily complete the proof of this step (and of the
whole theorem). Indeed, owing to the cited (2.41), for every 1 < k < h we have

(h − k)2|Ah |2/2�
Q

( ∫

Ah

(wλ − k)
2�

Q
+
)2/2�

Q ≤
( ∫

Ak

(wλ − k)
2�

Q
+
)2/2�

Q

(here we use once again (2.12))

≤ c
∫

�

|∇G[(wλ − k)+]|2 ≤ c|Ak |2(1−1/2�
Q)

,

for some constant c > 0 independent of k, h; as a consequence, we get

|Ah | ≤ c

(h − k)
2�

Q
|Ak |2�

Q−1 for all 1 < k < h.

Since, obviously, q = 2�
Q − 1 > 1, we can apply [40, Lemma B.1]: this gives

|Ad | = |{wλ ≥ d}| = 0

for some d > 0, and thus wλ ∈ L∞(�), as desired.

Step V). In this last step, we prove that wλ is the unique weak solution of problem
(2.36). To this end, let us suppose that zλ ∈ S1

0(�) is another weak solution of the
same problem; we then choose a smooth function θ ∈ C∞(R) satisfying the following
properties

• θ(t) = 0 for t ≤ 0 and θ(t) = 1 for t ≥ 1;
• θ is non-decreasing on R;

and we define (for every ε > 0)

θε(t) := θ

(
t

ε

)

.

Now, since θε ∈ S1
0(�), and since wλ, zλ solve (2.36), we get

(∗)

∫

�

〈∇Gwλ,∇G(wλ − zλ)〉g1 θ ′
ε(wλ − zλ) − λ

∫

�

θε(wλ − zλ)

w
γ
λ

= 0;

(∗)

∫

�

〈∇Gzλ,∇G(wλ − zλ)〉g1 θ ′
ε(wλ − zλ) − λ

∫

�

θε(wλ − zλ)

zγ
λ

= 0.

As a consequence, by subtracting the above identities, we obtain

0 ≥ −
∫

�

|∇(zλ − wλ)|2G θ ′
ε(wλ − zλ)

= λ

∫

�

( 1

zγ
λ

− 1

w
γ
λ

)
θε(wλ − zλ).

(2.42)
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From this, by letting ε → 0+ we derive that

lim
ε→0+

∫

�

(
1

zγ
λ

− 1

w
γ
λ

)

θε(wλ − zλ) =
∫

{wλ>zλ}

(
1

zγ
λ

− 1

w
γ
λ

)

≤ 0,

from which we derive that |{wλ > zλ}| = 0, that is, wλ ≤ zλ a.e. on �. Finally, by
interchanging the role of zλ and wλ, we conclude that

wλ ≡ zλ a.e. in �,

and this proves the uniqueness of wλ. ��

3 Existence of the First Solution

To begin with, we define

� := sup{λ > 0 : (Pλ) admits a weak solution}. (3.1)

We then turn to prove in this first part of the section the following facts:

a) � is well-defined and � < +∞;
b) problem (Pλ) admits a weak solution for every 0 < λ ≤ �.

We begin by proving assertion a).

Lemma 3.1 Let � be as in (3.1). Then � ∈ (0,+∞).

Proof We consider the functional

Iλ(u) := 1

2

∫

�

|∇Gu|2 − λ

1 − γ

∫

�

|u|1−γ − 1

2�
Q

∫

�

|u|2�
Q , u ∈ S1

0(�). (3.2)

First of all, by combining Hölder’s and Sobolev’s inequalities, we have

a)
∫

�

|u|2�
Q ≤ C‖|∇Gu|‖2

�
Q

L2(�)
;

b)
∫

�

|u|1−γ ≤ C‖u‖(1−γ )/2�
Q

L
2�Q (�)

≤ C‖|∇Gu|‖1−γ

L2(�)
;

(3.3)

as a consequence, denoting by

Br :=
{

u ∈ S1
0(�) : ‖u‖S10 (�) ≤ r

}
,
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the above estimates (3.3-a) imply the existence of r0 > 0 and δ0 > 0 such that

⎧
⎪⎨

⎪⎩

1
2‖|∇Gu|‖2

L2(�)
− 1

2�
Q
‖u‖2

�
Q

L
2�Q (�)

≥ 2δ0 for all u ∈ ∂ Br0 ,

1
2‖|∇Gu|‖2

L2(�)
− 1

2�
Q
‖u‖2

�
Q

L
2�Q (�)

≥ 0 for all u ∈ Br0 ,
(3.4)

hence, again by (3.3-b) we conclude that there exists λ� > 0 such that

Iλ
∣
∣
∂ Br0

≥ 2δ0 − λ C

1 − γ
r1−γ
0 ≥ δ0, for every λ ∈ (0, λ�]. (3.5)

We now define c� := infBr0
Iλ� , and we notice that c� < 0. Indeed, for every v �≡ 0,

it holds that

Iλ�(tv) = t2‖|∇Gv|‖2L2(�)
− λ�

1 − γ
t1−γ

∫

�

|v|1−γ − t2
�
Q

2�
Q

∫

�

|v|2�
Q ,

which becomes negative for t > 0 small enough because 0 < 1−γ < 1. The argument
is now pretty standard. We first consider a minimizing sequence {u j } j ⊂ Br0 related
to c� and we know that there exists u� such that, up to subsequences,

• u j → u� as j → +∞ weakly in S1
0(�);

• u j → u� as j → +∞ strongly in Lr (�) for every r ∈ [2, 2�
Q);

• u j → u� as j → +∞ pointwise a.e. in �.

Moreover, since Iλ(|u|) = Iλ(u) for every λ > 0, we may also assume that u j ≥ 0.
Combining (3.5) with c� < 0, we realize that there exists a positive, and independent
of j , constant ε0 > 0 such that

‖u j‖S10 (�) ≤ r0 − ε0. (3.6)

Now, by combining the algebraic inequality (a + b)p ≤ a p + bp (holding true for all
a, b ≥ 0 and 0 < p < 1) with the Hölder inequality, as j → +∞ we have

∫

�

u1−γ

j ≤
∫

�

u1−γ
� +

∫

�

|u j − u�|1−γ

≤
∫

�

u1−γ
� + C‖u j − u�‖1−γ

L2(�)
=
∫

�

u1−γ
� + o(1),

and similarly

∫

�

u1−γ
� ≤

∫

�

u1−γ

j +
∫

�

|u j − u�|1−γ =
∫

�

u1−γ

j + o(1),

which in turn implies

∫

�

u1−γ

j =
∫

�

u1−γ
� + o(1), as j → +∞. (3.7)
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By Brezis-Lieb lemma, see [12], it is now well known that

‖u j‖2
�
Q

L
2�Q (�)

= ‖u�‖2
�
Q

L
2�Q (�)

+ ‖u j − u�‖2
�
Q

L
2�Q (�)

+ o(1), as j → +∞, (3.8)

and

‖|∇Gu j |‖2L2(�)
= ‖|∇Gu�|‖2L2(�)

+ ‖|∇G(u j − u�)|‖2L2(�)
+ o(1), as j → +∞.

(3.9)
By combining (3.9) and (3.6), it follows that u� ∈ Br0 and that u j − u� ∈ Br0 for
big enough j , and this allows to use the second line of (3.4) on u j − u�. Using now
(3.7)-(3.9), as j → +∞, we find

c� = Iλ�(u j ) + o(1)

= Iλ�(u�) + 1

2
‖|∇G(u j − u�)|‖2L2(�)

− 1

2�
Q

‖u j − u�‖2
�
Q

L
2�Q (�)

+ o(1)

≥ Iλ�(u�) + o(1) ≥ c� + o(1),

which proves that u� ≥ 0, u� �≡ 0 is a local minimizer of Iλ� in the S1
0(�)-topology.

From this, by arguing exactly as in the proof of Theorem 2.7 (the unique difference
being the presence of the critical term, see also [34, Lemma 2.1]), we show that u� is
actually a weak solution of (Pλ), and hence we get that

� ≥ λ� > 0.

Let us now prove that � < +∞. Following [34], we consider the first Dirichlet
eigenvalue μ1 of the operator −�G in �, namely

μ1 = min
{‖|∇Gu|‖2L2(�)

: u ∈ S1
0(�) and ‖u‖2L2(�)

= 1
}
,

and we let e1 ∈ S1
0(�) be the principal eigenfunction associated with μ1, i.e.,

a) ‖e1‖L2(�) = 1 and e1 > 0 a.e. in �;

b) ‖|∇Ge1|‖2G = μ1.

The proof of the existence of such a function e1 follows by rather standard arguments.
Now, assuming that there exists a weak solution u ∈ S1

0(�) of problem (Pλ) (for
some λ > 0), and using this e1 as a test function in identity (2.33), we get

μ1

∫

�

ue1 =
∫

�

〈∇Gu,∇Ge1〉g1 =
∫

�

(λu−γ + u2�
Q−1

)e1.

Setting � a constant such that

�t−γ + t2
�
Q−1

> μ1t, for every t > 0,

we find that λ < � and then � < � < +∞, as desired. ��
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Now we have established Lemma 3.1, we then turn to prove assertion b), namely
the existence of at least one weak solution of problem (Pλ) for every 0 < λ ≤ �.

To begin with, we prove the following simple yet important technical lemma.

Lemma 3.2 Let w, u ∈ S1
0(�) be a weak subsolution [resp.weak supersolution] and

a weak solution of problem (Pλ), respectively. We assume that

a) w ≤ u [resp.w ≥ u] a.e. in �;
b) for every open set O � � there exists C = C(O, w) > 0 such that

w ≥ C a.e. in O.

Then, either w ≡ u or w < u [resp.w > u] a.e. in �.

Proof We limit ourselves to consider only the case when w is a weak subsolution of
problem (Pλ), since the case when w is a weak supersolution is analogous.

To begin with, we arbitrarily fix a bounded open set O � � and we observe that,
since w is a weak subsolution of problem (Pλ) and since u is a weak solution of the
same problem, we have the following computations:

−�G(u − w) ≥ λ(u−γ − w−γ ) + (u2�
Q−1 − w

2�
Q−1

)

(since w ≤ u, see assumption a))

≥ λ(u−γ − w−γ )

(by the Mean Value Theorem, for some θ ∈ (0, 1))

= −γ λ(θu + (1 − θ)w)−γ−1(u − w)

≥ −γ λw−γ−1(u − w)

(by assumption b))

≥ −γ λC−γ−1(u − w),

in the weak sense on O (here, C > 0 is a constant depending on O and on w).
As a consequence of this fact, and since w ≤ u a.e. in �, we are then entitled to

apply the Strong Maximum Principle in Proposition 2.4 to the function v = u − w

(with c ≡ γ λC−γ−1), obtaining that

either v ≡ 0 or v > 0 a.e. in O.

Due to the arbitrariness of O � �, this completes the proof. ��
Remark 3.3 We explicitly observe that, if w ∈ S1

0(�) is a weak supersolution of
problem (Pλ), it follows from Remark 2.6-3) that assumption b) in Lemma 3.2 is
always satisfied. Hence, if u ∈ S1

0(�) is a weak solution of (Pλ), we get

(u ≤ w a.e. in �) �⇒ (either u ≡ w or u < w a.e. in �).
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We now turn to establish a crucial Perron-type lemma which extends [34, Lemma
2.2] to the case of Carnot groups.

Lemma 3.4 Let u, u ∈ S1
0(�) be a weak subsolution and a weak supersolution, respec-

tively, of problem (Pλ). We assume that

a) u(g) ≤ u(g) for a.e. g ∈ �;
b) for every open set O � � there exists C = C(O, u) > 0 such that

u ≥ C a.e. in O.

Then, there exists a weak solution u ∈ S1
0(�) of (Pλ) such that

u(g) ≤ u(g) ≤ u(g) for a.e. g ∈ �.

Proof We adapt to our setting the proof of [34, Lemma 2.2]. We consider the set

M :=
{

u ∈ S1
0(�) : u ≤ u ≤ u a.e. in �

}
,

which is closed and convex.
Step 1: we claim that there exists a relative minimizer uλ of Iλ on M .

It is enough to show that Iλ is w.l.s.c. on M . To this aim, let u j ∈ M be weakly
convergent tou in S1

0 (�).Without loss of generality, possibly passing to a subsequence,
we may assume that u j → u pointwise a.e. in �, so that u ∈ M . Thanks to the
continuous embedding of S1

0(�), we have that

∫

�

u2�
Q < +∞

∫

�

u1−γ < +∞,

where in the latter we used first Hölder inequality. Hence, by dominated convergence,
we have that, as j → +∞,

‖u j‖2
�
Q

L
2�Q (�)

→ ‖u‖2
�
Q

L
2�Q (�)

and
∫

�

|u j |1−γ →
∫

�

|u|1−γ .

Therefore,
lim inf
j→+∞ Iλ(u j ) ≥ Iλ(u),

as desired.
Step 2: we prove that uλ is a weak solution of (Pλ). Just in this paragraph we will

use more compact notation u instead of uλ.
We take ϕ ∈ S1

0(�) and ε > 0. We define the function

vε := u + εϕ − ϕε + ϕε ∈ M,

where
ϕε := (u + εϕ − u)+ ϕε := (u + εϕ − u)−.
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Since u + t(vε − u) ∈ M for t ∈ (0, 1), we have that

0 ≤ lim
t→0+

Iλ(u + t(vε − u)) − Iλ(u)

t

=
∫

�

〈∇Gu,∇G(vε − u)〉g1 − λ

∫

�

vε − u

uγ
−
∫

�

u2�
Q−1

(vε − u).

(3.10)

We omit the details concerning the second integral, we refer to [34] for the details.
Set now

Eε :=
∫

�

〈∇Gu,∇Gϕε〉g1 − λ

∫

�

ϕε

uγ
−
∫

�

u2�
Q−1

ϕε,

and

Eε :=
∫

�

〈∇Gu,∇Gϕε〉g1 − λ

∫

�

ϕε

uγ
−
∫

�

u2�
Q−1

ϕε.

With this notation at hand, we can write (3.10) as

∫

�

〈∇Gu,∇Gϕ〉g1 − λ

∫

�

ϕ

uγ
−
∫

�

u2�
Q−1

ϕ ≥ Eε − Eε

ε
.

We want to show that

Eε

ε
≥ o(1) and

Eε

ε
≤ o(1), as ε → 0+.

We will show only the first one, being the second very similar. Firstly, we define the
sets

�ε := {g ∈ � : u(g) + εϕ(g) ≥ u(g) > u(g)} ,

C�ε := {g ∈ � : u(g) + εϕ(g) < u(g)}.

and notice that, being u and u measurable functions,

|�ε| → 0 as ε → 0+.

Indeed,
⋂

ε>0 �ε = ∅, and as |�| < +∞, this implies

lim
ε→0+ |�ε| =

∣
∣
∣
∣
∣

⋂

ε>0

�ε

∣
∣
∣
∣
∣
= 0.
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Therefore, following [34], we have that

Eε

ε
= 1

ε

(∫

�

〈∇G(u − u),∇Gϕε〉g1 +
∫

�

〈∇Gu,∇Gϕε〉g1 −
∫

�

(λu−γ + u2�
Q−1

)ϕε

)

≥ 1

ε

∫

�

〈∇G(u − u),∇Gϕε〉g1 + 1

ε

∫

�ε

(λu−γ + u2�
Q−1 − λu−γ − u2�

Q−1
)ϕε

≥ 1

ε

∫

�

〈∇G(u − u),∇Gϕε〉g1 − λ

ε

∫

�ε

|u−γ − u−γ ||ϕ|.
(3.11)

Now, owing to (2.15) and since ϕε = 0 on C�ε, we have that

1

ε

∫

�

〈∇G(u − u),∇Gϕε〉g1 = 1

ε

∫

�ε

〈∇G(u − u),∇Gϕε〉g1

= 1

ε

∫

�ε

|∇(u − u)|2
G

+
∫

�ε

〈∇G(u − u),∇Gϕ〉g1

≥
∫

�ε

〈∇G(u − u),∇Gϕ〉g1 = o(1), as ε → 0+.

(3.12)

Combining (3.11) and (3.12), we finally get

Eε

ε
≥ o(1), as ε → 0+. (3.13)

Similarly
Eε

ε
≤ o(1), as ε → 0+. (3.14)

Combining (3.13) and (3.14), we get that

∫

�

〈∇Gu,∇Gϕ〉g1 −
∫

�

(λu−γ − u2�
Q−1

)ϕ ≥ o(1) as ε → 0+.

Taking now −ϕ, and passing to the limit as ε → 0+, one closes the proof. ��
Weare now ready to prove the existence of aweak solution of (Pλ). It is an adaptation

to our setting of [34, Lemma 2.3].

Lemma 3.5 Problem (Pλ) admits (at least) one weak solution uλ ∈ S1
0(�) for every

λ ∈ (0,�].
Proof The idea of the proof is rather standard: we want to construct both a weak
subsolution and a weak supersolution and then apply Lemma 3.4.

Let us start with the weak subsolution. By Theorem 2.7, we know that for every λ ∈
(0,�) (and actually for all λ > 0) there exists a unique solution wλ of (2.36), which
is the Euler-Lagrange equation naturally associated with the functional Jλ defined in
(2.37). The function wλ is a weak subsolution of (Pλ).

Let us now look for a weak supersolution. By the very definition of �, we know
that there necessarily exists λ′ ∈ (λ,�) such that (Pλ′) admits a weak solution uλ′ ,
and this can be easily taken as a weak supersolution of (Pλ).
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We now claim that

wλ(g) ≤ uλ′(g), for a.e. g ∈ �. (3.15)

To this aim, we proceed essentially as in the proof of Theorem 2.7, Step V). First of
all, let us consider a smooth non-decreasing function θ : R → R such that

θ(t) = 1 for t ≥ 1 and θ(t) = 0 for t ≤ 0,

and it is linked in a smooth way for t ∈ (0, 1). We further define the function

θε(t) := θ

(
t

ε

)

, ε > 0, t ∈ R.

Due to its definition, we are entitled to use the function θε(wλ − uλ′) as a test function
in both (Pλ′) (solved by uλ′ ) and (2.36) (solved by wλ). Thus, we have

∫

�

〈∇Gwλ,∇G(wλ − uλ′)〉g1 θ ′
ε(wλ − uλ′) − λ

∫

�

θε(wλ − uλ′)

w
γ
λ

= 0, (3.16)

and ∫

�

〈∇Guλ′ ,∇G(wλ − uλ′)〉g1 θ ′
ε(wλ − uλ′)

− λ′
∫

�

θε(wλ − uλ′)

uγ

λ′
−
∫

�

u
2�

Q−1

λ′ θε(wλ − uλ′) = 0.
(3.17)

Subtracting (3.16) from (3.17) we get

0 ≥ −
∫

�

|∇(uλ′ − wλ)|2G θ ′
ε(wλ − uλ′)

=
∫

�

(
λ′

uγ

λ′
− λ

w
γ
λ

+ u
2�

Q−1

λ′

)

θε(wλ − uλ′)

≥ λ

∫

�

(
1

uγ

λ′
− 1

w
γ
λ

)

θε(wλ − uλ′).

(3.18)

Now, letting ε → 0+ we find that

∫

{wλ>uλ′ }

(
1

uγ

λ′
− 1

w
γ
λ

)

≤ 0,

and this implies that
|{g ∈ � : wλ(g) > uλ′(g)}| = 0,
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as claimed in (3.15).

With (3.15) at hand, we are ready to complete the proof of the lemma: in fact,
setting u = uλ′ and u = wλ, by (3.15) and Theorem 2.7 we know that

i) u is weak subsolution and u is a weak supersolution of problem (Pλ);
ii) u and u satisfy assumptions a)-b) in Lemma 3.4.

We can then apply Lemma 3.4, thereby proving that problem (Pλ) admits a weak
solution uλ for every λ ∈ (0,�), further satisfying

Iλ(uλ) = min{Iλ(u) : u ∈ S1
0(�) and wλ ≤ u ≤ uλ′ } ≤ Iλ(wλ).

In particular, by Theorem 2.7 we have

Iλ(uλ) ≤ Iλ(wλ) ≤ Jλ(wλ) < 0. (3.19)

We now turn to consider the ‘limit case’ λ = �. The proof in this case is analogous
to that in [34, Lemma 2.3], but we present it here for the sake of completeness.

To begin with, we choose an increasing sequence {λk}k ⊆ (0,�) which converges
to � as k → +∞; accordingly, we let

uk = uλk ∈ S1
0(�)

be the weak solution of problem (Pλk ) constructed above (via the Perron method). On
account of (3.19), for every k ≥ 1 we have

Iλk (uk) = 1

2

∫

�

|∇Guk |2 − λk

1 − γ

∫

�

|uk |1−γ − 1

2�
Q

∫

�

|uk |2�
Q < 0. (3.20)

Moreover, by using ϕ = uk in (2.33) (recall that uk solves (Pλk )), we get

∫

�

|∇Guk |2 − λk

∫

�

u1−γ

k −
∫

�

u
2�

Q
k = 0. (3.21)

By combining (3.20) - (3.21), it is then easy to recognize that the sequence {uk}k is
bounded in S1

0(�); as a consequence, we can find a function

u� ∈ S1
0(�)

such that (up to a subsequence and as k → +∞)

a) uk → u� weakly in S1
0(�) and strongly in L p(�) for 1 ≤ p < 2�

Q ;
b) uk → u� a.e. in �.

We now observe that, since λk ≥ λ1 for every k ≥ 1 (recall that the sequence {λk}k is
increasing), by arguing as above we see that uλk ≥ wλ1 , and thus

u� > 0 a.e. in �.
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Moreover, since uk solves problem (Pλk ), we have

∫

�

〈∇Guk,∇Gϕ〉g1 − λk

∫

�

u−γ

k ϕ −
∫

�

u
2�

Q−1
k ϕ = 0 for every ϕ ∈ S1

0(�).

As a consequence, by letting k → +∞ in the above identity with the aid of the
Lebesgue Dominated Convergence theorem (see, e.g., the proof of [34, Lemma 2.2]
and take into account Remark 2.1) we conclude that u� satisfies

∫

�

〈∇Gu�,∇Gϕ〉g1 − �

∫

�

u−γ
� ϕ −

∫

�

u
2�

Q−1
� ϕ = 0 for every ϕ ∈ S1

0(�),

and this proves that u� is a weak solution of problem (Pλ).
We explicitly point out that the convergence of the

∫

�
〈∇Guk,∇Gϕ〉g1 to∫

�
〈∇Gu�,∇Gϕ〉g1 follows from the weak convergence of uk to u�, since

v �→
∫

�

〈∇Gv,∇Gϕ〉g1

is a linear and continuous functional on S1
0(�). This closes the proof. ��

Lemma 3.6 Let u, u, uλ ∈ S1
0(�) be, respectively, the weak subsolution, the weak

supersolution and the weak solution of problem (Pλ) obtained in Lemma 3.5, and
assume that 0 < λ < �. Then, uλ is a local minimizer of Iλ in (3.2).

Proof By contradiction, suppose that uλ is not a local minimizer for Iλ. Then, we can
construct a sequence {u j } j ⊆ S1

0(�) satisfying the following properties:

i) u j → uλ in S1
0(�) as j → +∞;

ii) Iλ(u j ) < Iλ(uλ) for every j ∈ N.

We explicitly observe that, by possibly replacing u j with z j = |u j |, we may assume
that u j ≥ 0 a.e. in � for every j ≥ 1. In fact, since u j → uλ in S1

0(�) and since
uλ > 0 almost everywhere in �, it is easy to recognize that

|u j | → |uλ| = uλ in S1
0(�) as j → +∞,

and this shows that property i) is still satisfied by {z j } j . Moreover, we have

Iλ(|u j |) = Iλ(u j ) < Iλ(uλ) for every j ≥ 1,

and this shows that also property ii) is still satisfied by the sequence {z j } j . Hence,
from now on we tacitly understand that {u j } j is a sequence of non-negative functions
satisfying properties i)-ii) above. Accordingly, we set

v j := max{u,min{u, u j }} ∈ S1
0(�)

and we define
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(∗) w j = (u j − u)+ ∈ S1
0(�)+(�) and S j = supp(w j ) = {u j ≥ u};

(∗) w j = (u j − u)− ∈ S1
0(�)+(�) and S j = supp(w j ) = {u j ≤ u}.

We explicitly observe that, by definition, the following identities hold:

a) v j ∈ M = {u ∈ S1
0(�) : u ≤ u ≤ u};

b) v j ≡ u on S j , v j ≡ u on S j and v j ≡ u j on {u < u j < u};
c) u j = u + w j on S j and u j = u − w j on S j .

(3.22)

Following [34], we now claim that

lim
j→+∞ |S j | = lim

j→+∞ |S j | = 0. (3.23)

Indeed, let σ > 0 be arbitrary and let δ > 0 be such that |� \ �δ| < σ
2 , where we

have set �δ = {g ∈ � : dG(g, ∂�) > δ} � �. Since, by construction,

u = wλ ∈ S1
0(�)

is the unique solution of problem (2.36), we know from Theorem 2.7 that

uλ ≥ u ≥ C > 0 a.e. in �δ, (3.24)

where C = C(δ, u) > 0 is a suitable constant (recall that u ≤ uλ ≤ u).
On the other hand, since uλ is a weak solution of problem (Pλ), and since u = uλ′

for some λ < λ′ < � (see the proof of Lemma 3.5), by (3.24) we have

−�G(u − uλ) = λ′u−γ − λu−γ
λ + (u2�

Q−1 − u
2�

Q−1
λ )

(since, by construction, u ≤ uλ ≤ u and λ < λ′)
≥ λ(u−γ − u−γ

λ )

(by the Mean Value Theorem, for some θ ∈ (0, 1))

= −γ λ(θu + (1 − θ)uλ)
−γ−1(u − uλ)

≥ −γ λu−γ−1(u − uλ)

(here we use (3.24))

≥ −γ λC−γ−1(u − uλ),

in the weak sense on �δ; as a consequence, we see that v := u − uλ ∈ S1
0(�) is a

weak supersolution (in the sense of Definition 2.5) of equation (2.25), with

c(x) = γ λC(δ, u)−γ−1 > 0.
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Since v > 0 a.e. on every ball B � � (as u = uλ′ and λ �= λ′), we can apply again
Corollary 2.3, ensuring the existence of C1 = C1(δ, uλ, u) > 0 such that

v = u − uλ ≥ C1 > 0 a.e. in �δ. (3.25)

With (3.25) at hand, we can finally complete the proof of (3.23): in fact, recalling that
u j → uλ in S1

0(�) ↪→ L2(�) as j → +∞, from (3.25) we obtain

|S j | ≤ |� \ �δ| + |�δ ∩ S j | <
σ

2
+ 1

C2
1

∫

�δ∩S j

(u − uλ)
2

(since 0 ≤ u − uλ ≤ u j − uλ a.e. in S j )

<
σ

2
+ 1

C2
1

‖u j − uλ‖2L2(�)
< σ,

provided that j is large enough, and this proves that |S j | → 0 as j → +∞. In a very
similar fashion, one can prove that |S j | → 0 as j → +∞.

Now we have established (3.23), we can proceed toward the end of the demonstra-
tion of the lemma. To begin with, using identities b)-c) in (3.22) we write

Iλ(u j ) = Iλ(v j ) + 1

2

(∫

�

|∇Gu j |2G −
∫

�

|∇Gv j |2G
)

− λ

1 − γ

∫

�

(|u j |1−γ − |v j |1−γ ) − 1

2�
Q

∫

�

(|u j |2�
Q − |v j |2�

Q )

= Iλ(v j ) + 1

2

∫

S j ∪S j

(|∇Gu j |2G − |∇Gv j |2G)

− λ

1 − γ

∫

S j ∪S j

(|u j |1−γ − |v j |1−γ ) − 1

2�
Q

∫

S j ∪S j

(|u j |2�
Q − |v j |2�

Q )

= Iλ(v j ) + R(1)
j + R(2)

j = (�),

where we have introduced the shorthand notation

(∗)R(1)
j = 1

2

∫

S j

(|∇G(u + w j )|2G − |∇Gu|2
G

)

−
∫

S j

{ λ

1 − γ
(|u + w j |1−γ − |u|1−γ ) + 1

2�
Q

(|u + w j |2�
Q − |u|2�

Q )
}
;

(∗)R(2)
j = 1

2

∫

S j

(|∇G(u − w j )|2G − |∇Gu|2
G

)

−
∫

S j

{ λ

1 − γ
(|u − w j |1−γ − |u|1−γ ) + 1

2�
Q

(|u − w j |2
�
Q − |u|2�

Q )
}
,
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and then we obtain
Iλ(u j ) = Iλ(v j ) + A j + B j ,

where we have used the notation

(∗)A j = 1

2

∫

�

|∇Gw j |2G +
∫

�

〈∇Gu,∇Gw j 〉g1

−
∫

S j

{ λ

1 − γ
(|u + w j |1−γ − |u|1−γ ) + 1

2�
Q

(|u + w j |2�
Q − |u|2�

Q )
}
;

(∗)B j = 1

2

∫

�

|∇Gw j |2G +
∫

�

〈∇Gu,∇Gw j 〉g1

−
∫

S j

{ λ

1 − γ
(|u − w j |1−γ − |u|1−γ ) + 1

2�
Q

(|u − w j |2
�
Q − |u|2�

Q )
}
.

Now, since we have already recognized that v j ∈ M and since, by construction, we
know that Iλ(uλ) = infM Iλ (see the proof of Lemma 3.5), we get

Iλ(u j ) ≥ Iλ(uλ) + A j + B j . (3.26)

On the other hand, since u = uλ′ is a weak supersolution of (Pλ), we have

A j = 1

2

∫

�

|∇Gw j |2G +
∫

�

〈∇Gu,∇Gw j 〉g1

−
∫

S j

{ λ

1 − γ
(|u + w j |1−γ − |u|1−γ ) + 1

2�
Q

(|u + w j |2�
Q − |u|2�

Q )
}

(by the Mean Value Theorem, for some θ ∈ (0, 1))

≥ 1

2

∫

�

|∇Gw j |2G +
∫

S j

(λu−γ + u2�
Q−1

)w j dx

−
∫

S j

{
λ(u + θw j )

−γ w j + (u + θw j )
2�

Q−1
w j }dx

≥ 1

2

∫

�

|∇Gw j |2G −
∫

S j

(
(u + θw j )

2�
Q−1 − u2�

Q−1)
w j dx

(again by the Mean Value Theorem)

≥ 1

2

∫

�

|∇Gw j |2G − C
∫

S j

(u2�
Q−2 + w

2�
Q−2

j )w2
j ,
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where C > 0 is a suitable constant only depending on the dimension Q. From this,
by exploiting Hölder’s and Sobolev’s inequalities, we obtain

A j = 1

2

∫

�

|∇Gw j |2G − C
∫

S j

(u2�
Q−2 + w

2�
Q−2

j )w2
j

≥ 1

2

∫

�

|∇Gw j |2G

⎧
⎨

⎩
1 − Ĉ

( ∫

S j

u2�
Q dx

) 2�Q−2

2�Q − Ĉ

(∫

�

|∇Gw j |2G
)(2�

Q−2)/2
⎫
⎬

⎭
,

(3.27)

where Ĉ > 0 is another constant depending on Q.
With (3.27) at hand, we are finally ready to complete the proof. Indeed, taking into

account the above (3.23), we have

lim
j→+∞

( ∫

S j

u2�
Q dx

) 2�Q−2

2�Q = 0;

moreover, since u j → uλ in S1
0(�) as j → +∞, one also gets

0 ≤
∫

�

|∇Gw j |2G =
∫

S j

|∇G(u j − u)|2

≤ 2‖u j − uλ‖2S10 (�)
+ 2

∫

S j

|∇G(uλ − u)|2 → 0 as j → +∞.

Gathering these facts, we then infer the existence of some j0 ≥ 1 such that

A j ≥ 1

2

∫

�

|∇Gw j |2G

⎧
⎨

⎩
1 − Ĉ

( ∫

S j

u2�
Q

) 2�Q−2

2�Q − Ĉ

(∫

�

|∇Gw j |2G
)(2�

Q−2)/2
⎫
⎬

⎭

≥ 0 ∀ j ≥ j0.

By arguing in a very similar way, one can prove that B j ≥ 0 for every j ≥ j0 (by
possibly enlarging j0 if needed); as a consequence, from (3.26) we get

Iλ(u j ) ≥ Iλ(uλ) + A j + B j ≥ Iλ(uλ),

but this is contradiction with property ii) of the sequence {u j } j . ��

4 Existence of the Second Solution

In this section we are going to find a second solution to (Pλ). For this purpose, we
will apply the Ekeland’s variational principle similarly to what done in [34]. For any
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λ < �, the set where we develop the method is

Hλ :=
{

u ∈ S1
0(�) : u ≥ uλ a.e. in �

}
(4.1)

where uλ is the (first, weak) solution to (Pλ) determined in Lemma 3.5.
We know by Lemma 3.6 that r0 > 0 exists such that r0 < ‖uλ‖S10 (�) and Iλ(uλ) ≤

Iλ(u) for any u ∈ S1
0(�) such that ‖u − uλ‖S10 (�) ≤ r0. Therefore, we are in one of

the following two cases

(1) for every r ∈ (0, r0),
inf‖u−uλ‖

S10 (�)
=r

Iλ(u) = Iλ(uλ)

(2) there exists r1 ∈ (0, r0) such that

inf‖u−uλ‖
S10 (�)

=r1
Iλ(u) > Iλ(uλ).

We treat the two cases separately.

4.1 First Case

We are going to prove that for any r ∈ (0, r0) there exists a solution vλ of (Pλ) such
that ‖vλ − uλ‖S10 (�) = r , therefore in particular vλ �≡ uλ.

By hypothesis, we can find a sequence {uk}k ⊂ Hλ satisfying the following prop-
erties:

• ‖uk − uλ‖S10 (�) = r for every k ≥ 1;
• Iλ(uk) → Iλ(uλ) =: cλ as k → +∞.

We then choose r̄ > 0 so small that r − r̄ > 0 and r + r̄ < r0 and, accordingly, we
consider the subset of Hλ defined as follows:

Xλ = {u ∈ Hλ : r − r̄ ≤ ‖u − uλ‖S10 (�) ≤ r + r̄}.

By construction uk ∈ Xλ for every k ≥ 1. Since it is closed, this set Xλ is a complete
metric space when endowed with the distance induced by ‖ · ‖S10 (�); moreover, since
Iλ is a real-valued and continuous functional on Xλ, and since

infXλ Iλ = Iλ(uλ)

we are entitled to apply Ekeland’s Variational Principle [19] to the functional Iλ on
Xλ, providing us with a sequence {vk}k ⊂ Xλ such that

i) Iλ(vk) ≤ Iλ(uk) ≤ Iλ(uλ) + 1/k2,

ii) ‖vk − uk‖S10 (�) ≤ 1/k,

iii) Iλ(vk) ≤ Iλ(u) + 1/k ‖vk − u‖S10 (�) for every u ∈ X .

(4.2)
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We now observe that, since {vk}k ⊂ Xλ and since the set Xλ is bounded in S1
0(�),

there exists vλ ∈ S1
0(�) such that (as k → +∞ and up to a sub-sequence)

i) vk → vλ weakly in S1
0(�);

ii) vk → vλ strongly in L p(�) for every 1 ≤ p < 2�
Q;

iii) vk → vλ pointwise a.e. in �.

(4.3)

where we have also used the compact embedding S1
0(�) ↪→ L2(�) (see Section 2.2).

Lemma 4.1 The function vλ is a weak solution of (Pλ).

Proof Wefixw ∈ Hλ and choose ε0 = ε0(w, λ) sufficiently small that vk+ε(w−vk) ∈
Xλ for every 0 < ε < ε0. We point out that such an ε0 exists (for k sufficiently big)
because by the properties above ‖uk − uλ‖S10 (�) = r and

r − 1

k
≤ ‖uk − uλ‖S10 (�) − ‖vk − uk‖S10 (�) ≤ ‖vk − uλ‖S10 (�)

≤ ‖uk − uλ‖S10 (�) + ‖vk − uk‖S10 (�) ≤ r + 1

k
.

By setting u = vk + ε(w − vk) in (4.2) we get

Iλ(vk + ε(w − vk)) − Iλ(vk)

ε
≥ −1

k
‖w − vk‖S10 (�).

Taking the limit for ε → 0+, we get

−1

k
‖w − vk‖S10 (�) ≤

∫

�

〈∇Gvk,∇G(w − vk)〉g1 −
∫

�

v
2�

Q−1
k (w − vk)

− λ lim
ε→0+

∫

�

(vk + θε(w − vk))
−γ (w − vk)

with 0 < θ < 1. Observe that vk + ε(w − vk) ≥ uλ a.e. in �, and w − vk ∈ S1
0(�),

therefore

∫

�

∣
∣(vk + θε(w − vk))

−γ (w − vk)
∣
∣ ≤

∫

�

u−γ
λ |w − vk | < ∞.

By the dominated convergence theorem, this implies

lim
ε→0+

∫

�

(vk + θε(w − vk))
−γ (w − vk) =

∫

�

v
−γ

k (w − vk),
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and therefore we get the inequality

− 1

k
‖w − vk‖S10 (�)

≤
∫

�

〈∇Gvk,∇G(w − vk)〉g1 −
∫

�

v
2�

Q−1
k (w − vk) − λ

∫

�

v
−γ

k (w − vk) ∀w ∈ Hλ.

(4.4)

For any ϕ ∈ S1
0(�) and any ε > 0 we introduce

• ϕk,ε := vk + εϕ − uλ;
• ϕε := vλ + εϕ − uλ.

By construction w := vk + εϕ + (ϕk,ε)− ∈ Hλ, then, by (4.4),

−1

k
‖εϕ + (ϕk,ε)−‖S10 (�)

≤
∫

�
〈∇Gvk ,∇G(εϕ + (ϕk,ε)−)〉g1 −

∫

�
v
2�

Q−1
k (εϕ + (ϕk,ε)−)

− λ

∫

�
v
−γ
k (εϕ + (ϕk,ε)−)

(4.5)

We aim to pass to the limit for k → +∞ and ε → 0+. We first observe that, because
of (4.3-iii),

(ϕε,k)− → (ϕε)− pointwise a.e. in �, for k → +∞.

Since vk ≥ uλ > 0 a.e. in � for any k, we get the following,

• v
2�

Q−1
k (ϕk,ε)− = v

2�
Q−1

k (uλ − εϕ − vk) · 1{uλ−εϕ−vk≥0} ≤ (uλ + ε|ϕ|)2�
Q

• v
−γ

k (ϕk,ε)− ≤ 2ε |ϕ| u−γ
λ .

By the results above and Remark 2.6-(2), we can use the Dominated Convergence
Theorem, obtaining

lim
k→+∞

(∫

�

v
2�

Q−1
k (εϕ + (ϕk,ε)−) + λ

∫

�

v
−γ

k (εϕ + (ϕk,ε)−)

)

=
∫

�

v
2�

Q−1
λ (εϕ + (ϕε)−) + λ

∫

�

v
−γ
λ (εϕ + (ϕε)−)

(4.6)

Focusing on the remaining term on the RHS of (4.5), with computations similar to the
ones carried out in [3, Lemma 3.4], we get

∫

�

〈∇Gvk,∇G(ϕk,ε)−〉g1 ≤
∫

�

〈∇Gvλ,∇G(ϕε)−〉g1 + o(1) as k → +∞

and as a consequence of the weak convergence vk → vλ in S1
0(�), we obtain

∫

�

〈∇Gvk,∇G(εϕ+(ϕk,ε)−)〉g1 ≤
∫

�

〈∇Gvλ,∇G(εϕ+(ϕε)−)〉g1+o(1) as k → +∞.

(4.7)
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Gathering (4.6) and (4.7), and taking into account that ‖(ϕk,ε)−‖S10 (�) is uniformly
bounded with respect to k (as the same is true of vk), we can finally pass to the limit
as k → +∞ in (4.5), obtaining

∫

�

〈∇Gvλ,∇G(εϕ + (ϕε)−)〉g1 ≥
∫

�

v
2�

Q−1
λ (εϕ + (ϕε)−) + λ

∫

�

v
−γ
λ (εϕ + (ϕε)−).

(4.8)
Exploiting the computations carried out in [34, Lemma 2.6], we get

∫

�

〈∇Gvλ,∇Gϕ〉g1 − λ

∫

�

v
−γ
λ ϕ −

∫

�

v
2�

Q−1
λ ϕ

≥ −1

ε

(∫

�

〈∇Gvλ,∇G(ϕε)−〉g1 − λ

∫

�

v
−γ
λ (ϕε)− −

∫

�

v
2�

Q−1
λ (ϕε)−

)

(since uλ is a solution of (Pλ))

= −1

ε

(∫

�

〈∇G(vλ − uλ),∇G(ϕε)−〉g1 − λ

∫

�

(v
−γ
λ − u−γ

λ )(ϕε)−

−
∫

�

(v
2�

Q−1
λ − u

2�
Q−1

λ )(ϕε)−
)

(since vλ ≥ uλ a.e. and vλ = lim
k→+∞ vk)

≥ −1

ε

(∫

{uλ>vλ+εϕ}
〈∇G(vλ − uλ),∇G(vλ − uλ + εϕ)〉g1

− λ

∫

{uλ>vλ+εϕ}
(v

−γ
λ − u−γ

λ )(vλ − uλ + εϕ)

)

≥ o(1) as ε → 0+,

where we used (2.15) and, as before, that

⋂

ε>0

{uλ > vλ + εϕ} = ∅.

This implies that |{uλ > vλ + εϕ}| → 0 and therefore, by letting ε → 0+ in the
inequality above, we conclude that

∫

�

〈∇Gvλ,∇Gϕ〉g1 − λ

∫

�

v
−γ
λ ϕ −

∫

�

v
2�

Q−1
λ ϕ ≥ 0, (4.9)

and as ϕ ∈ S1
0(�) is arbitrary, this allows to conclude that vλ is a weak solution of

(Pλ) as claimed. ��
It remains to show that vλ and uλ are different solutions. In order to do that we use

the following lemma.

Lemma 4.2 If vλ is the solution introduced above, then ‖vλ − uλ‖S10 (�) = r .
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Proof We want to prove that

vk → vλ strongly in S1
0(�) as k → +∞. (4.10)

Indeed, if this is the case, owing to the fact that ‖uk −uλ‖S10 (�) = r for any k, we have

r − ‖vk − uk‖S10 (�) ≤ ‖vk − uλ‖S10 (�) ≤ r + ‖vk − uk‖S10 (�),

which with the strong convergence and the fact that ‖vk − uk‖S10 (�) ≤ 1
k implies

‖vλ − uλ‖S10 (�) = r .

We turn to prove (4.10). As vk → vλ weakly in S1
0(�) as k → +∞, we proceed as in

the proof of Lemma 3.1 obtaining the following analogs of (3.7)-(3.9)

∫

�

v
1−γ

k =
∫

�

v
1−γ
λ + o(1) (4.11)

‖vk‖2
�
Q

L
2�Q

(�) = ‖vλ‖2
�
Q

L
2�Q (�)

+ ‖vk − vλ‖2
�
Q

L
2�Q (�)

+ o(1) (4.12)

‖vk‖2S10 (�)
= ‖vλ‖2S10 (�)

+ ‖vk − vλ‖2S10 (�)
+ o(1) (4.13)

Also, because of (4.3)-(ii) we get

lim
k→+∞

∫

�

|vk − vλ|1−γ = 0. (4.14)

Therefore, choosing w = vλ in (4.4), we obtain

∫

�

|∇G(vk − vλ)|2 + λ

∫

�

v
−γ

k vλ ≤ λ

∫

�

v
1−γ

k +
∫

�

v
2�

Q−1
k (vk − vλ) + o(1)

≤ λ

∫

�

v
1−γ
λ + ‖vk − vλ‖2

�
Q

L
2�Q (�)

+ o(1).

Observing that 0 ≤ v
−γ

k vλ ≤ u−γ
λ vλ ∈ L1(�) we can use again the Dominated

Convergence Theorem,

∫

�

v
−γ

k vλ →
∫

�

v
1−γ
λ as k → +∞. (4.15)

To proceed further, we choose w = 2vk ∈ Hλ, yielding

‖vk‖2S10 (�)
− ‖vk‖2

�
Q

L
2�Q (�)

− λ

∫

�

v
1−γ

k ≥ −1

k
‖vk‖2S10 (�)

= o(1),
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combining the former equality with the following consequence of vλ being a solution
of (Pλ),

‖vλ‖2S10 (�)
− ‖vλ‖2

�
Q

L
2�Q (�)

− λ

∫

�

v
1−γ

k ≥ o(1) as k → +∞

we get

‖vk − vλ‖2S10 (�)
≥ ‖vk − vλ‖2

�
Q

L
2�Q (�)

+ o(1) as k → +∞. (4.16)

Assumingwithout loss of generality that Iλ(uλ) ≤ Iλ(vλ), from (4.2) and (4.11)-(4.13)
we obtain

Iλ(vk − vλ) = Iλ(vk) − Iλ(vλ) + o(1)

≤ Iλ(uλ) − Iλ(vλ) + 1

k2
+ o(1)

= o(1) as k → +∞

which, together with (4.14), gives

1

2
‖vk−vλ‖2S10 (�)

− 1

2�
Q

‖vk−vλ‖2
�
Q

L
2�Q (�)

= Iλ(vk−vλ)+ λ

1 − γ

∫

�

|vk−vλ|1−γ ≤ o(1).

(4.17)
From (4.16) and (4.17) we finally conclude

lim
k→+∞ ‖vk − vλ‖2

�
Q

L
2�Q (�)

= lim
k→+∞ ‖vk − vλ‖2S10 (�)

= 0,

proving (4.10). ��

We showed that for any r ∈ (0, r0) such that inf Iλ(u) = Iλ(uλ) (where the infimum
is taken on the set of u ∈ S1

0(�) such that ‖u − uλ‖S10 (�) = r ) there exists a solution
vλ to (Pλ) such that vλ �≡ uλ.

4.2 Second Case

We are going to prove that if there exists r1 ∈ (0, r0) such that

inf‖u−uλ‖
S10 (�)

=r1
Iλ(u) > Iλ(uλ) (4.18)

for some r1 ∈ (0, r0), then there exists a (second) solution vλ of the problem (Pλ) such
that 0 < uλ < vλ.

Consider the space of continuous curves C([0, 1], Hλ) endowed with the max dis-
tance

d(η, η′) = max
t∈[0,1] ‖η(t) − η′(t)‖S10 (�). (4.19)

123



  268 Page 40 of 58 S. Biagi et al.

We recall that the space Hλ was introduced in (4.1). We define the following complete
metric space,

�λ :=

⎧
⎪⎨

⎪⎩
η ∈ C([0, 1], Hλ) :

η(0) = uλ,

‖η(1) − uλ‖S10 (�) > r1,

Iλ(η(1)) < Iλ(uλ)

⎫
⎪⎬

⎪⎭
. (4.20)

In order to apply Ekeland’s variational principle, we need to show that �λ �= ∅ and
to estimate the minimax level

�0 := inf
η∈�λ

max
t∈[0,1] Iλ(η(t)).

We consider the functionsUε introduced at (2.21). For any a ∈ G, we also consider
the functions

Uε,a(g) := Uε(a
−1 � g) = ϕ(a−1 � g)Tε(a

−1 � g),

where {Tε} is the one-parameter family of functions defined in (2.20) starting from a
fixed minimizer T of the Sobolev Inequality (2.12).

Lemma 4.3 There exists ε0 > 0, a ∈ � and R0 ≥ 1 such that

Iλ(uλ + RUε,a) < Iλ(uλ) ∀ε ∈ (0, ε0), ∀R ≥ R0 (4.21)

Iλ(uλ + t R0Uε,a) < Iλ(uλ) + 1

Q
SQ/2
G

∀t ∈ [0, 1], ∀ε ∈ (0, ε0) (4.22)

where SG is the best Sobolev constant introduced at (2.16).

Proof We start by breaking down the term Iλ(u + t RUε,a). From now on we will use
the notation p := 2�

Q − 1 = Q+2
Q−2 for the sake of a simpler writing. We have

Iλ(u + t RUε,a) = 1

2

∫

|∇Gu|2 − 1

p + 1

∫

u p+1 − λ

1 − γ

∫

u1−γ

+ t R

(∫

〈∇Gu,∇GUε,a〉g1 −
∫

u pUε,a − λ

∫

u−γ Uε,a

)

(C)

− 1

p + 1

(∫

(u + t RUε,a)p+1 −
∫

u p+1
)

+ t R
∫

u pUε,a

(A)

+ t2R2

2

∫

|∇GUε,a |2 (B)

− λ

1 − γ

(∫

(u + t RUε,a)1−γ −
∫

u1−γ

)

+ λ t R
∫

u−γ Uε,a

(D)
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where all the integrals are over � ⊂ G. We treat the conclusion of the calculation and
after that we pass to the breakdown of each part of the above sum. In particular, we
are going to prove that, as ε → 0+, we have

(C) = 0

(A) = − A t p+1R p+1

p + 1
− t p R p K ε

Q−2
2 + o

(
ε

Q−2
2

)

(B) = B t2R2

2
+ o

(
ε

Q−2
2

)

(D) = o
(
ε

Q−2
2

)

for an opportune choice of positive constants A, B, K . Again in the spirit of a simpler

notation, we define s := t R and S := ( B
A

) 1
p−1 .

We follow the approach of [64] and introduce

fε(s) := B s2

2
− A s p+1

p + 1
− s p K εn .

We denote by sε > 0 the point where fε achieves its max. Observe that

f ′
ε(s) = Bs − As p − ps p−1K εn (4.23)

and also
BS − AS p = 0. (4.24)

The last equations (4.23) and (4.24) imply

S > sε > 0 and sε → S as ε → 0+.

Let’s write
sε = S(1 − tε).

We can develop for tε,

tε (p − 1)

(
B p

A

) 1
p−1 = p

B

A
K εn + o(εn), as ε → 0+.
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and we obtain, as ε → 0+,

Iλ(u + t RUε,a) < Iλ(u) + Bs2ε
2

− As p+1
ε

p + 1
− s p

ε K εn + o(εn)

= Iλ(u) + BS2

2
− AS p+1

p + 1
− BStε + AS ptε − S p K εn + o(εn)

(and therefore by Eq. (4.24))

= Iλ(u) + BS2

2
− AS p+1

p + 1
− S p K εn + o(εn)

= Iλ(u) +
(
1

2
− 1

p + 1

)
B

p+1
p−1

A
2

p−1

− S p K εn + o(εn)

which allows to conclude proving (4.22), because 1
2 − 1

p+1 = 1
Q and moreover, we

will prove below the following equalities

A = ‖T ‖
L
2�Q (G)

, B = ‖|∇GT |‖2L2(G)
,

therefore, by definition

SG = B

A
2

p+1

.

Breaking down part (C)

This part comes directly from the Definition 2.5 of a weak solution, by using Uε,a as
test function. Therefore, this term is null.

Breaking down part (B)

We set the constant B to be

B := ‖|∇GT |‖2L2(G)
= ‖|∇GTε,a |‖2L2(G)

= SQ/2
G

,

then, as already stated in (2.23), we know that

‖|∇GUε,a |‖2L2(G)
= B + O(εQ−2).

Therefore, if we set ϕ and a as to have (a � supp(ϕ)) � �, then we can summarize
part (B) by

Bt2R2

2
+ t2R2 O(εQ−2). (4.25)
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Breaking down part (A)

This part requires a further breaking down,

− 1

p + 1

(∫

�

(u + t RUε,a)p+1 −
∫

�

u p+1
)

+ t R
∫

�

u pUε,a

= − t p+1R p+1

p + 1

∫

�

U p+1
ε,a (A1)

− t p R p
∫

�

u U p
ε,a (A2)

+ Xε + Yε (A3)

In particular, we will prove that for almost every a ∈ �, the following are true,

(A1) = − A t p+1R p+1

p + 1
+ O(εQ)

for a suitable positive constant A,

(A2) = −t p R p K ε
Q−2
2 + o(ε

Q−2
2 )

for a suitable positive constant K ,

(A3) = tβ Rβ o(ε
Q−2
2 )

for some β such that 1 < β <
Q

Q−2 .

We will use widely [14, Lemma 4], that we state here precisely

Lemma 4.4 For any x, y ∈ R and q ≥ 1 we have

∣
∣
∣|x + y|q − |x |q − |y|q − qxy(|x |q−2 + |y|q−2)

∣
∣
∣ = X + Y

where the numbers X , Y ∈ R satisfy the following conditions:

(1) if q ≤ 3, then X = 0 when |x | < |y| and Y = 0 when |x | > |y|, moreover there
exists a constant C = C(q) such that

|X | ≤ C |x ||y|q−1 if |x | ≥ |y|
|Y | ≤ C |x |q−1|y| if |x | ≤ |y|.

(2) if q > 3, there exists a constant C = C(q) such that

|X + Y | ≤ C
(
|x |q−2y2 + x2|y|q−2

)
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We apply this lemma after imposing

q = 2�
Q = p + 1

x = u

y = t R Uε,a .

- Part (A1): we write

U p+1
ε,a = T p+1

ε,a + T p+1
ε,a (ϕ

p+1
a 1� − 1). (4.26)

where Tε,a(g) := Tε(a−1 � g) and ϕa(g) := ϕ(a−1 � g). By definition there exists a
neighborhood V of a ∈ � such that ϕa |V ≡ 1. Moreover, as a consequence of (2.18),
we have that

Tε,a = ε
Q−2
2 T̃ε,a

with T̃ε,a uniformly bounded on �\V for ε → 0+. As ϕa |V ≡ 1, the integral of the

second term in (4.26) is an O
(
ε

Q−2
2 (p+1)

)
= O(εQ).

For the first term, we set the constant

A := ‖Tε,a‖p+1
L p+1(G)

= ‖T ‖2
�
Q

L
2�Q (G)

= SQ/2
G

.

Therefore, combining these terms, the integral of U p+1
ε,a equals

A + O(εQ) as ε → 0+,

as we wanted to prove.

- Part (A2): to treat this part we consider some known results about convolutions on
homogeneous Lie groups, that we use over the Carnot group G.

Consider twomeasurable functions f , h : G → R, then their convolution is defined
by

( f ∗ h)(x) :=
∫

G

f (y)h(y−1 � x) =
∫

G

f (x � y−1)h(y).

Consider ψ : G → R measurable such that
∫

G
ψ is finite. From this we get

ψt := 1

t Q
ψ ◦ δ 1

t

where Q is the homogeneous dimension ofG and δε the associated family of dilations.
Then, by [23, Proposition 1.20], we know that if f ∈ Lq(G), with 1 ≤ q ≤ +∞, then

∥
∥
∥
∥ f ∗ ψt − f

∫

G

ψ

∥
∥
∥
∥

Lq (G)

→ 0, as t → 0+.
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In particular this implies that for a.e g ∈ G, f ∗ ψt (g) → f (g)
∫

G
ψ as t → 0+.

We consider
u U p

ε,a = u ϕ
p
a T p

ε,a = uT p
ε,a + u(ϕ

p
a − 1)T p

ε,a,

and we integrate separately the two terms. In order to integrate the first one, we set

ψ(g) := T p(g−1) for all g ∈ G,

therefore, ψε(g) = ε
Q−2
2 T p

ε (g−1), and

∫

G

u T p
ε,a = ε

Q−2
2 u ∗ ψε(a) for all a ∈ �.

We point out that we are considering u as a function defined on the whole group G

with u|G\� ≡ 0. As we said above, for a.e. a the convolution converges to u(a)
∫

G
ψ .

Observe that in this case
∫

G
ψ = ∫

G
T p because the inversion has Jacobian identically

equal to 1 in the case of Carnot groups. Therefore for a.e. a ∈ G,

u ∗ ψε(a) → u(a)

∫

G

T p =: K as ε → 0+.

Regarding the second term, we observe as before that ϕa |V ≡ 1 in an opportune

neighborhood V of a, and Tε,a = ε
Q−2
2 T̃ε,a with T̃ε,a uniformly bounded on �\V as

ε → 0+. Therefore, for an opportune positive constant M ,

∫

�

u (ϕ
p
a − 1) T p

ε,a ≤ M ε
Q−2
2 p

∫

�

u = O
(
ε

Q+2
2

)
.

We may conclude that

∫

�

u U p
ε,a = K ε

Q−2
2 + o

(
ε

Q−2
2

)

for a.e. a ∈ �, and for an opportune positive constant K (depending on a).

- Part (A3): we follow again the idea of [14]. As suggested by Lemma 4.4, we have
to consider two sub-cases. First when q = p + 1 ≤ 3, which implies Q ≥ 6, and
secondly the case q > 3, that gives Q = 4 or Q = 5. We observe indeed that there
exist no non-trivial Carnot groups with Q < 4 (trivial here means with step 1 and
therefore a Euclidean space structure); moreover, we have Q = 4 only in the case
when G = H

1 is the first Heisenberg group.

(1) Case I): Q ≥ 6. We have

|Xε| ≤ Ct p R p
∫

{u≥t RUε,a}
u U p

ε,a

|Yε| ≤ Ct R
∫

{u<t RUε,a}
u p Uε,a
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• Consider Xε. Let α, β real numbers such that α + β = p and 0 < β <
Q

Q−2 .

As a consequence u t p R pU p
ε,a ≤ u1+α tβ RβUβ

ε,a on the set {u ≥ t RUε,a}.
Moreover, by (2.18) we have the estimate

Uε,a(g) ≤ ε
Q−2
2

|a−1 � g|GQ−2 for all g ∈ G

and

|Xε| ≤ tβ Rβ

∫

�

u1+α Uβ
ε,a ≤ tβ Rβ

∫

�

u1+α εβ
Q−2
2

|a−1 � g|Gβ(Q−2)
.

By definition 1 + α < p + 1 = 2�
Q , this implies that u1+α is in L1(�)

because u ∈ S1
0(�) � L2�

Q (�). Moreover, 1
|g|Gβ(Q−2) is an L1 function as well,

because β(Q − 2) < Q, the homogeneous dimension of G. We can conclude
by observing that for almost every a ∈ G,

∫

G

u1+α 1

|a−1 � g|GQ−2 < ∞.

Indeed, this is the convolution (u1+α ∗ f )(a)where f (g) := 1
|g−1|GQ−2 , and by

[23, Proposition 1.19] it has finite value for a.e. a ∈ G. Therefore, we conclude

that |Xε| ≤ tβ Rβ O
(
εβ

Q−2
2

)
for any β <

Q
Q−2 , that gives

|Xε| = tβ Rβ o(ε
Q−2
2 ) for β : 1 < β <

Q

Q − 2
and a.e. a ∈ G.

• Consider Yε. Analogously to what we did for Xε, we take α, β > 0 such that
α+β = p = 2�

Q −1 and β < 2
Q−2 . Therefore, u p Uε,a ≤ uα t1+β R1+βU 1+β

ε,a
on the set {u < t RUε,a}. Moreover, from the definition of Yε we get

|Yε| ≤ t1+β R1+β

∫

�

uα ε
Q−2
2 (1+β)

|a−1 � g|G(Q−2)(1+β)
.

Observe that α < p, therefore uα ∈ L1(�). Moreover, by definition we have
the inequality 1 < 1 + β <

Q
Q−2 , therefore

1
|g|G(Q−2)(1+β) is a function L1(�).

As before we have the convergence of the integral,

∫

G

uα 1

|a−1 � g|G(Q−2)(1+β)
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for almost every a ∈ G, therefore |Yε| ≤ t1+β R1+β O
(
ε

Q−2
2 ·(1+β)

)
with the

constraint 1 < 1 + β <
Q

Q−2 , and as a consequence

|Yε| = t1+β R1+β o
(
ε

Q−2
2

)
for β : 0 < β <

2

Q − 2
, and for a.e. a ∈ G.

This concludes the case Q ≥ 5.

(2) Case II): Q ∈ {4, 5}. We continue to follow Lemma 4.4. As p + 1 = 4 > 3 we
have

|Xε + Yε| ≤ Ct2R2
∫

u2 U 2
ε,a .

By the estimate (2.18), we know that

Tε,a(g) ≤ min

{
1

ε
,

ε

|a−1 � g|G2

}

.

Therefore, if we consider α, β > 0 such that α + β = 2, we have

U 2
ε,a ≤ 1

εα

εβ

|a−1 � g|G2β

and as a consequence

|Xε + Yε| ≤ Ct2R2 ε2−2α
∫

G

u2

|a−1 � g|G2β .

The integral is again the convolution of two functions in L1(G), therefore it is
finite for almost every a ∈ G.
We conclude that |Xε + Yε| = t2R2 O(ε2−2α) for any α such that 0 < α < 2 and
almost every a ∈ G. Therefore, by setting α < 1

2 we get

|Xε + Yε| = t2R2 o(ε) as ε → 0+.

Part (D): we finally need to estimate

− λ

1 − γ

(∫

�

(u + t RUε,a)1−γ −
∫

�

u1−γ

)

+ λ t R
∫

�

u−γ Uε,a .

We consider a constant 0 < τ < 1
4 . We divide the domain in two parts

�in
ε := {g ∈ � : |a−1 � g|G ≤ ετ }

�out
ε := {g ∈ � : |a−1 � g|G > ετ }.
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We start by focusing on the inner domain. Observe that u + t RUε,a > u > 0, therefore

− λ

1 − γ

(∫

�in
ε

(u + t RUε,a)1−γ −
∫

�in
ε

u1−γ

)

+ λ t R
∫

�in
ε

u−γ Uε,a

≤ λ t R
∫

�in
ε

u−γ Uε,a

(by Lemma 3.4)

≤ Ct R
∫

�in
ε

Uε,a

(by estimate (2.18))

≤ Ct R
∫

�in
ε

ε
Q−2
2

|a−1 � g|GQ−2

(by the co-area formula)

= Ct R ε
Q−2
2

∫ ετ

0
rdr = o

(
ε

Q−2
2

)
.

(D-in)

Indeed, after observing that for ε sufficiently small �in
ε � �, we can apply point b)

of Lemma 3.4 and obtain that u is bounded from below by a positive constant in �in
ε .

Moreover, as u is in L1(�) we can use the co-area formula in the last step.

We treat now the outer domain. Consider the Taylor expansion of (u+θ t RUε,a)1−γ

with respect to θ and evaluate it at θ = 1 obtaining

1

1 − γ
(u + t RUε,a)1−γ = u1−γ

1 − γ
+ u−γ t RUε,a − γ (u + θεt RUε,a)−1−γ t2R2U 2

ε,a

with 0 < θε < 1 a real number.
Therefore, if supp(ϕa) � �, we have

− λ

1 − γ

(∫

�out
ε

(u + t RUε,a)1−γ −
∫

�out
ε

u1−γ

)

+ λ t R
∫

�out
ε

u−γ Uε,a

= t2R2
∫

�out
ε

γ · U 2
ε,a

(u + θεt RUε,a)1+γ

(by estimate (2.18) and Lemma 3.4)

≤ Ct2R2
∫

�out
ε

εQ−2

ε2τ(Q−2)

≤ Ct2R2 |�| ε(Q−2)(1−2τ)

= o
(
ε

Q−2
2

)
.

(D-out)
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Here we used the definition of �out
ε and the fact that by Lemma 3.4, u + θεt RUε,a is

bounded below by a positive constant on any open set O � �. Therefore, we choose
the cut-off function ϕ as to have supp(ϕa) � �. This concludes our proof of Lemma
4.3. ��

4.2.1 Existence of the Second Solution

By Lemma 4.3, we see that

η̃(t) := uλ + t R0Uε,a ∈ �λ for all ε ∈ (0, ε0) (4.27)

(by enlarging R0 if needed), and thus �λ �= ∅, as claimed. Nowwe observe that, since
it is non-empty, this set �λ is a complete metric space endowed with the distance d
introduced in (4.19).

Now,we follow the idea of [3, Lemma3.5].Given a continuous and locallyLipschitz
functional such as Iλ : Hλ → R we consider its generalized directional derivative
defined in the Appendix at (A.1).

Observe that

I 0λ (x, y) =
∫

�

〈∇Gx,∇Gy〉g1 − λ

∫

�

x−γ y −
∫

�

x2
�
Q−1y.

We then apply Lemma A.2. The � functional becomes

�(η) := max
t∈[0,1] Iλ(η(t)).

and we denote the minimax level as

�0 := inf
η∈�λ

�(η).

From the application of the Ekeland’s Variational Principle and the lemma, we get a
sequence {ηk}k ∈ �λ verifying

• �(ηk) ≤ �0 + 1
k

• �(ηk) ≤ �(η) + 1
k d(ηk, η)

and we find another sequence {tk}k ⊂ [0, 1] such that

• ηk(tk) ∈ Hλ

• Iλ(vk) → �0 as k → +∞
• there exists C > 0 such that for every w ∈ Hλ, the following is verified,

∫

�

〈∇Gvk,∇G(w − vk)〉g1 − λ

∫

�

v
−γ

k (w − vk) −
∫

�

v
2�

Q−1
k (w − vk)

≥ −C

k
(1 + ‖w‖S10 (�)). (4.28)
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In particular, if we choose w = 2vk in (A.4), we get

‖vk‖2S10 (�)
− ‖vk‖2

�
Q

L
2�Q (�)

− λ

∫

v
1−γ

k ≥ −1

k
max(1, ‖vk‖S10 (�)).

Summing up this to the fact that Iλ(vk) → �0 as k → +∞, we obtain

�0 + o(1) ≥
(
1

2
− 1

2�
Q

)

‖vk‖2S10 (�)
− λ

(
1

1 − γ
− 1

2�
Q

)∫

v
1−γ

k . (4.29)

Since 1
2 − 1

2�
Q

> 0, then if vk is unbounded in S1
0(�) we would have that (up to a

subsequence) ‖vk‖S10 (�) → +∞ and this contradicts (4.29). Therefore vk is bounded.
From (A.4) we get

‖vk‖2S10 (�)
− λ

∫

�

v
1−γ

k −
∫

�

v
2�

Q
k ≥ −C

k
(1 + 2‖vk‖S10 (�)). (4.30)

Now, we can proceed as in the proofs of Lemmas 4.1 and 4.2, to prove that vk

weakly converges (up to a subsequence) to a weak solution vλ of (Pλ) and moreover

‖vk − vλ‖2S10 (�)
− ‖vk − vλ‖2

�
Q

L
2�Q

= o(1) as k → +∞. (4.31)

To complete this case, it remains to show that vλ �≡ uλ. Observe that for any η ∈ �λ,

‖η(0) − uλ‖S10 (�) = 0 and ‖η(1) − uλ‖S10 (�) > r1,

therefore there exists tη ∈ [0, 1] such that ‖η(tη) − uλ‖S10 (�) = r1. Since we are
assuming (4.18), we have

�0 = inf
�λ

�(η) ≥ inf
�λ

Iλ(η(tη)) ≥ inf‖u−uλ‖
S10 (�)

=r1
Iλ(u) > Iλ(uλ)

where the last infimum is taken among the u ∈ Hλ such that ‖u − uλ‖S10 (�) = r1. At
the same time, if we consider η̃ defined in (4.27), then by (4.22) we get,

�0 ≤ �(̃η) = max
t∈[0,1] Iλ(̃η(t)) < Iλ(uλ) + 1

Q
SQ/2
G

.

Summing up,

Iλ(uλ) < �0 < Iλ(uλ) + 1

Q
SQ/2
G

. (4.32)

Observe that, since vk → vλ weakly in S1
0(�), then the equalities (4.11)-(4.13) hold

also in this context. Therefore, considering also (4.32) and the fact that Iλ(vk) → �0,
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we get (for k sufficiently large)

1

2
‖vk − vλ‖2S10 (�)

− 1

2�
Q

‖vk − vλ‖2
�
Q

L
2�Q (�)

= 1

2
(‖vk‖2S10 (�)

− ‖vλ‖2S10 (�)
) − 1

2�
Q

(‖vk‖2
�
Q

L
2�Q (�)

) + o(1)

= Iλ(vk) − Iλ(uλ) + o(1)

= �0 − Iλ(uλ) + o(1)

<
1

Q
SQ/2
G

− δ0

(4.33)

for some δ0 > 0 such that the last term is positive. From (4.31), (4.32) and (4.33), by
reasoning as in [64, Proposition 3.1], we get that vk → vλ strongly in S1

0(�). This,
together with (4.30) and (4.29), gives

Iλ(uλ) < �0 = lim
k→+∞ Iλ(vk) = Iλ(vλ),

thus implying that uλ �≡ vλ.

Gathering all the results established so far, we can finally provide the

Proof of Theorem 1.1 Let � be as in (3.1), that is,

� := sup{λ > 0 : (Pλ) admits a weak solution}.

Taking into account Lemma 3.1, we know that� ∈ (0,+∞); moreover, by combining
Lemma 3.5 with the computations in Sections 4.1-4.2, we know that

i) there exist at least two distinct weak solutions uλ, vλ of (Pλ) for λ ∈ (0,�);
ii) there exists at least one weak solution uλ of (Pλ).

Hence, assertions a)-b) in the statement of the theorem are established.
Finally, by the very definition of�wederive that (Pλ) does not admit weak solutions

when λ > �; this establishes also assertion c), and the proof is complete. ��

Appendix A. Generalized directional derivative

In this Appendix we introduce the notion of generalized directional derivative and we
prove a related technical lemma; both this notion and this result have been exploited in
the proof of the existence of a second solution of (Pλ) (see, precisely, Section 4.2.1).

Consider the convex cone Hλ ⊆ S1
0(�)definedat (4.1), and consider any continuous

and locally Lipschitz functional I : Hλ → R. Moreover, to simplify the notation, let

‖u‖ = ‖u‖S10 (�) for every u ∈ Hλ.
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The generalized directional derivative at x, v ∈ Hλ is defined as

I 0(x, v) := lim sup
‖h‖→0, ρ→0+

I (x + h + ρv) − I (x + h)

ρ
, (A.1)

Lemma A.1 For fixed x, the map I �→ I 0(x, v) is subadditive with respect to v.

Proof We use the notation I ∗
x,h,v(ρ) := I (x + h + ρv) − I (x + h). Therefore,

I ∗
x,h,v+w(ρ) = I ∗

x,h+ρv,w(ρ) + I ∗
x,h,v(ρ).

Then, the lemma follows by observing that

lim sup
‖h‖→0, ρ→0+

I ∗
x,h+ρv,w(ρ) = lim sup

‖h‖→0, ρ→0+
I ∗
x,h,w(ρ)

because any h′ sufficiently small can be represented as h +ρv for h and ρ sufficiently
small. ��
We now suppose that I respects property (4.18) and we apply the Ekeland’s principle
to the continuous functional

�(η) := max
t∈[0,1] I (η(t)),

setting � := infη∈�λ �(η). As a direct consequence, there exists a sequence {ηk}k ⊂ �λ

verifying

�(ηk) ≤ � + 1

k
(A.2)

�(ηk) ≤ �(η) + 1

k
d(ηk, η) ∀η ∈ �λ (A.3)

Lemma A.2 For every k consider�k := {t ∈ (0, 1) : I (ηk(t)) = maxs∈[0,1] I (ηk(s))},
then for every k there exists tk ∈ �k such that, vk := ηk(tk), we have

I 0
(

vk; w − vk

max(1, ‖w − vk‖)
)

≥ −1

k
∀w ∈ Hλ. (A.4)

Proof Observe that �k is always a compact subset of (0, 1). We start by considering
the case when �k is a single point tk .

We argue by contradiction supposing that there exists ω ∈ Hλ such that

I 0
(

ηk(tk); ω − ηk(tk)

max(1, ‖ω − ηk(tk)‖
)

< −1

k
. (A.5)

123



Critical Singular Problems in Carnot Groups Page 53 of 58   268 

Consider a continuous cut-off function g : [0, 1] → [0, 1] such that g ≡ 1 in a
neighborhood of tk and g(0) = g(1) = 0. We also define mk(t) := max(1, ‖ω −
ηk(t)‖) and we introduce

ηk,ε(t) := ηk(t) + g(t)ε

mk(t)
(ω − ηk(t)).

By construction ηk,ε(t) ∈ �λ for every t ∈ [0, 1]. Therefore by (A.3) we obtain

max
t∈[0,1] I (ηk(t)) ≤ max

t∈[0,1] I (ηk,ε(t)) + ε

k
max

t∈[0,1]
g(t)‖ω − ηk(t)‖

mk(t)
. (A.6)

If tk,ε is a point where I (ηk,ε) reaches its max, then there exists εn → 0 sequence
such that tk,εn → tk . Therefore g(tk,εn ) = 1 for n sufficiently big. We denote by
vk,n := ηk(tk,εn ) and mk,n := max(1, ‖ω − vk,n‖) (observe that this is a scalar value),
then

I (vk,n) ≤ I (vk) ≤ I (ηk,εn (tk,εn )) + εn

k
= I

(

vk,n + εn

mk,n
(ω − vk,n)

)

+ εn

k
. (A.7)

where the first inequality comes from the fact that vk = ηk(tk) is the max for the I
value for any ηk(t), and the second inequality comes from (A.6).

We set m∗
k := max(1, ‖ω − vk‖), then by the continuity of ηk , we get vk,n → vk in

S1
0(�) and mk,n → m∗

k as n → ∞. Therefore, we can re-write (A.7) obtaining

1

εn

(

I

(

vk + h∗
n + εn

ω − vk

m∗
k

)

− I (vk + hn)

)

≥ −1

k

with

hn = vk,n − vk

h∗
n = vk,n − vk + εn

mk,n
(ω − vk,n) − εn

m∗
k
(ω − vk).

Bywhat we proved, we derive that h∗
n −hn = o(εn) as n → ∞ and this in turn implies

I 0
(

vk,
ω − vk

m∗
k

)

≥ −1

k
,

thus contradicting the assumption (A.5).

If �k has more than one element, we have to correct the above proof. For any
tk ∈ �k , consider the ω ∈ Hλ that satisfies (A.5) for tk .

Claim. For any tk ∈ �k there exists a neighborhood J of tk such that

I 0
(

ηk(s),
ω − ηk(s)

max(1, ‖ω − ηk(s)‖)
)

< −1

k
∀s ∈ J . (A.8)
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Let’s suppose that the claim above is correct and conclude. By compactness of �k ,
there exist t (1)k , . . . , t (r)

k elements of�k and their associated neighborhoods J1, . . . , Jr ,
such that (A.5) is verified on Ji by some ωi ∈ Hλ and �k ⊂ ∪i Ji ⊂ [0, 1]. For an
opportune partition of the unit g1, . . . , gr associated to the Ji s, we can update ω to a
continuous function ω : J := ∪i Ji → Hλ,

ω(s) :=
r∑

i=1

gi (s)ωi .

As a consequence of the subadditivity proved in Lemma A.1, we have

I 0(ηk(s), ω(s) − ηk(s)) ≤ −1

k

r∑

i=1

gi (s)max(1, ‖ωi − ηk(s)‖).

Moreover,

r∑

i=1

gi (s)‖ωi − ηk(s)‖ ≥
∥
∥
∥
∥
∥

r∑

i=1

gi (s)(ωi − ηk(s))

∥
∥
∥
∥
∥

= ‖ω(s) − ηk(s)‖,

and therefore we get

I 0
(

ηk(s),
ω(s) − ηk(s)

max(1, ‖ω(s) − ηk(s)‖)
)

< −1

k
∀s ∈ J . (A.9)

From here the proof can continue as before if we replace every appearance of ω

with ω(t) (with the opportune value of t) and if we take the cut-off function g to be 1
on �k and 0 outside J .

In this case tk,εn → tk for some tk ∈ �k , vk = ηk(tk) and therefore we derive (A.6)
with ω(tk,εn ) in place of ω. We also have to update the definition of h∗

n using ω(tk,εn )

when necessary.

It remains to prove the claim above. Consider the function

w(s) := ω − ηk(s)

max(1, ‖ω − ηk(s)‖)
which by definition is continuous. By (A.5), there exists ε̃, δ̃, ρ̃ all positive such that

sup
‖h‖<δ̃, ρ<ρ̃

I (ηk(tk) + h + ρw(tk)) − I (ηk(tk) + h)

ρ
< −1

k
− ε̃. (A.10)

We give a first definition of J by imposing ‖ηk(s)−ηk(tk)‖ < δ̃
2 . Then, for any h ∈ Hλ

with ‖h‖ < δ̃
2 we have

ηk(s) + h = ηk(tk) + h′, with ‖h′‖ < δ̃.
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Therefore we have,

I 0(ηk(s),w(s)) ≤ sup
‖h‖< δ̃

2 , ρ<ρ̃

I (ηk(s) + h + ρw(s)) − I (ηk + h)

ρ

≤ sup
‖h′‖<δ̃, ρ<ρ̃

I (ηk(tk) + h′ + ρw(s)) − I (ηk(tk) + h′)
ρ

= sup
‖h′‖<δ̃, ρ<ρ̃

(
I (ηk(tk) + h′ + ρw(s)) − I (ηk(tk) + h′ + ρw(tk))

ρ

+ I (ηk(tk) + h′ + ρw(tk)) − I (ηk(tk) + h′)
ρ

)

Observe that the first term (in the last sum) can be made arbitrarily small (up to
stretching J ) by using that I is locally Lipschitz, while the second term respects
(A.10). Therefore the claim is proved and this concludes our proof. ��
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