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 a b s t r a c t

High-dimensional option pricing partial differential equations are computationally prohibitive for 
grid-based discretizations due to the curse of dimensionality. We propose a meshless radial basis 
function (RBF) collocation method in which spatial centers are generated by a quasi-Monte Carlo 
acceptance-rejection strategy. The resulting non-uniform center cloud places more centers near 
the initial state, where the underlying process is expected to have high probabilistic relevance 
over the finite maturity horizon, and fewer centers in peripheral regions of the truncated compu-
tational domain. This leads to a more efficient allocation of degrees of freedom by concentrating 
RBF centers in the pricing-relevant regions of the domain, thereby alleviating some of the com-
putational burden associated with dimensionality while preserving the flexibility and accuracy 
of meshless radial basis function approximations. The method is applied to two nonlinear pricing 
problems under the Leland transaction cost model, namely a spark-spread option with stochastic 
volatility and a European call option on the maximum of multiple assets. Numerical experiments 
show stable behavior and decreasing errors in the linear benchmark tests as the number of centers 
increases, and indicate robust performance in nonlinear Leland-type settings at moderate com-
putational cost. Finally, the proposed RBF approach is not specific to option pricing and can be 
viewed as a flexible framework for extensions to more general financial models, as well as to 
high-dimensional nonlinear PDEs arising in other scientific applications.

1.  Introduction

Many problems in mathematical finance admit a partial differential equation (PDE) formulation. In low dimension, finite-difference 
and finite-element methods provide accurate and reliable numerical solvers. In multi-asset and multi-factor models, however, the 
number of grid points required by structured discretizations grows exponentially with the number of state variables. This curse of 
dimensionality makes classical grid-based PDE solvers increasingly impractical for high-dimensional pricing problems.

Meshless methods based on radial basis functions (RBFs) provide a natural alternative, since they approximate the solution on 
scattered sets of centers and do not require the construction of a structured mesh. In computational finance, RBF methods have been 
studied for more than two decades. Early applications include global collocation schemes for Black–Scholes-type PDEs and early-
exercise problems, such as the RBF treatment of option-pricing models in Hon and Mao[1], the quasi-RBF approach for American 
options in Hon[2], and the meshfree approximation of multi-asset American options in Fasshauer et al. [3]. Subsequent work extended 
RBF-based discretizations to jump-diffusion and integro-differential equations, American-style contracts, and two-factor stochastic 
models; see, among others, Ballestra and Pacelli [4], Golbabai et al. [5], Ballestra and Pacelli [6], and Rad et al. [7].
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$T$


$S_1(t)$


$t$


$S_2(t)$


$\mathbb {Q}$


\begin {align}dS_1(t) &= r S_1(t)\,dt + \sqrt {v_1(t)}\, S_1(t)\, dW_{S_1}(t), \nonumber \\ dv_1(t) &= \kappa _1\big (\theta _1 - v_1(t)\big )\,dt + \sigma _{v,1}\sqrt {v_1(t)}\, dW_{v_1}(t), \nonumber \\ dS_2(t) &= r S_2(t)\,dt + \sqrt {v_2(t)}\, S_2(t)\, dW_{S_2}(t),\nonumber \\ dv_2(t) &= \kappa _2\big (\theta _2 - v_2(t)\big )\,dt + \sigma _{v,2}\sqrt {v_2(t)}\, dW_{v_2}(t),\nonumber \end {align}


$v_1(t)$


$v_2(t)$


\begin {align*}dW_{S_1}\, dW_{v_1} &= \rho _{S_1,v_1}\, dt, &\qquad dW_{S_2}\, dW_{v_2} &= \rho _{S_2,v_2}\, dt, &\qquad dW_{S_1}\, dW_{S_2} &= \rho _{S_1,S_2}\, dt, \\ dW_{S_1}\, dW_{v_2} &= \rho _{S_1,v_2}\, dt, &\qquad dW_{v_1}\, dW_{S_2} &= \rho _{v_1,S_2}\, dt, &\qquad dW_{v_1}\, dW_{v_2} &= \rho _{v_1,v_2}\, dt.\end {align*}


$T$


\begin {equation}\label {payoff} \Pi (S_1(T),S_2(T))=\max \!\left (S_1(T)-\frac {S_2(T)}{\eta },\,0\right ),\end {equation}


$\eta >0$


$U(S_1,v_1,S_2,v_2,t)$


$t$


$U$


\begin {align}\label {eq:BlackScholesPDE} & \frac {\partial U}{\partial t} + r S_1 \frac {\partial U}{\partial S_1} + \kappa _1 (\theta _1 - v_1) \frac {\partial U}{\partial v_1} + r S_2 \frac {\partial U}{\partial S_2} + \kappa _2 (\theta _2 - v_2) \frac {\partial U}{\partial v_2} - r U \nonumber \\ &+ \frac {1}{2} v_1 S_1^2 \frac {\partial ^2\thinspace U}{\partial S_1^2} + \frac {1}{2} \sigma _{v,1}^2 v_1 \frac {\partial ^2\thinspace U}{\partial v_1^2} + \frac {1}{2} v_2 S_2^2 \frac {\partial ^2\thinspace U}{\partial S_2^2} + \frac {1}{2} \sigma _{v,2}^2 v_2 \frac {\partial ^2\thinspace U}{\partial v_2^2} \nonumber \\ &+ \rho _{S_1, v_1} \sigma _{v,1} v_1 S_1 \frac {\partial ^2\thinspace U}{\partial S_1 \partial v_1} + \rho _{S_2, v_2} \sigma _{v,2} v_2 S_2 \frac {\partial ^2\thinspace U}{\partial S_2 \partial v_2} + \rho _{S_1, S_2} \sqrt {v_1 v_2} S_1 S_2 \frac {\partial ^2\thinspace U}{\partial S_1 \partial S_2} \nonumber \\ &+ \rho _{S_1, v_2} \sigma _{v,2} \sqrt {v_1 v_2} S_1 \frac {\partial ^2\thinspace U}{\partial S_1 \partial v_2} + \rho _{v_1, S_2} \sigma _{v,1} \sqrt {v_1 v_2} S_2 \frac {\partial ^2\thinspace U}{\partial v_1 \partial S_2} + \rho _{v_1, v_2} \sigma _{v,1} \sigma _{v,2} \sqrt {v_1 v_2} \frac {\partial ^2\thinspace U}{\partial v_1 \partial v_2} \nonumber \\ &+ G\!\left ( S_2,\, v_2,\, \frac {\partial ^2\thinspace U}{\partial S_2^2},\, \frac {\partial ^2\thinspace U}{\partial S_2 \partial v_2} \right ) = 0,\end {align}


\begin {equation}\label {final} U(S_1,v_1,S_2,v_2,T)=\Pi (S_1,S_2),\end {equation}


\begin {equation}\label {root1} \begin {split} G\!\left ( S_2,\, v_2,\, \frac {\partial ^2 U}{\partial S_2^2},\, \frac {\partial ^2 U}{\partial S_2 \partial v_2} \right ) = \gamma \sqrt {\frac {2}{\pi \delta t}} \sqrt {v_2}\, S_2 \hspace {120pt} \\[2pt] \times \sqrt { \left ( S_2 \frac {\partial ^2 U}{\partial S_2^2} \right )^2 + 2\rho _{S_2, v_2} \sigma _{v,2} S_2 \frac {\partial ^2 U}{\partial S_2^2} \frac {\partial ^2 U}{\partial S_2 \partial v_2} + \left ( \sigma _{v,2} \frac {\partial ^2 U}{\partial S_2 \partial v_2} \right )^2 }. \end {split}\end {equation}


$r$


$\gamma > 0$


$\delta t > 0$


$\gamma $


$\delta t$


$\begin {pmatrix} 1 & \rho _{S_2,v_2} \\ \rho _{S_2,v_2} & 1 \end {pmatrix}$


$x_1 = \ln {S}_1 - \ln {S}_{1,0}$


$x_2 = \ln {S}_2 - \ln {S_{2,0}}$


\begin {equation*}U(x_1,v_1,x_2,v_2,t) = U\!\big (S_{1,0}e^{x_1},\,v_1,\,S_{2,0}e^{x_2},\,v_2,\,t\big ).\end {equation*}


$U$


\begin {align}\label {eq:BlackScholesPDE_x} & \frac {\partial U}{\partial t} + \left (r - \frac {1}{2} v_1\right ) \frac {\partial U}{\partial x_1} + \kappa _1 (\theta _1 - v_1) \frac {\partial U}{\partial v_1} + \left (r - \frac {1}{2} v_2\right ) \frac {\partial U}{\partial x_2} + \kappa _2 (\theta _2 - v_2) \frac {\partial U}{\partial v_2} - r U \nonumber \\ &+ \frac {1}{2} v_1 \frac {\partial ^2\thinspace U}{\partial x_1^2} + \frac {1}{2} \sigma _{v,1}^2 v_1 \frac {\partial ^2\thinspace U}{\partial v_1^2} + \frac {1}{2} v_2 \frac {\partial ^2\thinspace U}{\partial x_2^2} + \frac {1}{2} \sigma _{v,2}^2 v_2 \frac {\partial ^2\thinspace U}{\partial v_2^2} \nonumber \\ &+ \rho _{S_1,v_1} \sigma _{v,1} v_1 \frac {\partial ^2\thinspace U}{\partial x_1 \partial v_1} + \rho _{S_2,v_2} \sigma _{v,2} v_2 \frac {\partial ^2\thinspace U}{\partial x_2 \partial v_2} + \rho _{S_1,S_2} \sqrt {v_1 v_2} \frac {\partial ^2\thinspace U}{\partial x_1 \partial x_2} \nonumber \\ &+ \rho _{S_1,v_2} \sigma _{v,2} \sqrt {v_1 v_2} \frac {\partial ^2\thinspace U}{\partial x_1 \partial v_2} + \rho _{v_1,S_2} \sigma _{v,1} \sqrt {v_1 v_2} \frac {\partial ^2\thinspace U}{\partial v_1 \partial x_2} + \rho _{v_1,v_2} \sigma _{v,1}\sigma _{v,2} \sqrt {v_1 v_2} \frac {\partial ^2\thinspace U}{\partial v_1 \partial v_2} \nonumber \\ &+ G_x\!\left ( v_2,\, \frac {\partial U}{\partial x_2},\, \frac {\partial ^2\thinspace U}{\partial x_2^2},\, \frac {\partial ^2\thinspace U}{\partial x_2\partial v_2} \right ) = 0,\end {align}


\begin {equation}\begin {split} G_x\!\left ( v_2,\, \frac {\partial U}{\partial x_2},\, \frac {\partial ^2 U}{\partial x_2^2},\, \frac {\partial ^2 U}{\partial x_2\partial v_2} \right ) = \gamma \sqrt {\frac {2}{\pi \delta t}} \sqrt {v_2} \hspace {172pt} \\[2pt] \times \sqrt { \left ( \frac {\partial ^2 U}{\partial x_2^2} - \frac {\partial U}{\partial x_2} \right )^2 + 2\rho _{S_2,v_2}\sigma _{v,2} \left ( \frac {\partial ^2 U}{\partial x_2^2} - \frac {\partial U}{\partial x_2} \right ) \frac {\partial ^2 U}{\partial x_2 \partial v_2} + \left ( \sigma _{v,2} \frac {\partial ^2 U}{\partial x_2 \partial v_2} \right )^2 }, \end {split} \label {Xeqn4-6}\end {equation}


\begin {equation}\label {final_x} U(x_1,v_1,x_2,v_2,T) = \Pi \!\left ( S_{1,0}e^{x_1}, S_{2,0}e^{x_2} \right ).\end {equation}


\begin {equation*}y_1 = x_1, \qquad y_2 = v_1, \qquad y_3 = x_2, \qquad y_4 = v_2,\end {equation*}


\begin {equation*}\begin {aligned} &\beta _1 = r - \tfrac 12 y_2, \quad \beta _2 = \kappa _1(\theta _1 - y_2), \quad \beta _3 = r - \tfrac 12 y_4, \quad \beta _4 = \kappa _2(\theta _2 - y_4), \\[4pt] &\beta _{1,1} = \tfrac 12 y_2, \quad \beta _{2,2} = \tfrac 12 \sigma _{v,1}^2 y_2, \quad \beta _{3,3} = \tfrac 12 y_4, \quad \beta _{4,4} = \tfrac 12 \sigma _{v,2}^2 y_4, \\[4pt] &\beta _{1,2} = \tfrac 12 \rho _{S_1,v_1}\sigma _{v,1} y_2, \quad \beta _{1,3} = \tfrac 12\rho _{S_1,S_2}\sqrt {y_2 y_4}, \quad \beta _{1,4} = \tfrac 12\rho _{S_1,v_2}\sigma _{v,2}\sqrt {y_2 y_4}, \\ &\beta _{2,3} = \tfrac 12\rho _{v_1,S_2}\sigma _{v,1}\sqrt {y_2 y_4}, \quad \beta _{2,4} = \tfrac 12\rho _{v_1,v_2}\sigma _{v,1}\sigma _{v,2}\sqrt {y_2 y_4}, \quad \beta _{3,4} = \tfrac 12\rho _{S_2,v_2}\sigma _{v,2} y_4, \\[4pt] &\beta _{2,1}=\beta _{1,2},\quad \beta _{3,1}=\beta _{1,3},\quad \beta _{4,1}=\beta _{1,4},\quad \beta _{3,2}=\beta _{2,3},\quad \beta _{4,2}=\beta _{2,4},\quad \beta _{4,3}=\beta _{3,4}, \end {aligned}\end {equation*}


\begin {equation}\label {PDEtransformed} \frac {\partial U}{\partial t} + \sum _{i=1}^{4} \beta _i \frac {\partial U}{\partial y_i} + \sum _{i=1}^{4} \sum _{j=1}^{4} \beta _{i,j} \frac {\partial ^2 U}{\partial y_i \partial y_j} - r U + G\!\left ( y_4,\, \frac {\partial U}{\partial y_3},\, \frac {\partial ^2 U}{\partial y_3^2},\, \frac {\partial ^2 U}{\partial y_3 \partial y_4} \right ) = 0,\end {equation}


\begin {equation}\label {finaly} U(y_1,y_2,y_3,y_4,T) = \Pi \!\big (S_{1,0}e^{y_1},\,S_{2,0}e^{y_3}\big ).\end {equation}


$n$


$\boldsymbol {S}(t)=(S_1(t),\ldots ,S_n(t))^\top $


\begin {equation}\label {eq:SDE_BS} \mathrm {d}S_i(t)=rS_i(t)\,\mathrm {d}t+\sigma _i S_i(t)\,\mathrm {d}W_i(t), \qquad i=1,\ldots ,n,\end {equation}


$r$


$\sigma _i>0$


$i$


$\{W_i(t)\}_{i=1}^n$


\begin {equation}\label {eq:Corr_BS} \mathrm {d}W_i(t)\,\mathrm {d}W_j(t)=\rho _{ij}\,\mathrm {d}t, \qquad \rho _{ii}=1, \qquad -1\le \rho _{ij}\le 1,\end {equation}


$i,j=1,\dots ,n$


$(\rho _{ij})$


$U(\boldsymbol {S},t)$


$t$


$n$


$E$


$T$


\begin {equation}\label {eq:payoff_max} \Pi (\boldsymbol {S}(T)) = \max \!\left (\max _{i=1,\dots ,n} S_i(T) - E,\; 0\right ).\end {equation}


$U$


$t<T$


\begin {equation}\label {eq:PDE_S} \frac {\partial U}{\partial t} + \sum _{i=1}^{n} r S_i \frac {\partial U}{\partial S_i} + \frac {1}{2}\sum _{i=1}^n \sum _{j=1}^n \rho _{ij}\sigma _i\sigma _j S_i S_j \frac {\partial ^2 U}{\partial S_i \partial S_j} - r U + G(\mathbf {S},D^2U) = 0,\end {equation}


\begin {equation}\label {eq:terminal_S} U(\boldsymbol {S},T)=\Pi (\boldsymbol {S}),\end {equation}


\begin {equation}\label {eq:G_S} G(\boldsymbol {S},D^2U) = \frac {1}{2}\sqrt {\frac {2}{\pi \delta t}} \sum _{i=1}^{n} \gamma _i S_i \sqrt { \sum _{j=1}^{n}\sum _{k=1}^{n} \frac {\partial ^2 U}{\partial S_i\partial S_j} \,\rho _{jk}\sigma _j\sigma _k S_j S_k\, \frac {\partial ^2 U}{\partial S_i\partial S_k} },\end {equation}


$\gamma _i>0$


$i$


$\delta t>0$


$i$


\begin {equation}\label {eq:changey} y_i=\ln \!\left (\frac {S_i}{S_{i,0}}\right ), \qquad i=1,\dots ,n,\end {equation}


\begin {equation*}U(\boldsymbol {y},t)=U(S_{1,0}e^{y_1},\dots ,S_{n,0}e^{y_n},t),\end {equation*}


$U$


\begin {equation}\label {eq:terminal_y} U(\boldsymbol {y},T)=\Pi (S_{1,0}e^{y_1},\dots ,S_{n,0}e^{y_n}),\end {equation}


\begin {equation}\label {eq:G_y} G_y(D^2U,DU) = \frac {1}{2}\sqrt {\frac {2}{\pi \delta t}} \sum _{i=1}^{n} \gamma _i \sqrt { \sum _{j=1}^{n}\sum _{k=1}^{n} H_{ij}\, \rho _{jk}\sigma _j\sigma _k\, H_{ik} },\end {equation}


\begin {equation*}H_{ij}= \begin {cases} \displaystyle \frac {\partial ^2\thinspace U}{\partial y_i^2}-\frac {\partial U}{\partial y_i}, & i=j,\\[11pt] \displaystyle \frac {\partial ^2\thinspace U}{\partial y_i\partial y_j}, & i\neq j. \end {cases}\end {equation*}


\begin {equation}\label {eq:beta_def} \beta _i = r-\frac {1}{2}\sigma _i^2, \qquad \beta _{ii}=\frac {1}{2}\sigma _i^2, \qquad i=1,\dots ,n,\end {equation}


\begin {equation}\label {eq:betaij_def} \beta _{ij}=\frac {1}{2}\rho _{ij}\sigma _i\sigma _j,\qquad i,j=1,\dots ,n,\ i\neq j.\end {equation}


\begin {equation}\label {eq:PDE_compact} \frac {\partial U}{\partial t} + \sum _{i=1}^{n}\beta _i\,\frac {\partial U}{\partial y_i} + \sum _{i=1}^{n}\sum _{j=1}^{n}\beta _{ij}\,\frac {\partial ^2 U}{\partial y_i\partial y_j} - rU + G_y(D^2U,DU) =0,\end {equation}


$\boldsymbol {y}$


$\mathbb {R}^n$


\begin {equation*}\Omega _y := \prod _{i=1}^n [\,y_{i,\min },\,y_{i,\max }\,] \subset \mathbb {R}^n.\end {equation*}


$y_{i,\min }$


$y_{i,\max }$


$\Omega _y$


$[0,T]$


$\Omega _y$


$\Omega _y$


$N$


$\boldsymbol {y}_1,\boldsymbol {y}_2,\ldots ,\boldsymbol {y}_N$


$\boldsymbol {y}_\star $


$t=0$


$n$


\begin {equation*}\boldsymbol {y}_\star =\boldsymbol {0}.\end {equation*}


\begin {equation*}\boldsymbol {y}_\star =(0,v_{1,0},0,v_{2,0})^\top .\end {equation*}


\begin {equation*}\boldsymbol {y}_1=\boldsymbol {y}_\star .\end {equation*}


$N-1$


$\boldsymbol {y}_\star $


$\Omega _y$


$\boldsymbol {y}_2,\ldots ,\boldsymbol {y}_N$


$\boldsymbol {y}_\star $


$\Omega _y$


\begin {equation}D_{\mathrm {node}} = \operatorname {diag}\!\left (s^{\mathrm {node}}_1,\ldots , s^{\mathrm {node}}_n\right ), \qquad s^{\mathrm {node}}_i = \alpha \,(y_{i,\max }-y_{i,\min }), \qquad \alpha \in (0,1). \label {eq:Dnode}\end {equation}


$s^{\mathrm {node}}_i$


$i$


$N-1$


$\boldsymbol {u}\in (0,1)^n$


\begin {equation}\boldsymbol {z} = \sqrt {2}\,\operatorname {erf}^{-1} \!\big (2\boldsymbol {u}-\boldsymbol {1}\big ) \sim \mathcal {N}(\boldsymbol {0},I_n). \label {eq:sobol-normal-transform}\end {equation}


\begin {equation}\widetilde {\boldsymbol {y}} = \boldsymbol {y}_\star + D_{\mathrm {node}}\boldsymbol {z}. \label {eq:candidate-center}\end {equation}


$\widetilde {\boldsymbol {y}}\in \Omega _y$


$\Omega _y$


$\boldsymbol {y}_\star $


$\alpha $


$\boldsymbol {y}_\star $


$\Omega _y$


$\alpha =0.2$


$20\%$


$[-1,1]$


$s^{\mathrm {node}}_i=0.2\times 2=0.4$


$[10^{-4},0.3]$


$s^{\mathrm {node}}_i=0.2\times (0.3-10^{-4})\simeq 0.06$


$N=3000$


$\{\boldsymbol {y}_k\}_{k=1}^N\subset [-1,1]^8$


$(y_1,y_2,y_3)$


$\boldsymbol {0}$


$\boldsymbol {y}_\star =\boldsymbol {0}$


$\boldsymbol {y}_\star =\boldsymbol {0}$


$U(\boldsymbol {y},t)$


\begin {equation}\label {RBFexpansion} U^{\text {RBF}}(\boldsymbol {y}, t) = \sum _{k=1}^{N} c_k(t)\,\Phi _k\!\left (\|\boldsymbol {y}-\boldsymbol {y}_k\|\right ),\end {equation}


$\|\cdot \|$


$\boldsymbol {y}_1,\dots ,\boldsymbol {y}_N\in \mathbb {R}^n$


$\Phi _k$


$\boldsymbol {y}_k$


$c_k(t)$


$\Phi _k$


\begin {equation}\label {MQ} \Phi _k(r)=\sqrt {1+\left (\frac {r}{\epsilon _k}\right )^2},\qquad k=1,\dots ,N,\end {equation}


$\epsilon _k>0$


$\boldsymbol {y}$


$\boldsymbol {y}_1,\dots ,\boldsymbol {y}_N$


$\boldsymbol {c}(t)=(c_1(t),\dots ,c_N(t))^T$


\begin {equation}\label {costitutive} \boldsymbol {U}^{\text {RBF}}(t)=\boldsymbol {A}\boldsymbol {c}(t),\qquad \boldsymbol {U}^{\text {RBF}}_{y_i}(t)=\boldsymbol {A}_{y_i}\boldsymbol {c}(t),\qquad \boldsymbol {U}^{\text {RBF}}_{y_i y_j}(t)=\boldsymbol {A}_{y_i,y_j}\boldsymbol {c}(t),\end {equation}


$\boldsymbol {A}\in \mathbb {R}^{N\times N}$


$\boldsymbol {A}_{\ell k}=\Phi _k(\|\boldsymbol {y}_\ell -\boldsymbol {y}_k\|)$


$\boldsymbol {A}_{y_i},\boldsymbol {A}_{y_i,y_j}\in \mathbb {R}^{N\times N}$


$\Phi _k(\|\boldsymbol {y}-\boldsymbol {y}_k\|)$


$y_i$


$(y_i,y_j)$


$\boldsymbol {y}=\boldsymbol {y}_\ell $


$\ell =1,\dots ,N$


$\beta _i(\boldsymbol {y})$


$\beta _{i,j}(\boldsymbol {y})$


$n$


$\boldsymbol {y}$


$\boldsymbol {y}$


\begin {equation}\label {beta1diag} \boldsymbol {B}_i=\mathrm {diag}\!\left (\beta _i(\boldsymbol {y}_1),\dots ,\beta _i(\boldsymbol {y}_N)\right ), \qquad i=1,\dots ,n,\end {equation}


\begin {equation}\label {beta2diag} \boldsymbol {B}_{i,j}=\mathrm {diag}\!\left (\beta _{i,j}(\boldsymbol {y}_1),\dots ,\beta _{i,j}(\boldsymbol {y}_N)\right ), \qquad i,j=1,\dots ,n.\end {equation}


$G_y(D^2U,DU)$


\begin {equation*}H^e_{ij}(\boldsymbol {y},t)= \begin {cases} \dfrac {\partial ^2\thinspace U(\boldsymbol {y},t)}{\partial y_i^2}-\dfrac {\partial U(\boldsymbol {y},t)}{\partial y_i}, & i=j,\\[8pt] \dfrac {\partial ^2\thinspace U(\boldsymbol {y},t)}{\partial y_i\partial y_j}, & i\neq j, \end {cases} \qquad i,j=1,\dots ,n.\end {equation*}


\begin {equation}\label {HeVectors} \boldsymbol {H}^{e,\text {RBF}}_{ij}(t)= \begin {cases} \boldsymbol {U}^{\text {RBF}}_{y_i y_i}(t)-\boldsymbol {U}^{\text {RBF}}_{y_i}(t), & i=j,\\[4pt] \boldsymbol {U}^{\text {RBF}}_{y_i y_j}(t), & i\neq j, \end {cases} \qquad i,j=1,\dots ,n,\end {equation}


$\boldsymbol {U}^{\text {RBF}}_{y_i}$


$\boldsymbol {U}^{\text {RBF}}_{y_i y_j}$


$\boldsymbol {y}_\ell $


$G_y$


$\ell =1,\dots ,N$


\begin {equation}\label {GyDiscrete} G^{\text {RBF}}_\ell (t)= \frac {1}{2}\sqrt {\frac {2}{\pi \delta t}} \sum _{i=1}^{n} \gamma _i \sqrt { \sum _{j=1}^{n}\sum _{k=1}^{n} H^{e,\text {RBF}}_{ij}(\boldsymbol {y}_\ell ,t)\, \rho _{jk}\sigma _j\sigma _k\, H^{e,\text {RBF}}_{ik}(\boldsymbol {y}_\ell ,t) }.\end {equation}


$\boldsymbol {y}_1,\dots ,\boldsymbol {y}_N$


\begin {equation}\label {PDEtransformed22} \boldsymbol {A}\,\frac {d\boldsymbol {c}(t)}{dt} +\sum _{i=1}^{n}\boldsymbol {B}_i\,\boldsymbol {A}_{y_i}\,\boldsymbol {c}(t) +\sum _{i=1}^{n}\sum _{j=1}^{n}\boldsymbol {B}_{i,j}\,\boldsymbol {A}_{y_i,y_j}\,\boldsymbol {c}(t) -r\,\boldsymbol {A}\,\boldsymbol {c}(t) +\boldsymbol {G}^{\text {RBF}}(t)=\boldsymbol {0}.\end {equation}


$M$


\begin {equation*}t_m=m\Delta t,\qquad m=0,\ldots ,M-1, \qquad \Delta t=\frac {T}{M-1},\end {equation*}


$t_0=0$


$t_{M-1}=T$


\begin {equation}\label {Lmatrix} \boldsymbol {L} = \boldsymbol {A} - \Delta t\left ( \sum _{i=1}^{n}\boldsymbol {B}_i\,\boldsymbol {A}_{y_i} +\sum _{i=1}^{n}\sum _{j=1}^{n}\boldsymbol {B}_{i,j}\,\boldsymbol {A}_{y_i,y_j} -r\,\boldsymbol {A} \right ).\end {equation}


$t_{m-1}$


$t_m$


$m=M-1,M-2,\dots ,1$


\begin {equation}\label {sistema} \boldsymbol {L}\,\boldsymbol {c}(t_{m-1}) = \boldsymbol {A}\,\boldsymbol {c}(t_m) +\Delta t\,\boldsymbol {G}^{\text {RBF}}(t_m),\end {equation}


$\boldsymbol {G}^{\text {RBF}}(t_m)$
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More recent contributions have developed localized RBF discretizations for a variety of financial pricing problems. RBF partition-
of-unity methods have been used for vanilla basket options, multi-asset American options, American options under stochastic volatil-
ity, and Greeks computation [8–11]. RBF-generated finite-difference and related local schemes have been applied to option pricing 
problems in Milovanović and von Sydow[12] and Milovanović and von Sydow[13], to American options in Soleymani et al. [14], and 
to models with price-dependent or stochastic volatility in Thakoor et al. [15]. Further recent studies address high-dimensional Black–
Scholes equations, multi-dimensional option-pricing PDEs, regime-switching jump-diffusion models, Bates- and Merton-type PIDEs, 
jump-diffusion frameworks, nonlinear Black–Scholes equations with transaction-cost effects, and inverse-quadratic or Gaussian RBF 
weights on non-uniform meshes [16–23].

These developments have mainly followed the localized RBF-FD or RBF-PU direction, where centers are typically arranged on 
structured, quasi-structured, non-uniform, or locally generated node sets, although random and low-discrepancy point sets have 
also been considered in other meshfree contexts. Random fictitious centers have been used in unsymmetric Kansa collocation for 
convection–diffusion and elliptic problems [24,25], while quasi-random centers based on Halton sequences have been used in local 
RBF-DQ schemes for Stokes flow [26] and in an integrated RBF–Kriging framework for parabolic integro-differential equations [27]. 
These contributions avoid conventional deterministic meshes, but they do not address global RBF collocation for high-dimensional 
financial PDEs using probability-adapted center clouds designed for nonlinear option-pricing equations.

To the best of our knowledge, global RBF approximations with probabilistically generated centers have not been studied for 
high-dimensional nonlinear option-pricing PDEs, especially beyond four spatial dimensions. The present paper addresses this gap 
by combining global RBF collocation with a quasi–Monte Carlo acceptance–rejection algorithm for generating spatial centers. The 
algorithm places more centers in a neighborhood of the pricing state, while assigning fewer centers to peripheral regions of the 
truncated computational domain. The resulting center cloud remains global, but its density is chosen to reflect the probabilistic 
concentration of the underlying risk factors.

The method is tested on two high-dimensional option-pricing PDEs. The first concerns a spark-spread option, relevant in electric-
ity markets and driven by electricity and natural gas prices, where allowing for stochastic volatility in both commodities leads to a 
four-dimensional PDE. The second concerns a European call option on the maximum of several assets in eight spatial dimensions. 
In both applications, proportional transaction costs are incorporated through the Leland framework [28], producing nonlinear PDEs 
with square-root terms involving quadratic forms in second derivatives. These nonlinearities provide a useful test for a determin-
istic PDE-based method, since the RBF collocation framework incorporates the transaction-cost correction directly through spatial 
differentiation.

The numerical experiments show that the proposed RBF approximation provides accurate prices in both linear benchmark prob-
lems and fully nonlinear Leland-type models, using only a few thousand centers. Moreover, in the eight-dimensional benchmark 
problem, direct and numerically reliable approximations of Greeks can be obtained from the same differentiation matrices used in 
the collocation scheme, without additional time-stepping or additional linear system solves. Specifically, the estimated Delta is sta-
ble and close to the analytical benchmark, while the Gamma is still reasonably accurate on average, although, as a second-order 
derivative, it is intrinsically more sensitive to numerical approximation errors.

The experiments also highlight the importance of choosing the RBF centers through a non-uniform acceptance–rejection cloud 
concentrated near the initial state in log-return coordinates. Indeed, uniformly distributed centers allocate many degrees of freedom 
to peripheral regions of the hypercube that have limited relevance for the option value, leading to substantially larger errors than 
those obtained with the proposed Gaussian acceptance–rejection cloud.

The PDE-based nature of the approach is particularly useful for the nonlinear pricing equations considered in this paper. In Leland-
type models, the transaction-cost correction enters the PDE through nonlinear functions of first- and second-order spatial derivatives, 
and purely probabilistic treatments typically require additional approximation layers, such as regression of conditional expectations 
in BSDE schemes or nested sampling procedures [29,30]. Monotone probabilistic schemes specifically designed for high-dimensional 
fully nonlinear PDEs have been developed by Guo et al. [31]. By contrast, the RBF collocation method treats the nonlinear transaction-
cost correction directly at the PDE level, since the required first- and second-order derivatives are computed deterministically from 
the RBF approximation.

The proposed method is not tied to a specific financial model. The stochastic volatility specification used for gas and electricity 
prices is only one possible framework; the same numerical construction can be applied to other multi-factor models, provided that 
the corresponding pricing problem admits a PDE formulation. Although this paper focuses on European-style contracts, the same 
PDE-based framework could also be extended to early-exercise problems. We leave this extension for future research.

The remainder of the paper is organized as follows. Section 2 introduces the two high-dimensional pricing problems considered in 
the paper, namely the spark-spread option with stochastic volatility and the European call option on the maximum of several assets, 
and derives the corresponding linear and Leland-type nonlinear PDE formulations. Section 3 presents the meshless RBF collocation 
method, including the acceptance–rejection strategy used to generate non-uniform spatial centers, the RBF discretization, and the 
choice of the shape parameter. Section 4 reports the main numerical experiments, including the frictionless linear benchmark tests, 
the fully nonlinear Leland models, and the conditioning of the collocation matrices. Section 5 presents additional numerical tests for 
the linear eight-dimensional call option on the maximum of several assets, namely a comparison between the proposed probability-
adapted center cloud and uniformly distributed centers, and the direct computation of Delta and Gamma from the RBF approximation. 
Section 6 concludes and discusses possible extensions. Finally, Appendix A reports the computational-domain truncation and sensi-
tivity tests, while Appendix B describes the computation of the benchmark Greeks used in Section 5.
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2.  Two nonlinear multi-dimensional partial differential problems in mathematical finance

In this paper, we numerically solve two nonlinear partial differential problems in mathematical finance involving high-dimensional 
state spaces. The first problem concerns the pricing of spark-spread electricity options under stochastic volatility, while the second 
focuses on the pricing of standard financial options written on multiple underlying assets. In both cases, proportional transaction 
costs are incorporated, which are modeled using the framework originally developed by [28], thereby transforming the classical 
linear pricing PDE into a nonlinear equation.

2.1.  Spark-spread option with stochastic volatility and transaction costs

The spark spread measures the profitability of electricity generation as the difference between the electricity price and the cost 
of the natural gas required to produce one unit of electricity, adjusted for plant efficiency. We consider an electricity producer who 
purchases natural gas to generate and sell electricity and hedges this exposure by dynamically trading a spark-spread option with 
maturity 𝑇 . Trading in the natural-gas hedging instrument is subject to proportional transaction costs, which are modeled using the 
Leland approach [28]. Throughout the paper, we adopt the perspective of the option writer (hedger), so that transaction costs increase 
the cost of replication.

We assume that the spot prices of electricity and natural gas each follow the Heston stochastic volatility model, and we allow the 
price and variance factors to be fully correlated across the two commodities. This provides a four-factor model suitable for testing 
the proposed numerical method. The RBF approach, however, is not tied to this specific choice; alternative stochastic volatility 
specifications can be treated in the same way.

Let 𝑆1(𝑡) denote the spot price of electricity at time 𝑡, and let 𝑆2(𝑡) denote the spot price of natural gas. Under the risk-neutral 
measure ℚ (and, for notational simplicity, assuming a zero market price of volatility risk), we assume that their dynamics are governed 
by the following system of stochastic differential equations:

𝑑𝑆1(𝑡) = 𝑟𝑆1(𝑡) 𝑑𝑡 +
√

𝑣1(𝑡)𝑆1(𝑡) 𝑑𝑊𝑆1
(𝑡),

𝑑𝑣1(𝑡) = 𝜅1
(

𝜃1 − 𝑣1(𝑡)
)

𝑑𝑡 + 𝜎𝑣,1
√

𝑣1(𝑡) 𝑑𝑊𝑣1 (𝑡),

𝑑𝑆2(𝑡) = 𝑟𝑆2(𝑡) 𝑑𝑡 +
√

𝑣2(𝑡)𝑆2(𝑡) 𝑑𝑊𝑆2
(𝑡),

𝑑𝑣2(𝑡) = 𝜅2
(

𝜃2 − 𝑣2(𝑡)
)

𝑑𝑡 + 𝜎𝑣,2
√

𝑣2(𝑡) 𝑑𝑊𝑣2 (𝑡),

where 𝑣1(𝑡) and 𝑣2(𝑡) denote the instantaneous variance processes of electricity and natural gas, respectively, each following a Cox–
Ingersoll–Ross (CIR) square-root diffusion.

The Brownian motions are allowed to be correlated and satisfy

𝑑𝑊𝑆1
𝑑𝑊𝑣1 = 𝜌𝑆1 ,𝑣1 𝑑𝑡, 𝑑𝑊𝑆2

𝑑𝑊𝑣2 = 𝜌𝑆2 ,𝑣2 𝑑𝑡, 𝑑𝑊𝑆1
𝑑𝑊𝑆2

= 𝜌𝑆1 ,𝑆2
𝑑𝑡,

𝑑𝑊𝑆1
𝑑𝑊𝑣2 = 𝜌𝑆1 ,𝑣2 𝑑𝑡, 𝑑𝑊𝑣1 𝑑𝑊𝑆2

= 𝜌𝑣1 ,𝑆2
𝑑𝑡, 𝑑𝑊𝑣1 𝑑𝑊𝑣2 = 𝜌𝑣1 ,𝑣2 𝑑𝑡.

The spark-spread option grants the producer the right to receive at maturity 𝑇  the payoff [32]

Π(𝑆1(𝑇 ), 𝑆2(𝑇 )) = max
(

𝑆1(𝑇 ) −
𝑆2(𝑇 )
𝜂

, 0
)

, (1)

where 𝜂 > 0 denotes the efficiency of converting natural gas into electricity.
Let 𝑈 (𝑆1, 𝑣1, 𝑆2, 𝑣2, 𝑡) denote the time-𝑡 value function of the option. Then, under the risk-neutral measure, 𝑈 solves the following 

nonlinear partial differential equation:
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√

𝑣1𝑣2
𝜕2 𝑈
𝜕𝑣1𝜕𝑣2

+ 𝐺

(

𝑆2, 𝑣2,
𝜕2 𝑈
𝜕𝑆2

2

, 𝜕2 𝑈
𝜕𝑆2𝜕𝑣2

)

= 0, (2)

with terminal condition

𝑈 (𝑆1, 𝑣1, 𝑆2, 𝑣2, 𝑇 ) = Π(𝑆1, 𝑆2), (3)
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where

𝐺

(

𝑆2, 𝑣2,
𝜕2𝑈
𝜕𝑆2

2

, 𝜕2𝑈
𝜕𝑆2𝜕𝑣2

)

= 𝛾
√

2
𝜋𝛿𝑡

√

𝑣2 𝑆2

×

√

√

√

√

√

(

𝑆2
𝜕2𝑈
𝜕𝑆2

2

)2

+ 2𝜌𝑆2 ,𝑣2𝜎𝑣,2𝑆2
𝜕2𝑈
𝜕𝑆2

2

𝜕2𝑈
𝜕𝑆2𝜕𝑣2

+
(

𝜎𝑣,2
𝜕2𝑈

𝜕𝑆2𝜕𝑣2

)2
.

(4)

Here, 𝑟 denotes the continuously compounded risk-free interest rate, whereas the parameters 𝛾 > 0 and 𝛿𝑡 > 0 arise from the Leland 
transaction-cost model, see [28,33]. In particular, 𝛾 represents the proportional transaction cost rate (i.e., the percentage cost incurred 
for each unit of the underlying traded), while 𝛿𝑡 denotes the rebalancing time step of the discrete hedging strategy. Note that the 
expression under the square root in (4) is always non-negative, since it is a quadratic form associated with the positive semidefinite 
symmetric matrix 

(

1 𝜌𝑆2 ,𝑣2
𝜌𝑆2 ,𝑣2 1

)

.

We define the logarithmic returns as 𝑥1 = ln𝑆1 − ln𝑆1,0 and 𝑥2 = ln𝑆2 − ln𝑆2,0, and introduce the change of variables
𝑈 (𝑥1, 𝑣1, 𝑥2, 𝑣2, 𝑡) = 𝑈

(

𝑆1,0𝑒
𝑥1 , 𝑣1, 𝑆2,0𝑒

𝑥2 , 𝑣2, 𝑡
)

.

For simplicity of notation, we do not rename the function 𝑈 after the substitution. With this change of variables, Eq. (2) and the final 
condition (3) are rewritten as follows:

𝜕𝑈
𝜕𝑡

+
(

𝑟 − 1
2
𝑣1
) 𝜕𝑈
𝜕𝑥1

+ 𝜅1(𝜃1 − 𝑣1)
𝜕𝑈
𝜕𝑣1

+
(

𝑟 − 1
2
𝑣2
) 𝜕𝑈
𝜕𝑥2

+ 𝜅2(𝜃2 − 𝑣2)
𝜕𝑈
𝜕𝑣2

− 𝑟𝑈

+ 1
2
𝑣1

𝜕2 𝑈
𝜕𝑥21

+ 1
2
𝜎2𝑣,1𝑣1

𝜕2 𝑈
𝜕𝑣21

+ 1
2
𝑣2

𝜕2 𝑈
𝜕𝑥22

+ 1
2
𝜎2𝑣,2𝑣2

𝜕2 𝑈
𝜕𝑣22

+ 𝜌𝑆1 ,𝑣1𝜎𝑣,1𝑣1
𝜕2 𝑈

𝜕𝑥1𝜕𝑣1
+ 𝜌𝑆2 ,𝑣2𝜎𝑣,2𝑣2

𝜕2 𝑈
𝜕𝑥2𝜕𝑣2

+ 𝜌𝑆1 ,𝑆2

√

𝑣1𝑣2
𝜕2 𝑈

𝜕𝑥1𝜕𝑥2

+ 𝜌𝑆1 ,𝑣2𝜎𝑣,2
√

𝑣1𝑣2
𝜕2 𝑈

𝜕𝑥1𝜕𝑣2
+ 𝜌𝑣1 ,𝑆2

𝜎𝑣,1
√

𝑣1𝑣2
𝜕2 𝑈

𝜕𝑣1𝜕𝑥2
+ 𝜌𝑣1 ,𝑣2𝜎𝑣,1𝜎𝑣,2

√

𝑣1𝑣2
𝜕2 𝑈
𝜕𝑣1𝜕𝑣2

+ 𝐺𝑥

(

𝑣2,
𝜕𝑈
𝜕𝑥2

, 𝜕
2 𝑈
𝜕𝑥22

, 𝜕2 𝑈
𝜕𝑥2𝜕𝑣2

)

= 0, (5)

where

𝐺𝑥

(

𝑣2,
𝜕𝑈
𝜕𝑥2

, 𝜕
2𝑈
𝜕𝑥22

, 𝜕2𝑈
𝜕𝑥2𝜕𝑣2

)

= 𝛾
√

2
𝜋𝛿𝑡

√

𝑣2

×

√

√

√

√

√

(

𝜕2𝑈
𝜕𝑥22

− 𝜕𝑈
𝜕𝑥2

)2

+ 2𝜌𝑆2 ,𝑣2𝜎𝑣,2

(

𝜕2𝑈
𝜕𝑥22

− 𝜕𝑈
𝜕𝑥2

)

𝜕2𝑈
𝜕𝑥2𝜕𝑣2

+
(

𝜎𝑣,2
𝜕2𝑈

𝜕𝑥2𝜕𝑣2

)2
,

(6)

and

𝑈 (𝑥1, 𝑣1, 𝑥2, 𝑣2, 𝑇 ) = Π
(

𝑆1,0𝑒
𝑥1 , 𝑆2,0𝑒

𝑥2
)

. (7)

By introducing the variables
𝑦1 = 𝑥1, 𝑦2 = 𝑣1, 𝑦3 = 𝑥2, 𝑦4 = 𝑣2,

and defining the coefficient functions
𝛽1 = 𝑟 − 1

2 𝑦2, 𝛽2 = 𝜅1(𝜃1 − 𝑦2), 𝛽3 = 𝑟 − 1
2 𝑦4, 𝛽4 = 𝜅2(𝜃2 − 𝑦4),

𝛽1,1 =
1
2 𝑦2, 𝛽2,2 =

1
2𝜎

2
𝑣,1𝑦2, 𝛽3,3 =

1
2 𝑦4, 𝛽4,4 =

1
2𝜎

2
𝑣,2𝑦4,

𝛽1,2 =
1
2𝜌𝑆1 ,𝑣1𝜎𝑣,1𝑦2, 𝛽1,3 =

1
2𝜌𝑆1 ,𝑆2

√

𝑦2𝑦4, 𝛽1,4 =
1
2𝜌𝑆1 ,𝑣2𝜎𝑣,2

√

𝑦2𝑦4,

𝛽2,3 =
1
2𝜌𝑣1 ,𝑆2

𝜎𝑣,1
√

𝑦2𝑦4, 𝛽2,4 =
1
2𝜌𝑣1 ,𝑣2𝜎𝑣,1𝜎𝑣,2

√

𝑦2𝑦4, 𝛽3,4 =
1
2𝜌𝑆2 ,𝑣2𝜎𝑣,2𝑦4,

𝛽2,1 = 𝛽1,2, 𝛽3,1 = 𝛽1,3, 𝛽4,1 = 𝛽1,4, 𝛽3,2 = 𝛽2,3, 𝛽4,2 = 𝛽2,4, 𝛽4,3 = 𝛽3,4,

the nonlinear pricing Eq. (5) and the terminal condition (7) can be rewritten in the compact form

𝜕𝑈
𝜕𝑡

+
4
∑

𝑖=1
𝛽𝑖
𝜕𝑈
𝜕𝑦𝑖

+
4
∑

𝑖=1

4
∑

𝑗=1
𝛽𝑖,𝑗

𝜕2𝑈
𝜕𝑦𝑖𝜕𝑦𝑗

− 𝑟𝑈 + 𝐺

(

𝑦4,
𝜕𝑈
𝜕𝑦3

, 𝜕
2𝑈
𝜕𝑦23

, 𝜕2𝑈
𝜕𝑦3𝜕𝑦4

)

= 0, (8)

𝑈 (𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑇 ) = Π
(

𝑆1,0𝑒
𝑦1 , 𝑆2,0𝑒

𝑦3
)

. (9)
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2.2.  Black–Scholes call option on the maximum of 𝑛 assets with transaction costs

Let 𝑺(𝑡) = (𝑆1(𝑡),… , 𝑆𝑛(𝑡))⊤ denote the vector of underlying asset prices. Under the risk–neutral measure, each asset follows the 
geometric Brownian motion

d𝑆𝑖(𝑡) = 𝑟𝑆𝑖(𝑡) d𝑡 + 𝜎𝑖𝑆𝑖(𝑡) d𝑊𝑖(𝑡), 𝑖 = 1,… , 𝑛, (10)

where 𝑟 denotes the constant risk-free interest rate, 𝜎𝑖 > 0 is the (constant) volatility of asset 𝑖, and {𝑊𝑖(𝑡)}𝑛𝑖=1 are standard Brownian 
motions with instantaneous correlation structure

d𝑊𝑖(𝑡) d𝑊𝑗 (𝑡) = 𝜌𝑖𝑗 d𝑡, 𝜌𝑖𝑖 = 1, −1 ≤ 𝜌𝑖𝑗 ≤ 1, (11)

for 𝑖, 𝑗 = 1,… , 𝑛, where (𝜌𝑖𝑗 ) is a symmetric and positive semidefinite correlation matrix.
We assume that the initial asset prices are known, that is 

𝑆𝑖(0) = 𝑆𝑖,0, 𝑖 = 1,… , 𝑛. (12)

Let 𝑈 (𝑺, 𝑡) denote the time-𝑡 price of a European call option written on the maximum of 𝑛 underlying assets, with strike price 𝐸
and maturity 𝑇 . The payoff at maturity is given by

Π(𝑺(𝑇 )) = max
(

max
𝑖=1,…,𝑛

𝑆𝑖(𝑇 ) − 𝐸, 0
)

. (13)

In the presence of proportional transaction costs, modeled according to [28], 𝑈 satisfies for 𝑡 < 𝑇  the nonlinear pricing equation

𝜕𝑈
𝜕𝑡

+
𝑛
∑

𝑖=1
𝑟𝑆𝑖

𝜕𝑈
𝜕𝑆𝑖

+ 1
2

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝜌𝑖𝑗𝜎𝑖𝜎𝑗𝑆𝑖𝑆𝑗

𝜕2𝑈
𝜕𝑆𝑖𝜕𝑆𝑗

− 𝑟𝑈 + 𝐺(𝐒, 𝐷2𝑈 ) = 0, (14)

with the final condition
𝑈 (𝑺, 𝑇 ) = Π(𝑺), (15)

where

𝐺(𝑺, 𝐷2𝑈 ) = 1
2

√

2
𝜋𝛿𝑡

𝑛
∑

𝑖=1
𝛾𝑖𝑆𝑖

√

√

√

√

𝑛
∑

𝑗=1

𝑛
∑

𝑘=1

𝜕2𝑈
𝜕𝑆𝑖𝜕𝑆𝑗

𝜌𝑗𝑘𝜎𝑗𝜎𝑘𝑆𝑗𝑆𝑘
𝜕2𝑈

𝜕𝑆𝑖𝜕𝑆𝑘
, (16)

and 𝛾𝑖 > 0 is the transaction-cost parameter for asset 𝑖 and 𝛿𝑡 > 0 is the re-hedging interval. Again, it can be easily checked that, 
for each fixed 𝑖, the expression under the root in (16) is non-negative.

To obtain a formulation fully analogous to the spark-spread case, we introduce the logarithmic variables

𝑦𝑖 = ln
(

𝑆𝑖
𝑆𝑖,0

)

, 𝑖 = 1,… , 𝑛, (17)

and define
𝑈 (𝒚, 𝑡) = 𝑈 (𝑆1,0𝑒

𝑦1 ,… , 𝑆𝑛,0𝑒
𝑦𝑛 , 𝑡),

keeping the same symbol 𝑈 for simplicity. Under the transformation (17), Eq. (14) becomes 

𝜕𝑈
𝜕𝑡

+
𝑛
∑

𝑖=1

(

𝑟 − 1
2
𝜎2𝑖

) 𝜕𝑈
𝜕𝑦𝑖

+ 1
2

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝜌𝑖𝑗𝜎𝑖𝜎𝑗

𝜕2𝑈
𝜕𝑦𝑖𝜕𝑦𝑗

− 𝑟𝑈 + 𝐺𝑦(𝐷2𝑈,𝐷𝑈 ) = 0, (18)

with terminal condition
𝑈 (𝒚, 𝑇 ) = Π(𝑆1,0𝑒

𝑦1 ,… , 𝑆𝑛,0𝑒
𝑦𝑛 ), (19)

where

𝐺𝑦(𝐷2𝑈,𝐷𝑈 ) = 1
2

√

2
𝜋𝛿𝑡

𝑛
∑

𝑖=1
𝛾𝑖

√

√

√

√

𝑛
∑

𝑗=1

𝑛
∑

𝑘=1
𝐻𝑖𝑗 𝜌𝑗𝑘𝜎𝑗𝜎𝑘 𝐻𝑖𝑘, (20)

and

𝐻𝑖𝑗 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕2 𝑈
𝜕𝑦2𝑖

− 𝜕𝑈
𝜕𝑦𝑖

, 𝑖 = 𝑗,

𝜕2 𝑈
𝜕𝑦𝑖𝜕𝑦𝑗

, 𝑖 ≠ 𝑗.

Finally, let us define

𝛽𝑖 = 𝑟 − 1
2
𝜎2𝑖 , 𝛽𝑖𝑖 =

1
2
𝜎2𝑖 , 𝑖 = 1,… , 𝑛, (21)
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𝛽𝑖𝑗 =
1
2
𝜌𝑖𝑗𝜎𝑖𝜎𝑗 , 𝑖, 𝑗 = 1,… , 𝑛, 𝑖 ≠ 𝑗. (22)

Then Eq. (18) can be written in the compact form
𝜕𝑈
𝜕𝑡

+
𝑛
∑

𝑖=1
𝛽𝑖

𝜕𝑈
𝜕𝑦𝑖

+
𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝛽𝑖𝑗

𝜕2𝑈
𝜕𝑦𝑖𝜕𝑦𝑗

− 𝑟𝑈 + 𝐺𝑦(𝐷2𝑈,𝐷𝑈 ) = 0, (23)

together with the final condition (19).

3.  The meshless radial basis function method with Quasi-Monte Carlo centers

We will mainly focus on the meshless radial basis function (RBF) approximation of (23) with terminal condition (19). The numer-
ical treatment of (8) with terminal condition (7) follows the same collocation and time-stepping procedure, with the corresponding 
coefficient functions and Leland nonlinearity, and with the computational domain adapted to the spark-spread variables.

3.1.  Selection of RBF centers via an acceptance-rejection scheme

First, the unbounded spatial domain for 𝒚, namely ℝ𝑛, is truncated to a bounded hyper-rectangle

Ω𝑦 ∶=
𝑛
∏

𝑖=1
[ 𝑦𝑖,min, 𝑦𝑖,max ] ⊂ ℝ𝑛.

The bounds 𝑦𝑖,min and 𝑦𝑖,max are selected so that Ω𝑦 contains, with high probability, the range of values attained by the underlying state 
variables over the time horizon [0, 𝑇 ]. In practice, they are chosen sufficiently far from the initial state to ensure that the probability 
of the process reaching the artificial boundaries before maturity is negligible. The truncation is used to define the region in which 
the RBF centers are placed. No classical boundary conditions are imposed on the faces of Ω𝑦. Instead, the method approximates the 
Cauchy pricing problem by a global RBF expansion collocated at interior scattered centers.

Within Ω𝑦 we select 𝑁 scattered nodes 𝒚1, 𝒚2,… , 𝒚𝑁 , which serve as centers of the radial basis functions. Let 𝒚⋆ denote the state 
at which the option price is required at 𝑡 = 0. For the call option on the maximum of 𝑛 assets, the log-return transformation maps the 
initial asset vector to

𝒚⋆ = 𝟎.

For the spark-spread stochastic-volatility problem, instead,
𝒚⋆ = (0, 𝑣1,0, 0, 𝑣2,0)⊤.

We include the pricing state among the RBF centers by setting
𝒚1 = 𝒚⋆.

The remaining 𝑁 − 1 centers are distributed non-uniformly, placing more nodes in a neighborhood of 𝒚⋆ and progressively fewer 
toward the boundary of Ω𝑦.

This distribution reflects the fact that, over finite maturities, the underlying diffusion remains predominantly in regions close 
to the initial state. Increasing resolution in this region enhances the accuracy of the numerical approximation, whereas excessive 
refinement near the artificial boundaries would primarily affect states with low probabilistic relevance for pricing.

Therefore, we generate the remaining centers 𝒚2,… , 𝒚𝑁  through an acceptance–rejection procedure based on a Gaussian proposal 
centered at the pricing state 𝒚⋆ and truncated to Ω𝑦. Let

𝐷node = diag
(

𝑠node1 ,… , 𝑠node𝑛
)

, 𝑠node𝑖 = 𝛼 (𝑦𝑖,max − 𝑦𝑖,min), 𝛼 ∈ (0, 1). (24)

Here 𝑠node𝑖  is the proposal scale in the 𝑖th coordinate.
We then repeat the following steps until 𝑁 − 1 points are accepted. We draw 𝒖 ∈ (0, 1)𝑛 from a scrambled Sobol sequence and map 

it componentwise to a standard normal vector by the inverse normal transform,
𝒛 =

√

2 erf−1
(

2𝒖 − 𝟏
)

∼  (𝟎, 𝐼𝑛). (25)

The corresponding candidate center is
𝒚 = 𝒚⋆ +𝐷node𝒛. (26)

The candidate is accepted if ̃𝒚 ∈ Ω𝑦 componentwise; otherwise it is rejected and a new candidate is generated.
This procedure produces a truncated Gaussian-type center cloud on Ω𝑦, with higher density near the pricing state 𝒚⋆. The rejection 

step guarantees that all centers lie inside the computational domain and avoids ad-hoc clipping at the boundary. The parameter 𝛼
controls the concentration of the node set: smaller values yield tighter clustering around 𝒚⋆, whereas larger values increase the 
coverage of Ω𝑦. In the numerical experiments we use 𝛼 = 0.2. Thus, the proposal scale in each coordinate is set equal to 20% of the 
width of the corresponding truncated interval. For example, for a log-return coordinate truncated to [−1, 1], Eq. (24) gives 𝑠node𝑖 =
0.2 × 2 = 0.4. For a variance coordinate truncated to [10−4, 0.3], it gives 𝑠node𝑖 = 0.2 × (0.3 − 10−4) ≃ 0.06.
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Fig. 1. Projection of the 𝑁 = 3000 RBF centers {𝒚𝑘}𝑁𝑘=1 ⊂ [−1, 1]8 onto the first three coordinates (𝑦1, 𝑦2, 𝑦3) for the numerical experiment on the 
European call option on the maximum of eight assets. The quasi–Monte Carlo acceptance–rejection procedure based on a Gaussian cloud centered 
at 𝟎 yields a point set that fills the hypercube while being visibly denser in a neighborhood of 𝒚⋆ = 𝟎, i.e., in the region where the log-return process 
has the highest probability mass over the time horizon.

Fig. 1 illustrates the distribution of nodes obtained with the proposed generation strategy in the numerical experiment for the 
European call option on the maximum of eight assets described in Section 4.1 (see Table 2). Since a graphical representation beyond 
three dimensions is not possible, only the first three coordinates of the RBF centers are displayed. In this test case the pricing state is 
𝒚⋆ = 𝟎. The resulting cloud therefore improves the resolution near the initial state and avoids allocating too many degrees of freedom 
to peripheral regions with low probabilistic relevance, leading to a more efficient use of the RBF centers in the high-dimensional 
approximation.

3.2.  The RBF discretization

We approximate the solution 𝑈 (𝒚, 𝑡) of (23) by the meshless RBF expansion

𝑈RBF(𝒚, 𝑡) =
𝑁
∑

𝑘=1
𝑐𝑘(𝑡) Φ𝑘

(

‖𝒚 − 𝒚𝑘‖
)

, (27)

where ‖ ⋅ ‖ denotes the Euclidean norm, 𝒚1,… , 𝒚𝑁 ∈ ℝ𝑛 are the RBF centers selected by the quasi–Monte Carlo acceptance–rejection 
procedure described in Section 3.1, Φ𝑘 are radial basis functions centered at 𝒚𝑘, and 𝑐𝑘(𝑡) are time-dependent coefficients to be 
determined.

Several choices for Φ𝑘 are possible, see [34]. In this paper, we use the popular multiquadrics:

Φ𝑘(𝑟) =

√

1 +
(

𝑟
𝜖𝑘

)2
, 𝑘 = 1,… , 𝑁, (28)

where 𝜖𝑘 > 0 is a so-called shape parameter, whose selection is discussed later.
Let us consider the approximate solution and its derivatives with respect to 𝒚 evaluated at the centers 𝒚1,… , 𝒚𝑁 :

𝑼RBF(𝑡) =
⎛

⎜

⎜

⎝

𝑈RBF(𝒚1, 𝑡)
⋮

𝑈RBF(𝒚𝑁 , 𝑡)

⎞

⎟

⎟

⎠

, (29)

𝑼RBF
𝑦𝑖

(𝑡) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜕𝑈RBF(𝒚, 𝑡)
𝜕𝑦𝑖

|

|

|

|

|𝒚=𝒚1
⋮

𝜕𝑈RBF(𝒚, 𝑡)
𝜕𝑦𝑖

|

|

|

|

|𝒚=𝒚𝑁

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝑖 = 1,… , 𝑛, (30)
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𝑼RBF
𝑦𝑖𝑦𝑗

(𝑡) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝜕2𝑈RBF(𝒚, 𝑡)
𝜕𝑦𝑖𝜕𝑦𝑗

|

|

|

|

|𝒚=𝒚1
⋮

𝜕2𝑈RBF(𝒚, 𝑡)
𝜕𝑦𝑖𝜕𝑦𝑗

|

|

|

|

|𝒚=𝒚𝑁

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝑖, 𝑗 = 1,… , 𝑛. (31)

We set 𝒄(𝑡) = (𝑐1(𝑡),… , 𝑐𝑁 (𝑡))𝑇 . Using (27), the vectors (29)–(31) can be written as
𝑼RBF(𝑡) = 𝑨𝒄(𝑡), 𝑼RBF

𝑦𝑖
(𝑡) = 𝑨𝑦𝑖𝒄(𝑡), 𝑼RBF

𝑦𝑖𝑦𝑗
(𝑡) = 𝑨𝑦𝑖 ,𝑦𝑗 𝒄(𝑡), (32)

where 𝑨 ∈ ℝ𝑁×𝑁  has entries 𝑨𝓁𝑘 = Φ𝑘(‖𝒚𝓁 − 𝒚𝑘‖), and 𝑨𝑦𝑖 ,𝑨𝑦𝑖 ,𝑦𝑗 ∈ ℝ𝑁×𝑁  collect, respectively, the first- and second-order derivatives 
of Φ𝑘(‖𝒚 − 𝒚𝑘‖) with respect to 𝑦𝑖 and (𝑦𝑖, 𝑦𝑗 ), evaluated at 𝒚 = 𝒚𝓁 , 𝓁 = 1,… , 𝑁 .

Let 𝛽𝑖(𝒚) and 𝛽𝑖,𝑗 (𝒚) denote the coefficients appearing in (23). For the call option on the maximum of 𝑛 assets these coefficients are 
constant with respect to 𝒚, whereas in the spark-spread model they depend explicitly on 𝒚. Then let us define the diagonal matrices 
obtained by collocation at the centers:

𝑩𝑖 = diag
(

𝛽𝑖(𝒚1),… , 𝛽𝑖(𝒚𝑁 )
)

, 𝑖 = 1,… , 𝑛, (33)

𝑩𝑖,𝑗 = diag
(

𝛽𝑖,𝑗 (𝒚1),… , 𝛽𝑖,𝑗 (𝒚𝑁 )
)

, 𝑖, 𝑗 = 1,… , 𝑛. (34)

The Leland nonlinearity 𝐺𝑦(𝐷2𝑈,𝐷𝑈 ) depends on first and second derivatives through

𝐻𝑒
𝑖𝑗 (𝒚, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕2 𝑈 (𝒚, 𝑡)
𝜕𝑦2𝑖

−
𝜕𝑈 (𝒚, 𝑡)
𝜕𝑦𝑖

, 𝑖 = 𝑗,

𝜕2 𝑈 (𝒚, 𝑡)
𝜕𝑦𝑖𝜕𝑦𝑗

, 𝑖 ≠ 𝑗,
𝑖, 𝑗 = 1,… , 𝑛.

Accordingly, at the collocation nodes we form the vectors

𝑯𝑒,RBF
𝑖𝑗 (𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑼RBF
𝑦𝑖𝑦𝑖

(𝑡) − 𝑼RBF
𝑦𝑖

(𝑡), 𝑖 = 𝑗,

𝑼RBF
𝑦𝑖𝑦𝑗

(𝑡), 𝑖 ≠ 𝑗,
𝑖, 𝑗 = 1,… , 𝑛, (35)

where 𝑼RBF
𝑦𝑖

 and 𝑼RBF
𝑦𝑖𝑦𝑗

 are given by (32). Then, for each node 𝒚𝓁 we evaluate 𝐺𝑦 by replacing the exact derivatives with the RBF ones. 
In components, for 𝓁 = 1,… , 𝑁 ,

𝐺RBF𝓁 (𝑡) = 1
2

√

2
𝜋𝛿𝑡

𝑛
∑

𝑖=1
𝛾𝑖

√

√

√

√

𝑛
∑

𝑗=1

𝑛
∑

𝑘=1
𝐻𝑒,RBF

𝑖𝑗 (𝒚𝓁 , 𝑡) 𝜌𝑗𝑘𝜎𝑗𝜎𝑘 𝐻
𝑒,RBF
𝑖𝑘 (𝒚𝓁 , 𝑡). (36)

By collocating Eq. (23) at 𝒚1,… , 𝒚𝑁  and using (32)–(34) together with (36), we obtain the nonlinear system of ordinary differential 
equations:

𝑨 𝑑𝒄(𝑡)
𝑑𝑡

+
𝑛
∑

𝑖=1
𝑩𝑖 𝑨𝑦𝑖 𝒄(𝑡) +

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝑩𝑖,𝑗 𝑨𝑦𝑖 ,𝑦𝑗 𝒄(𝑡) − 𝑟𝑨𝒄(𝑡) +𝑮RBF(𝑡) = 𝟎. (37)

Let 𝑀 denote the number of time levels. We define the uniform time grid

𝑡𝑚 = 𝑚Δ𝑡, 𝑚 = 0,… ,𝑀 − 1, Δ𝑡 = 𝑇
𝑀 − 1

,

so that 𝑡0 = 0 and 𝑡𝑀−1 = 𝑇 , and define the time-independent linear matrix

𝑳 = 𝑨 − Δ𝑡

( 𝑛
∑

𝑖=1
𝑩𝑖 𝑨𝑦𝑖 +

𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
𝑩𝑖,𝑗 𝑨𝑦𝑖 ,𝑦𝑗 − 𝑟𝑨

)

. (38)

We advance backward in time using an implicit-explicit (IMEX) Euler step: the linear differential operator is treated implicitly at 𝑡𝑚−1, 
while the nonlinear Leland term is evaluated explicitly at the known time level 𝑡𝑚. More precisely, for 𝑚 = 𝑀 − 1,𝑀 − 2,… , 1,

𝑳𝒄(𝑡𝑚−1) = 𝑨𝒄(𝑡𝑚) + Δ𝑡𝑮RBF(𝑡𝑚), (39)

where 𝑮RBF(𝑡𝑚) is computed as follows: given 𝒄(𝑡𝑚), we obtain 𝑼RBF(𝑡𝑚), 𝑼RBF
𝑦𝑖

(𝑡𝑚), and 𝑼RBF
𝑦𝑖𝑦𝑗

(𝑡𝑚) from (32), form 𝑯𝑒,RBF
𝑖𝑗 (𝑡𝑚) via (35), 

and finally evaluate 𝑮RBF(𝑡𝑚) componentwise using (36). Thus, at each backward time step we solve a linear system with the same 
matrix 𝑳.

To initialize the backward recursion, we compute 𝒄(𝑡𝑀−1) by enforcing the terminal payoff (19) at the 𝑁 RBF centers:
𝑨𝒄(𝑡𝑀−1) =

(

Π(𝒚1),… ,Π(𝒚𝑁 )
)𝑇 , (40)
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where Π(𝒚𝓁) = Π(𝑆1,0𝑒𝑦𝓁,1 ,… , 𝑆𝑛,0𝑒𝑦𝓁,𝑛 ).
Once 𝒄(𝑡0) is known, the approximation of the option price at 𝑡 = 0 is

𝑼RBF(𝑡0) = 𝑨𝒄(𝑡0).

Since the first RBF center is chosen to coincide with the pricing state, 𝒚1 = 𝒚⋆, the desired option value is the first component of 
𝑨𝒄(𝑡0).

Remark 1. Since the matrix 𝑳 does not depend on time, its LU factorization is computed only once at the beginning of the time-
stepping procedure and reused at each subsequent step, which significantly reduces the overall computational cost. 

3.3.  Choosing the shape parameter

It is well known that the performance of RBF collocation methods is sensitive to the choice of the shape parameters. For multi-
quadric bases, increasing 𝜖𝑘 typically enhances the approximation power (hence the achievable accuracy), but at the same time it 
worsens the conditioning of the interpolation and differentiation matrices, making the resulting linear systems more ill-conditioned.

In this paper, following [4,6], we adopt a node-dependent choice
𝜖𝑘 = 𝑞 𝑟𝑘, 𝑘 = 1, 2,… , 𝑁, (41)

where 𝑟𝑘 denotes the average Euclidean distance of the center 𝒚𝑘 from all the other centers,

𝑟𝑘 = 1
𝑁 − 1

𝑁
∑

𝓁=1
𝓁≠𝑘

‖𝒚𝑘 − 𝒚𝓁‖, (42)

and 𝑞 > 0 is a tunable scaling constant controlling the trade-off between accuracy and conditioning. In the numerical experiments 
reported below we set 𝑞 = 0.5, which provided a very satisfactory empirical compromise between approximation accuracy and con-
ditioning.

Remark 2.  A rigorous convergence analysis of the proposed method is highly nontrivial and is beyond the scope of the present paper. 
Stability and convergence results are available for localized RBF-FD and related stencil-based methods in some specific settings, but the 
method considered here belongs to the class of global RBF collocation methods. For option-pricing PDEs in their natural formulation, 
and to the best of our knowledge, no rigorous convergence proof is currently available for such global meshless collocation methods, 
even in the linear case. The main difficulties are that option-pricing problems are posed on unbounded spatial domains and involve 
non-smooth terminal data, owing to the non-differentiability of the payoff.

In the present framework, the analysis is further complicated by the truncation of the unbounded spatial domain, the use of non-
uniform quasi–Monte Carlo acceptance–rejection center clouds, and, in the Leland case, the nonlinear dependence on second-order 
derivatives of the solution. We therefore assess the method through a broad set of numerical experiments, including comparisons 
with benchmark solutions. 

4.  Computational experiments

We report numerical results for the two test problems introduced in Section 2. All computations were performed on a standard 
desktop computer equipped with an i9 processor and 32 GB of RAM. All software was implemented in MATLAB.

4.1.  Parameters and data

This section summarizes the numerical parameters employed in the experiments for both the spark-spread option and the call 
option on the maximum of several assets. In the latter case, we consider a European call written on the maximum of 8 underlying 
assets. For the Heston and Leland models, we adopt parameter values within ranges commonly used in the literature (see, e.g., 
[35,36]). Moreover, for the spark-spread option problem, the initial values 𝑆1,0, 𝑆2,0, and the efficiency parameter 𝜂 are taken from 
[37] (Table 1).

For the spark-spread option problem, the mesh bounds are set to 𝑦𝑖,min = −1 and 𝑦𝑖,max = 1 for 𝑖 ∈ {1, 3}, and to 𝑦𝑖,min = 10−4 and 
𝑦𝑖,max = 0.3 for 𝑖 ∈ {2, 4}. These bounds lie within commonly used ranges for log-return variables and variance processes, respectively. 
Accordingly, the log-return variables satisfy log(𝑆𝑖∕𝑆𝑖,0) ∈ [−1, 1], 𝑖 = 1, 2, while the variance variables satisfy 𝑣𝑖 ∈ [10−4, 0.3], 𝑖 = 1, 2.

Moreover, throughout the numerical experiments we set 𝑀 = 20, where 𝑀 denotes the number of time levels in the notation of 
Section 3.2. Hence,

Δ𝑡 = 𝑇
𝑀 − 1

.

With this choice, no instability issues were observed when using the IMEX Euler scheme. Additional computations with larger values 
of 𝑀 , not reported for brevity, produced negligible changes in the computed prices; the dominant numerical errors remain those due 
to the spatial RBF approximation and to the randomized quasi–Monte Carlo generation of the centers, as discussed in Section 4.3.

For the call option on the maximum of eight assets problem, the mesh bounds are chosen as 𝑦𝑖,min = −1 and 𝑦𝑖,max = 1, so that 
log(𝑆𝑖∕𝑆𝑖,0) ∈ [−1, 1], for 𝑖 = 1,… , 8. Together, the spark-spread bounds specified above and the call-on-the-maximum bounds adopted 
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Table 1 
Spark-spread option: contract and model parameters.
 Parameter  Value
𝑟 0.1
𝑇 0.5
𝜂 0.5
(𝑆1,0 , 𝑆2,0) (43.73, 20.29)
(𝑣1,0 , 𝑣2,0) (0.01, 0.01)
(𝜅1 , 𝜃1 , 𝜎𝑣,1) (2, 0.01, 0.1)
(𝜅2 , 𝜃2 , 𝜎𝑣,2) (0.5, 0.01, 0.2)
(𝜌𝑆1 ,𝑣1 , 𝜌𝑆2 ,𝑣2 , 𝜌𝑆1 ,𝑆2

, 𝜌𝑣1 ,𝑣2 , 𝜌𝑆1 ,𝑣2 , 𝜌𝑣1 ,𝑆2
) (−0.5, −0.5, 0.8, 0.6, −0.6, −0.6)

(𝛾, 𝛿𝑡) (gas leg) (0.01, 0.01)

Table 2 
Call on the maximum: contract and model parameters.
 Parameter  Value
𝑛  8
𝑟 0.03
𝑇 1.0
𝐸 100
𝑆𝑖,0 100 for all 𝑖
𝜎𝑖 0.2 for 𝑖 = 1, 3, 5, 7, and 0.3 for 𝑖 = 2, 4, 6, 8

𝜌𝑖𝑗 (−1)𝑖+𝑗
𝑖 + 𝑗
25

 for 1 ≤ 𝑖 ≠ 𝑗 ≤ 8

𝛾𝑖 0.01 for 𝑖 = 1,… , 8
𝛿𝑡 0.01

here are supported by the sensitivity tests reported in Appendix A, which show that the adopted domains provide a reasonable 
compromise between placing the artificial boundaries sufficiently far from the initial state and maintaining an adequate density of 
RBF centers in the pricing-relevant region.

As before, we set 𝑀 = 20 time levels.

4.2.  Numerical results

In the following, we report numerical experiments in which the number 𝑁 of RBF centers is varied in order to investigate how 
the accuracy of the meshless approximation depends on 𝑁 . Since the RBF approximation depends on the locations of the centers, 
and the centers are generated by a randomized quasi–Monte Carlo acceptance–rejection procedure, the computed value 𝑈RBF varies 
across different randomized center clouds. For this reason, for each value of 𝑁 we perform 50 independent randomized quasi–Monte 
Carlo replications, using a new scrambling of the Sobol sequence in each run. We report the empirical mean of 𝑈RBF, its standard 
error, computed as

Std(𝑈RBF)∕
√

50,

and the observed minimum and maximum values across the 50 replications. The reported CPU time is the average computational 
time per replication.

4.3.  Validation in the absence of transaction costs

To validate the numerical method, we first consider linear versions of the two pricing problems without incorporating the Leland 
transaction cost model, for which benchmark solutions are available: for the spark-spread option, the RBF results are compared with 
Monte Carlo simulations, whereas for the call option on the maximum of several assets, the analytical formula in [38] is employed. 
Specifically, linearity is obtained by setting the transaction cost parameters to zero, namely 𝛾 = 0 for the spark-spread problem and 
𝛾𝑖 = 0 for all 𝑖 in the call-on-the-maximum problem.

The results obtained are reported in Tables 3 and 4.
Overall, the RBF approximations are stable and become more accurate as the number of nodes 𝑁 increases.
For the spark-spread option (see Table 3), the estimated price 𝑈RBF approaches the Monte Carlo benchmark 3.2201 as 𝑁 grows: the 

absolute error decreases from 4.56 × 10−2 at 𝑁 = 1000 to 2.5 × 10−3 at 𝑁 = 3000, corresponding to relative errors of about 1.42% and 
0.08%, respectively. In addition, the standard error decreases with 𝑁 , indicating improved robustness of the numerical approximation.

For the option on the maximum of eight assets (Table 4), 𝑈RBF remains consistently close to the analytical reference value 42.0191. 
As 𝑁 increases, the absolute error decreases from 2.056 × 10−1 at 𝑁 = 1000 to 1.532 × 10−1 at 𝑁 = 3000, corresponding to relative errors 
of about 0.49% and 0.37%, respectively. The standard error also decreases with 𝑁 , indicating improved stability of the estimator, and 
the analytical benchmark falls within the empirical range [min(𝑈RBF),max(𝑈RBF)] for all tested values of 𝑁 .

For both the spark-spread option and the option on the maximum of eight assets the CPU time remains on the order of a few 
seconds even for 𝑁 = 3000. This confirms the computational efficiency of the method in the reported experiments.
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Table 3 
Spark-spread option with no transaction costs: average option price 𝑈RBF, 
standard error, minimum 𝑈RBF, maximum 𝑈RBF, and average CPU time per 
replication for different values of 𝑁 . The standard error is computed as the 
standard deviation Std(𝑈RBF) divided by the square root of the number of 
replications. The Monte Carlo reference value, computed with 107 simulated 
payoffs and 500 time discretization steps, is 3.2201.

𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)  CPU time (s)
 1000  3.2657  0.0133  3.0582  3.4336  0.148
 2000  3.2400  0.0124  3.0139  3.4458  0.637
 3000  3.2226  0.0108  3.0350  3.3636  1.464

Table 4 
Option on the maximum of eight assets under the linear Black–Scholes model 
with no transaction costs: average option price 𝑈RBF, standard error, minimum 
𝑈RBF, maximum 𝑈RBF, and average CPU time per replication for different val-
ues of 𝑁 . The standard error is computed as the standard deviation Std(𝑈RBF)
divided by the square root of the number of replications. The analytical bench-
mark value, computed using the formula derived in [38], is 42.0191.

𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)  CPU time (s)
 1000  42.2247  0.0918  40.8394  43.5666  0.277
 2000  42.1989  0.0469  41.3114  42.8741  1.292
 3000  42.1723  0.0390  41.5168  42.8424  2.837

Fig. 2. Linear benchmark cases: absolute pricing error as a function of the number of RBF centers 𝑁 . Left panel: spark-spread option, with errors 
computed against the Monte Carlo reference value 3.2201, obtained using 107 simulated payoffs and 500 time steps. Right panel: call option on the 
maximum of eight assets, with errors computed against the analytical reference value 42.0191, obtained from the formula of [38].

Finally, Fig. 2 provides a graphical summary of the accuracy of the proposed RBF method in the two linear benchmark cases.
The results in Tables 3 and 4 show that the numerical accuracy is also affected by the variability induced by the quasi–Monte 

Carlo generation of the RBF centers. This variability is reflected both in the standard errors and in the minimum and maximum 
values reported in Tables 3 and 4. For instance, in the linear spark-spread case with 𝑁 = 3000, the error of the empirical mean with 
respect to the benchmark solution is 2.5 × 10−3, while the standard error is 1.08 × 10−2 and the computed prices range from 3.0350 to 
3.3636. Similarly, for the linear call option on the maximum of eight assets with 𝑁 = 3000, the mean error is 1.532 × 10−1, whereas 
the standard error is 3.90 × 10−2 and the empirical range is [41.5168, 42.8424].

These comparisons indicate that, for the tested values of 𝑁 , the residual variability due to the random generation of the centers 
is not negligible. Nevertheless, increasing 𝑁 improves the spatial resolution and generally reduces the variability across independent 
node realizations, as shown by the decreasing standard errors. The empirical min–max ranges also tend to become narrower for 
larger values of 𝑁 , although they need not decrease monotonically for every transition because each value of 𝑁 is associated with 
independently generated center clouds. Thus, the observed numerical error should be interpreted as the combined effect of the spatial 
RBF approximation error and the sampling variability of the RBF node set. The decreasing trend of the error of the empirical mean 
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Table 5 
Spark-spread option with transaction costs: average option price 𝑈RBF, stan-
dard error, minimum 𝑈RBF, maximum 𝑈RBF, and average CPU time per replica-
tion for different values of 𝑁 . The standard error is computed as the standard 
deviation Std(𝑈RBF) divided by the square root of the number of replications.

𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)  CPU time (s)
 1000  3.7960  0.0112  3.6062  3.9445  0.153
 2000  3.7475  0.0060  3.6268  3.8417  0.659
 3000  3.7304  0.0055  3.6435  3.8063  1.462

Table 6 
Option on the maximum of eight assets under the Black–Scholes model with 
transaction costs: average option price 𝑈RBF, standard error, minimum 𝑈RBF, 
maximum 𝑈RBF, and average CPU time per replication for different values of 
𝑁 . The standard error is computed as the standard deviation Std(𝑈RBF) divided 
by the square root of the number of replications.

𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)  CPU time (s)
 1000  51.1221  0.0902  49.7170  52.2471  0.642
 2000  51.1296  0.0479  50.1991  51.7222  2.688
 3000  51.0646  0.0337  50.4341  51.6132  5.935

Table 7 
Spark-spread option: absolute and percentage premium induced 
by the Leland transaction-cost correction relative to the corre-
sponding frictionless RBF price.
𝑁 𝑈RBF

linear 𝑈RBF
TC  Absolute premium  Premium (%)

 1000  3.2657  3.7960  0.5303  16.24
 2000  3.2400  3.7475  0.5075  15.66
 3000  3.2226  3.7304  0.5078  15.76

Table 8 
Option on the maximum of eight assets: absolute and percentage 
premium induced by the Leland transaction-cost correction relative 
to the corresponding frictionless RBF price.
𝑁 𝑈RBF

linear 𝑈RBF
TC  Absolute premium  Premium (%)

 1000  42.2247  51.1221  8.8974  21.07
 2000  42.1989  51.1296  8.9307  21.16
 3000  42.1723  51.0646  8.8923  21.09

indicates improved spatial accuracy, while the standard errors and min–max ranges quantify the remaining uncertainty associated 
with the quasi–Monte Carlo center generation.

4.4.  Nonlinear pricing under the leland transaction cost model

We now consider the full nonlinear Leland model with transaction costs. The corresponding numerical results are reported in 
Tables 5 and 6.

In the nonlinear case, increasing 𝑁 leads to stable and more consistent RBF approximations. The dispersion across independent 
center realizations decreases, and the computed prices stabilize as the spatial resolution is refined, as reflected by the reduction in 
the standard error and the progressive narrowing of the empirical range [min(𝑈RBF),max(𝑈RBF)]. The inclusion of transaction costs 
leads to higher option values compared with the frictionless case, consistently with the interpretation of the Leland adjustment as 
accounting for additional hedging or replication costs.

To quantify the magnitude of the nonlinear Leland correction more explicitly, we compute the transaction-cost premium relative 
to the corresponding frictionless RBF price. For each value of 𝑁 , the percentage premium is defined as

Premium(%) = 100
𝑈RBF
TC − 𝑈RBF

linear

𝑈RBF
linear

,

where 𝑈RBF
linear denotes the price obtained in the absence of transaction costs and 𝑈RBF

TC  denotes the price obtained under the nonlinear 
Leland transaction-cost model. The resulting absolute and percentage premiums are reported in Tables 7 and 8.

Tables 7 and 8 show that the estimated transaction-cost adjustment is stable across the tested spatial resolutions. For the spark-
spread option, the percentage premium stabilizes around 15.7% for the larger values of 𝑁 . For the option on the maximum of eight 
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Table 9 
Spark-spread option with transaction costs: minimum and maximum 
values of 𝜅2(𝐴) and 𝜅2(𝐿), where 𝜅2(𝐵) = ‖𝐵‖2‖𝐵−1

‖2 denotes the 2-
norm condition number of a matrix 𝐵. The quantities are computed 
over the 50 independent realizations of the RBF centers for different 
values of 𝑁 .

𝑁  Min 𝜅2(𝐴)  Max 𝜅2(𝐴)  Min 𝜅2(𝐿)  Max 𝜅2(𝐿)
 1000 5.7170 × 109 2.4290 × 1010 3.6389 × 109 1.7443 × 1010

 2000 3.2398 × 1011 1.3771 × 1012 1.9131 × 1011 8.0876 × 1012

 3000 3.8785 × 1012 1.5692 × 1013 2.0898 × 1012 8.3591 × 1012

Table 10 
Option on the maximum of eight assets under the Black–Scholes 
model with transaction costs: minimum and maximum values of 
𝜅2(𝐴) and 𝜅2(𝐿), where 𝜅2(𝐵) = ‖𝐵‖2‖𝐵−1

‖2 denotes the 2-norm 
condition number of a matrix 𝐵. The quantities are computed over 
the 50 independent realizations of the RBF centers for different 
values of 𝑁 .

𝑁  Min 𝜅2(𝐴)  Max 𝜅2(𝐴)  Min 𝜅2(𝐿)  Max 𝜅2(𝐿)
 1000 2.5056 × 105 4.8156 × 105 2.1416 × 105 3.9531 × 105

 2000 9.2241 × 105 1.8205 × 106 7.6760 × 105 1.4574 × 106

 3000 1.9141 × 106 6.7262 × 106 1.5133 × 106 5.7147 × 106

assets, the premium remains close to 21.1% across all tested values of 𝑁 . These results indicate that the nonlinear Leland correction 
produces an economically significant increase in the option value and that this increase is robust with respect to the number of RBF 
centers.

A closer inspection of Tables 5 and 6 further shows that, as 𝑁 increases, the empirical mean of 𝑈RBF stabilizes and the dispersion 
across independent runs decreases noticeably. For the spark-spread option, the estimated price decreases slightly as the spatial resolu-
tion improves, suggesting that coarser discretizations may mildly overestimate the nonlinear adjustment. A similar pattern is observed 
for the option on the maximum of eight assets, where the empirical range narrows as 𝑁 increases. Overall, Tables 5–8 indicate that 
the proposed RBF collocation method with randomized quasi–Monte Carlo center generation exhibits consistent numerical behavior 
in the nonlinear regime, with stable transaction-cost premiums and reduced sampling variability as the number of centers increases.

4.4.1.  Conditioning of the collocation matrices
It is well known that global RBF collocation methods may lead to ill-conditioned interpolation and differentiation matrices, 

especially when globally supported basis functions are used and the number of centers increases; see, for example, [3,34,39]. In order 
to assess this aspect for the present implementation, we computed the 2-norm condition numbers 𝜅2(𝐴) and 𝜅2(𝐿) of the interpolation 
matrix 𝐴 and of the implicit time-stepping matrix 𝐿, defined in (32) and (38), respectively. These are the quantities returned by 
MATLAB’s cond function by default. The results for the two nonlinear test cases are reported in Tables 9 and 10. Since the RBF 
centers are randomly generated, we report the minimum and maximum condition numbers observed over the independent runs.

In the spark-spread problem with stochastic volatility, the matrices are relatively ill-conditioned: the largest observed condition 
number is of the order of 1013 for 𝐴 and of the order of 1012–1013 for 𝐿. This is not unexpected for a global RBF collocation method 
with multiquadric basis functions. Nevertheless, these values did not lead to solver failures or to visible instabilities in the computed 
option prices.

As a diagnostic indication, for a backward stable direct solver in double precision, the roundoff error in the solution of linear 
systems involving 𝐿 can be related to the condition number through the worst-case relative scale

𝜅2(𝐿) 𝜀mach,

where 𝜅2(𝐿) = ‖𝐿‖2‖𝐿−1
‖2 denotes the 2-norm condition number of 𝐿, and 𝜀mach = eps ≃ 2.22 × 10−16 is the machine epsilon of 

MATLAB double-precision arithmetic. In the most ill-conditioned cases reported in Table 9, this quantity is of order
1013 × 2.22 × 10−16 ≃ 2 × 10−3,

corresponding to a worst-case relative scale of about 0.2% for the linear solves.
This value should not be interpreted as an absolute error on the option price. It is a worst-case conditioning estimate for the 

solution of the linear systems, and the actual forward error also depends on the right-hand side, the residual, and the structure of the 
matrices. In practice, the absence of solver failures or visible instabilities, together with the behavior of the computed prices across 
independent center realizations and increasing values of 𝑁 , indicates that the dominant numerical effects in the reported experiments 
are those due to the spatial RBF approximation and to the randomized generation of the centers, rather than to linear-algebra failure.

For the eight-dimensional Black–Scholes test case, the conditioning is considerably milder. The observed condition numbers range 
from approximately 105 to 107, so that the corresponding worst-case roundoff amplification is only of order 10−11–10−9 in relative 
terms. In this case, the conditioning is therefore entirely negligible compared with the discretization error.
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Fig. 3. Projection of the 𝑁 = 3000 RBF centers {𝒚𝑘}𝑁𝑘=1 ⊂ [−1, 1]8 onto the first three coordinates (𝑦1, 𝑦2, 𝑦3) for the numerical experiment on the 
European call option on the maximum of eight assets, when the centers are sampled uniformly on the computational domain. The uniform point 
set fills the hypercube without any concentration near 𝒚⋆ = 𝟎, in contrast with the quasi–Monte Carlo acceptance–rejection cloud shown in Fig. 1.

No additional stabilization, such as Tikhonov regularization, filtering, or multiprecision arithmetic, was employed in the numerical 
experiments. All computations were performed in MATLAB double precision. The linear systems were solved using the built-in direct 
solver, based on LU factorization with pivoting. Since the matrix 𝐿 does not depend on time, its LU factorization was computed 
once and then reused at all time steps. With this standard linear-algebra treatment, no solver failure, loss of stability, or abnormal 
sensitivity of the reported option prices was observed.

5.  Additional numerical tests

The additional tests in this section focus on the linear Black–Scholes version of the call option on the maximum of eight assets. This 
setting is particularly useful because the analytical representation of [38] provides a reliable benchmark for the option value and, 
through finite-difference differentiation of the same formula, for the Greeks. We therefore use it both to assess the effect of replacing 
the proposed probability-adapted center cloud with a uniformly distributed center set and to validate the direct computation of 
sensitivities from the RBF differentiation matrices.

5.1.  Comparison with a uniformly distributed center set

In order to assess the advantage of the proposed probability-adapted generation of RBF centers, we performed an additional 
experiment in which the centers are sampled uniformly over the same computational domain. More precisely, we consider the linear 
version of the call option on the maximum of eight assets, since in this case the analytical benchmark value is available from the 
formula of [38]. The spatial domain remains unchanged, namely 𝑦𝑖 ∈ [−1, 1], 𝑖 = 1,… , 8, but the RBF centers are now drawn from 
the uniform distribution on the hypercube instead of using the Gaussian acceptance–rejection strategy described in Section 3.1.

For comparison with Figs. 1, 3 displays the projection of the uniformly generated centers onto the first three coordinates in the 
case 𝑁 = 3000. Unlike the acceptance–rejection cloud, the uniform point set does not concentrate around the pricing state 𝒚⋆ = 𝟎, 
and a much larger fraction of centers is allocated to peripheral regions of the hypercube.

The results are reported in Table 11. In contrast with the probability-adapted node distribution, the uniformly distributed center 
set requires a substantially larger number of centers to approach the analytical benchmark value 42.0191. Even when 𝑁 = 7000, the 
average computed price is still 40.7728, corresponding to a relative error of approximately 2.97%. This remains much larger than the 
relative error obtained with the proposed non-uniform strategy using only 𝑁 = 3000 centers.

The comparison between Table 11 and Table 4 clearly shows the benefit of the proposed non-uniform center generation strategy. 
With the Gaussian acceptance–rejection distribution, the RBF approximation already gives 𝑈RBF = 42.2247 for 𝑁 = 1000, correspond-
ing to a relative error of about 0.49% with respect to the analytical benchmark 42.0191. Increasing the number of centers to 𝑁 = 3000
reduces the relative error to about 0.37%. By contrast, with uniformly distributed centers, the relative errors for 𝑁 = 1000, 𝑁 = 2000, 
and 𝑁 = 3000 are approximately 7.06%, 9.17%, and 7.83%, respectively. Therefore, for the same number of centers, the uniform 
distribution produces relative errors more than one order of magnitude larger.

Moreover, the uniformly distributed center set leads to a much slower improvement in accuracy. Although the error eventually 
decreases as 𝑁 becomes large, the approximation remains relatively far from the analytical benchmark even for 𝑁 = 7000, where 
the relative error is still approximately 2.97%. This is about eight times larger than the relative error obtained with the proposed 
acceptance–rejection strategy using only 𝑁 = 3000 centers. At the same time, the computational cost increases substantially: the 
average CPU time grows from about 2.84 seconds for the non-uniform case with 𝑁 = 3000 to more than 50 seconds for the uniform 
case with 𝑁 = 7000.
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Table 11 
Option on the maximum of eight assets under the linear Black–Scholes model 
with no transaction costs: average option price 𝑈RBF, standard error, minimum 
𝑈RBF, maximum 𝑈RBF, and average CPU time per replication for different val-
ues of 𝑁 , when the RBF centers are sampled uniformly on the computational 
domain [−1, 1]8. The analytical benchmark value, computed using the formula 
derived in [38], is 42.0191.
𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)  CPU time (s)
 1000  39.0534  0.2134  35.4841  41.7923  0.362
 2000  38.1665  0.1658  35.5070  40.1866  1.516
 3000  38.7285  0.1552  36.4603  41.3975  3.384
 4000  39.2441  0.1400  36.9259  42.5174  5.978
 5000  39.8861  0.1436  37.6150  42.6996  9.303
 6000  40.3986  0.1360  37.9040  42.4184  18.760
 7000  40.7728  0.1329  38.7597  42.5304  50.252

These results support the rationale of the proposed sampling strategy. In the eight-dimensional setting, uniformly distributed 
centers allocate many degrees of freedom in peripheral regions that have limited relevance for the option value at the initial state. 
The Gaussian acceptance–rejection cloud instead concentrates resolution near 𝒚⋆ = 𝟎, while still covering the computational domain. 
This yields a more effective use of the RBF centers and explains the substantially faster convergence observed in Table 4.

5.2.  Computation of greeks for the eight-asset call option

The numerical method proposed in this paper also provides a direct approximation of the Greeks. Indeed, once the RBF coefficients 
𝑐(𝑡) have been computed, the first- and second-order spatial derivatives of the option price with respect to the variables 𝑦 are obtained 
from the same differentiation matrices used in the collocation scheme (see (30) and (31)). Since the numerical scheme is formulated 
in the variables 𝑦𝑖, 𝑖 = 1, 2,… , 𝑛, the derivatives with respect to the underlying asset prices or to their variances can be obtained by 
the chain rule. In this section, we focus on the sensitivities with respect to the first underlying asset, namely

Δ1 =
𝜕𝑈
𝜕𝑆1

, Γ11 =
𝜕2 𝑈
𝜕𝑆2

1

.

Since
𝜕

𝜕𝑆1
= 1

𝑆1

𝜕
𝜕𝑦1

,

we compute, at the initial point 𝑆 = 𝑆0, equivalently 𝑦 = 0,

ΔRBF
1 = 1

𝑆1,0
𝑈RBF
𝑦1

(0, 𝑡0),

and

ΓRBF11 = 1
𝑆2
1,0

(

𝑈RBF
𝑦1𝑦1

(0, 𝑡0) − 𝑈RBF
𝑦1

(0, 𝑡0)
)

.

In terms of the RBF differentiation matrices, since the initial point is included among the centers and corresponds to the first node, 
these quantities are evaluated as

ΔRBF
1 = 1

𝑆1,0

(

𝐴𝑦1 𝑐(𝑡0)
)

1
,

and

ΓRBF11 = 1
𝑆2
1,0

[(

𝐴𝑦1 ,𝑦1 𝑐(𝑡0)
)

1
−
(

𝐴𝑦1 𝑐(𝑡0)
)

1

]

.

We test the accuracy of the Greek computation by considering the linear version of the call option on the maximum of eight assets, 
obtained by setting the transaction-cost parameters equal to zero. We focus on this case because it provides a convenient and reliable 
validation setting: the option price admits the analytical representation of [38], so that benchmark values for the Greeks can be 
constructed by applying finite-difference approximations directly to Johnson’s pricing formula. Although the evaluation of Johnson’s 
formula involves multivariate normal distribution functions, which are computed numerically, the benchmarks are obtained from 
the pricing representation itself and do not require the simulation of the underlying asset paths or of the option payoff. The details 
of the benchmark procedure are reported in Appendix B, and the resulting benchmark values are ΔJ

1 = 0.1426 and ΓJ11 = 9.568 × 10−3.
For each value of 𝑁 , the RBF computation was repeated over the same 50 independent node realizations used in the pricing 

experiment. We then report the empirical mean of the computed Greek, the corresponding standard error, and the minimum and 
maximum values observed across the runs. Since the Greeks are obtained from the already computed RBF coefficients by differentiation 
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Table 12 
Delta of the option on the maximum of eight assets under the linear Black–
Scholes model with no transaction costs: average value ΔRBF

1 , standard error, 
minimum ΔRBF

1 , maximum ΔRBF
1 , and average CPU time per replication for 

different values of 𝑁 . The standard error is computed as the standard devia-
tion Std(ΔRBF

1 ) divided by the square root of the number of replications. The 
benchmark value, computed using the procedure in Appendix B, is 0.1426.
𝑁 ΔRBF

1  StdError(ΔRBF
1 )  Min(ΔRBF

1 )  Max(ΔRBF
1 )  CPU time (s)

 1000  0.1414  0.0027  0.1008  0.1724  0.277
 2000  0.1384  0.0016  0.1118  0.1654  1.292
 3000  0.1394  0.0016  0.1148  0.1587  2.837

Table 13 
Γ11 of the option on the maximum of eight assets under the linear Black–Scholes model 
with no transaction costs: average value ΓRBF

11 , standard error, minimum ΓRBF
11 , maxi-

mum ΓRBF
11 , and average CPU time per replication for different values of 𝑁 . The stan-

dard error is computed as the standard deviation Std(ΓRBF
11 ) divided by the square root 

of the number of replications. The benchmark value, computed using the procedure in 
Appendix B, is 9.568 × 10−3.

𝑁 ΓRBF
11  StdError(ΓRBF

11 )  Min(ΓRBF
11 )  Max(ΓRBF

11 )  CPU time (s)
 1000 9.9329 × 10−3 1.0268 × 10−4 8.6452 × 10−3 1.1722 × 10−2  0.277
 2000 9.5332 × 10−3 8.5832 × 10−5 8.3803 × 10−3 1.0978 × 10−2  1.292
 3000 9.3927 × 10−3 6.7982 × 10−5 7.8708 × 10−3 1.0503 × 10−2  2.837

matrices, their computation does not require additional time-stepping or additional linear system solves; the CPU times are therefore 
the same as those reported for the corresponding pricing experiment.

The results are reported in Tables 12 and 13.
Overall, the RBF estimates of Δ1 are reasonably stable and remain close to the benchmark value 0.1426. In particular, the empirical 

mean ranges from 0.1384 to 0.1414, and the dispersion across independent node realizations decreases as 𝑁 increases, as shown by 
the reduction of the standard error and by the narrowing of the min–max interval.

The results for Γ11 are also satisfactory, with empirical means close to the benchmark value 9.568 × 10−3. The standard errors 
decrease as 𝑁 increases, and the empirical means remain within a narrow range around the benchmark. At the same time, Γ11 is 
a second-order derivative and is therefore intrinsically more delicate to approximate than the option value or the Delta. This is 
consistent with standard error estimates for RBF interpolation and its derivatives, which show that higher-order derivatives typically 
exhibit a deterioration in convergence order as the order of differentiation increases; see, for example, [40].

Nevertheless, in additional experiments not reported here for brevity, we found that the benchmark computation based on John-
son’s formula is quite sensitive to the finite-difference step size ℎ used to approximate Γ11; see Appendix B. The variability observed 
in Table 13 should therefore be interpreted in light of the intrinsic numerical difficulty of estimating second-order Greeks. However, 
the agreement with the benchmark remains rather satisfactory, especially for the larger values of 𝑁 .

6.  Conclusions

In this paper we have proposed a meshless radial basis function (RBF) collocation method combined with a (quasi) Monte Carlo 
acceptance–rejection strategy for the generation of spatial centers, aimed at the numerical solution of high-dimensional nonlinear 
partial differential equations arising in option pricing.

The key idea of the approach is to construct a non-uniform cloud of RBF centers that concentrates around the region of highest 
probabilistic relevance, while progressively reducing the density in low-probability peripheral regions. This strategy improves the 
allocation of degrees of freedom in moderately high dimensions by avoiding unnecessary refinement in regions with limited influence 
on the option value. At the same time, the approximation power of radial basis functions is exploited to obtain accurate solutions on 
the truncated computational domain.

The method has been tested on two nonlinear pricing problems under the Leland transaction cost framework: a spark-spread 
option with stochastic volatility and a European call option on the maximum of eight assets. In the absence of transaction costs, the 
RBF approximation shows a clear numerical trend toward the benchmark solutions, with decreasing error of the empirical mean and 
reduced sampling variability as the number of centers increases. In the nonlinear setting, the method remains stable and computa-
tionally efficient, with runtimes on the order of a few seconds even for 𝑁 = 3000 centers, and produces economically consistent price 
adjustments due to transaction costs.

Compared with simulation-based regression methods, such as the least-squares Monte Carlo approach for early-exercise options 
[41] and subsequent bias-correction variants [42], the proposed PDE-based framework has the advantage of naturally handling 
nonlinear pricing equations and offering a direct pathway to extensions such as American-style features, without relying on regression-
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based conditional expectation approximations. At the same time, the computational cost remains competitive for moderately high-
dimensional problems.

Several directions for future research emerge from this work. From a numerical perspective, it would be of interest to investigate 
locally supported RBF constructions, alternative basis functions, and other strategies for the selection of shape parameters. The use 
of alternative Monte Carlo center generation schemes also deserves further analysis. On the theoretical side, a rigorous study of 
convergence properties for RBF collocation combined with probabilistically generated centers in truncated domains remains an open 
and challenging problem.

Although the applications considered in this work arise in mathematical finance, the proposed methodology is not problem-
specific and can be extended to high-dimensional PDEs in other areas of science and engineering, including physics and biology. 
This general applicability highlights the potential of the approach as a versatile computational tool for complex high-dimensional 
nonlinear problems.
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Appendix A.  Computational domain and truncation sensitivity

The spatial domain in the log-price variables is unbounded and therefore has to be truncated for computational purposes. In the 
baseline experiments we use the symmetric truncation

𝑦𝑖,min = −1, 𝑦𝑖,max = 1,

for each log-price component. Since 𝑦𝑖 = log(𝑆𝑖∕𝑆𝑖,0), this choice is equivalent to restricting the corresponding asset price to the 
interval

𝑆𝑖 ∈
[

𝑒−1𝑆𝑖,0, 𝑒𝑆𝑖,0
]

≃
[

0.3679𝑆𝑖,0, 2.7183𝑆𝑖,0
]

.

This range is consistent with the artificial boundaries commonly adopted in PDE-based option pricing computations, where the lower 
and upper bounds are usually chosen so as to place the artificial boundaries sufficiently far from the region where the underlying 
process has most of its probability mass; see, for example, [43–46].

For the spark-spread option with stochastic volatility, the log-price variables are truncated by setting
𝑦𝑖,min = −1, 𝑦𝑖,max = 1, 𝑖 = 1, 3,

whereas the variance variables are restricted to
𝑦𝑖,min = 10−4, 𝑦𝑖,max = 0.3, 𝑖 = 2, 4.

Equivalently, the variance interval corresponds to volatility values in the range
√

10−4 = 0.01 and
√

0.3 ≃ 0.5477.

This range includes both low-volatility regimes and relatively high-volatility regimes, and is consistent with volatility levels commonly 
observed in financial markets.

To assess the impact of the artificial boundaries on the computed prices, we also perform a sensitivity analysis with alternative 
truncation domains. The computational times are not reported in the sensitivity tables, since they remain essentially the same as 
those observed in the corresponding numerical experiments discussed above.

For the spark-spread option, we modify both the log-price domain and the variance range by using
𝑦𝑖,min = −1.5, 𝑦𝑖,max = 1.5, 𝑖 = 1, 3,
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Table A.14 
Sensitivity of the linear spark-spread option price with respect 
to the computational domain. The log-price variables are trun-
cated to [−1.5, 1.5], whereas the variance variables are trun-
cated to [10−5, 0.2]. The benchmark Monte Carlo value, com-
puted with 107 payoff simulations and 500 time discretization 
steps, is 3.2201.
𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)

 1000  3.2473  0.0150  2.9860  3.4580
 2000  3.2611  0.0145  3.0351  3.4994
 3000  3.2198  0.0124  3.0333  3.3571

Table A.15 
Sensitivity of the call option on the maximum of eight as-
sets with respect to the log-price truncation domain. The log-
price variables are truncated to [−2∕3, 2∕3], corresponding to 
𝑆𝑖 ∈ [0.5134𝑆𝑖,0, 1.9477𝑆𝑖,0], 𝑖 = 1,… , 8. The analytical bench-
mark value, computed using the formula derived in [38], is 
42.0191.

𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)

 1000  41.9556  0.0701  40.8097  43.3192
 2000  41.8777  0.0473  41.0893  42.4784
 3000  41.7698  0.0415  40.7843  42.4614
 4000  41.8163  0.0397  41.0184  42.4049

Table A.16 
Sensitivity of the call option on the maximum of eight as-
sets with respect to the log-price truncation domain. The log-
price variables are truncated to [−3∕2, 3∕2], corresponding to 
𝑆𝑖 ∈ [0.2231𝑆𝑖,0, 4.4817𝑆𝑖,0], 𝑖 = 1,… , 8. The analytical bench-
mark value, computed using the formula derived in [38], is 
42.0191.

𝑁 𝑈RBF  StdError(𝑈RBF)  Min(𝑈RBF)  Max(𝑈RBF)

 1000  40.7155  0.1838  37.9769  43.8423
 2000  41.4113  0.1242  38.9633  42.8911
 3000  41.6858  0.1235  39.8308  43.7040
 4000  41.7132  0.1046  40.0643  43.5840

and

𝑦𝑖,min = 10−5, 𝑦𝑖,max = 0.2, 𝑖 = 2, 4.

The corresponding results are reported in Table A.14. The computed prices remain close to those obtained with the baseline domain, 
confirming that the approximation is reasonably stable with respect to this alternative choice of the artificial boundaries.

For the call option on the maximum of eight assets, we consider both a narrower and a wider log-price domain than the baseline 
one. More precisely, in addition to the baseline choice 𝑦𝑖 ∈ [−1, 1], we also solve the problem on

𝑦𝑖,min = −2
3
, 𝑦𝑖,max =

2
3
, 𝑖 = 1,… , 8,

and on
𝑦𝑖,min = −3

2
, 𝑦𝑖,max =

3
2
, 𝑖 = 1,… , 8.

In terms of the original asset prices, these two additional domains correspond to
𝑆𝑖 ∈

[

𝑒−2∕3𝑆𝑖,0, 𝑒
2∕3𝑆𝑖,0

]

≃
[

0.5134𝑆𝑖,0, 1.9477𝑆𝑖,0
]

,

and

𝑆𝑖 ∈
[

𝑒−3∕2𝑆𝑖,0, 𝑒
3∕2𝑆𝑖,0

]

≃
[

0.2231𝑆𝑖,0, 4.4817𝑆𝑖,0
]

,

respectively. The corresponding numerical results are reported in Tables A.15 and A.16.
The results show that the computed price is reasonably stable with respect to moderate changes in the truncation domain. In 

particular, the results obtained with the narrower domain [−2∕3, 2∕3]8 are very close to those obtained with the wider domain 
[−3∕2, 3∕2]8 when the number of centers is sufficiently large. However, the wider domain requires a larger number of centers to recover 

Communications in Nonlinear Science and Numerical Simulation 162 (2026) 110281 

18 



L.V. Ballestra

the same level of accuracy. This behaviour is expected: if the number of approximation points is kept fixed while the computational 
domain is enlarged, a non-negligible portion of the points is placed in regions that have very small probability of being reached by 
the underlying stochastic process. As a consequence, fewer points are effectively available in the region that contributes most to the 
option value, and the accuracy may deteriorate.

This phenomenon is not specific to the present meshfree approximation. A similar trade-off is also encountered in finite difference 
and finite element methods: enlarging the artificial domain without a corresponding refinement of the discretization may reduce the 
resolution in the financially relevant region and therefore affect the quality of the numerical solution. For this reason, we also report 
the results obtained with 𝑁 = 4000 centers in the eight-dimensional test. In the wider domain [−3∕2, 3∕2]8, the price stabilizes as 𝑁 is 
increased, confirming that the loss of accuracy for smaller values of 𝑁 is mainly due to the distribution of the approximation points 
over a larger domain rather than to the truncation itself. Overall, these tests confirm that the baseline choice 𝑦𝑖 ∈ [−1, 1] provides a 
reasonable compromise between placing the artificial boundaries sufficiently far from the initial point and maintaining an adequate 
density of approximation points in the region where the underlying process has most of its probability mass.

Appendix B.  Computation of benchmark Greeks from Johnson’s formula

For the sake of completeness, we describe the numerical procedure used to compute the benchmark sensitivities against which 
the Greeks obtained by the RBF method are compared.

Let

𝐽 (𝑆1,… , 𝑆𝑛)

denote the analytical price, given by Johnson’s formula, of the European call option on the maximum of 𝑛 assets. Since this formula 
provides the option value directly, the benchmark Greeks can be computed by applying finite-difference approximations to 𝐽 , without 
simulating the underlying asset paths or the option payoff.

In this paper we focus on the sensitivity of the option value with respect to the first underlying asset. More precisely, we consider

Δ1 =
𝜕𝑈
𝜕𝑆1

, Γ11 =
𝜕2 𝑈
𝜕𝑆2

1

.

The corresponding benchmark quantities are approximated by centered finite differences. Denoting by 𝑆0 = (𝑆1,0,… , 𝑆𝑛,0)⊤ the initial 
asset vector and by 𝑒1 = (1, 0,… , 0)⊤ the first canonical vector, we compute

ΔJ
1(ℎ) =

𝐽 (𝑆0 + ℎ𝑒1) − 𝐽 (𝑆0 − ℎ𝑒1)
2ℎ

,

and

ΓJ11(ℎ) =
𝐽 (𝑆0 + ℎ𝑒1) − 2𝐽 (𝑆0) + 𝐽 (𝑆0 − ℎ𝑒1)

ℎ2
.

All the remaining asset prices are kept fixed at their initial values.
In the implementation, the finite-difference step is chosen in relative form,

ℎ = 𝜂𝑆1,0.

Rather than selecting a single value of 𝜂, we compute the finite-difference approximations for several moderately large relative steps. 
These values are used only to stabilize the extrapolation procedure. Indeed, very small values of ℎ are avoided, because the numerical 
evaluation of the multivariate normal distribution functions appearing in Johnson’s formula may introduce integration errors, which 
are amplified by finite-difference quotients, especially for second-order derivatives.

For a generic Greek 𝐺, let 𝐺(𝜂) denote its centered finite-difference approximation computed with the step ℎ = 𝜂𝑆1,0. We then fit 
the even-power expansion

𝐺(𝜂) = 𝐺0 + 𝑎𝜂2 + 𝑏𝜂4

by least squares. The final benchmark value is not one of the individual finite-difference approximations 𝐺(𝜂), but the extrapolated 
zero-step value 𝐺0, namely the fitted intercept. In the computations reported in the paper we used

𝜂 ∈ {0.25, 0.20, 0.15, 0.10, 0.075, 0.05}.

Thus, these values of 𝜂 are auxiliary numerical parameters used to construct a stable extrapolation, while the procedure returns a 
single benchmark value for each Greek:

ΔJ
1 = 𝐺0,Δ, ΓJ11 = 𝐺0,Γ.

This approach provides stable reference values for Δ1 and Γ11 while avoiding the numerical instability observed when the finite-
difference step is chosen too small. 
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[13] Milovanović S, von Sydow L.  A high order method for pricing of financial derivatives using radial basis function generated finite differences.  Math Comput 

Simul 2020;174:205–17.
[14] Soleymani F, Barfeie M, Haghani FK.  Inverse multi-quadric RBF for computing the weights of FD method: application to American options.  Commun Nonlinear 

Sci Numer Simul 2018;64:74–88.
[15] Thakoor N, Tangman DY, Bhuruth M.  RBF-FD schemes for option valuation under models with price-dependent and stochastic volatility.  Eng Anal Bound Elem 

2018;92:207–17.
[16] Ullah MZ.  An RBF-FD sparse scheme to simulate high-dimensional Black-Scholes partial differential equations.  Comput Math Appl 2020;79(2):426–39.
[17] Song Y.  An efficient radial basis function generated finite difference meshfree scheme to price multi-dimensional PDEs in financial options.  J Comput Appl 

Math 2024;436:115382.
[18] Yadav R, Yadav DK, Kumar A.  RBF-FD based some implicit-explicit methods for pricing option under regime-switching jump-diffusion model with variable 

coefficients.  Numer Algorithms 2024;97:645–85.
[19] Farahmand G, Lotfi T, Ullah MZ, Shateyi S.  Finding an efficient computational solution for the Bates partial integro-differential equation utilizing the RBF-FD 

scheme.  Mathematics 2023;11(5):1123.
[20] Hosseinzadeh N, Shivanian E, Fairooz MZ, Chegini TG.  A robust RBF-FD technique combined with polynomial enhancements for valuing European options in 

jump-diffusion frameworks.  Int J Dyn Control 2025;13:212. https://doi.org/10.1007/s40435-025-01722-6
[21] Liu T, Soleymani F, Ullah MZ.  Solving multi-dimensional European option pricing problems by integrals of the inverse quadratic radial basis function on 

non-uniform meshes.  Chaos Solit Fractals 2024;185:115156.
[22] Yan C.  Exploring Gaussian radial basis function integrals for weight generation with application in financial option pricing.  Comput Math Appl 2025;181:71–83.
[23] Jebreen HB, Chalco-Cano Y, Wang H.  Meshfree RBF-FD discretization with three-point stencils for nonlinear pricing options having transaction costs.  Mathe-

matics 2025;13(17):2839.
[24] Mohammadi M, Sommariva A, Vianello M.  Unisolvence of Kansa collocation for elliptic equations by polyharmonic splines with random fictitious centers.  Appl 

Math Lett 2025;151:109571.
[25] Mohammadi M, Sommariva A, Vianello M.  Unisolvence of randomized multiquadric Kansa collocation for convection–diffusion with mixed boundary conditions. 

Mediterr J Math 2025;22:144.
[26] Soleimani Kutanaei S, Roshan N, Vosoughi A, Saghafi S, Barari A, Soleimani S.  Numerical solution of stokes flow in a circular cavity using mesh-free local 

RBF-DQ.  Eng Anal Bound Elem 2012;36(6):1030–6. https://doi.org/10.1016/j.enganabound.2011.11.009
[27] Ebrahimijahan AE, Ordokhani Y, Razzaghi M.  Development of integrated radial basis function Kriging interpolation for linear and nonlinear parabolic integro-

differential equations.  Eng Anal Bound Elem 2024;164:105680. https://doi.org/10.1016/j.enganabound.2024.105680
[28] Leland HE.  Option pricing and replication with transactions costs.  J Finance 1985;40(5):1283–301.
[29] Fahim A, Touzi N, Warin X.  A probabilistic numerical method for fully nonlinear parabolic PDEs.  Ann Appl Probab 2011;21(4):1322–64. https://doi.org/10.

1214/10-AAP723
[30] Tan X.  A splitting method for fully nonlinear degenerate parabolic PDEs.  Electron J Probab 2013;18:1–24.
[31] Guo W, Zhang J, Zhuo J.  A monotone scheme for high-dimensional fully nonlinear PDEs.  Ann Appl Probab 2015;25(3):1540–80. https://doi.org/10.1214/

14-AAP1030
[32] Maribu K, Galli A, Armstrong M.  Valuation of spark-spread options with mean reversion and stochastic volatility.  Int J Electron Bus Manag 2007;5(3):173–81.
[33] Lu X, Zhu S-P, Yan D.  Nonlinear PDE model for European options with transaction costs under Heston stochastic volatility.  Commun Nonlinear Sci Numer 

Simul 2021;103:105986.
[34] Gu YT, Liu GR.  An introduction to meshfree methods and their programming.  Netherlands: Springer; 2005.
[35] Heston SL.  A closed-form solution for options with stochastic volatility, with application to bond and currency options.  Rev Financ Stud 1993;6:327–43.
[36] Wei D, Erlangga YA, Zhumakhanova G.  A finite element approach to the numerical solutions of Leland’s model.  Int Rev Econ Finance 2024;89:582–93.
[37] Mehrdoust F, Noorani I.  Valuation of spark-spread option written on electricity and gas forward contracts under two-factor models with non-Gaussian Lévy 

processes.  Comput Econ 2023;61:807–53. https://doi.org/10.1007/s10614-021-10232-4
[38] Johnson H.  Options on the maximum or the minimum of several assets.  J Financ Quant Anal 1987;22(3):277–83.
[39] Franke C, Schaback R.  Solving partial differential equations by collocation with radial basis functions.  Adv Comput Math 1997;8:381–99.
[40] Wu Z-M, Schaback R.  Local error estimates for radial basis function interpolation of scattered data.  IMA J Numer Anal 1993;13(1):13–27.
[41] Longstaff FA, Schwartz ES.  Valuing American options by simulation: a simple least-squares approach.  Rev Financ Stud 2001;14(1):113–47.
[42] Boire F-M, Reesor RM, Stentoft L.  Bias correction in the least-squares Monte Carlo algorithm.  Comput Econ 2025;65:3161–205.
[43] Ballestra LV.  Enhancing finite difference approximations for double barrier options: mesh optimization and repeated Richardson extrapolation.  Comput Manag 

Sci 2021;18:239–63.
[44] Huang X, Oosterlee CW, Leentvaar C CW.  Accurate American option pricing by grid stretching and high order finite differences.  Comput Vis Sci 2007;10:291–304.
[45] Kim S, Jeong D, Lee C, Kim J.  Finite difference method for the multi-asset Black-Scholes equations.  Mathematics 2020;8(3):391.
[46] Pooley DM, Vetzal KR, Forsyth PA.  Convergence remedies for non-smooth payoffs in option pricing.  J Comput Finance 2003;6(4):25–40.

Communications in Nonlinear Science and Numerical Simulation 162 (2026) 110281 

20 

http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0001
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0002
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0003
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0004
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0004
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0005
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0005
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0006
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0006
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0007
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0008
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0009
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0010
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0010
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0011
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0012
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0013
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0013
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0014
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0014
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0015
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0015
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0016
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0017
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0017
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0018
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0018
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0019
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0019
https://doi.org/10.1007/s40435-025-01722-6
https://doi.org/10.1007/s40435-025-01722-6
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0021
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0021
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0022
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0023
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0023
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0024
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0024
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0025
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0025
https://doi.org/10.1016/j.enganabound.2011.11.009
https://doi.org/10.1016/j.enganabound.2011.11.009
https://doi.org/10.1016/j.enganabound.2024.105680
https://doi.org/10.1016/j.enganabound.2024.105680
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0028
https://doi.org/10.1214/10-AAP723
https://doi.org/10.1214/10-AAP723
https://doi.org/10.1214/10-AAP723
https://doi.org/10.1214/10-AAP723
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0030
https://doi.org/10.1214/14-AAP1030
https://doi.org/10.1214/14-AAP1030
https://doi.org/10.1214/14-AAP1030
https://doi.org/10.1214/14-AAP1030
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0032
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0033
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0033
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0034
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0035
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0036
https://doi.org/10.1007/s10614-021-10232-4
https://doi.org/10.1007/s10614-021-10232-4
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0038
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0039
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0040
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0041
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0042
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0043
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0043
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0044
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0045
http://refhub.elsevier.com/S1007-5704(26)00638-6/sbref0046

	A meshless method for nonlinear high-dimensional PDEs: Application to financial and electricity options 
	1 Introduction
	2 Two nonlinear multi-dimensional partial differential problems in mathematical finance
	2.1 Spark-spread option with stochastic volatility and transaction costs
	2.2 Black–Scholes call option on the maximum of n assets with transaction costs

	3 The meshless radial basis function method with Quasi-Monte Carlo centers
	3.1 Selection of RBF centers via an acceptance-rejection scheme
	3.2 The RBF discretization
	3.3 Choosing the shape parameter

	4 Computational experiments
	4.1 Parameters and data
	4.2 Numerical results
	4.3 Validation in the absence of transaction costs
	4.4 Nonlinear pricing under the leland transaction cost model
	4.4.1 Conditioning of the collocation matrices


	5 Additional numerical tests
	5.1 Comparison with a uniformly distributed center set
	5.2 Computation of greeks for the eight-asset call option

	6 Conclusions
	Data and code availability
	Declaration of competing interest
	Funding
	Appendix A Computational domain and truncation sensitivity
	Appendix B Computation of benchmark Greeks from Johnson's formula
	References


