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Abstract—Reliable quantum computation requires fault-
tolerant protocols to prevent errors from propagating during
syndrome extraction in quantum error correction. We present a
novel fault-tolerant syndrome extraction technique for CSS codes,
which we refer to as the cut-cat state scheme. While each ancilla
qubit interacts non-fault-tolerantly with a pair of data qubits, we
introduce additional cat stabilizer measurements to identify and
correct the resulting hook errors. Our approach maintains the
key benefit of cat-based extraction, i.e., parallelized data qubit
interactions, while reducing the number of simultaneous qubits
required by more than half. Compared to flag-based state-of-the-
art protocols, the cut-cat scheme offers a notable advantage in
terms of two-qubit gate count as the code distance increases.

Index Terms—Quantum error correcting codes, quantum com-
munications, quantum computing.

I. INTRODUCTION

ONE of the central challenges in quantum computing
architectures is mitigating the impact of noise arising

from unavoidable interactions between quantum systems and
their environments [1], [2], [3], [4]. To protect quantum
information from such errors, quantum error correction (QEC)
encodes logical qubits into larger assemblies of physical
qubits, using ancillary qubits to detect and correct errors
without violating the no-cloning theorem. QEC is therefore
a fundamental component for enabling fault-tolerant (FT)
quantum computation, long-lived quantum memories, and the
scalable execution of quantum algorithms [5], [6], [7], [8], [9],
[10]. A major class of quantum error-correcting codes is that
of stabilizer codes [11], among which Calderbank, Shor, and
Steane (CSS) codes are particularly well-suited for practical
realization [8], [12], [13], [14], [15], [16]. Indeed, CSS codes
feature transversal encoded gates by construction and support
a variety of tailored FT protocols [17], [18]. From a decoding
perspective, they also offer a notable advantage: since each
stabilizer generator contains only X or Z Pauli operators,
X and Z errors can be decoded independently, significantly
reducing the overall decoder complexity. As a result, several
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optimized decoders have been developed for different classes
of CSS codes [19], [20], [21], [22], [23], [24].

In QEC, errors are diagnosed by measuring the code gen-
erators. However, the measurement circuits themselves are
imperfect, and faults can propagate to multiple data qubits
during syndrome extraction. Such correlated faults are com-
monly referred to as hook errors [8]. One FT approach involves
preparing additional ancilla qubits in a special entangled state
known as a cat state, which are then coupled to the data
qubits to extract the syndrome [25]. Subsequent improvements
reduced the ancilla overhead by coupling each ancilla qubit to
two data qubits instead of one [26], [27], [28]. However, while
the method described in [25] can tolerate an arbitrary number
of faults, provided that the cat state is prepared with sufficient
fault-tolerance, these later schemes are only FT up to distance
three (i.e., can manage one error). An alternative FT approach
to syndrome extraction involves the use of flag qubits, which
are auxiliary qubits entangled with the syndrome qubit such
that problematic hook errors also affect the flag qubits [28],
[29], [30]. By analyzing the resulting flag pattern, the location
of faults can be inferred, allowing for appropriate correction
or mitigation of the induced data qubit errors.

In this paper, we introduce a novel FT syndrome extrac-
tion technique for CSS codes, with explicit constructions
demonstrated up to distance nine, based on a modified cat
state construction referred to as the cut-cat state scheme. In
this approach, each cat qubit interacts with a pair of data
qubits in a non-FT manner. To mitigate the resulting hook
errors, we perform additional cat stabilizer measurements
designed to detect and correct such faults. The cut-cat state
scheme preserves the main advantage of cat-based extraction,
which is the parallelized interaction with data qubits. At the
same time, it reduces the number of simultaneous qubits by
more than half. The scheme is primarily tailored to CSS
code families that include stabilizer generators of medium to
high weight, as arise in many nonlocal or partially nonlocal
constructions, including certain QLDPC [31], triorthogonal
codes [32], and concatenated quantum codes [33], [34], where
the concatenation process leads to stabilizer generators whose
weight grows across levels. As a representative application,
we analyze the [[49, 1, 5]] triorthogonal quantum code [35],
which features stabilizer generators with large support and
whose triorthogonal structure enables transversal non-Clifford
logical gates, making it particularly well suited for FT magic-
state distillation [32], [36]. Moreover, we provide a proof of
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fault-tolerance of the proposed scheme for such code distances,
and compare it against state-of-the-art methods based on
full cat states and flag qubits, evaluating simultaneous qubit
requirements, two-qubit gate count, and circuit depth.

This paper is organized as follows. Section II introduces
preliminary concepts about quantum error correcting codes
(QECCs) and FT syndrome extraction protocols. In Section III,
we thoroughly describe the proposed cut-cat state protocol.
Section IV describes the designed decoding technique. Sec-
tion V provides a proof about the fault-tolerance of the cat
cut syndrome extraction method. Finally, numerical results are
presented in Section VI.

II. PRELIMINARIES AND BACKGROUND

A. Stabilizer Formalism

The Pauli operators are denoted by X , Y , and Z. A QECC
encoding k logical qubits |ϕ〉 into a codeword of n physical
qubits |ψ〉 with minimum distance d is denoted as [[n, k, d]].
Such a code can correct all error patterns affecting up to
t = b(d− 1)/2c physical qubits. In the stabilizer formalism, a
code is specified by n− k independent, commuting operators
Gi ∈ Gn, known as stabilizer generators, where Gn is the
n-qubit Pauli group [11], [37]. The subgroup of Gn generated
by all combinations of the Gi forms the stabilizer group S.
The code space C consists of all quantum states |ψ〉 stabilized
by S, i.e., satisfying Gi |ψ〉 = |ψ〉 for all i = 1, . . ., n−k. Let
us define as γi the weight of the i-th generator. Operators
that commute with all elements of S but are not in S
are called logical operators. The stabilizer generators define
measurements that preserve the encoded quantum state and are
implemented using ancillary qubits. When an error E ∈ Gn
acts on a codeword, resulting in the corrupted state E |ψ〉, a
binary error syndrome s is extracted, where si = 0 if Gi

commutes with E and si = 1 if they anticommute. This
syndrome provides the information needed to identify and
correct the error.

An important class of stabilizer codes is the family of CSS
codes [12], [13], in which generators consist solely of Pauli
X operators or solely of Pauli Z operators. These codes
are of particular importance for practical implementations.
Indeed, the structure of CSS codes allows for the transversal
application of a CNOT gate between two code blocks to be a
fault-tolerant operation, effectively performing a logical CNOT
between the corresponding encoded qubits. Furthermore, for
self-dual CSS codes (for which the X and Z generators
coincide), applying a transversal Hadamard gate implements a
logical Hadamard on the encoded qubits. Moreover, since each
stabilizer generator consists solely of either X or Z Pauli
operators, X and Z errors can be decoded independently,
which greatly reduces the overall complexity of the decoder.

B. Flag Based Syndrome Extraction

Whenever a quantum operation is performed, such as a
single-qubit gate, a two-qubit gate, a measurement, or a state
preparation, a fault may occur due to physical imperfections,
modeled as a Pauli error.

Fig. 1. Flag t-FT syndrome extraction: A single X error on the syndrome
qubit propagates to a weight w = 2 error on the data qubits. This error is
also transferred to a flag qubit, enabling it to be detected and corrected.

In the following, we adopt the definition of a FT error-
correction gadget from [11]. For clarity, since this work
focuses on the syndrome-extraction quantum circuit, we refer
to it as a FT syndrome-extraction gadget.

Definition 1 (FT Syndrome Extraction Gadget): A syn-
drome extraction procedure for a quantum code of distance d
is said to be FT if it satisfies the following conditions. If at
most s ≤ t = b(d − 1)/2c faults occur during the procedure
and no additional faults occur afterward, then the output state
differs from a valid encoded state by a data error of weight
at most s. In addition, if the input encoded state contains a
data error of weight r and at most s additional faults occur
during the procedure, with r + s ≤ t, then an ideal decoder
successfully corrects the resulting state.

Syndrome extraction schemes based on directly measuring
each stabilizer of the code are, in general, not FT. Indeed,
errors arising from two-qubit gates, particularly those occur-
ring mid-circuit, can propagate to higher-weight errors on the
data qubits, as illustrated in red in Fig. 1. Such errors are
commonly known as hook errors.

One way to address this issue is through the use of flag
qubits: additional qubits entangled with the syndrome qubit
such that hook errors are also propagated to the flag qubits
[28], [38]. By observing the resulting flag pattern, one can
approximately localize the fault and correct the resulting data
qubit errors accordingly. An example of flag-based syndrome
extraction scheme, for measuring an operator acting on γ = 4
qubits, is shown in Fig. 1. In this circuit, an X error occurring
after the second CNOT gate interacting with the data qubits
propagates to a weight w = 2 error on the data. However, the
same error is also transferred to a flag qubit. Once flag qubits
are measured, a suitable correction can be applied such that no
fault ever results in a higher-weight error (up to a stabilizer).
In the figure, the correction operation shown in blue mitigates
the errors in the data qubits, rendering the procedure fault-
tolerant. Specifically, a single error (in red) occurring in the
ancilla qubits propagates to only one data qubit.

Moreover, measurement errors on the syndrome qubits may
lead to an incorrect syndrome and the consequent application
of an erroneous correction operator pattern, resulting in a
non-FT syndrome extraction gadget. This issue is typically
addressed by repeating the syndrome extraction measurement
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Fig. 2. Cut-cat state 2-FT syndrome extraction protocol for an X-type stabilizer of weight γi = 10 in a code of distance d = 5. a) A cat state consisting
of γi/2 qubits is prepared. b) Each cat qubit acts as the control in two two-qubit gates that interact with data qubits. c) A single round of cat stabilizer
measurements is performed.

until t+1 identical syndromes are obtained consecutively [25],
[39]. In this way, if w 6 t measurement errors occur during
the gadget, the final syndrome is guaranteed to be the correct
one. Taken together, these two solutions yield a FT syndrome
extraction gadget, according to Definition 1.

C. Cat State Based Syndrome Extraction

An alternative scheme for a FT syndrome extraction gadget
employs cat states, also known as GHZ states, of the form
|00 . . . 0〉 + |11 . . . 1〉 [25]. The cat state can be prepared
fault-tolerantly by measuring its X-type stabilizer generator
using, for example, flag-based gadgets. Alternatively, it can
be prepared via post-selection methods [40]. Each qubit of
the cat state then interacts with a corresponding data qubit
via a two-qubit gate, with the cat qubit acting as control,
according to the operator being measured. Finally, a transversal
Hadamard gate followed by measurement in the computational
basis is applied to the cat state. By examining the parity of
the measurement outcomes, the eigenvalue of the measured
operator can be determined. In this way, any single error
occurring on a cat-state qubit propagates to at most a single
data qubit. By repeating the syndrome extraction measurement
until t+1 identical syndromes are obtained consecutively, the
resulting syndrome extraction gadget is FT.

The main advantage of a flag-based syndrome extraction
scheme is that it requires fewer qubits to be active simulta-
neously. In particular, it uses only a single syndrome qubit,
unlike cat-state schemes, which require as many qubits as the
weight of the operator being measured. On the other hand, a
key advantage of using cat states is that they can be prepared
offline, potentially with the aid of detection circuits that require
fewer flag qubits. Moreover, the portion of the circuit that

interacts with the data qubits can be executed fully in parallel,
which helps mitigate memory errors.

III. CUT-CAT STATE FT SYNDROME EXTRACTION

In this section, we describe the proposed cut-cat state t-FT
syndrome extraction protocol. Fig. 2 illustrates an example
of syndrome extraction for an X-type stabilizer generator
of weight γi = 10, in a code with distance d = 5. Our
proposed protocol can be summarized as follows. First, a cat
state of γi/2 qubits is prepared fault-tolerantly, as described in
Section II-C. Next, each cat qubit interacts with two different
data qubits via two-qubit gates, arranged according to the
structure of the generator being measured. Finally, the protocol
performs a variable number of rounds of ZiZj cat stabilizer
measurements, where i = 0, . . ., γi/2 and j = (i + 1) mod
(γi/2), with the number of rounds determined by the code
distance d. We remark that it is possible to optimize the
scheme by adaptively selecting a subset of cat stabilizers
to measure after the first round, based on the outcomes
obtained. This adaptive approach can reduce the total number
of measurements required, as we will show for code distance
d = 7. The specific patterns of cat stabilizers to be measured
are discussed in Section IV and Section V. Importantly, for
the technique to be t-FT, it is necessary to have at least d
cat qubits. The d cat stabilizers form a ring of parity checks,
and decoding proceeds by pairing the triggered checks and
connecting them along the minimum path, as in a repetition
code. Having fewer than d parity checks would not provide
enough redundancy to guarantee that, for any pattern of up to
t errors, the corresponding syndromes can always be paired
and connected consistently for correction.
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TABLE I
COMPARISON BETWEEN FT SYNDROME EXTRACTION STRATEGIES WITH CAT STATE ERROR CORRECTION

TABLE II
COMPARISON BETWEEN FT SYNDROME EXTRACTION STRATEGIES WITH CAT STATE ERROR DETECTION

Fig. 3. Error propagation in the cut-cat state syndrome extraction scheme.
a) An X error occurring before the two-qubit gates interacting with the data
qubits propagates to a weight w = 2 data error. b) An X error occurring after
the final two-qubit gate interacting with the data qubits. c) Two cat stabilizer
measurement errors. d) A combination of a cat stabilizer measurement error
and an error induced by the first of the final two two-qubit gates used in the cat
stabilizer measurement. All these error configurations produce the same cat
stabilizers outcomes. The correction consists of applying a single X operator
to one of the two involved data qubits.

Within this structure, a single X error occurring on a cat
qubit propagates to two data qubits, as shown in Fig. 3a. Such
an error must therefore be corrected in order to have a t-FT
scheme. In the absence of additional errors, this fault activates
two cat state stabilizers, enabling identification and correction
of the affected data qubits. However, an error occurring on
the same cat qubit after both two-qubit gates interacting with
the data qubits leads to the same cat stabilizer measurement
outcome as in the cases of: (i) two measurement errors, or
(ii) a measurement error combined with an error on the same
cat qubit induced by the first of the final two two-qubit gates
used in the cat stabilizer measurement, as illustrated in Fig. 3b,
Fig. 3c, and Fig. 3d. Hence, the correction consists of applying

a single X operator to one of the two data qubits identified by
the triggered cat stabilizers. In all the exemplified scenarios,
the result is a single data qubit error caused by either one or
two faults, thus satisfying the fault-tolerance conditions. More
generally, the decoding strategies used to correct errors based
on the cat stabilizer outcomes are detailed in Section IV.

In Tab. I and Tab. II we present a comparison between vari-
ous t-FT syndrome extraction protocols based on circuit depth,
qubit count, and number of two-qubit gates. We carry out
two comparisons based on the cat state preparation. In Tab. I
error correction-based preparation is assumed, while in Tab. II
the error detection-based is assumed. In the error correction
scenario, we assume that the cat state is prepared by fault-
tolerantly measuring its X stabilizer generator, which consists
of a Pauli X operator acting on each qubit of the cat state.
Specifically, cf (γ, d) and af (γ, d) denote, respectively, the
number of two-qubit gates interacting with flags and the num-
ber of simultaneous flag qubits required by a t-FT syndrome
extraction protocol using flag qubits for error correction to
measure a stabilizer generator of weight γ in a code of distance
d. Similarly, cdet

c (γ, d) and adet
c (γ, d) represent, respectively,

the number of two-qubit gates interacting with flags and the
number of simultaneous flag qubits required by a t-FT cat state
preparation based on quantum error detection, measuring a sta-
bilizer generator of weight γ. Let us denote as α(d) the average
number of cat stabilizer measurement per cat qubit. For codes
with distance d = 3, 5, 7, 9, we set α(d, γ) = b(d + 2)/4c
when a non-adaptive strategy is used for the cat stabilizer
measurement. As an example, under an adaptive strategy, the
value of α(7, γ) can be reduced from 2 to 1+ 8/γ for γ > 8,
as demonstrated in Section V. Moreover, we consider both
the fast reset case, in which a qubit can be immediately
reused after measurement, and the slow reset case, in which a
qubit cannot be reset during the current syndrome extraction
round. From this comparison, it appears that the described
t-FT technique represents a trade-off between cat state-based
and flag-based syndrome extraction schemes, while preserving
their key advantages. In the fast reset scenario, it requires
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less than half the number of simultaneous qubits compared
to standard cat state syndrome extraction. Moreover, if the
physical implementation supports parallelization of two-qubit
gates, the proposed scheme achieves a very low circuit depth
compared with the respective flag-based syndrome extraction
protocols. Note that for cat-based approaches, since cat state
preparation is entirely independent of the data qubits, we
exclude the preparation circuit from the circuit depth analysis.
However, we still account for both the required qubits and
the number of two-qubit gates. In Section VI, we provide
examples of the circuit depth, qubit count, and number of
CNOT gates for various code distances and stabilizer generator
weights.

In the case of an odd-weight operator, or an operator with
weight γ < 2d, the same technique can be applied by allowing
one or more cat qubits to interact with a single data qubit.

IV. DECODING

In this section, we introduce decoding algorithms tailored to
the proposed t-FT syndrome extraction scheme. For quantum
codes with distance up to d = 7, we provide exact, rule-
based decoding procedures. For codes of distance d = 9,
we employ a look-up table (LUT) approach to perform the
decoding. Since the proposed protocol is applicable to CSS
codes, we will assume throughout that we are measuring
an X Pauli operator. The decoding scheme for an Z Pauli
operator can be obtained analogously by interchanging the
roles of the X and Z operators. In the following, we refer
to the cut-cat state syndrome extraction gadget in Sec. III.
Without loss of generality, we assume that when measuring
a generator of weight γi/2, the r-th cat qubit interacts with
the data qubits q2r and q2r+1 for r = 0, . . ., γi/2 − 1.
Moreover, the set of cat stabilizers that measure the r-th cat
qubit during the i-th round of cat stabilizer measurements
is defined as Gcat

r,i =
{
M

(i)
r−1,M

(i)
r

}
, where M

(i)
r is the

measurement outcome of the r-th cat stabilizer during round i-
th. Similarly, we refer to the set containing every cat stabilizer
measurements as Gcati . Also, all subscript indices referred to
cat stabilizers are to be interpreted modulo γi/2. For instance,
the measurement outcome M (i)

r+1, should be always understood
as M (i)

(r+1) mod (γi/2).
We define the set of ordered switched on cat stabiliz-

ers in the first round as A =
{
a0, . . ., ana−1

}
, where na

is the total number of switched on cat stabilizers. Recall
that the first round can be used to adaptively choose the
measurements for the next round. Given a generator of
weight γi, we define a subset of cat qubit indices as
Im = {(am + k) mod (γi/2) : 0 6 k 6 am+1 − 1− am}.
Moreover, given a collection of such sets, we define their
union as I =

⋃
m even Im. The set of complementary indices

is defined by Ic = IΩ \I, where IΩ denotes the set of all cat
qubit indices.

The decoding algorithm adopted for codes of distance d = 3
and d = 5 is described in Algorithm 1. The decoding
algorithm adopted for codes of distance d = 7 is described
in Algorithms 2 to 7. For the sake of clarity, we subdivide
this algorithm according to |A|. In writing the algorithm, we

Algorithm 1 Distance Three/Five Code, |A| Even

Algorithm 2 Distance Seven Code, |A| = 1

make use of lists of subsets of cat stabilizer indices, which
we denote by Jna,k. These lists are explicitly provided in
Appendix A. The notation M (i) [J ] denotes the list of mea-
surement outcomes associated with the cat stabilizer indices
J . Therefore, equalities and inequalities on two lists M (i) [J ]
should be interpreted elementwise; equalities hold only if all
corresponding elements are equal, while inequalities hold if
at least one corresponding pair is unequal. We also define
the function inv() which, given a binary string, returns its
bitwise complement.

The decoder requires a single pass over a binary array of
size γi/2, yielding O(γi) time complexity.

V. FAULT-TOLERANT SYNDROME EXTRACTION GADGET

In this section, we prove the fault-tolerance of the proposed
syndrome extraction scheme when decoded by using algo-
rithms described in Sec. IV. In doing so, we consider only
errors of weight w 6 t, as these are the ones that must be
controlled to ensure fault-tolerance.

We first show that errors of weight w 6 t never propagate
to higher-weight data errors during syndrome extraction using
the cut-cat scheme. We then prove that repeating the syn-
drome extraction measurement until t+1 identical syndromes
are obtained consecutively yields a FT syndrome extraction
gadget. Hence, in Theorems 1–3 we will focus on (i) errors
occurring before the start of the circuit on each cat qubit,
(ii) errors on the control qubit of each two-qubit gate, occur-
ring after the gate’s execution, and (iii) errors occurring just
before each cut-cat measurement. These fault locations include
all errors that can propagate to higher-weight data errors or
modify the cut-cat measured syndrome during the execution of
the circuit. Indeed, note that errors on data qubits present prior
to syndrome extraction, or errors generated on the target of a
two-qubit gate, never propagate. Finally, in Theorem 4 we will
also account for faults affecting the measurement outcomes of
the syndrome qubits corresponding to the generator.

A. Distance Three

Theorem 1: For a quantum code with d = 3, the technique
proposed in Sec. III, using a single round of cat stabilizer
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Algorithm 3 Distance Seven Code, |A| = 2

measurements, ensures that any single fault never propagates
to a data error of weight greater than one.

Proof: When measuring a code generator, a single error
may cause one or two cat stabilizer measurements to trigger.
Specifically, an error occurring before the interaction with
the data qubits can propagate into a weight w = 2 data
error, which anticommutes with a pair of cat state stabilizer
generators. However, the same syndrome pattern may also be
caused by an error on the same cat qubit occurring after its
first two-qubit gate interaction with a data qubit, or even after
both interactions. As a result, when a pair of anticommuting
cat state generators is triggered and both act on the r-th cat
qubit, we conservatively correct an error on the data qubit
q2r+1. In this way, if the error occurs before the interaction
with the data qubits, one of the two propagated errors is
corrected; if it occurs between the two-qubit gates, the single
propagated error is corrected; and if it occurs after the two-
qubit gates, only a single error is introduced. In all three
cases, a single fault results in at most one error on the data
qubit. As a final possibility, an error may occur during a cat
stabilizer measurement. In this case, a single cat syndrome
measurement is triggered. To avoid introducing a data error,
we simply ignore it and do not apply any correction. All
other possible cat syndrome patterns must arise from errors of
weight w > 1 during the execution of the syndrome extraction
gadgets. Consequently, they do not affect the fault-tolerance
analysis for d = 3. �

B. Distance Five

Theorem 2: For a quantum code with d = 5, the technique
proposed in Sec. III, using a single round of cat stabilizer

Algorithm 4 Distance Seven Code, |A| = 3

measurements, ensures that any fault of weight w 6 2 never
propagates to a data error of weight greater than w.

Proof: When measuring a code generator, an error of weight
w 6 2 may cause up to four cat stabilizer measurements to
trigger. To proceed with the derivation, we divide the analysis
into cases based on the number of triggered cat stabilizers.

If no cat stabilizers are triggered, then: i) either no error
has occurred; ii) at least two errors have occurred on the same
cat qubit prior to measurement; iii) two errors have canceled
each other out without interacting with the data qubits. For
both cases i) and iii), no correction is required. In the worst-
case scenario highlighted by ii), an error occurring before the
interaction with the data qubits may propagate to a data error
of weight w = 2, which is then canceled by a second error
occurring after both 2-qubit gate interactions with data qubits.
In this case, no correction is applied, since an error of weight



FORLIVESI et al.: FAULT-TOLERANT CUT-CAT STATE SYNDROME EXTRACTION FOR QUANTUM CODES 7003

Algorithm 5 Distance Seven Code, |A| = 4

Algorithm 6 Distance Seven Code, |A| = 5

two is propagated to a data error of weight w = 2. Hence,
when no cat stabilizers are triggered, no correction is applied.

If a single cat stabilizer is triggered, the cause is either a
single measurement error, or a combination of an error on a
cat qubit and a measurement error. In the worst-case scenario,
an error occurring before the interaction with the data qubits
may propagate to a data error of weight w = 2. This would
normally trigger two adjacent cat stabilizer measurements;
however, one of them fails to register due to a measurement
error. In this case, no correction is applied, since an error of
weight two is propagated to a data error of weight w = 2.

If two cat stabilizers are triggered, this may result from
either a single or double cat qubit error, or from two mea-
surement errors. In particular, if the triggered measurement
outcomes are M (i)

r−1 and M (i)
r (i.e., are adjacent), we apply a

correction on the data qubit q2r+1. On the other hand, if the
triggered stabilizers are M (i)

r−1 and M (i)
r+1, we apply corrections

on the data qubits q2r+1 and q2(r+1)+1. In this way, if two
cat qubit errors occur before the interaction with the data
qubits, they propagate to four data qubits. Two of these will be

Algorithm 7 Distance Seven Code, |A| > 6, |A| Even

corrected, leaving a residual data error of weight w = 2. Recall
that the number of cat qubits must be at least equal to the
code distance, so that any error of weight w 6 2 can always
be correctly identified by the cat stabilizer measurements. In
all other cases, no correction is applied. This situation arises,
for example, when two measurement errors occur.

If three cat stabilizers are triggered, this must be due to a
cat qubit error combined with a measurement error. In this
case, an error of weight w = 2 may propagate to a data error
of weight w 6 2, and therefore no correction is applied.

Finally, if four cat stabilizers are triggered, this must
be due to two non-adjacent cat qubit errors. Specifically,
errors occurring on the r-th and u-th cat qubits will trig-
ger the stabilizers M

(i)
r−1, M (i)

r , M (i)
u−1, and M

(i)
u . In this

case, a correction must be applied to the data qubits q2r+1

and q2u+1. �

C. Distance Seven

Theorem 3: For a quantum code with d = 7, the technique
proposed in Sec. III, using a single round of cat stabilizer
measurements, along with up to four additional cat stabilizer
measurements chosen adaptively based on the outcomes of
the first round, ensures that any fault of weight w 6 3 never
propagates to a data error of weight greater than w.

Proof: A detailed proof is provided in Appendix C to
maintain the clarity of the main exposition. �

D. Distance Nine and Beyond

For codes of distance d = 9 and various values of γi,
the proposed scheme includes two complete rounds of cat
stabilizer measurements, and has been decoded using a LUT
approach. This LUT was constructed via exhaustive search
by inserting all combinations of faults of weight up to t,
considering the following types of errors: (i) errors occurring
before the start of the circuit on each cat qubit, (ii) errors on
the control qubit of each two-qubit gate, occurring after the
gate’s execution, and (iii) errors occurring just before each
cut-cat measurement. These fault locations include all errors
that can propagate to higher-weight data errors or modify
the measured cut-cat syndrome during the execution of the
circuit, while faults at other locations do not propagate to
higher-weight errors and therefore do not require inclusion
in the LUT. Specifically, the LUT assigns a fixed correction
to each corresponding cat measurement outcome, ensuring
that no error pattern of weight up to t, consistent with that
outcome, propagates to a data error of weight greater than



7004 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 74, 2026

t after correction (up to a stabilizer). In this way, we ensure
that all errors within the correction capability of the code never
propagate to higher-weight errors. A pseudocode description
of the LUT construction for codes of distance d = 9 can be
found in Appendix B.

We conjecture that the proposed scheme, when supple-
mented with additional rounds of cat stabilizer measurements,
can serve as a t-FT syndrome extraction gadget for CSS codes
of arbitrary distance.

E. Proof of Fault-Tolerant Syndrome Extraction

In the following, we show that the cut-cat state syndrome
extraction gadget, when combined with a standard FT mea-
surement protocol based on repeated syndrome extraction,
constitutes a FT syndrome extraction gadget.

Theorem 4: Let us consider a quantum code of dis-
tance d. When the cut-cat state syndrome extraction gadget
is combined with a measurement protocol in which syndrome
extraction is repeated until t + 1 identical syndromes are
obtained consecutively [25], [39], the resulting procedure
constitutes a FT syndrome extraction gadget according to
Definition 1.

Proof: Theorems 1–3 and the LUTs construction ensure that
any set of s ≤ t faults whose errors propagate from syndrome
to data qubits during a round of syndrome extraction produces
a data error of weight at most s. Moreover, measurement faults
are handled by the standard Shor-style repetition protocol in
which syndrome extraction is repeated until t + 1 identical
syndromes are obtained consecutively [25]. In particular, if at
most t measurement errors occur during the repeated extrac-
tion procedure, then an incorrect syndrome is not accepted.
Combining these two facts, an incoming data error of weight
r together with s additional faults during syndrome extraction,
with r + s ≤ t, results in a total data error of weight at most
t. Such an error is always correctable by an ideal decoder,
leading to a logical error with probability O(pt+1). �

VI. NUMERICAL RESULTS

This section presents a numerical analysis of the fault-
tolerance of the proposed syndrome extraction scheme using
Monte Carlo simulations. All numerical simulations are per-
formed by running the decoder until a minimum of 100 errors
are reached, ensuring reliable results.

1) Gadget Validation: Let S denote the random variable
representing the number of errors introduced by the syndrome
extraction gadget that are propagated into the data qubits. Also,
let pFT denote the physical error rate per gate and measure-
ments. In our numerical analysis, we simulate the syndrome
extraction process varying the code distance d ∈ {3, 5, 7, 9}.
To model physical noise, we apply an initial depolarizing chan-
nel to each cat qubit. Subsequently, a single-qubit depolarizing
channel is applied after every single-qubit gate, and a two-
qubit depolarizing channel is applied after every two-qubit
gate. All resulting errors are then propagated through the entire
circuit. Finally, a depolarizing channel is applied immediately
before each measurement. The depolarizing probability for all
channels is consistently denoted by pFT. Fig. 4 shows the

Fig. 4. Probability that an error of weight w > t is propagated to the
data qubits by the cut-cat state syndrome extraction gadget vs. gate error
probability. Dashed lines indicate visually the expected O(pt+1) scaling for
a code of distance d = 2t+ 1, fitting the simulated data points.

Fig. 5. Probability that an error of weight w > t is propagated to the
data qubits by the cut-cat state syndrome extraction gadget vs. gate error
probability. Dashed lines indicate visually the expected O(pt+1) scaling for
a code of distance d = 2t+ 1, fitting the simulated data points.

probability that an error of weight w > t is propagated to the
data qubits by the cut-cat state syndrome extraction gadget as
a function of the physical gate error probability, for γi = 2d.
In particular, the obtained results match the expected slope
O(pt+1) for a code of distance d = 2t + 1, depicted in
dashed lines. Together with the theorems, this provides further
evidence that our scheme is t-FT, as it prevents low-weight
errors (w < t) from propagating into higher-weight faults.
Fig. 5 shows an analogous plot for the case γi < 2d. In
this regime, d cat qubits are still required to correctly decode
the cat-state syndrome, but one or more of these cat qubits
interacts with only a single data qubit. For example, for d = 5
and γi = 8, three cat qubits interact with two data qubits,
while the remaining two cat qubits interact with one data qubit.
The decoding algorithm remains the same as that described in
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Section IV; however, when applying the final correction, the
indices of some data qubits must be modified to take into
account that some cat qubits interact with only a single data
qubit. In this case as well, the numerical results follow the
expected scaling O(pt+1) for a code of distance d = 2t + 1,
as indicated by the dashed lines.

We provide an upper bound on the probability that a fault
pattern propagates to a data error of weight w > t, for arbitrary
code distance d, given the weight γi of the stabilizer generator
measured using a cut-cat state syndrome-extraction circuit. We
identify all fault locations in the syndrome extraction gadget
from which a fault can propagate to the data qubits or cause a
cut-cat syndrome measurement error. Let NFL denote the total
number of such fault locations. For the cut-cat state syndrome
extraction circuit, assuming that each cat qubit interacts with
two data qubits, the number of relevant fault locations scales
linearly with the stabilizer weight. Specifically, each cat qubit
participates in four CNOT gates whose control errors can
propagate either to data qubits or to the cut-cat syndrome.
Hence, each cat qubit contributes four fault locations. Like-
wise, each cut-cat syndrome qubit contributes four additional
fault locations: one state preparation, two CNOT targets, and
one measurement. Since a stabilizer of weight γi is measured
using γi/2 cat qubits, the total number of relevant fault
locations is

NFL =
γi
2
(4 + 4) = 4γi. (1)

Under a circuit-level noise model with physical gate error
probability pFT, an upper bound on the probability that more
than t faults occur at these locations, thereby potentially
producing a data error of weight w > t, is given by

P{S > t} 6 1−
t∑

s=0

(
NFL

s

)(
2pFT

3

)s(
1− 2pFT

3

)NFL−s

(2)
where the factor of 2/3 arises because, for a depolarizing error
on a faulty gate, only two of the three Pauli errors either
propagate to the data qubits or induce a cut-cat syndrome
measurement error. This upper bound is shown in Fig. 4 and
is consistent with the observed numerical behavior.

2) Code Block Analysis: To perform code block analysis,
we employ the cut-cat state syndrome extraction gadget for the
[[49, 1, 5]] triorthogonal quantum code [35], whose triorthog-
onal structure enables transversal non-Clifford logical gates
and therefore makes it particularly well suited for FT magic-
state distillation [32], [36]. This code admits a set of stabilizer
generators with weights γi = 4, 6, 8, 10, one generator of
weight γi = 16, and one generator of weight γi = 32. We
adopt the cut-cat state gadget to measure stabilizer generators
with γi > 6, while full cat state syndrome extraction is
used for the remaining generators. All cat states are prepared
fault-tolerantly using post-selection, following the procedure
described in [40]. For the noise model, a depolarizing channel
with physical error rate p is applied to each data qubit. During
the syndrome extraction procedure, a single-qubit depolarizing
channel is applied after each qubit initialization and after every
single-qubit gate, while a two-qubit depolarizing channel is
applied after every two-qubit gate. In addition, a depolarizing

Fig. 6. Logical error rate vs. physical error rate over a depolarizing channel.
[[49, 1, 5]] triorthogonal code employing the cut-cat state syndrome extraction
gadget for each generator of weight γi > 6. Discontinuous lines indicate
visually the expected O(p3) scaling for a code of distance d = 5, fitting the
simulated data points.

channel is applied immediately before each measurement. The
depolarizing probability associated with syndrome extraction
is consistently denoted by pFT and is chosen as p/20, p/50,
or p/100, reflecting the requirement that error correction
operations be more reliable than the physical noise affecting
the data qubits. The syndrome extraction procedure is repeated
until t+1 identical syndromes are obtained [25], [39]. Decod-
ing is then performed using a look-up table constructed by
enumerating all error patterns up to the designed code distance,
starting from minimum-weight errors and assigning to each
previously unseen syndrome the corresponding correction. As
show in Fig. 6, The resulting logical error rates exhibit the
expected scaling O(p3) for a code of distance d = 5, shown
by the dashed lines, thereby confirming the fault-tolerance of
the proposed syndrome extraction gadget.

3) Resource Comparison with State-of-the-Art Methods: In
the following, we compare the proposed syndrome extraction
scheme with the state-of-the-art alternatives from the literature,
focusing on three key metrics: the required number of simul-
taneous qubits (assuming fast reset is available), the number
of two-qubit gates, and the circuit depth.

In this comparison, we assume that two-qubit gates acting
on disjoint pairs of qubits can be executed in parallel. We
further assume the availability of mid-circuit measurement and
reset, which enables ancilla reuse across successive stabilizer
measurements. If parallelism is limited, circuit depth increases.
In the absence of fast reset, the primary effect is an increased
ancilla requirement. In [41] FT syndrome extraction schemes
based on flag qubits for code distances d = 5 and d = 7
are introduced. For the measurement of a stabilizer operator
with weight γi = 14 in a distance d = 7 code, their approach
requires 44 two-qubit gates and uses 8 physical qubits. The
circuit depth is also 44, as each two-qubit gate shares the
same control qubit and must be executed sequentially. In
the comparison with cat-based schemes, we assume a t-FT
preparation of the cat state using the postselection method
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TABLE III
COMPARISON BETWEEN FT SYNDROME EXTRACTION STRATEGIES

described in [40]. The number of two-qubit gates required
by the cut-cat state approach to measure the same operator
ranges from 40 to 48, depending on the observed cat-state
syndrome. The number of simultaneous qubits required is 10.
Since cat state preparation does not involve data qubits, it can
be performed offline. Under this assumption, and assuming
serial measurement of all cat stabilizers using a single ancilla
qubit, the circuit depth ranges from 9 to 13. For comparison,
the full cat state variant of the same scheme requires 39 two-
qubit gates, 20 simultaneous qubits, and achieves a circuit
depth of only 1. Moreover, a syndrome extraction scheme
for codes of distance d = 9 is presented in [38], where the
measurement of a stabilizer operator with weight γi = 18
requires 306 two-qubit gates and 10 simultaneous qubits. In
comparison, the proposed cut-cat state protocol, using the t-
FT cat-state preparation method from [40], requires only 70
two-qubit gates. The number of simultaneous qubits needed
in this case is 13, and the circuit depth is 20. A summarized
comparison of t-FT syndrome extraction schemes based on
flag qubits, full cat states, and cut-cat states is presented in
Table III.

From this analysis, we observe that the proposed cut-
cat scheme consistently requires fewer than half the number
of simultaneous qubits compared to full cat state syndrome
extraction, thereby enabling operation in qubit-constrained
architectures with only a limited increase in circuit depth.
Moreover, the circuit depth, in the section involving interaction
with data qubits, is significantly lower than in flag-based
implementations, which reduces the accumulation of memory
noise during the extraction round. Finally, the number of two-
qubit gates is comparable for codes of distance d = 5 and
d = 7 to the highly optimized schemes proposed in [41].
However, for codes of distance d = 9, the proposed technique
achieves a notable reduction in gate count compared to the
standard approach presented in [38], thereby reducing the
number of two-qubit depolarizing noise insertions in circuit-
level noise models. When integrated into a complete FT
protocol, these features collectively reduce the contribution of
syndrome extraction to the overall logical error rate.

Algorithm 8 Cut-Cat LUT Construction

VII. CONCLUSION

In this work, we introduce a novel FT syndrome extraction
scheme based on cat states for CSS codes, with explicit
constructions demonstrated up to distance nine. The scheme
measures the cat-state stabilizers following their interaction
with the data qubits, effectively constituting a second stage
of error correction on the syndrome qubits. This can be seen
as a second stage of error correction on the syndrome qubits.
This approach preserves the advantages of cat state syndrome
extraction, namely, parallelized interaction with data qubits,
while reducing the required number of qubits for syndrome
extraction by more than half. Our analysis shows that the
proposed method achieves a comparable two-qubit gate count
to state-of-the-art flag qubit protocols for distances d 6 7,
while demonstrating a significant advantage for codes of
distance d = 9, particularly as the weight of the measured
operator increases. Extensions to higher distances are left for
future investigation.

APPENDIX A
LISTS OF SUBSETS Jna,k

In the following, we provide lists of subsets of cat stabilizer
indices Jna,k. These lists are defined ∀j = 0, . . ., γi/2− 1.

J1,0(j) = {j + 1, j + 2}
J1,1(j) = {j − 3, j − 2}
J2,0(j) = {j + 2, j + 3, j + 4}
J2,1(j) = {j − 1, j, j + 1}
J2,2(j) = {j + 2, j + 3}
J2,3(j) = {j − 2, j − 1}
J2,4(j) = {j − 1, j + 1}
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J3,0(j) = {j + 3, j + 4}
J3,1(j) = {j + 2, j + 3}
J3,2(j) = {j − 1, j}
J4,0(j) = {j + 2, j + 3}
J4,1(j) = {j − 1, j}
J4,2(j) = {j − 1, j}
J4,3(j) = {j + 3, j + 4}
J5,0(j) = {j + 3, j + 4} .

These lists are used to compare outcomes of subsets of cat
stabilizers across different measurement rounds, in order to
minimize their number.

APPENDIX B
CUT -CAT LUT FOR SYNDROME EXTRACTION

In this appendix, we present the pseudocode used to gen-
erate the LUT for cut-cat syndrome extraction at a given
code distance. The pseudocode is given in Algorithm 8. In
particular, we consider the following fault locations: (i) errors
occurring before the start of the circuit on each cat qubit,
(ii) errors on the control qubit of each two-qubit gate, occur-
ring after the gate’s execution, and (iii) errors occurring just
before each measurement. In the algorithm, wt() denotes the
function that computes the Hamming weight of a binary vector.
The algorithm takes as input the stabilizer weight γi of the
generator being measured and the error correction capability
of the code, t. Upon successful execution, it returns a LUT that
associates each cat syndrome with a binary correction vector
cs of length γi, which specifies the correction to be applied to
the propagated data error. At run time, the decoder performs an
O(1) expected-time LUT lookup on the measured syndrome
and applies the corresponding correction, for a worst-case
decoding time O(γi).

APPENDIX C
PROOF OF THEOREM 3

When measuring a code generator of weight γi, an error of
weight 6 3 may cause up to six cat stabilizer measurements
to trigger. First, note that both a measurement error on M (i)

r

and an error on the cat qubit r occurring between the two-
qubit gates that interact with it during the i-th cat stabilizer
measurement trigger the same cat stabilizer. The key difference
between these two error types is that the former affects only
the first round of cat stabilizer measurements, whereas the
latter results in a persistent parity flip in that cat stabilizer
across all subsequent rounds. Nevertheless, both errors can
be detected in a similar way using additional rounds of cat
stabilizer measurements. For clarity and conciseness, we will
consider only cat measurement errors, though the discussion
applies equally to both types of error. In the following, we
describe how the decoding steps to be applied based on |A|,
achieve fault-tolerance.
• If a trivial syndrome is observed after the first round,

this indicates either that no errors have occurred, that two
errors have occurred on the same cat qubit, or that a single

cat qubit error was followed by two measurement errors.
In any of these cases, no error correction is needed.

• A single cat state stabilizer can be triggered by either a
measurement error on its own, or a combination of one
or two adjacent cat qubit errors and a measurement error.
In the last case, we need to apply a correction, since an
error of weight w = 3 can be propagated to an error of
weight w = 4. To address this, such measurement errors
are detected by checking the consistency of outcomes
for selectively chosen stabilizers in a second round of
measurements. For instance, if M (0)

r is the triggered cat
stabilizer, it is sufficient to check wether one between
M

(1)
r−2 and M (1)

r+2 is turned on, and apply a correction on
data qubit q2r+1 or q2r+3, respectively.

• Two cat stabilizers can be triggered by a combination of
measurement errors and one or more adjacent cat qubit
errors. Specifically, the instances with either two or three
adjacent cat qubit errors must be corrected, since errors
of weight w = 2 and w = 3 are propagated to errors of
weight up to w = 4 and w = 6, respectively. In the case
where the triggered pair is separated by three cat qubits,
it is sufficient to measure again either one of them and,
if the outcome is consistent, apply a correction to three
of the data qubits interacting with the cat qubits between
the pair. Instances where the triggered pair is separated
by only two cat qubits require more involved checks.
Specifically, it is necessary to distinguish between: (i) two
adjacent cat qubit errors, possibly accompanied by a third
measurement error in the second round; (ii) a single cat
qubit error combined with measurement errors; and (iii) a
pair of faulty measurements. For instance, if M (0)

r and
M

(0)
r+2 are triggered, we first measure M (1)

r . If this mea-
surement is off, we proceed to measure M (1)

r+2 and M (1)
r+3.

In this case, no correction is applied if either M (1)
r+2 is off

or M (1)
r+3 is on. Indeed, if both M (1)

r and M (1)
r+2 are off, the

error pattern is consistent with two faulty measurements
M

(0)
r and M

(0)
r+2. If M (1)

r+2 and M
(1)
r+3 are on, the error

consists of two faulty measurements (M (0)
r and M

(0)
r+3)

and a cat error on the (r + 3)-th qubit. Conversely, if
M

(1)
r is on, we measure M (1)

r+2 and M (1)
r−1. If M (1)

r+2 is off
and M (1)

r−1 is on, no correction is applied, as this pattern
corresponds to two faulty measurements M (0)

r−1 and M (0)
r+2

combined with a single cat error on the r-th qubit. In all
the other cases it is necessary to apply a correction to two
of the data qubits interacting with the cat qubits between
the pair.

• Three cat stabilizers can be triggered by either a single cat
qubit error combined with one measurement error, or by
two cat qubit errors along with a measurement error. In
the case where M (0)

r , M (0)
r+2, and M (0)

r+4 are triggered, it is
sufficient to measure M (1)

r+4. If the outcome is on, apply a
correction to one of the data qubits interacting with the cat
qubits between the (r+2)-th and (r+4)-th cat stabilizers,
e.g., q2(r+3)+3. Conversely, if the additional measurement
is off, a correction should be applied to one of the data
qubits interacting with the cat qubits between the r-th and
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(r+2)-th cat stabilizers, e.g., q2r+3. Cases where M (0)
r ,

M
(0)
r+1, and M

(0)
r+2 are triggered can be caused either by

two cat qubit errors plus a measurement fault, or by two
measurement faults and a single cat qubit error. In this
case, it is necessary to measure M (1)

r−1. If this outcome is
off, the error may consist of two adjacent cat errors on the
(r+1)-th and (r+2)-th qubits along with a measurement
fault M (0)

r+1. We then apply a correction on q2(r+1)+1. If
instead M

(1)
r−1 is on, we proceed to measure M

(1)
r . If

this outcome is on, the error may be due to cat qubit
errors on the r-th and (r + 2)-th qubits, together with a
measurement fault M (0)

r−1, and we apply a correction on
q2(r+1)+3. Finally, if M (1)

r is off, we measure M (1)
r+1. If

this result is on, the error may consist of two cat errors
on the (r+1)-th and (r+3)-th qubits plus a measurement
fault on M (0)

r+3, and we apply a correction on q2(r+1)+1.
In the case where M (0)

r , M (0)
r+2, and M (0)

r+3 are triggered,
it is sufficient to measure M (1)

r+3. If this measurement is
off, the error may consist of two cat errors on the (r+1)-
th and (r+2)-th qubits and a measurement fault (M (0)

r+3).
We then apply a correction on q2(r+1)+1. An analogous
situation occurs if M (0)

r , M (0)
r+1, and M (0)

r+3 are triggered.
In this case, we measure M (1)

r , and if the result is off, the
error may consist of two cat errors on the (r+2)-th and
(r+3)-th qubits along with a measurement fault (M (0)

r ).
Accordingly, we apply a correction on q2(r+1)+3. There
are only two remaining error configurations that need to
be addressed. The first case involves two cat qubit errors
occurring on the r-th and the u-th cat qubits, where u >
r + 2, along with a measurement fault. The second case
consists of two adjacent cat qubit errors and an additional
measurement fault on M (0)

u , such that if M (0)
r and M (0)

r+2

are triggered, then u > r + 2. In the first case, if none
of the previous corrections have been applied, we check
whether two consecutive measurements, M (0)

r and M (0)
r+1,

are triggered. If so, we apply a correction on q2(r+1)+3. In
the second case, if none of the previous corrections have
been applied, we check whether two measurements, M (0)

r

and M (0)
r+2, are triggered. If so, we apply a correction on

q2(r+1)+3.
• Four cat stabilizers can be triggered by various combina-

tions of errors: two or three cat qubit errors, or one or two
cat qubit errors combined with two faulty measurements.
In particular, configurations involving more than one cat
qubit error must be corrected. If M (0)

r , M (0)
r+2, M (0)

r+3, and
M

(0)
r+4 are triggered, we measure M (1)

r+4. If this result is
on, no correction is applied. This pattern likely results
from a single cat error on the (r + 3)-th qubit and two
measurement faults M (0)

r and M (0)
r+4. In another instance,

when M
(0)
r , M (0)

r+2, M (0)
r+3, and M

(0)
r+4 are triggered, we

measure both M (1)
r and M (1)

r+3. If both outcomes are off,
this pattern may be caused by a cat qubit error on the
(r + 2)-th qubit and two measurement faults M (0)

r and
M

(0)
r+3. Again, no correction is applied. Finally, if M (0)

r ,
M

(0)
r+1, M (0)

r+2, and M (0)
r+4 are triggered, we measure M (1)

r .

If this measurement is off, the error may consist of a
cat qubit error on the (r + 2)-th qubit and two faulty
measurements M (0)

r and M
(0)
r+4. In this case as well, no

correction is applied. For all the other error patterns it
is safe to apply a correction, as shown in Algorithm 5.
Recall that the number of cat qubits must be at least
equal to the code distance, so that any cat qubit error of
weight 6 3 can always be correctly identified by the cat
stabilizer measurements.

• Five cat stabilizers can be triggered by two cat qubit
errors and a faulty measurement. In case M (0)

r , M (0)
r+1,

M
(0)
r+2, M

(0)
r+3, and M

(0)
r+4 are triggered, we measure

M
(1)
r+4. If M (1)

r+4 is on, the error corresponds to two cat
qubit errors on the (r + 2)-th and (r + 4)-th qubits,
along with a faulty M (0)

r measurement. In this case, we
apply a correction on q2(r+3)+3. On the other hand, if
M

(1)
r+4 is off, the error consists of two cat qubit errors

on the (r + 1)-th and (r + 3)-th qubits, and a faulty
M

(0)
r+4 measurement. Accordingly, we correct q2(r+2)+3.

On the other hand, if the triggered cat stabilizers are not
all adjacent to each other, two additional configurations
must be considered. In the case where two adjacent
stabilizers and three additional adjacent stabilizers are
triggered—specifically, the r-th, (r + 1)-th, (r + 2)-th,
u-th, and (u + 1)-th stabilizers, with u > r + 2—it is
sufficient to apply a correction on q2(u+1)+1. Further-
more, if four adjacent stabilizers are triggered—namely,
the r-th, (r + 1)-th, (r + 2)-th, (r + 3)-th, and u-th
stabilizers, with u > r + 4—then it is sufficient to apply
a correction on q2(r+1)+1. In both cases, one of the data
qubit errors resulting from the cat qubit errors is always
corrected, effectively reducing the worst-case scenario
from a weight-w = 4 data qubit error to a weight-w = 3
error. Since this is due to three errors, the scheme is 3-FT.
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