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Role played by electrons in the stress-strain curves of ideal crystalline solids
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The mechanical properties of a solid, which relate its deformation to external applied forces, are key factors
in enabling or disabling the use of an otherwise optimal material in any application, strongly influencing also its
service lifetime. Intrinsic crystal deformation mechanisms, investigated experimentally on single crystals with
low dislocation densities, have been studied theoretically through atomistic simulations, mainly focusing on
lattice-induced instabilities. Here, instead, we employ density functional theory and a thermodynamic analysis
to probe and analyze the way in which the electronic charge of crystalline solids (Cu, Al and diamond) respond
to uniaxial strain and affects their mechanical properties. Indeed, despite the very simple nature of our models,
and in the presence of minimal atomic displacements, we find that the stress strain curves of Cu and Al deviate
from a simple linear elastic behavior. Within a thermodynamics perspective, the features of such curves can be
interpreted in terms of first- and second-order phase transitions, which originate from Van Hove singularities of
the electronic density of states crossing the Fermi level and electron redistribution within the solid.

DOI: 10.1103/nb45-7js6

I. INTRODUCTION

The mechanical response of a solid, its capability of re-
sisting or accommodating applied strains or stresses through
reversible or irreversible deformations, dictates the range of
mechanical stimuli the solid is able to comply with, directly
influencing all its possible applications. Whenever loads, ex-
ternal forces, are applied to solid objects, they will deform. In
the elastic regime the object will return to its original shape
and size after load removal, whereas the plastic regime is
characterized by irreversible deformations. This macroscopic,
mechanical behavior of materials is clearly visible in the so
called stress-strain curves, widely used reference graphs in
material science and manufacturing, where the stress within
a material is plotted against the relative change in length (or
volume), namely the strain, it is opposing to.

In a generic ideal stress-strain plot under compressive load,
it is possible to identify the elastic region, where the curve
follows a linear trend, and, beyond it, the yield point that
traditionally marks the transition between the linear-elastic
regime and the plastic one where irreversible atomic planes
sliding begins [1]. While at the macroscopic and mesoscopic
levels the fingerprint of this behavior is displayed by cracks,
dislocations, deformation bands, folds, shear markings and
finally phase transitions, [2,3], at the microscopic, atomistic,
level it may be anticipated by different kinds of processes
ultimately leading to instabilities [4]: phonon modes soften-
ing [5-8], bonds formation or destabilization [9,10]. Indeed
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pressure has been shown to alter the chemical properties of
elements, even literally subverting the periodic table [11,12].

Although most materials have a polycristalline character
for which it is the defect structure (grain boundaries, dislo-
cations, slip planes) that forces the way in which they will
deform, single crystals with low dislocation densities, for
which elastic/plastic deformations are due to purely intrinsic
crystal deformations, are the best playground to explore basic
deformation mechanisms. And, besides experiments, it is in
this limiting case of perfect crystals that microscopic atom-
istic simulations can play a role providing further mechanistic
insights on the mechanical behavior of materials. But while
most of the studies focus on the properties and on the response
of the atomic lattice itself as the primary source of instability
and deformation path [6-8,13,14], the role and what directly
happens to the electronic charge distribution has seldomly
been addressed.

Here, we employ density functional theory (DFT) to di-
rectly probe the response of the electronic degrees of freedom
of crystalline solids to uniaxial strain and look at how it
affects their mechanical response. To do this we focus on
the behavior of crystalline Al, Cu, and diamond bulks. To
be able to identify basic electronic mechanisms, disentangled
as much as possible from the ionic degrees of freedom, we
make use of minimal models made up of few atoms per unit
cell and not presenting defects, impurities, or flaws. Despite
the extremely simplified nature of our systems, the simulated
stress-strain curves of the metals display the typical trend
of the macroscopic stress-strain curves that feature elastic to
plastic regime transition. Moreover, our result show that the
changes in the mechanical response of the solid, associated
to the deviation from the linear behavior of the stress-strain
curve, correspond to minimal deviations form the ideal geom-
etry. Looking at the stress strain curve in a thermodynamics
perspective, such critical points are signatures of crossovers,
eventually leading to phase transition in the thermodynamic
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limit. We thus try to interpret such crossovers in terms of
changes in the electronic structure. Our analysis show how the
critical points of the stress-strain curve, are linked to changes
in the amount of charge that is rearranged within and between
the atomic planes upon loading. To gain further insights on the
more complex case of Al, the evolution of the band structure
and of the density of states (DOS) with load is analyzed. All
the critical points of Al stress strain curve can be associated to
Lifshitz transition in which stationary points of the band struc-
ture are crossing the Fermi level. However, while the DOS at
the Fermi level is continuous at the critical strain associated
to second-order crossovers, it display a discontinuity between
6% and 9% strain when a Van Hove singularity crosses the
Fermi level, causing a first-order phase transition crossover.

The paper is organized as follows: after that computational
details are presented, the stress-strain behavior of the three
solids will be analyzed; then such stress-strain curves will
be interpreted in a thermodynamics perspective and critical
points linked to first and second-order crossovers will be iden-
tified; finally the physical origin of such criticalities will be
explored linking the critical points present in the stress-strain
curves to changes in electronic charge distribution within and
between atomic planes, and to Van Hove singularities crossing
the Fermi level.

II. COMPUTATIONAL DETAILS

DFT calculations have been carried out as implemented
in the quantum expresso package [15,16] using ultrasoft
pseudopotential [17] and plane waves expansion. For the
exchange-correlation functional, the Perdew-Burke-Ernzerhof
[18] was chosen, adopting the parametrization by Rabe-
Rappe-Kaxiras-Joannopoulos [19]. 18 x 18 x 18, 12 x 12 x
12, and 16 x 16 x 16 Monkhorst-Pack grids were used to
sample the Brillouin zone for Al, Cu, and diamond, respec-
tively. The kinetic energy cutoff of 40 Ry (90 Ry), for the wave
functions, and 320 Ry (720 Ry), for the charge density were
employed for aluminum and diamond (copper). Forces were
minimized employing variable cell calculations, optimizing at
the same time both atomic positions and cell edges. The three
bulk materials are simulated as cubic cells with the xy plane
parallel to the crystallographic (001) direction. For Al DOS
calculations a 121 x 121 x 121 k-point grid was used, em-
ploying the tetrahedron method to better describe Van Hove
singularities. To simulate the effect of load, we strained the
cells of the three materials along the z direction performing
an accurate planar relaxation (xy cartesian plane) of the cell
structures while allowing a full relaxation in all directions of
the atomic positions. The remaining uniaxial stress along the
vertical axis is derived from the DFT final stress tensor.

III. STRESS-STRAIN BEHAVIOUR

Pressure is applied to the solids by reducing the bulk cells
dimension along the z direction at the same time allowing
the cell to deform within the xy plane, and all the atoms
to fully relax. The cell dimension along z, [, was varied,
by applying vertical strains €, = % ranging from —0.01
to —0.09 (Ip being the equilibrium value). The details of
the structural modifications of the three solids, such as area,

volume changes, and deviations from ideal atomic positions
are reported in the Supplemental Material (SM) [20], see also
Refs. [21-25] therein.

Importantly, despite the fact that full relaxation is allowed,
concerning the atomic positions no significant displacement is
found at any strain even for the two metals. As reported in the
SM [20], structural distortions and symmetry breaking analy-
sis further confirmed that, as expected under uniaxial loading,
the lattice exhibits a uniform tetragonal metric distortion, and
that all atoms remain on a single crystallographic site (one
equivalence class).

After constraining the unit cell dimension along the z direc-
tion to progressively compressed values and having allowed
the full optimization of the cell in the xy plane, o, is the
only nonnull element left in the stress tensor of the crystal. By
collecting o, for increasing strains €, the stress-strain curves
for the three materials, shown in Fig. 1, are built.

The stress-strain curves of the three materials differ qual-
itatively: while, within diamond, stress grows linearly in the
whole strain range, in the case of Cu it grows fairly linearly up
to 3%-4% strain, slightly lowering its slope between 0.01 and
0.02 strain, however at 0.03 strain it starts bending in a fashion
that resembles a macroscopic elastic-plastic transition, where,
beyond the yield point, the same increase of strain generates
a lower increase of stress in the material: a sort of material
softening. The case of Al presents an even more complex
behavior: stress grows linearly up to ~3% strain, from that
point and up to ~5.5% strain, stress is still increasing linearly
but with a higher slope, as if the material were hardening. The
curve then becomes nearly flat up to ~7%, when it starts again
to grow linearly.

The diamond stress-strain curve very well compares with
that computed for uniaxial strain along the (001) direction in
Ref. [26]. Interestingly, in experiments, Aluminum presents
an extremely early onset of nonlinear elastic behavior and the
yield point is difficult to identify. Indeed, experimental stress-
strain curves of Al single crystals [27-32] show a bending
behavior with decreasing slope already in the region close to
0 strain. Additional strain calculations from 0-1% in 0.1%
steps are reported in the SM [20]. They show a linear elastic
response with no discernible early nonlinearity, this is likely
due to the idealized, defect-free model. Importantly in some of
the curves [27,29], between ~2% and ~4% strain, a sudden
increase of the slope of the stress-strain curve is also found,
whereas other studies [28,32] show the hardening of the crys-
tal following a region where the response is flat.

From the knowledge of the stress-strain curves and of
the structural deformation of the three materials, their elastic
properties, namely their Young’s modulus and Poisson ratio,
can be obtained. In all cases they compare well with experi-
ments as shown in Table I (further details can be found in the
SM [20]).

IV. CRITICAL POINTS THERMODYNAMIC ANALYSIS

To gain insight and differentiate the critical points present
in the stress-strain curve it is possible to take a thermodynamic
perspective: in our simulations, at fixed 0 K temperature, the
bulk cell is strained on the z direction (by fixing the cell
parameter /), allowing the basis area A to vary in order to
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FIG. 1. Stress-strain curve for diamond (left), copper (center), aluminum (right). The linear regions are fitted with linear regression.
Young’s moduli are calculated as E = 0,;/¢, in the linear region. o, is the stress associated to the uniaxial strain along the z direction.

(See SM [20]).

minimize the total energy. As a result the system is left with
an internal pressure P that originates from the internal forces
that would restore the equilibrium geometry. The thermody-
namic potential of choice is then the Helmholtz free energy,
F(T,l,) =U — TS, where the thermodynamic variable con-
jugated to [, is the total force acting along the z direction f, =
PA that keeps the strained system at equilibrium [33]. The dif-
ferential of this thermodynamic potential would then be dF =
—SdT — f, -1, = —SdT — pAdl,, its first-order derivative at
fixed temperature (%)T = —pA, and its second-order deriva-

tive
9% F P 9A
— ) ==A(—) —pl—=) =T1+D. «
(813>T (al)T ”(al)T R

T\ = —A(%)T represents the contribution to (%)T of the

variation of pressure with respect to I, whereas T =
— p(%)r is the contribution coming from the variation of the
basis area.

The Helmholtz free energy, and its first and second-order
derivatives with respect to strain are shown for diamond,
together with the stress-strain curve, in Fig. 2(a), all three
quantities are smoothly varying with strain, reflecting the
unperturbed linear behavior of the entire stress-strain curve.
In Fig. 2(b), the same quantities are shown for Cu. The
Helmbholtz free energy, which at 7 = 0 is nothing but the total
energy of the system, shown in the top panel of Fig. 2(b),
is continuous; its first derivative, second panel, resembles
closely the stress-strain curve, implying that the basis area
A is a smooth function of /,. The second-order derivative of
the thermodynamic potential, shown in the bottom panel of
Fig. 2(b), presents a discontinuity, corresponding to the point
where the stress-strain curve (and (g—f)ﬂ bends. Looking at

the light blue dots of the same figure, it is clear how the

TABLE I. Comparison between calculated and experimental val-
ues of Young’s modulus E and Poisson’s ratio v for Al, Cu, C.
Experimental values are obtained from Ref. [1].

Material E (GPa) Eeype (GPa) v Vexpt
C 1068 700-1200 0.107 0.10-0.30
Cu 97 110 0.341 0.34
Al 82 69 0.326 0.33

discontinuity in (‘f,:[f )r arises from the term 77, i.e., from an
abrupt change in the slope of the pressure, in agreement with
the behavior of the stress-strain curve.

In the case of Al shown in Fig. 2(c), the situation is
more complex, as anticipated by the behavior of the stress-
strain curve. Like in the case of Cu, the first derivative of
the thermodynamic potential (%)T (displayed in the central
panel) closely resembles the stress-strain curve and, when
further differentiating the thermodynamic potential, the main
contribution arises from the variation of pressure with respect
to [,. However in this case we are in the presence of an
oscillating behavior: around €, ~ 0.03, where the stress-strain

curve changes its slope, the (szf)T has a sudden jump, a dis-

continuity similar to the one present for Cu, but in the opposite
direction, i.e., increasing the value of (%275 )r; subsequently, by

applying further strain, (33275 )r immediately and quickly starts
to decrease reaching an absolute minimum at €. ~ 0.0625,
within the region where the stress-strain curve becomes flat.
The way in which the critical point locations are identified is
detailed in the SM [20].

The thermodynamics perspective allows a better char-
acterization and classification of the critical points of the
stress-strain curves: the critical point of Cu manifests itself as
a discontinuity in the second-order derivative of the thermody-
namic potential, it can thus be classified as a crossover linked
to a second-order phase transition happening at the bending
points of the stress-strain diagram (and of the Poisson’s ratio
one, see SM [20]). In the case of Al we are instead in the pres-
ence of two different kind of critical points/regions. Around

. . . . 2 .
3% strain, the discontinuity of (%)T can be associated to a

crossover, eventually leading to second-order phase transition
in the thermodynamic limit, consistent with what is happening
for Cu, but in the opposite direction. The region around 6%
strain instead looks more similar to a crossover leading, in
the thermodynamic limit, to a first-order phase transition: the
pA plot [central panel of Fig. 2(c)] shows that, while varying
the thermodynamic variable /, its conjugate variable pA is
nearly constant. A similar behavior is found in text books
concerning the isothermal compression of a gas below its
critical temperature, in this case, during the crossover, as the
volume is reduced, pressure stays constant until all the vapor
has condensed.

To further confirm this intepretation, in addition to the total
energy (i.e., the Helmholtz free energy at 0 K), the Gibbs
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FIG. 2. (a) diamond; (b) Cu; (c) Al. From top to bottom: Helmholtz free energy F; its first-order derivative (2£); (2£); = T, + 1,

al; al?

T = —A(% yrand T, = — p(%)r. In all panel stress values are reported as a black dotted line and refer to the right axis labels.

free energy is also considered. For uniaxial loads, the natural
variable are the stress x area values conjugated to /. In the
case of Al, the first-order derivative of the Gibbs free energy
with respect to stress X area is continuous but changes slope
at around 3% strain, whereas it appears to be discontinuous
between 5% and 7% strain [Fig. 6(b) in the SM [20]]. The
second-order derivative reflects these trends, displaying a dis-
continuity around 3% strain and a (negative) peak at 6% strain
[Fig. 6(c) in the SM [20]].

Because phase transitions take place at nonanalytic points
of the Gibbs free energy, in principle, no phase transition
could occur within finite systems [33,34]. The presence of
phase transitions in the thermodynamic potential derivatives
should thus be carefully considered by extrapolating results
to the thermodynamic limit. In general, as size increases, the
nonanalytic behavior of thermodynamic quantities becomes
more evident, for example jumps in the values of order param-
eters might become steeper. At the same time, while reaching
the thermodynamic limit, the location of critical points might
move in the space of thermodynamic parameters in a not
trivial way, and this issue should also be carefully considered
[35]. In plane wave codes simulations, employing periodic
boundary conditions, results are converged with respect to k-
point sampling of the Brillouin zone. Such sampling identifies
the actual periodicity (and number) of the electronic wave
functions (thus the system size from the electronic system per-
spective). Increasing the number of unit cells in our simulation
and allowing the ionic position to relax could allow us to probe
the effects of the lattice degrees of freedom on the stress-strain
behavior of the solid. Nevertheless, this would overshade the
effects of the electronic structure itself.

V. ELECTRONIC CHARGE REDISTRIBUTION

The minimal nature of our models naturally quenches the
lattice distortion degree of freedom. Indeed, as already men-
tioned, a symmetry analysis, performed with ase [36] and
spglib [37] python libraries, reported in the SM [20], con-
firms that uniaxial loading produces only a uniform tetragonal
metric distortion (change in c¢/a), with all atoms remain-
ing symmetry-equivalent, and, moreover, the basis area is a
smooth and a well-behaved function of €, (see SM [20]).
Therefore the physical origin of the critical points in the stress
strain curve, sign of first or second-order phase transitions,
must be sought within the electronic system. We thus analyze
the way the electronic charge redistributes itself upon increas-
ing load. Indeed, charge redistribution has often been linked
to many kind of phase transitions in the solid state: such as
the structural phase transition of CeO, [38] and calcite [39],
the antiferromagnetic phase transition of the SrFeAsF com-
pound [40], and the isostructural phase transition in BiOCl
[41]. And in general, trends in stress-strain behavior are often
interpreted in terms of changes in bonding and the accompa-
nying charge redistribution, which can be viewed both as a
consequence and as a driving force of such bonding modifi-
cations: differences in charge redistribution explain the origin
of an “easy” and “hard” direction within the {111}(112) slip
system of FCC Ni [42] and the higher shear strength of Al
with respect to Cu [43], whereas the relationship between
mechanical properties and electronic structure of Ag, Ir, and
Al were investigated in terms of evolution with increasing
shear strain of charge density critical points [44]. Moreover,
a whole body of literature analyzing the mechanical response
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FIG. 3. C (left), Cu (center), and Al (right) charge density p planar average profiles along the [001] direction for selected strain values. The
position of an atomic plane is shown by a red-dashed line, whereas a middle position between two atomic planes is shown by a blue-dashed

line.

upon concomitant shear and compression of light-elements
transition-metal (TM) compounds such as TM-borides, car-
bides, and nitrides, reports that changes in bonding and charge
redistribution are the key factors that ultimately determine the
material strength [45-48]. Most of these studies employ com-
plex unit cells and attain large strain values so that the most
prominent stress-strain curves features are both concomitant
to significant lattice distortions and to electronic charge rear-
rangements. In our case, the limited strain range (up to 1%)
and cell size restrict the bond distance variations and lattice
distortions so that the effects on the stress-strain curve are
purely electronic.

Planar averages of charge density p(z) are depicted in
Fig. 3 as line profiles along the [001] direction. The position of
atomic planes and interlayer planes are shown for all the slabs
by red and blue dashed lines, respectively. The out-of-plane
coordinates z of strained cells were mapped onto that of the
original, unstrained lattice by rescaling z — zcg/c, with ¢
being the relaxed out-of-plane lattice parameter at a given
strain and ¢ that at zero strain. By comparing the charge
densities profiles of the three materials at equilibrium (cor-
responding to the €, = 0 lines in Fig. 3), a main differences
between aluminum and diamond on one side, and copper on
the other is manifest: whereas charge peaks are found between
atomic planes for aluminum and diamond, in the case where
copper charge maxima are located at the atomic planes. When
load is applied, charge density at the atomic planes of Al
does not vary significantly whereas the excess charge, due
to compression, is accumulated between atomic planes. On
the other hand in Cu, there is a depletion of charge at the
atomic planes and correspondingly a slight accumulation of
charge between planes. Diamond apparently has a completely
different behavior: in its case the overall charge profile is
rising. However, by removing the contribution of the average
density p = N /V, V being the volume of the supercell, it
is clear that, just like Al, diamond is slightly accumulating
charge between atomic planes as shown in Fig. 4.

To spot possible peculiar behavior of the electronic charge
at the critical points, modifications of the charge profiles are
monitored at each strain increment, i.e., upon going from eé’l
to €/, being € = 0.0025 and e+ = 0.09. Namely we com-
pute the charge profile increments: Ap(z, (e! +€/71)/2) =

p(z, €)= p(z, €M),

Charge profiles increments, Ap(z, €), are shown Fig. 5(b)
for the case of diamond. In this case, both at the atomic planes
and interlayer planes charge is increasing almost linearly with
strain, as shown in the top two panels of the Fig. 5(c). The
corresponding local charge increments, bottom two panels,
are always positive and slightly constantly decreasing, as also
attested by the “fading” heatmap [Fig. 5(a)].

The results for Cu are collected in Fig. 6. At the atomic
planes charge is decreasing piece wise linearly with strain
[top panel of Fig. 6(c)]. At the same time, at the interlayer
planes, the electronic charge is linearly increasing [second top
panel of Fig. 6(c)]. Consistently, charge increments within
the interlayer planes (bottom panel) are nearly constant,
whereas, within the atomic planes, (second bottom plot),
Ap(Za, (€2)) abruptly drops from ~—5.5 x 107%¢/a.u.? to
~—7 x 107%e/a.u.? between 3% and 4% strain, signaling an
increase of charge depletion rate (with strain) in that region.
Remarkably, the drop in Ap(zy, (€;)) is accompanied by the
softening in the material, as shown by the stress-strain curve
plotted for reference in red in the same figure. The discontinu-
ous change of the rate of charge depletion at the atomic plane
is thus marking the second-order phase transition identified at
€, = 3% in the thermodynamics analysis.
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FIG. 4. Diamond charge density p planar average profiles along
the [001] direction shifted by p = N;/V. An atomic plane and an
interlayer plane are marked by red and blue dashed lines, respec-
tively. N, is the number of electrons of the supercell, while V' is the
supercell volume.
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FIG. 6. (a) Charge profile increments Ap(z, €;) as a function of strain €, in the horizontal axis, and z in the vertical axis. The positions of an
interlayer and an atomic plane are marked by a dashed blue and red line, respectively. (b) Charge profile increments A p(z, €,) as a function of z
for all the computed strain values. (c) From top to bottom: planar average charge densities profiles computed at atomic planes p(zy, €); values
of the planar average charge densities profile computed at interlayer planes p(z;, €); charge profile increments computed at atomic planes, i.e.,

cut of the heatmap (a) along the red-dashed line; charge profile increments computed at interlayer planes, i.e., cut of the heatmap (a) along the
blue-dashed line. All panels refer to Cu.
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The complexity of Al stress-strain curve is reflected also
in the evolution of its charge profiles and of the charge in-
crements, collected in Fig. 7. Within the interlayer planes
[Fig. 7(c), second panel from the top], charge consistently
grows in the entire strain range with changes in slope that
reflect those of the stress-strain curve. In contrast, at the
atomic planes the, overall decreasing, charge features oscil-
lations that clearly follow those of the second derivative of the
thermodynamic potential [bottom panel of Fig. 2(c)]. Look-
ing at the charge increments at the two critical points in the
two bottom panels of Fig. 7(c), we see that the second-order
phase transition crossover at €, = 0.03 is characterized by a
discontinuity of the charge increments at the atomic plane and
nearly constant increments at the interlayer planes, resembling
the situation of Cu. It is interesting to note that the sign of
the discontinuity correlates with the mechanical behavior: in
the Cu case, there is a negative jump of the increments and
the material is softening, whereas in Al there is a positive
jump and the material hardens. The first-order phase transition
crossover at €, ~ 6% is instead marked by a deep minimum
of both the local charge increments. The pronounced minima
in the local charge increments at €, ~ 6% in Al, together
with the oscillatory trend of p, [Fig. 7(c), top panel], can be
interpreted by analyzing the strain-induced evolution of the
band structure, discussed in the next Section.

VI. AL ELECTRONIC STRUCTURE EVOLUTION
WITH STRAIN

Materials band structures can be profoundly altered by
pressure, and when new bands begin crossing the Fermi
level, or bands previously crossing it are entirely pushed
below or above it, the Fermi surface changes its topology,
a phenomenon known as Lifshitz transition [49]. Lifshitz
transitions are accompanied by all sorts of anomalies in
solids regarding phonon frequencies, resistivity, and mechan-
ical properties [50-52]. Importantly, in the case of Al under
hydrostatic pressure, a Lifhsitz transition was detected by
nuclear magnetic resonance [53]; we have thus analyzed the
evolution of its electronic DOS and band structure with in-
creasing uniaxial load.

Figure 8(a) shows the evolution of Al DOS for energies
close to the Fermi level, marked by a dashed black line, for
strain values between 4.5% and 9.0%. A minimum of the
DOS can be clearly seen crossing the Fermi level between
5.5% and 6.5% strain. The DOS profiles for selected strains,
Fig. 8(b) show this feature, which is due to both a contribution
due to s electrons [Fig. 8(c)] and p electrons [Fig. 8(d)].
Importantly, as shown in the SM [20], around the critical point
€, ~ 3%, the A1 DOS close to the Fermi level does not display
any significant change. In addition, in Fig. 8 (SM) [20] the
evolutions of the Fermi level and that of the DOS at the Fermi
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FIG. 8. (a) A1 DOS close to the Fermi level for strain values beteween 4.5% and 9.0%. (b) Al total DOS for selected strain value around
the critical value of €, = 0.06. (c) Al DOS projected on the s orbitals for selected strain value around the critical value of €, = 0.06. (d) Al
DOS projected on the p orbitals for selected strain value around the critical value of €, = 0.06.

level with strain for the case of Al are shown. At around 3%
strain, there is a change in slope in the Fermi level, Whereas
~6% strain is between a high/low Fermi level [or a low/high
DOS(EF)] regimes.

It can be thus concluded that the first-order critical point
around €, ~ 6% in Al is linked to Van Hove singulari-
ties crossing the Fermi level and altering the availability of
electronic states for the response of the solid to pressure.
Indeed, the flattening of the Al stress-strain curve around
~6% strain closely reminds one of the giant softening of
the Sr,RuQ, lattice associated with a Lifshitz transition
characterized by a Van Hove singularity crossing the Fermi
level [52].

To explain the oscillatory behavior of the charge at the
atomic plane in Al and to further confirm the presence of
Lifshitz transitions, the evolution of the band structure with
increasing strain was monitored, focusing on a narrow energy
window around the Fermi level Er. In Fig. 9, we report the
band structure along the I'-X-P high-symmetry path. Band
structures plotted along the complete X;-Z-I'-X-P k path
adapted from Ref. [7] are reported in the SM [20]. In Fig. 9
the horizontal and vertical dashed lines mark the Fermi level
and the X point, respectively.

Between 0 and 4% strain the most significant changes
happen along the I'-X path. At zero strain, bands are

degenerate in the vicinity of X, the higher energy ones dis-
playing a saddle point at X. Upon increasing €., the bands
degeneracy progressively lifts for k points away from X, while
symmetry keeps them degenerate at the X point throughout
the entire load ramp. At €, ~ 2% [Fig. 9(c)], the blue (n =
7)/green (n = 6) band displays two local minima/maxima on
the I'-X path (n here refers to the band index). Upon increas-
ing €,, the higher-energy maximum (green) and minimum
(blue) on the left side progressively cross Er becoming unoc-
cupied and producing a loss of available states at the Fermi
level. Importantly, at €, ~ 3% [Fig. 9(d)], both extrema lie
very close to Er. The evolution of the charge density profiles
of both n = 6 and n = 7 states are shown in Fig. 11 of the
SM [20]: both states are localized on the atomic planes and
keep this character upon crossing the Fermi level. Although
the charge density of a single Kohn-Sham state does not deter-
mine the total charge density discussed in Sec. V this crossing
might be associated to the local minimum of p(z,) found
around 3% strain for Al [see Fig. 7(c), top panel]. Therefore
also the second-order critical point of the Al stress-strain
curve might be interpreted in terms of a Lifhsitz transition.
Indeed the change in slope of [, = % (see the Gibbs free
energy analysis in the SM [20]) is closely reminiscent of the
change in slope of the pressure dependence of the volume of
NbAs [50] and NbP [51] at a Lifshitz transition.
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For larger strains main changes arise along the X-P line. At
€, ~ 5% [Fig. 9(f)], both the n = 7 and n = 8§ states at X and
the minimum on the X-P side of the n = 7, blue band cross
Er and become occupied. This marks a substantial rearrange-
ment of the electronic structure, consistent with the changes
observed in the DOS. A detailed analysis of the character
of the states associated with the band extrema crossing the
Fermi level also in this case is provided in the SM (Fig.
10) [20]. Remarkably, the states crossing Er at the X point
around €, ~ 5% undergo a clear change in character, shifting
from atomic-plane localization to interlayer localization while
going from unoccupied to occupied, explaining the second
minimum in p(zy) [see Fig. 7(c), top panel].

VII. CONCLUSIONS

In conclusion we employed DFT to study the response of
the electronic system of crystalline Al, Cu, and diamond to
uniaxial strain. In order to quench lattice deformation degrees
of freedom and focus on basic electronic mechanisms, we
make use of minimal models made up of few atoms per unit
cell and not presenting defects, impurities, or flaws. Young’s
moduli and Poisson ratio, computed in the limit of low strains,
agree well with experimental values. Surprisingly, despite the
very simple nature of our models, and in the presence of
minimal atomic displacements, the stress strain curves of Cu
and Al deviate from a simple linear elastic behavior.

Within a thermodynamic perspective two distinct features
can be distinguished in the stress-strain curve of the two
metals: in one case (at ~4% strain for Cu and ~3% strain for
Al) the change in the slope of the stress-strain curve is a man-
ifestation of the discontinuity of the second-order derivative
of the thermodynamic potential. In the second case, happen-
ing in the region around ~6% strain for Al, the stress-strain

curve is almost flat, at same time the first-order derivative
of the thermodynamic potential, the thermodynamic variable
PpA, conjugated to I, is substantially constant as /, varies,
resembling crossover leading, in the thermodynamic limit, to
a first-order phase transition. Besides providing a better classi-
fication and characterization of the critical points of the stress
strain curve, the thermodynamics analysis confirms the fun-
damental role played by the charge depletion/accumulation at
the atomic and interlayer planes. Indeed simple bending of
the stress-strain curve, associated to the softening (for Cu)
and hardening (for Al) of the materials, and linked to sudden
decrease for Cu and increase for Al of (B;Tf)T —the rate of
change with strain of pA, the force by which the unit cell
of the crystal opposes to the compression — is accompanied
by a sudden increase in atomic plane charge depletion for
Cu and, vice versa, a sudden increase in atomic plane charge
accumulation for Al In the meanwhile, charge accumulation
at the interlayer planes stays nearly constant.

The second kind of structure, where the stress-strain curve
of Al is nearly flat, is a sort of extreme softening of the
material; indeed, the increase of strain is not producing any
change in pA, the force by which the solid is responding
to the external stimulus. In this region, charge depletion at
atomic planes is at it maximum, at the same time charge
accumulation in the interlayer region also changes and is at
its global minimum.

Both first and second-order critical points in Al stress-
strain curve are associated to band structure stationary points
crossing the Fermi level. Both kinds of critical points are thus
interpretable as Lifshitz transitions. However, while first-order
critical points are also associated with a discontinuity of the
density of state at the Fermi level, such a quantity is con-
tinuous in the case of second-order crossovers. Indeed, since
structural degrees of freedom are restricted in our minimal
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model, stress-strain anomalies are linked to changes in the
availability of electron relaxation channels that are conse-
quence of band stationary points crossing the Fermi level with
increasing load. The magnitude (and quality) of such changes
affects the continuity/discontinuity of the way in which the
system equilibrates the applied load, i.e., its mechanical re-
sponse.

In realistic macroscopic situations many processes take
place, such as gliding along crystallographic planes, forma-
tion of dislocations, deformation bands, folds etc., which
conceal the microscopic response of the electronic system
alone. Our findings unveil the specific way in which the
electronic degrees of freedom might contribute to or actually
cause the mechanical response of materials. The analysis of
how the electronic charge within the solid is affected by me-
chanical stresses makes this study relevant also in the field of
tribology. Indeed adhesion and frictional forces are dictated
by the electronic charge redistribution occurring when two
isolated surfaces are mated to form an interface [54].
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