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For radiative effects, these are expressed in terms of multipole moments [3998] (which are
also used to compute the amplitude), that generalize the Einstein’s quadrupole formula [3999].
Using the post-Newtonian-Multipolar-post-Minkowskian algorithm [32], the relevant (spin-
independent) moments have been derived to 3.5PN [4000–4002]. The 4PN moments, leading
to the phase and amplitude at the same order, are also known [4002–4004], notably the
quadrupole moment which requires a proper regularization scheme [4005–4007], and including
non-linear interactions [4008–4010]. For quasi-circular orbits, the full 4.5PN flux has also
been computed [4011, 4012], and the 4.5PN sector has been confirmed by an independent PN
reexpansion of resummed waveforms [4013]. The 4.5PN phase for quasi-circular orbits have
also been derived [3975]. Two other methods are also in use, the EFT approach developed
to 3PN order in the radiative sector [248, 4014], and the direct integration of the relaxed
equations, at 2PN [4015].

Note that in order to derive the observable phase, one has also to take into account the
absorption of the wave by the black holes horizons, see [244, 3978, 4016–4019].

For the case of spinning bodies, extensive dynamical studies have been initially developed
in the framework of the PN approximation [4020–4027], while significant present knowledge
of the dynamics has been achieved through the EFT approach [213, 241, 242, 3973, 4028–
4030]. In the conservative sector, the binding energy is known up to 5PN order [1227, 4031],
whereas the radiative multipoles and GW phase at the 4PN level of accuracy for aligned
spins were derived in [247, 256, 3977] (see also [4026, 4027, 4032] for alternative derivations
up to 3.5PN order). The radiation-reaction force has also been computed up to 4.5PN order
in [4033, 4034]. Spin-dependent effects in the amplitude have also been derived to 3.5PN
order [3977, 4035, 4036]. Note also that leading PN order results for the binding energy, the
GW flux and GW modes were obtained to all orders in spins [4037].

To get inspiral waveforms for compact binaries in eccentric orbits, one commonly relies on
the quasi-Keplerian parametrization (QKP), a semi-analytic representation of the perturbative,
slowly precessing post-Newtonian motion. The conservative motion as well as instantaneous
and hereditary contributions to the secular evolution of the orbital elements are known to 3PN
order, in both modified harmonic and ADM-type coordinates [4038–4042] and to 4PN order
in the ADM-type coordinates only [4043]. The complete 3PN-accurate GW amplitudes from
non-spinning eccentric binaries have been derived using the multipolar post-Minkowskian
formalism, including all instantaneous, tail and non-linear contributions to the spherical
harmonic modes [4044–4046].

For non-precessing spinning eccentric binaries, the effects of spin-orbit and spin-spin
couplings on the binary evolution and gravitational radiation have been worked out to
leading order in QKP [4047]. Subsequent work has aimed to extend the treatment of spins
in QKP to higher PN orders [4048, 4049]. The waveforms modes to next-to-leading (3PN)
order for aligned spins and eccentric orbits have been derived in [4050, 4051], including tail
and memory contributions. Regarding precessing eccentric systems, the inspiral dynamics
of spinning and precessing compact binaries with arbitrary eccentricities, including the
mass quadrupole-monopole interaction, has been obtained at leading order [4052, 4053].
Gravitational waveforms have been obtained to leading order in the precessing equation [4054].
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A fully analytical treatment has also been proposed to leading order in the spin-obit and
spin-spin couplings, including higher harmonics [4055].

For compact binaries evolving on hyperbolic trajectories (or scattering case),72 the
knowledge of the scattering angle or gravitational waveform would, in principle, not be relevant
for the study of bound orbits. Nevertheless, such configurations have recently gained much
interest in the context of the Post-Minkowskian expansion, notably after the connections to the
EOB potentials discussed in [254], as well as the (boundary-to-bound) map that links scattering
data to observables for elliptic orbits [215, 235, 249, 250, 256]. As, for instance, the scattering
angle contains terms computed to all orders in the relative velocity, one can extract valuable
high-precision information on the bound dynamics from the knowledge of the hyperbolic case.
The current state-of-the-art for the total relativistic impulse is at 4PM for both conservative
and radiative sectors, for non-spinning [228–230], and spinning [232, 233] objects, and also
partial results in the sector at 5PM (and first order in the SF expansion) [234, 236], obtained
by means of a Post-Minkowskian version [215, 223, 226, 231, 4056, 4057] of the worldline EFT
approach [241, 242]. Other methods have been developed, such as the scattering amplitudes
approach, that have also completed the conservative [227, 4058] and dissipative [4059] (non-
spinning) impulse at 4PM order, while yielding several results at low PM orders but high
orders in the spins [4060]. The derivation of the waveform has also received attention, and was
computed by several groups using scattering amplitudes methods to 3PM order [4061–4063].
Other relevant results include the inclusion of various types of tidal effects [225, 4064, 4065].

9.3.3 Main Open Challenges

For non-spinning systems on bound orbits, the current frontier is the expression of both the
energy and the flux at 5PN order. The derivation of the binding energy and equations of
motion at 5PN has been tackled in two different frameworks: the so-called “Tutti-Frutti”
(TF) Hamiltonian approach [257, 258] and EFT methodologies [240, 3994, 4066–4068] (see
also [4069]). While the TF Hamiltonian still contains two unknown parameters at 5PN, the
EFT derivation is in principle complete and includes the subtle tail and memory effects (where
the GWs emitted are back-scattered on the geometry and earlier radiation, respectively, and
reabsorbed by the system), as well as contributions quadratic in the (linear) radiation-reaction
forces. The subtleties involved in the computation led to an initial disagreement between the
results at 5PN in [4066–4068] and the overlap with the 4PM scattering dynamics in [229, 230].
This has been recently resolved in [240]. Yet, the identification of the total conservative
part of the full dynamics, in particular the determination of the two unknowns in the TF
formalism, remains an open quest. We should also emphasize that the inclusion of spin
effects is relatively straightforward within the EFT approach [213, 3973], and therefore the
resolution of these discrepancies can also ultimately lead to higher order waveform models
including spin contributions.

Other progresses in the case of bound orbits include the determination of the flux and
waveform for generic precessing spins on eccentric orbits, beyond the slowly-precessing and/or
small eccentricity assumptions. The post-circular (PC) formalism [4070] provides a method

72Note that orbits dubbed chameleon which alternate between hyperbolic and highly eccentric due to spin
effects were also found [4021].
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to recast the time-domain response function h(t) into a form that permits an approximate
fully analytic Fourier transform in the stationary phase approximation (SPA), under the
assumption that the eccentricity is small, leading to non-spinning, eccentric Fourier-domain
inspiral waveforms. It has been extended to 3PN order [4071, 4072], and has included
previously unmodeled effects of periastron advance [4073]. However such an approach is
limited by the necessary expansion in small eccentricity. Newer models aim for validity in
the range of moderate to high eccentricities, by utilizing numerical inversions in the SPA
and resummations of hypergeometric functions to solve orbital dynamics [4074, 4075]. A
semi-analytic frequency-domain model for eccentric inspiral waveforms in the presence of
spin-induced precession has been developed with the help of a shifted uniform asymptotics
technique to approximate the Fourier transform, a numerical treatment of the secular
evolution coupled to the orbital-averaged spin-precession, and relying on a small eccentricity
expansion [4076]. However, the full treatment of precession at arbitrary eccentricities still
remains to be done beyond leading orders.

Finally, the proper PN treatment of the dynamics of magnetized binaries (e.g. composed
of neutron stars) has also been studied [4077, 4078].

When it comes to scattering results, and their relevance to the study of bound orbits, there
are two major obstacles. Firstly, a computational hurdle, in the form of a significant increase
in complexity in the Feynman integration problem, see the discussions in e.g. [215, 234]; and
secondly, in circumventing the presence of nonlocal-in-time effects [217, 218, 257, 258] that
are not directly amenable to a boundary-to-bound continuation to elliptic orbits [256].

Important Next Steps

Pushing the weak-field results to high accuracy seems an important goal for at least three
reasons. First, it may be necessary for the precise parameter estimation of low-mass binaries
(that will be observed in their inspiral phase during a long time). Second, high precision
waveforms are very beneficial for the calibration of numerical waveforms, and are crucial
for testing the second-order self-force computations, as done e.g. in [4079]. Last, as the
difference between canonical and exotic compact object enter at high orders (at least 5PN,
due to the so-called “effacement principle” [4080]), high precision can be crucial to clearly
discriminate between those.

Another important frontier for the ET science is not only high accuracy, but also the
inclusion of physical effects, such as eccentricity, that are poorly understood, even at low
precision. For instance, most of (if not all) the compact objects that ET will observe will
have nonzero spins, yet our current waveforms are usually derived under the much simplified
assumption of aligned-spin and non-precessing, quasi-circular orbits, which the compact
binaries are definitively not expected to necessarily follow. Moreover, neutron stars bear
strong magnetic fields, that will act on the trajectories, and thus on the GW emission [4081].
Furthermore, all these effects couple to each other, and to the eccentricity and precession
of the orbit. Yet, even though they may play a crucial role in the data analysis of ET,
only a handful of such couplings have been studied and at very low levels of accuracy. A
greater effort is needed to include all relevant physical effects and respective couplings in
the computation of analytical waveforms.
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Recent Progress

Recently, the comparison between the 4.5PN and 2SF (see section 9.3.4) results has been
performed and it proved to be in very good agreement, even in the late-inspiral regime of
PN when non-linearities become important [4082]. Notable progress has also been achieved
in the realm of both the PN and PM expansions. In particular, the discrepancy between
the previous 5PN results in [4066–4068] and the complete 4PM knowledge of the impulse
derived in [215, 230, 233], has been resolved [240]. Furthermore, a first attempt at the
complete fourth-loop level of precision in our understanding of scattering events was recently
done in [234], at first order in the SF expansion. Novel developments, in particular in the
Feynman-integration frontier, will be sorely needed to continue forward in this realm. At
the same time, the separation of local- and nonlocal-in-time effects was recently performed
in [235] in the context of unbound/bound dynamics at 4PM order. The results reported
in [235] are readily applicable to waveform models for elliptic-like orbits, incorporating an
infinite tower of velocity corrections. New ideas are also needed here to enable the direct
application of scattering result to the dynamics of bound systems at higher orders.

9.3.4 Gravitational Self-Force

State of the art

Formalism. GSF theory is applicable to binaries with small mass ratios, for which ϵ :=
m2/m1 ≪ 1. The binary’s spacetime metric is expanded in powers of the mass ratio,

gαβ = g
(0)
αβ + ϵh

(1)
αβ + ϵ2h

(2)
αβ + . . . , (9.3)

where the background metric g(0)
αβ describes the spacetime of the primary object, typically

taken to be a Kerr BH, and the corrections h(n)
αβ are perturbations created by the presence of

the secondary object, which may be a BH or a material body. At zeroth order, the secondary
moves on a geodesic of g(0)

αβ . At subleading orders, the perturbations h(n)
αβ exert a self-force

on the secondary, accelerating it away from geodesic motion [216, 4083–4086]. The emitted
waveform is then contained in the perturbations h(n)

αβ . Calculations involving the nth-order
perturbation h

(n)
αβ are referred to as nSF.

Equations of motion for the secondary and field equations for the perturbations h(n)
αβ have

been derived through second order in ϵ in a generic background spacetime [4084, 4087–4099].
When specialized to a BH background, the field equations can be solved using methods of
BH perturbation theory [4086, 4100–4115].

Waveforms. Waveform-generation schemes in the GSF approach have traditionally focused
on the inspiral phase, and waveforms are now typically generated within a multiscale frame-
work [4086, 4116–4120], which exploits the fact that a small-mass-ratio inspiral occurs slowly,
over ∼ 1/ϵ orbits. The evolution is written in terms of a set of “slow” parameters JA (the
secondary’s orbital energy, angular momentum, and Carter constant, the primary’s mass
and spin), which evolve on the slow time scale ∼ m1/ϵ, and a set of “fast” phase variables
ψA, which evolve on the orbital time scale ∼ m1. In terms of these variables, the system’s
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evolution is governed by equations of the form [4086, 4117, 4121, 4122]
dψA

dt
= ΩA

(0)(JB) + ϵΩA
(1)(JB) +O(ϵ2), (9.4)

dJA
dt

= ϵ
[
G

(0)
A (JB) + ϵG

(1)
A (JB) +O(ϵ2)

]
, (9.5)

where ΩA
(0) = (Ωr

(0),Ωθ
(0),Ω

ϕ
(0)) are the three independent frequencies of geodesic orbits in

Kerr spacetime [4086, 4123–4126]. Each ℓm mode of the perturbations h(n)
αβ (and therefore

of the emitted waveform) is then a sum of slowly varying amplitudes h(n)
ℓmωk

(JA) multiplied
by rapidly evolving phase factors:

h
(n)
ℓm =

∑
kA

h
(n)
ℓmωk

(JB)eikAψ
A
, (9.6)

where kA = (kr, kθ, kϕ) are integer constants and ωk := kAΩA
(0). Concretely, ψA = (ψr, ψθ, ψϕ)

are the phases of the secondary’s radial, polar, and azimuthal motion around the primary,
such that the ratios ψ̇ϕ/ψ̇r and ψ̇ϕ/ψ̇θ represent precession of periapsis and precession of the
orbital angular momentum around the central BH’s spin axis. If the secondary is spinning,
then eqs. (9.4)–(9.6) are straightforwardly extensible to include its spin precession phase and
slowly evolving parameters associated with its spin components [4127–4130]. These effects
modify the phasing at 1PA (see below).

The multiscale structure of eqs. (9.4)–(9.6) conveniently splits waveform generation
into offline calculations and online ones. In the offline stage, h(n)

ℓmωk
, ΩA

(n), and G
(n)
A are pre-

computed by solving the field equations (formulated in multiscale form) on a grid of parameter
values JA. Using this stored offline data, the online stage solves eqs. (9.4) and (9.5) and
evaluates the sum (9.6) to obtain a waveform. The Fast EMRI Waveforms (FEW) package
has made this online stage sufficiently rapid for gravitational-wave data analysis [4116, 4119].

A leading-order waveform in this construction uses the slowly evolving geodesic frequencies
ΩA

(0)(JB) together with the dissipative driving forces G(0)
A (JB); this is referred to as adiabatic

order (0PA). Subsequent orders in eqs. (9.4)–(9.5) are referred to as nth post-adiabatic order
(nPA). In the remainder of this section, we summarise the state of the art at each order as
well as progress to cover regions of phase space where the multiscale expansion breaks down.

Before proceeding to that summary, we note that alternatives to the multiscale expansion
have also been formulated, though never implemented beyond 0PA order. Most prominently,
waveforms have been generated using an iterative scheme in which the linearized field equations
are solved in the time domain with an adiabatically inspiraling secondary [323, 4131–4134].
This method does not immediately provide rapid waveform generation, due to the cost of
solving the field equations in the online step, but the resulting waveforms can be used to
build a surrogate model [4134, 4135].

0PA waveforms. Leading-order (0PA) waveforms require the driving forces G(0)
A (JB), which

are calculated from the radiative pieces of the modes h(1)
ℓmωk

(1SF). Decades of work have
enabled efficient calculations of these inputs [317, 323, 4108, 4116, 4121, 4124, 4131, 4136–
4171], and 0PA waveforms can now be computed for generic orbits around a Kerr BH, both
numerically [4118] and analytically (in a weak-field expansion) [4120]. However, substantial
effort is still required to populate the parameter space with sufficient offline data.
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1PA waveforms. First-post-adiabatic waveforms (1PA) require the corrections ΩA
(1)(JB),

which are calculated from the time-symmetric pieces of h(1)
ℓmωk

(1SF), together with the
driving forces G(1)

A (JB), which are calculated from the radiative pieces of h(2)
ℓmωk

(2SF).
Practical methods of solving the 1SF field equations and calculating the necessary inputs

for ΩA
(1) have been developed over the past two decades [4110, 4172–4194], leading to 1SF

calculations for generic bound orbits in Kerr spacetime [4195]. These results have been
incorporated into inspiral and waveform models covering much of the parameter space [4122,
4196–4200].

Further development of 1SF methods is ongoing [4113, 4154, 4189, 4201–4219], but the
frontier in GSF theory is now the calculation of G(1)

A (JB), which involves solving the radiative
part of the 2SF field equations. Progress in 2SF formulations [4095–4099, 4220–4222] and
in practical implementation techniques [4086, 4115, 4190, 4223–4228] has recently led to
the first 2SF calculations and complete 1PA waveforms [3796, 4079, 4229] in the case of
quasicircular orbits around a Schwarzschild BH.

Secondary spin and finite-size effects. The secondary’s spin enters the multiscale expansion at
1PA order [4230]. There has been a wealth of work on this topic in recent years [4231–4245],
and the community is now able to calculate these effects for generic binary configura-
tions [4127–4129].

Little work [4246, 4247] has been done to incorporate the secondary’s higher moments
into evolution models because their effects are suppressed by ϵℓ [4085] and by even higher
powers of ϵ in the case of tidally induced moments [293]. However, these effects might
be important for IMRIs and highly deformable secondaries [4247] including certain exotic
compact objects and white dwarfs [4248].

Transient resonances. The multiscale expansion (9.4)–(9.6) breaks down during transient
resonances, when two or more of the orbital frequencies have an approximately rational
ratio [4249–4258]. Passage through such a resonance can lead to a large, 0.5PA contribution
to the waveform phase, i.e. only O(ϵ1/2) below the leading order in eqs. (9.4)–(9.6). There
is ongoing effort to model these effects and incorporate them into evolution schemes [4120,
4162, 4167, 4258–4265].

Merger and ringdown. The multiscale expansion also breaks down as the secondary approaches
the last stable orbit, where it gradually transitions into a rapid plunge into the primary [4133,
4168, 4266–4272]. Using alternative expansions across the transition and through the plunge,
a number of groups have generated leading-order inspiral-merger-ringdown waveforms in
some scenarios [323, 4132–4135, 4273, 4274]. Refs. [4272, 4275] have begun to extend this
progress toward 1PA/2SF order.

Main Open Challenges

Currently, there are two main challenges in GSF calculations. The first is expanding their
coverage of parameter space: (i) completing the coverage of 0PA waveform models and 1PA
spin contributions for generic orbital and spin configurations around a Kerr BH, (ii) extending
the 1PA waveform model to include generic spin on the primary, orbital inclination, and
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eccentricity. The second major challenge is to extend waveform models to include the merger
and ringdown; at present, complete models that extend beyond the inspiral phase are only
available at leading order in the mass ratio and only for quasicircular, nonspinning binaries.

0PA waveforms for generic orbits in Kerr spacetime. A fast 0PA waveform model is available
for generic orbits in Kerr spacetime, but only in the large-separation regime [4120]. At
small separations, below ∼ 10 Schwarzschild radii, the requisite tools are available, but
only a small number of waveforms have been produced [4118]. Populating the parameter
space with the necessary offline data will require highly accurate and efficient interpolation
of the forcing terms G(0)

A .

1PA waveforms beyond the quasicircular, nonspinning case. At present, the only 1PA wave-
form model is restricted to quasicircular inspirals into nonspinning primaries [3796]. Numerous
challenges arise in going beyond this case.

Many of the challenges in going beyond this case stem from singularities that appear in
2SF calculations. Because the secondary is modelled as a point particle (or a puncture in
the spacetime [4085]), strong singularities appear at its location. Correctly capturing these
singularities is difficult using standard methods of BH perturbation theory: common gauge
choices lead to pathological singularities extending away from the particle’s position [4201];
and decompositions into ℓmω modes suffer from intransigently slow convergence in the
particle’s neighbourhood [4226]. All of these problems have been surmounted or bypassed in
1SF calculations, but existing 1SF methods fail in 2SF calculations, where gauge singularities
and slow convergence become more problematic. 2SF calculations additionally suffer from an
infrared breakdown of the multiscale expansion at large distances and near the primary’s
event horizon [4225]. Methods currently used to overcome these problems are cumbersome,
expensive, and tailored to the spherical symmetry of a Schwarzschild background spacetime.

Extending 1PA waveforms to generic orbits around generic Kerr BHs will require sev-
eral advances: improved computational efficiency of current methods; development of new
approaches in BH perturbation theory, particularly in practical methods of working with
better-behaved gauges; and development of new tools to improve or avoid slow convergence.

Secondary spin and finite-size effects. After rapid recent progress, the next obstacle in
calculating 1PA secondary-spin effects is to find efficiently evaluated flux-like expressions
for the evolution of the spin-corrected Carter constant and the spin component parallel to
the total orbital angular momentum [4129]. The remaining challenge will then be the same
as in calculating 0PA effects: covering the full parameter space of generic, inclined orbits
with generic, precessing spins. Significantly more work is required to assess the impact of the
secondary’s quadrupole and higher moments in the range of mass ratios where GSF models
are relevant for ET and (if needed) to incorporate these effects into GSF waveform models.

Transient resonances. Several strategies have now been developed to evolve through orbital
resonances, although more work is likely required to achieve the same waveform-generation
speed as in the non-resonant case. Currently, the largest potential concern related to
resonances is the cumulative loss of phase accuracy in the case of multiple resonances: each
successive resonance causes an O(ϵ1/2) growth in phase error, meaning a 1PA model will

– 457 –



J
C
A
P
0
3
(
2
0
2
6
)
0
8
1

have an O(ϵ0) error if an inspiral passes through two significant resonances. Further study is
required to determine the absolute magnitude of this error and its relevance for ET sources,
as well as to develop mitigation strategies.

Merger and ringdown. GSF calculations were historically motivated by EMRIs, for which the
merger and ringdown contain negligible SNR. However, for small-ϵ signals detectable by ET,
including the merger will likely be crucial. At present, the merger has only been modelled at
leading order in the mass ratio. These calculations must be extended beyond leading order in
such a way that they remain compatible with fast waveform generation.

Important next steps

There are several obvious next steps in the GSF modeling program.
The first, simplest step is to build a complete 0PA waveform model covering the space

of generic inspirals. This means computing (and interpolating) data for GA(0) and h
(1)
ℓmωk

across the space of inclined, eccentric orbits in Kerr spacetime. Similarly, another next
step will be to cover the parameter space with 1PA data proportional to the secondary
spin. At 1PA order these spin contributions add linearly onto a nonspinning-secondary
waveform model, making this step relatively straightforward (though more demanding than
the calculation of 0PA data).

Extending the 1PA waveform model toward generic inspiral configurations will be more
challenging. A major step will be to include the primary spin, which means performing 2SF
calculations in Kerr spacetime. There are several possible routes toward this goal [4114,
4201, 4276, 4277]. Such calculations can then be extended to spherical orbits with spin-orbit
precession and finally to fully generic orbits with eccentricity.

Another important, largely independent step will be to extend inspiral waveform models to
include the final merger and ringdown. This can begin with the simplest case of quasicircular,
nonspinning binaries by further developing the expansions across the transition to plunge
and plunge, extending the existing leading-order treatments.

Depending on the difficulty of completing these steps, high-risk, high-gain approaches
could also be pursued. In particular, work on scattering orbits in GSF theory [4205, 4278–4283]
might provide an independent avenue toward obtaining GSF data for bound orbits [4284].

Synergies with other solution techniques like weak-field expansions (section 9.3.2) or
numerical relativity (section 9.3.1) will provide very useful external checks on all calculations.
In tandem, a critical task will be to assess the required accuracy and range of parameters
that are relevant for ET sources, which will influence the prioritization of other steps. For
example, for ET sources it might be more beneficial to target specific GSF calculations that
can be used to improve EOB models, rather than focus on complete inspiral-merger-ringdown
1PA waveform models across the full parameter space.

9.3.5 Inspiral-Merger-Ringdown Models

State-of-the-Art

The analytical and numerical methods presented in the previous sections can be combined
to create reliable inspiral-merger-ringdown (IMR) models. In particular, we will focus on
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the three most fruitful approaches: NR surrogates, effective-one-body (EOB) models, and
phenomenological (Phenom) approximants.

As previously discussed, NR simulations represent the most accurate GR solution of
binary systems but are still too slow to be directly used in parameter estimation. Thus,
available NR waveforms have been interpolated to build surrogate models [3890, 4285–4287],
which are very accurate but are currently limited in waveform length and parameter space
coverage. State-of-the-art NR surrogates include NRSur7dq4 [3890, 4288, 4289], which can
handle generically spinning BBHs but is restricted to mass ratios q ≤ 4, and ∼ 20 orbits before
merger, and NRHybSur3dq8 [3889], which can handle mass ratios q ≤ 8 and includes the early
inspiral through PN/EOB hybridization, but is restricted to nonprecessing BBHs. Recent
efforts have been made to include extreme spins [4290], high mass ratios [3891, 4135, 4291],
GW memory [4292] and even eccentricity effects [3952].

NR simulations are also a key ingredient in the construction of semi-analytical waveform
models. They are necessary to correctly model the plunge, merger and post-merger waveforms
and provide a much needed validation of analytical approximations. These latter, on the
other hand, constitute a very useful complement to NR simulations, being able to deal with
long inspirals and a wide range of different physical effects.

An important step in the improvement of analytical approximations was the introduction
of the EOB approach [4266, 4293–4295], which provides a way to map the general relativistic
two-body problem onto an effective one-body system where a test particle moves in an
external effective metric. This metric is a deformation of the Schwarzschild (or Kerr)
one, with the symmetric mass ratio ν = (m1m2)/M2 as a deformation parameter. The
continuous link between the test-mass case, where GR is exactly solvable, and the equal-
mass one, allows to meaningfully resum perturbative information, improving its accuracy
during the late stages of the inspiral and plunge. Currently, these semi-analytical models
are built using (mostly) PN series resummed through the EOB prescription and calibrated
to NR information [1228, 3248, 4296]. Importantly, this framework does not allow to model
the postmerger and ringdown waveform per se. Hence, this part is generally modeled
using NR fits and a smooth transition between the inspiral and postmerger waveforms is
required [4297–4301].

Current state-of-the-art EOB models such as the TEOBResumS [1228, 4302, 4303] and
SEOBNR families [3248, 3249, 4296, 4304, 4305] take into account tidal effects, higher harmonics
and spin-induced precession. Significant progress has been made in the modeling of non-
circular binaries [3888, 4050, 4306–4312]. Additionally, the framework’s flexibility allows to
straightforwardly include analytical contributions computed in different approximations such
as the GSF [4313–4316] and PM [251, 252, 4317–4319] ones. EOB models allow complete
control over the underlying physics, making it easy to modify them, for example to take into
account beyond-GR effects [4320–4327]. The models generally rely on solving a system of
ordinary differential equations, which provides a highly accurate description of the binary
dynamics, but can also make waveform generation computationally expensive. This drawback
can be mitigated, at the cost of a slight reduction in accuracy, through the building of
surrogate models [4328–4333], by using a post-adiabatic approximation during the early
inspiral [4332, 4334, 4335], or through a numerical implementation of the stationary phase
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approximation [4336]. As EOB models are based on physical equations of motion, we can
use a broader range of observables to test the consistency and accuracy of the resulting
waveform model, e.g. periastron advance [4337, 4338], binding energy [4318, 4339–4343], or
their scattering angles [251, 253–255, 4318, 4344–4346].

Another successful approach to waveform generation consists in building phenomeno-
logical approximants [36, 37, 1870, 1871, 3246, 3247, 3885, 3892, 4347–4351]. These focus
predominantly on directly modeling the GW signal without solving the equations of motions
for the binary system, thereby significantly reducing the computational cost and hence
enabling fast yet accurate analyses. In order to do so, they separately model the amplitude
and phase of the waveforms and split them into three distinct regions: (i) the inspiral region
is modeled using a high-order pseudo-PN series typically calibrated to EOB models; (ii) the
intermediate region and (iii) the merger-ringdown part. The latter two are modeled using
different functional forms and are both calibrated to NR simulations. Spin-induced orbital
precession is included via an SO(3) frame transformation [1865, 4352–4354] by separately
modeling the multipolar modes in a co-precessing frame and a time-dependent rotation that
encapsulates the orbital precession [4355]. Test-mass waveforms are also sometimes used to
extend the models’ validity beyond the available comparable-mass NR simulations.

State-of-the-art phenomenological approximants, such as the PhenomX family [3246, 3247,
3885, 4351], are able to generate multipolar waveforms for spin-precessing systems and are
reliable also for intermediate mass-ratios in the aligned-spin case. Phenomenological models
can also be directly generated in the time-domain, see e.g. the PhenomT family [4356–4358],
which can be helpful to include precession and eccentricity effects. The phenomenological
approximants are known to be less faithful than some of the EOB models in regions of the
parameter space [3247, 3248, 3885, 4359], but can be several times faster than surrogate
models for EOB [3247, 4303].

EOB, phenomenological and NR surrogate waveforms can be extrapolated beyond their
calibration range, but their accuracy and validation strongly depend on the availability of
NR simulations across the parameter space.

For sufficiently small mass ratios, the situation is somewhat different: GSF theory (see
section 9.3.4) by itself can provide sufficiently accurate IMR waveforms, and it may be possible
to make these sufficiently rapid to meet data analysis requirements by extending [4272] the
acceleration methods used for inspiral waveforms [4119]. Alternatively, existing, slow GSF
IMR simulations can also be used to build surrogates [4134, 4135] analogously to NR surrogates.
For nonspinning binaries, surrogates such as the ones developed in refs. [4134, 4135], have
also been made highly accurate even for comparable masses through simple, NR-calibrated
rescalings of time and amplitude, although it remains to be seen whether such a simple
method can be successfully adapted for non-circular and/or precessing systems.

Main Open Challenges

The sensitivity of future detectors such as ET imposes a strong requirement on the accuracy
of IMR models for compact binary coalescences (see section 9.2). Much work is still needed
to meet such stringent accuracy requirements for higher harmonics, large mass ratios and
extremal black hole spins. Spin-induced precession adds another layer of complications,
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which concerns the modeling of the multipolar co-precessing waveforms [4360], the precession
angles [37, 3249, 3784], a dedicated ringdown model [3892] and modeling the multipole
asymmetry in precessing systems that leads to large out-of-plane recoils [3890, 4351, 4361].
Another open but crucial issue is the inclusion of non-circular effects in semi-analytical models.
The inclusion of effects due to orbital eccentricity into waveform models have recently started
to gain traction [4075, 4307, 4310–4312]. In the future, complete models that accurately
model the GWs from fully generic systems that are both eccentric and spin-precessing will
be required [4054, 4362, 4363]. This will demand improved analytical information but also
coincides with the lack of NR simulations covering such a high-dimensional parameter space.
Work will be required in producing accurate and long NR simulations that include both effects.

At the same time, the increased number of detections and observation of signals for
a longer duration, will be even more demanding on the waveform generation time of any
model. This introduces several challenges for EOB models, which require solving a coupled
system of ODEs. However, there has been significant work on techniques to amortize the
cost of EOB models. For example, the post-adiabatic approximation [4334], used to quickly
generate waveforms in the co-precessing frame, has not yet been extended to take into account
eccentricity effects. The building of very fast surrogates seems to be necessary, possibly
making use of machine learning techniques (see section 9.5). Phenomenological models on the
other hand are already several orders of magnitude less computationally expensive than other
models: Their PN-based inspiral prescription allows them to be evaluated to arbitrarily low
frequencies (unlike surrogates) and the closed-form analytical expressions make them very
fast to evaluate. This makes them particularly suitable for efficient parallelization with GPUs,
as well as the use of non-uniform time or frequency grids for a further reduction in evaluation
cost. However, the accuracy of phenomenological models must be improved, raising a number
of important challenges in the construction of generic waveform models and overcoming known
limitations, such as those imposed by the stationary phase approximation and its extensions.

Important Next Steps

The first step to improve current models would be a thorough exploration of the parameter
space with NR simulations. This implies, e.g., performing long high-resolution simulations
for high-mass ratio systems. Numerical simulations are also necessary to build post-merger
templates for BNS and BHNS systems [2467, 3017, 3019, 3240, 3253, 3254]. A larger number of
eccentric and/or precessing binaries not only would help in building dedicated NR surrogates,
but would constitute a needed benchmark to inform and validate semi-analytical models.

At the same time, high-order analytical contributions, will be useful in building fast
(inspiral) waveforms for the most challenging systems. GSF and PM contributions can
complement the more common PN terms in different corners of the parameter space.

9.3.6 Alternative Theories of Gravity

State-of-the-Art

The modeling of gravitational waves (GWs) in alternative theories of gravity faces similar
challenges to those in General Relativity (GR), since in the end the same level of accuracy is
required. This section focuses on numerical and analytical techniques for making predictions
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in these theories of gravity, with particular emphasis on the challenges that arise when
generalizing the methods presented in sections 9.3.1–9.3.5 to alternative theories. We focus
on GWs from compact binary systems, the most promising probes of strong-field gravity, with
the notable exception of GWs that might be emitted by dark matter clouds (see section 2
for a more detailed discussion) or supernovae.

The modeling of GWs from compact binaries starts at the smallest length scale in
the EFT treatment, i.e. for isolated compact objects. Single-object solutions are needed
to provide initial data for numerical simulations, but also as input to analytical methods
that match single objects to effective point particles. For example, to obtain e.g. their
spin-induced multipoles [2762, 4364] or tidal deformabilities [293, 294, 2760]. In the presence
of additional fields, such as in scalar-tensor theories, significant complications can arise in
calculating such quantities [402, 4365–4369]. For example, new families of tidal deformations
emerge, such as the scalar tidal ones, and their calculation is nontrivial both theoretically
and numerically [4369]. However, self-consistent calculations of multipole moments and tidal
deformabilities are still largely lacking in many modified theories of gravity, such as the
effective field theories, so further development is needed.

The post-merger object, either a black hole or a neutron star, can be also well modeled
as a perturbed single object, simplifying the calculations of the emitted gravitational wave
signal. The study of the compact object quasinormal modes (QNMs) in modified theories of
gravity is conceptually very similar to the GR case. However, there can be serious technical
challenges due to the fact that the field equations of the modified gravity theories are as
a rule more complicated and contain more degrees of freedom. Systematic studies of the
QNM beyond GR were mainly performed for static black holes and static neutron stars
within the (extended) scalar-tensor theories [212, 4370–4376]. Those studies show that, in
the general case, the QNM in modified gravity are different from those in GR, the well-known
GR isospectrality is violated and there can exist new type of (scalar) QNMs absent in GR.
Studies of QNM without approximations for rotating beyond-GR black holes and neutron
stars are practically lacking. Available studies are based on approximate techniques using
perturbations in the spin and/or in the coupling constants [348, 354]. Ideas for different
approaches to the QNM calculation, like spectral decompositions without the need to separate
the radial and angular dependence [4377], are also being developed, but much further work
is needed in this direction in order to calculate the QNM frequencies of beyond-Kerr black
holes close to the extremal limit. Also, analytic solutions for stationary BHs in alternative
theories can be developed as a perturbation series in beyond-GR coupling constants, which
then in principle allows to express their linear perturbations as an extension of the (relatively
simple) GR master equations, see also refs. [4378, 4379].

The late inspiral and merger of a compact binary involves strong and highly dynamical
fields that are generally accessible only to numerical-relativity simulations. It has taken
decades to get the GR field equations into a form that is numerically well-posed, and
unfortunately there is still no approach that works for generic beyond-GR theories without
compromises; usually the GR modifications cannot become too large. One possibility is to
formulate the theory as GR with a modified matter source, as in scalar-tensor theories by going
to the Einstein frame, or for studies of higher-dimensional gravity [4380]. Another possibility
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is a reduction of the derivative order in the field equations within an effective-field-theory
framework [174, 183, 3859, 4381]. The generalized harmonic gauge approach to numerical
simulations can also be modified or adapted [163, 165, 166]. Finally, one can try to find
modifications with the sole purpose of “fixing” the field equations (making them well-posed),
while making sure that these modifications are of higher order within an effective-field-theory
power counting [4382–4384].

The only alternative to these numerical-relativity methods with access to the strong-field
regime is an expansion in the mass ratio: the gravitational self-force program. Self-force
models benefit from several simplifications in the most commonly considered alternatives
to GR. Corrections to GR and coupling of gravity to new fields typically manifest themselves
at high curvature, meaning (i) their impact on the primary black hole is typically suppressed
by a power of the mass ratio relative to their impact on the secondary object, and (ii)
coupling of new fields to gravity is also suppressed by a power of the mass ratio. Detailed
scaling arguments show that in a broad class of theories, corrections to the primary can
then be treated perturbatively; new fields entirely decouple from gravity at leading, 0PA
order; and standard GSF modeling methods can be applied [4385]. These simplifications
have enabled a recent program to develop complete GSF waveform models at 0PA order in
large classes of theories beyond GR [4386–4389]. Note, however, that such a simplification
only applies when the coupling to the new physics is dimensionfull, which is not the case in
certain theories, such as Einstein-Aether gravity. Numerous earlier studies also carried out
partial or semi-relativistic calculations beyond GR at 0PA order (see, e.g., [4371, 4390–4394]),
and the first-order GSF equations of motion have been derived in a class of scalar-tensor
theories [4395]. All concrete calculations to date have been restricted to the inspiral phase
prior to merger, but there does not appear to be an obstacle (in principle) to handling the
merger phase with GSF methods as in GR.

As discussed in section 9.3.2, the early inspiral can be modeled in a weak-field and
slow-motion (or post-Newtonian) approximation, and a scattering for large impact parameter
in a weak-field (or post-Minkowskian) approximation. For simple scalar-tensor theories, there
are essentially no new technical obstacles in performing this calculation, compared to the GR
computations discussed in section 9.3.2, as demonstrated by high-order calculations of the
binary dynamics in these theories [4323, 4324, 4396]; for the waveform see refs. [4397, 4398],
and for scattering ref. [4282]. In Einstein-Aether theories, preliminary results were derived
in order to obtain the equations of motion up to 2.5PN order [4399]. However, in most
alternative theories that introduce higher derivative terms, there are complications and one
should consider the weak-field expansion only in a certain EFT regime of validity [170]. An
essential input is an effective point-particle model representing the compact object, which is
matched to solutions of the individual objects described above. While this presents some
challenges, it is conceptually not that different from GR, with notable examples being the
description of spontaneous scalarization in a wide range of theories [4400] and also dynamical
scalarization [188, 190, 197, 4401–4404].

Finally, predictions from the above techniques must be combined into complete inspiral-
merger-ringdown models, as explained in section 9.3.1. For effective-one-body waveform
models, no immediate technical problems should arise in this process, and so far most
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efforts focused on theories with an additional scalar field [4325, 4326, 4405]. Aside from
predictions in specific alternative theories, a complementary agnostic approach is to introduce
phenomenologically parametrized deviations from GR directly in the waveform, as we will
discuss in section 9.4.5.

Main Open Challenges

As explained above, numerical-relativity approaches to beyond-GR theories are often prob-
lematic when the modifications become large in the strong-field regime. One reason may be
that numerical stability breaks down, or that one has to modify the equations without a clear
physical interpretation. Similarly, the gravitational self-force program makes crucial use of
the separation of the BH perturbation equations into master equations, but the separability
cannot be achieved generically when the beyond-GR modifications are large, i.e. no expansion
in the beyond-GR coupling constants is possible (and BH solutions may even only exist
numerically). That is, while the techniques for dealing with the strong-field regime are
somewhat limited to small modifications relative to GR, the modifications to GR are in fact
not necessarily small, especially in the strong-field regime. Resolving this conundrum is the
major open challenge for waveform modeling techniques beyond GR.

The matching of single-object solutions to the effective point-particle models used in
the weak-field approximations (and for the secondary object in GSF models) also remains
a challenge. Even in GR, obtaining the relativistic (tidal) response to external fields is
conceptually controversial (see e.g. refs. [4406, 4407]), especially when the external fields
are dynamical. Fortunately, this is mostly relevant for higher orders in the perturbative
weak-field expansion, with the notable exception of dynamical scalarization effects [188]
and screening mechanisms [4408].

Important Next Steps

An important next step is to advance the development of numerical relativity in beyond-
GR theories of gravity. This may involve improvements in numerical algorithms, but it
may also involve rethinking the whole approach to strong-field modifications, e.g. from an
effective-field-theory perspective [4409]. These efforts on the numerical-relativity side should
be coordinated with the efforts on weak-field approximations, solutions for single compact
objects, and the gravitational self-force, also considering which modifications of GR are best
motivated and compatible with contemporary experimental constraints.

9.4 Waveform Models for Specific Sources

Results of the individual techniques for waveform modeling are combined into complete
waveform models for concrete GW sources. This section covers the various models that exist
for each of the specific sources and stress the directions where major progresses are required.

9.4.1 Binary black holes

State-of-the-Art

The main families of inspiral-merger-ringdown (IMR) waveform models commonly used
in gravitational-wave data analysis are phenomenological models, the effective-one-body
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(EOB) framework, and numerical relativity (NR) surrogate models. The first two families
are semi-analytical models predicated on a range of analytical information including the
post-Newtonian (PN) framework and gravitational self-force. Information on the strong-field
regime is incorporated by calibrating the semi-analytical expressions against NR simulations.
The NR surrogates, however, effectively interpolate NR simulations across the parameter
space to directly reproduce the input NR information.

The PhenomX family is the latest generation of phenomenological waveform models
which were first proposed in [4347, 4410, 4411]. PhenomXAS models the dominant ℓ = m = 2
mode for aligned-spin binaries [3885], offering nearly two orders of magnitude improvement
in the mismatch of the model against EOB-NR hybrids relative to earlier generations. The
number of NR simulations used to calibrate the model has increased dramatically to ∼ 400
simulations. In addition, waveforms in the test-particle limit provided through numerical
solutions to the 2 + 1 Teukolsky equation [323, 4235, 4412], and are used to extend the
calibration of the model to extreme mass ratios. The aligned-spin NR simulations cover mass
ratios up to q = 18 and spins up to |χ| ∼ 0.8. In the equal-mass limit, high-spin simulations
produced by the SXS collaboration [3837] allow a calibration up to |χ| ∼ 0.99. An extension
to incorporate subdominant multipoles calibrated against NR was provided by PhenomXHM,
using the same catalog of NR simulations and test-particle waveforms. The PhenomX family
also benefits from including recently derived higher order PN information. The phasing model
incorporates non-spinning corrections to 3.5PN order [32, 4413], spin-orbit corrections to
3.5PN [1227, 4026], spin-orbit tail corrections at 4PN [4032], quadratic-in-spin-spin corrections
to 3PN [1227, 3980, 4040, 4414], and cubic-in-spin corrections at 3.5PN [1226]. PhenomX also
includes the recently derived non-spinning corrections at 4PN to the equations of motion for
compact binaries [217, 3983, 3986–3988, 4415] and a higher non-linear tail effects associated
to quartic non-linear interactions that were derived from first principles in the multipolar
post-Minkowski (MPM) framework [4011], see also [4013] for an independent derivation from
the PN re-expansion of the factorized and resummed EOB fluxes.

The aligned-spin models incorporate precession following the paradigm introduced
in [4353, 4354, 4416], in which the co-precessing frame modes can be well approximated by
aligned-spin modes with an augmented merger-ringdown [4355]. The subsequent model, Phe-
nomXPHM [3246], incorporates multiple prescriptions for precession, including a single-spin
next-to-next-to-leading-order post-Newtonian description [37, 4417], a prescription based on
a multiple scale analysis [4418–4421] that captures double-precessing spin effects, and the
option to numerically integrate the SpinTaylor equations for the precession dynamics [4422].
Most recently, PhenomPNR introduced a model for the precession dynamics and co-precessing
frame modes that are calibrated against a suite of 40 single-spin precessing NR simulations
up to q = 8 and spins |χ ≲ 0.8|. This includes the modeling of mode asymmetries through
the antisymmetric contribution to the dominant coprecessing-frame signal multipole [4361].

A family of time domain phenomenological models, PhenomT [4356–4358], offers a
complementary development to PhenomX. A key motivation for this is to simplify insight
into modeling precession and eccentricity, which can be non-trivial in the frequency-domain
and often invokes approximations such as the stationary phase approximation to analytically
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approximate the Fourier transformation. The domain of validity of PhenomT is comparable
to the PhenomX family of models, being calibrated against a similar suite of NR simulations.

The EOB framework, first introduced in [4266, 4293], provides a means to map the
general relativistic two-body problem to that of a test particle moving in some effective
spacetime metric, typically a deformed Kerr or Schwarzschild spacetime. The two main state-
of-the-art EOB models are SEOBNRv5 [3248, 3249, 4316, 4423] and TEOBResumS [1228].
The models differ in a number of ways, including the choice of the underlying Hamiltonian,
re-summation of PN information, how spin-effects enter the model, and incorporation of
information from numerical relativity. The analytical structure of the different EOB models,
and their differences, was for example explored in [4343, 4424].

SEOBNRv5, the latest generation of SEOBNR models, introduces notable changes in
the underlying structure of the Hamiltonian, which is based on that of a test-mass in a
deformed Kerr background [4295, 4302, 4425–4427] whereas SEOBNRv4 was based on the
Hamiltonian for a test-spin in a deformed Kerr background [4428, 4429]. Further improve-
ments include higher-order PN information, the modeling of mode-mixing [4430], calibration
against a larger suite of 442 NR simulations and 13 waveforms from black-hole perturbation
theory, and information from second-order GSF in the non-spinning waveform modes and
radiation reaction. The extension to spin-precession [3249] builds on previous studies that
employed aligned-spin orbital dynamics in the co-precessing frame coupled to PN-expanded
precessing-spin equations [4303, 4357, 4431], to mitigate the computational expense of solving
the equations of motion using the full precessing-spin EOB Hamiltonian [4305, 4432, 4433].
SEOBNRv5PHM extends beyond this approach by using, in the co-precessing frame, an EOB
Hamiltonian that includes partial precessional effects, in the form of orbit-averaged in-plane
spin contributions for circular orbits [4423]. Additionally, the model employs PN-expanded
evolution equations for the spins and angular momentum that include higher-order PN
information and uses a spin-supplementary condition consistent with such a Hamiltonian.
SEOBNRv5PHM achieves more than an order of magnitude improvement in speed with re-
spect to the previous generation SEOBNRv4PHM. Building on early attempts to incorporate
eccentricity into the EOB framework [4434–4436], there have been a number of parallel devel-
opments within the SEOBNR framework [3888, 4310, 4312, 4435]. SEOBNRv5EHM [4312] is
the state-of-the-art model for eccentric, aligned-spin BBHs within this framework. This time-
domain, inspiral-merger-ringdown, multipolar model includes the dominant (2,2) mode and
the modes (2, 1), (3, 3), (3, 2), (4, 4), (4, 3), and it employs two eccentric parameters, namely an
eccentricity and a radial anomaly. It is inspired by the previous-generation SEOBNRv4EHM
eccentric model [4310], and it is constructed upon the SEOBNRv5HM model for quasi-circular,
aligned-spin BBHs [3248]. SEOBNRv5EHM benefits from analytical results at 3PN order for
the eccentricity contributions to the inspiral EOB waveform modes and radiation-reaction
force [4050, 4311], employs a quasi-circular description for the merger-ringdown, and targets
binaries with eccentricities up to ∼ 0.45 at 20 Hz.

The TEOBResumS family currently provides two state-of-the-art models. The first
is the quasi-circular model TEOBResumS-Giotto, which includes detailed modeling of the
higher-multipoles and precession. The second is TEOBResumS-Dalí, which is the extension
to generic orbits [4306–4308, 4437]. The two variants feature different choices in numerous
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Figure 166. Exemplary IMR waveforms of coalescing binary black holes with mass ratio 1 : 3 and a
total source-frame mass of 60M⊙ located at a distance of 100 Mpc and viewed under an inclination
angle of π/3 relative to the line-of-sight. The initial GW frequency is 20 Hz. The four panels show
waveforms from four different state-of-the-art approximants discussed in the text highlighting the
impact of different physical effects on the waveform. Top left: example of an aligned-spin binary with
only the dominant harmonic using the IMRPhenomTPHM approximant. Top right: Example of an
aligned-spin binary including higher-order modes using the IMRPhenomXPHM approximant. Bottom
left: Example of a spin-precessing binary using the SEOBNRv5PHM approximant. Bottom right:
example of an aligned-spin binary with non-zero orbital eccentricity using the TEOBResumS-Dalí
approximant. We note that the latter waveform is shorter due to the enhanced radiation reaction in
eccentric binaries relative to quasi-circular ones.

aspects, including analytical information and calibration to NR. TEOBResumS-Giotto is
informed by a suite of NR simulations in the aligned-spin sector [1228, 4341, 4438, 4439]
and incorporates precession following the paradigm of [4353–4355, 4416] by solving a post-
Newtonian system of equations [4303, 4431]. Radiation reaction and higher multipoles follow
an improved factorization and resummation procedure introduced in [4439, 4440] with an
NR informed merger-ringdown based on [4332, 4439]. TEOBResumS-Dalí includes recent
5PN information [4441] with radiation reaction on generic orbits being incorporated by
dressing the factorized quasicircular modes [4306, 4307] with the eccentric corrections up to
2PN [4309, 4442]. Exemplary waveforms of coalescing binary black holes from the Phenom
and EOB waveform families are shown in figure 166.

For a detailed overview of current progress within the PN framework, see section 9.3.2.
Here we highlight recent progress in modeling eccentric binaries. Key steps towards building
non-spinning eccentric waveform models in the PN framework included deriving the quasi-
Keplerian equations for the orbits [4039, 4043, 4443, 4444], the evolution equations for the
orbital terms [4038, 4040–4042, 4445], and the derivation of the waveform amplitudes [4044–
4046]. Spin effects were subsequently incorporated in [4047, 4055, 4446–4452]. Post-circular
or small-eccentricity expansions have proven to be particularly successful, and have been
used to derive analytical expressions for eccentric binaries in the Fourier-domain [4054, 4070,
4071, 4075, 4076, 4453, 4454]. Early efforts at modeling both precession and eccentricity
include [4076], which used a small-eccentricity expansion of the waveform amplitudes to
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separate the periastron precession timescale from the orbital timescale. This was extended
in [4054], building on the multiple scale analysis (MSA) framework, to introduce a system of
equations for precessing binaries on elliptic orbits that can be integrated on the radiation-
reaction timescale. The validity of the model was extended to moderate eccentricities
(e ≲ 0.8) [4455]. In [4456], a number of significant improvements were introduced including
closed-form analytical expressions for the eccentric amplitudes, higher-order PN information,
and a reformulation of the MSA equations to improve numerical stability and robustness.

The existence of the BH event horizons implies that a fraction of the emitted GWs
can be absorbed by the binary objects and lead to a change in the BH masses and spins.
These fluxes are called horizon fluxes or BH absorption to distinguish them from the ones
carried out to infinity. The increased sensitivity of future detectors may be sufficient to
discern such dissipative effects and help to probe the nature of BHs and the existence of
event horizons [319, 320, 324, 4457]. In the case of nonspinning BHs, the horizon flux starts
at 4PN [4017, 4458] relative to the leading quadrupolar flux to infinity, while the same
effect appears earlier, at 2.5PN [4017, 4148, 4420, 4458–4463], when spins are considered.
These effects, for quasi-circular spin-aligned binaries, are known up to 11PN in the test-mass
limit [4017, 4163, 4164, 4464], while the corresponding generic mass ratio contributions have
been computed only up to relative 1.5PN (absolute 4PN) order [3978, 4018, 4019, 4420].
Although many studies have focused on the inclusion of horizon absorprion in EOB models
(see, e.g., refs. [321, 322, 4465–4467]), complete state-of-the-art models either do not consider
it or include it only at leading order [1228, 4302]. This situation is broadly similar for the
phenomenological waveform models, e.g., [329, 4468].

The NR surrogate models are based on reduced order modeling techniques [4285, 4287]
and are capable of accurately reproducing NR information without being required to use any
analytical approximations or phenomenological model. The first such models were restricted
to non-spinning NR simulations up to q = 10 including all multipoles up to ℓ = 8 [4288].
Subsequent work has extended the framework to aligned-spins [3889], precession [3890,
4289], extremal spins [4290], extreme mass ratios [4135, 4291], and eccentric non-spinning
binaries [3952]. The NR surrogates inherit any limitation in the underlying NR dataset,
including finite duration, finite coverage of the parameter space, and data quality issues. One
possible avenue for overcoming the finite duration of NR simulations is to construct PN/EOB-
NR hybrids that are subsequently used to build the surrogate model [3889]. Various metrics
have been introduced in order to quantify the optimal placement of simulations for constructing
NR surrogates, including greedy algorithms or neural networks [3890, 4289, 4469, 4470].
Surrogate models for other NR observables, including the remnant properties, have also been
developed [3952, 4291, 4471]. The current state-of-the-art model is NRSur7dq4 for precessing,
quasi-circular binaries [3890]. This model was trained against 1528 NR simulations with mass
ratios q ≤ 4 and spins |χi| ≤ 0.8, however the model supports extrapolation to q ∼ 6. The
model begins about 20 orbits before merger and includes all multipoles up to ℓ ≤ 4.

Unlike the methods described above, the gravitational self-force program has historically
focused on LISA sources and has hence only recently begun to produce full-fledged waveform
models, see section 9.3.4. The Fast EMRI Waveforms (FEW) framework [4119, 4472] currently
includes (i) a fully relativistic waveform model for eccentric, nonspinning BBHs at leading,
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0PA order, with complete harmonic content, as well as (ii) ref. [3796]’s 1PA model for
quasicircular, nonspinning BBHs. For generic systems with eccentricity and precession (but
nonspinning secondaries), FEW includes the lower-accuracy “augmented analytical kludge”
model [4473]. However, all FEW models are truncated at the end of the inspiral phase, before
the final merger, because GSF modeling has focused on LISA EMRI sources, which contain
negligible SNR in the final merger. Currently, the only IMR model based on the GSF approach
is the nonspinning, quasicircular 0PA surrogate model developed in refs. [4134, 4135].

Main Open Challenges

One of the key open challenges is to overhaul current paradigms for modeling precessing
compact binaries to incorporate in-plane spin-effects in the co-precessing frame modes [4360],
precession-induced mode asymmetries [4360, 4474, 4475], and merger-ringdown models that
are calibrated to precessing NR simulations. A limitation is that the waveform modes for
precessing binaries are only known for circular orbits at leading PN order [3979], so extensions
to higher PN orders and to generic orbits will be important. Recent progress has been made
to complete the amplitudes and the spin contributions to the waveform modes up to 3.5PN
within the PN framework [3976, 3977, 4004].

Other key challenges will be to develop complete IMR waveform models that describe
precessing binaries on generic orbits. This will require numerous advances on both the analyt-
ical and numerical fronts. Numerical explorations of the precessing, eccentric parameter space
are still limited but already display a wealth of phenomena, including resonant cycles [4262].
The increased dimensionality introduced by eccentricity is likely to be a challenge for a
full calibration against NR. Dimensional reduction strategies informed by analytical and
numerical relativity have been remarkably successful [4352, 4353, 4355, 4469, 4476] and will
likely play a key role in modeling precessing eccentric binaries.

A limitation in further improving the calibration of the BBH models against NR is the lack
of high-accuracy, long-duration simulations at large mass ratios q ≳ 18 and spins |χ| > 0.8.
This situation is exacerbated by the increased dimensionality for precessing binaries on non-
circular orbits. Recent efforts have focused on understanding the domain of validity of small
mass-ratio perturbation theory [3795, 3888] as well as a extending the coverage of numerical
simulations to higher mass ratios, e.g. [3830, 3897, 3898, 3964, 3965, 4477]. In particular, it
is anticipated that recent second-order (1PA) gravitational self-force developments help to
bridge the gap between extreme and comparable mass ratios [3796, 4079, 4229, 4314, 4315].
However, significant work will be required to extend these models to cover the merger phase
as well as more generic binary configurations.

Important Next Steps

A key step will be to push the calibration of precessing, quasi-circular waveform models
towards the complete 7D parameter space. This will require a community effort to produce
long-duration NR simulations that extend the current catalogs to higher mass ratios. Similarly,
producing more aligned-spin simulations at high-mass ratios and high-spins is likely to be
key in driving down waveform systematic areas in regions of the parameter space with poor
NR coverage, e.g. [3885, 4417, 4470].
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Recent Progress

In this section we highlight a subset of the developments that make progress towards tackling
some of the key open challenges identified above.

Within the post-Newtonian framework, ref. [4455] extends the precessing eccentric model
of [4054] to moderate eccentricities e ≤ 0.8 by introducing a framework to derive the mode
amplitudes for arbitrary eccentricity. A new analytical model for precessing binaries in the
extreme mass-ratio limit was introduced in [4478]. Recent progress within the GSF paradigm
includes the modeling of the transition to plunge [4479] and progress towards tackling the
second-order self-force problem in Kerr [4480, 4481].

There have been several developments in the EOB framework. In particular, [4363]
extends TEOB to generic, non-planar orbits including validation against precessing eccentric
NR simulations [3886]. There have been improvements to the treatment of radiation reac-
tion [4482], incorporation of GSF information into the TEOB framework [4483], explorations
of the structure of the merger-ringdown in eccentric binaries [4484], and incorporation of
higher-order PN information for spin-orbit couplings [4485]. Progress on the inclusion of
post-Minkowskian information in waveform models can e.g. be found in [252], which presents
a new spinning EOB Hamiltonian for unbound orbits, including the use of a physical power
counting scheme and incomplete 5PM results [234]. Post-Minkowskian information was
also leveraged to construct a Hamiltonian valid for bound orbits, enhanced with 4PN non-
spinning corrections, to build a complete inspiral-merger-ringdown waveform model based
on SEOBRNv5 for aligned-spin BBHs [4319].

9.4.2 Binary Neutron Stars

Binary neutron star (BNS) systems are one of the main targets of next-generation GW
detectors, with more than 104 expected events per year with SNRs above 10, and O(200) per
year with SNRs larger than 50 [16, 1167] (with an uncertainty by one order of magnitude
in both directions due to the uncertainty in the local merger rate). Due to the presence
of matter effects, GWs from NS binaries are quantitatively different from GWs emitted by
BBHs in both the pre- and post- merger stages of the coalescence.

State-of-the-Art

Inspiral-to-merger. While the dynamics of BNS systems is effectively indistinguishable from
that of BBHs when the two stars are far apart, as the orbits shrink due to the emission
of GWs finite-size effects become more and more relevant. The quadrupole moment of the
system, which impacts the waveforms at leading order, is modified by the presence of tidal
effects [293, 294, 2760, 3222–3224, 4486–4491], quadrupole–monopole terms [3980, 4414, 4492,
4493] as well as possible resonant excitations of the stars’ modes [3225, 3240, 4494–4498]
or nonlinear fluid instabilities at low frequencies [4499–4501]. All of these effects can be
successfully described in post-Newtonian theory, i.e. they can be modeled by resorting to
expansions in the small parameter (v/c)2, where v denotes the typical orbital speed of the
binary, assuming slow-motion and adiabaticity.

From PN theory it is relatively straightforward to construct families of PN approxi-
mants. The most successful PN model is the analytical, frequency domain TaylorF2 approxi-
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mant [3979, 4502]. Typically, the 3.5PN description of point-mass effects is augmented by
7.5PN contributions due to tidal effects [3222–3224, 4488] and EOS-dependent spin terms up
to 3.5PN [1229, 4493]. Recent work has also seen the development of PN models for dynamical
tides associated with the fundamental (f -) mode of the neutron star [2880, 3228]. Although
very efficient, PN models are known to become less and less accurate the closer one approaches
merger — where the importance of matter effects grows — and are not valid beyond contact.

Phenomenological models, such as the NRTidalv* approximants [1229, 2332, 3229, 4422]
and the model of refs. [4503, 4504], are obtained by fitting the tidal and spin-squared
contributions of the waveform phase and amplitude to a suite high resolution simulations of
BNS hybridised with an inspiral waveform. The functional forms chosen to represent the
NR contributions are such that these models naturally recover the correct PN limit in the
low frequency regime. Differently from pure PN models, the calibration to hybrid waveforms
implies that they are also predictive in the strong field regime close to merger, whilst retaining
all of the computational convenience of analytical models.

Effective-one-body models are some of the most accurate waveform models for BNS
coalescences. The two main flavours currently available within the EOB framework are the
TEOBResumS and SEOBNRv4T approximants:

TEOBResumS [1228] is based on a conservative Hamiltonian that includes gravitoelectric
and gravitomagnetic tidal terms up to ℓ = 8 and ℓ = 2, respectively. Quadrupolar (ℓ = 2)
and octopolar (ℓ = 3) contributions of the former kind are included via a “GSF-inspired”
resummation [3251], which enhances the strength of tidal effects close to merger. Spin-squared
terms are included through a modification of the centrifugal radius [4295, 4302, 4493] to
next-to-next-to leading order. Furthermore, tidal terms are also included in the waveform
multipoles with (ℓ,m) ∈ {(2, 2), (2, 1), (3, 3), (3, 2), (3, 1)}.

SEOBNRv4T [3225, 3226, 3240] is based on a Hamiltonian with modified potentials that
includes resummed PN expressions of the tidally-induced quadrupole (ℓ = 2) and octopole
(ℓ = 3) gravitoelectric multipole moments, and spin-squared corrections. Dynamical tidal
effects due to the excitation of the fundamental modes of the stars close to the mode
eigenfrequency are included via an effective Love number that approximates the frequency-
dependence of the response. Recently, spin-tidal couplings due to frame dragging and Coriolis
interactions, which result in a spin-induced shift of the resonance frequency, have been
derived [3240] but are not yet incorporated in the model. The incorporation of dynamical
tides leads to an enhancement of the tidal response. The dynamical tides are incorporated in
the waveform multipoles via the effective response. A frequency-domain surrogate model,
SEOBNRv4Tsurrogate [4328], is also available.

Post-merger. In contrast to the inspiral-to-merger emission, GWs emitted during the post-
merger phase of BNS coalescences cannot be modeled accurately via simple expansions
in the binary orbital parameters. Typically, if the remnant does not collapse into black
hole, the post-merger spectrum is characterized by a dominant frequency peak and multiple
subdominant components that reflect the dynamics of the remnant [3010, 4505], see also
the discussion in section 7.3.2.1. Numerical relativity simulations illustrate how, on top of
gravitational interactions, nuclear reactions and hydro- and thermo-dynamical processes drive
the evolution of the post-merger remnant object (see e.g. [2477, 3063]). Therefore, due to the
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Figure 167. Selection of binary neutron star waveforms from NR simulations showcasing three
different postmerger phenomenologies: The top panel shows prompt collapse to a black hole; the
middle panel shows the formation of a hypermassive neutron star (HMNS), and the bottom panel
shows the formation of a stable neutron star. The simulations are BAM:0005 [4512], THC:0084 [3168]
and BAM:0080 [2465], publicly available from the CoRE database [2333].

non-trivial morphology of these signals and the various physical processes that contribute to
the merger outcomes, post-merger templates are currently calibrated to numerical relativity
results [2464, 2742, 3015, 3017, 3019, 3063]. These models capture few, robust features
of numerical relativity simulations resorting to quasi-universal relations — which link the
characteristic properties of the signal to the binary masses, spins and (adiabatic) tidal
parameters — and are typically built via superpositions of damped sinusoids or wavelets.
More complicated approaches based on principal component analysis [3063], hierarchical
models [3015] and conditional variational autoencoders [4506] are also being investigated.
Alternatively, one can consider a flexible morphology-independent analysis for detecting
the post-merger phase, which still allows the estimation of key features such as the peak
frequency of the post-merger spectrum [3026].

While the aforementioned methods are typically applied to short-lived post-merger
signals, the merger of two neutron stars can also result in a long-lived unstable or stable
neutron star, see also the discussion in sections 7.3.1.2 and 8.3.2. The analysis of such
intermediate or long-duration GW signals does not commonly use waveform models but
instead utilises other techniques such as cross-power spectrograms [4507], Hidden Markov
Model Tracking [4508, 4509] or algorithms based on the Hough transform, e.g. [3724, 4510].
Searching for long-duration post-merger signals spanning hundreds of seconds comes with
its own host of challenges, including the treatment of data gaps and sharp features in the
noise spectrum such as lines [4511].
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Main Open Challenges

The current selection of BNS NR simulations is sparse and limited in its physics content
but post-merger models rely entirely on the availability of such simulations. Moreover, BNS
mergers can result in different post-merger scenarios, which are characterised by distinct
waveform morphologies. Examples of NR simulations of BNSs with different postmerger
outcomes from the CoRE database [2333] are shown in figure 167. Currently available
NR-informed post-merger models are phenomenological in nature [3019] and focus on the
dominant harmonic. Going beyond the (2, 2)-mode will be required in order to identify
possible phase transitions [3955]. Highly accurate NR simulations with smaller errors and
improvements in the numerical treatment of effects such as magnetic fields, nuclear reactions
and neutrino emission will be crucial. NR simulations are not only important to model
the post-merger signal but are also needed to inform the description of the late stages of
the inspiral and to determine its end. Improving the accuracy and physics content of NR
simulations of BNS remain an key open challenge that needs to be tackled urgently.

As BNS signals will be observed for minutes to hours (and up to a day) by ET, any
waveform model will need to be computationally highly efficient to provide accurate source
parameter estimates and sky localisation information in low latency, which is at odds with
the need for improving the model accuracy. Building on existing techniques such as multi-
banding [4513], reduced-order modeling [4328] or the stationary phase approximation [4336],
and developing novel techniques and tools including the use of AI and machine learning
algorithms [4514] to reduce the computational cost for generating long-duration signals
remains a pertinent challenge.

Important Next Steps

As discussed in section 7, ET promises to deliver some of the most stringent constraints on the
properties of neutron star matter, with projected statistical uncertainties in the measurement
of the neutron star radius of 50 − 200 m [1239]. To deliver such a precise measurement, any
potential systematic errors must be less than the statistical one. Waveform systematics due to
incomplete physics content is one of the dominant sources of error. To achieve the projected
measurement accuracy of the neutron star radius, waveform modeling errors must be small
enough to induce a dephasing of less than ≲ 0.3 rad [4515]. Currently available waveform
models can have typical dephasing errors of up to several radians (depending on the part of
the parameter space), and NR simulations typically quote errors of ∼ 1 rad [4498].

It has been shown (see e.g. [2900, 3230]) that systematics due to the lack of relevant
physical effects pertaining to the presence of matter will need to be minimised in order
to make accurate inferences about the nuclear EOS with the next generation of GW ob-
servatories. There are numerous such effects that are not yet consistently incorporated
in current BNS waveform models, including fluid modes other than the f -modes, such as
Rossby modes or gravity modes, dissipative effects [2894], and orbital eccentricity, which leads
to a distinctly different GW spectrum [3921, 4516]. The availability of analytic tidal-spin
information, including self-spin, is currently limited to low PN orders, and an extension of
such gravitomagnetic effects to higher order is highly desirable.
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As discussed before, while recent progress has been made on modeling the merger and
post-merger phases [3019], no such general model exists across the entirety of the parameter
space. As ET will be able to observe the post-merger phase of BNS, which provides a unique
opportunity to study the hot nuclear EOS, an improved post-merger model with be required.
This necessarily demands further progress in NR simulations.

Tidal effects and certain beyond-GR effects are degenerate, see section 7.4.3. Therefore,
missing tidal physics could also lead to a misclassification of a violation of GR. Concrete BNS
models in alternative gravity theories such as scalar-tensor or scalar Gauss-Bonnet [4326]
will be advantageous for gauging systematics.

9.4.3 Neutron Star — Black Hole Binaries

State-of-the-Art

Parameter space of NSBH systems. The parameter space of NSBH systems involves masses
in the ranges ∼ 1M⊙ < mNS ≲ 2M⊙, mBH ≳ few M⊙ (though primordial BHs could have
lower masses), dimensionless black hole spins |χBH| ≲ 1 and a NS spin frequency up to
fNS ∼ 720Hz [1878], where the maximum value and the conversion to |χNS| depend on the EOS
and, with NS spins observed in binary systems, is generally much lower. While most NSBH
binaries are expected to have negligible eccentricities in the ET band, some environments
may lead to a significant remaining eccentricity [1517, 1859]. The physics of NS matter enters
mainly through the cold EoS, while effects of temperature, neutrinos, magnetic fields, and
viscosity are expected to be less important for the GW signals [3906, 3907]. Altogether, this
makes NSBH systems clean probes of the interplay of dense matter and strong-gravity but
also complicates the development of reliable waveform models over this large parameter space.

Features of the GWs. NSBH inspiral waveforms have a rich structure as the moderate to
large mass ratio increases the power in higher modes of the GWs, and spin precession,
eccentricity, and signatures of NS matter (described in section 9.4.2) also have an impact.
Depending on the mass ratio, the BH spin and the EoS, the inspiral terminates in different
ways [3906, 3907] as illustrated in figure 168:

• Tidal disruption of the NS leads to a distinct shutoff of the GW signal at fGW ∼ 1 − 1.5
kHz, with the exact value depending predominantly on the BH mass, BH spin, mass
ratio and NS EOS (see e.g. [3906, 3907]). During the post-merger phase more matter is
accreted onto the remnant, which leads to a dampening of the ringdown signal and is
important for multimessenger counterparts.

• Plunge of the NS into the BH, which occurs in a large swath of NSBH parameter space.
The GW signals are similar to BBH and multimessenger counterparts are absent.

• Mild disruption, which represents an intermediate case where part of material is stripped
off the NS near merger. The GWs qualitatively resemble those of BBH mergers but
with the properties of the final remnant altered by accretion.
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Figure 168. Features of NSBH waveforms from the SXS catalog [3903] for nonspinning systems,
which were aligned at early times. The case with mass ratio Q = 2 (red curve) clearly shows the shutoff
due to tidal disruption. For Q = 3, the NSBH waveform (blue curve) is similar to the corresponding
BBH case (dark grey curve) up to a small dephasing due to tidal effects and details in the evolution
near the plunge-merger (not visible on this scale here).

Numerical relativity simulations. These play a crucial role for accurately modeling the GW
signal in the strong-field regime as well as for robustly determining if and at what frequency
distruption occurs. A summary of the current state-of-the-art NR simulations of NSBH
systems can be found in section 9.3.1.

Analytical models. Full waveform models for NSBH coalescences involve a baseline point-mass
model for the inspiral with corrections due to matter effects that smoothly connects with
a description of the tidal disruption or merger. The purely theoretical models for matter
effects during the inspiral apply for any kind of compact object and can be used both for
BNS and NSBH systems; differences between these systems only appear in the late stages of
the inspiral. The basic features of the GW signals beyond the inspiral due to plunges or tidal
disruption have long been qualitatively understood [1471, 4517–4519], and improved through
fits to numerical relativity simulations [2350, 2904, 4520, 4521]. Following a first complete
model developed in [2904], the current state-of-the-art for NSBH-specific waveform models
comprises three models, ordered here in the sequence in which they became available:

IMRPhenomNSBH [3253] is a frequency-domain model for the dominant mode of GWs
for aligned BH spins |χBH| ≤ 0.5, circular orbits, and nonspinning NSs with dimensionless
tidal deformability up to Λ ≤ 5000. The point-mass phase baseline is IMRPhenomD [35, 36]
and tidal effects are added through the NRTidalv2 model [1229], which was calibrated to
equal-mass BNS waveforms from the BAM code. The merger model is from [2350] which
uses the disk mass fit of [1471], the BBH baseline amplitude of IMRPhenomC [1871]. It is
calibrated to NR data from the SACRA code for mass ratios 2, 3, 4, 5, aligned BH spins with
χBH = −0.5, 0, 0.25, 0.5, 0.75, mNS ∼ 1.35M⊙ with a few cases of 1.2, 1.45M⊙, and piecewise
polytropic EoSs designed to cover the range Λ ∼ 100 − 1000. The NS compactness appearing
in the disk mass predictions is eliminated in favor Λ using quasi-universal relations [409]
adapted to ensure a well-behaved BH limit for Λ → 0.

SEOBNRv4ROM_NSBH [3254] is a frequency-domain model for the dominant mode of GWs
for aligned BH spins of magnitude |χBH| ≤ 0.9, circular orbits, and nonspinning NSs. The
point-mass baseline is SEOBNRv4_ROM [4417], which was calibrated to NR results and to
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waveforms from a BH perturbation code. Tidal effects are also based on the NRTidalv2
model (see the limitations listed above). The tidal disruption — plunge model is structurally
also based on [2350] with [1471] and using quasi-universal relations to eliminate compactness
in terms of Λ. The difference is that the coefficients were re-calibrated for the EOB baseline
to the SACRA waveforms (see above) and NSBH waveforms from SpEC for mass ratios 1 − 8,
−0.5 ≤ χBH ≤ 0.9, mNS ∼ 1.2 − 1.45M⊙ and Λ ∼ 100 − 1400.

The NSBH version of TEOBResumS-GIOTTO [3255] is a time-domain model with accom-
panying transformation to the frequency-domain using the stationary phase approximation.
The model is calibrated to non-precessing SACRA and SpEC waveforms for mass ratios ≲ 8,
BH spins of χBH ≤ 0.75, nonspinning NSs and circular orbits. Several higher modes and
approximate spin precession effects are included. The point-mass baseline is the TEOBResumS
model of [4303], which is based on an EOB Hamiltonian, PN spin precession effects, and tidal
effects from [3251, 4522]. The tidal disruption — plunge model builds on an updated version
of predictions for the remnant BH from [3914] and is an NR-informed fit to the differences
from a BBH signal. We note that the calibration regions of the models quoted above are
non-uniformly sampled over the parameter space; see the original references for more details.

Main Open Challenges

The wide range of parameter space of NSBH systems covers regions that are inherently
difficult to model, both analytically and with NR simulations. Waveform models for NSBH
remain less developed than for BBH and the following key challenges remain.

Parameter space coverage and accuracy. This presents challenges for both numerical and
analytical models. NR simulations require capabilities to evolve both an event horizon and
the NS over a number of orbits. More unequal mass ratios and higher spins lead to larger
differences in the scales involved, making simulations more challenging and computationally
expensive. Due to the greater complexity of the physics involved in simulations with matter,
the numerical errors in the waveforms (e.g. resolution, mass loss) are usually larger than for
BBHs and assessing them requires additional efforts. For analytical models, the challenges
for the inspiral are similar to those for BNS in section 9.4.2, up to a few differences in the
very late inspiral: NSBH lack overlapping matter distributions, i.e., while for BNS the outer
layers of the stars come in contact before their high-density cores merge, this is not the case
for NSBH, which may impact the GW signal during the very last inspiral stages shortly
before merger. Detailed studies and quantification of the differences are yet to be carried
out, while NR calibration would be one avenue to improve the accuracy of NSBH models
during this late stage. NSBHs also involve regimes of stronger gravity and higher companion
spin. This impacts matter signatures and involves parameters outside the regimes covered
by BNS. For complete models, a challenge remains to exploit physical insights to reduce
the number of calibration parameters and thus improve their robustness. Current NSBH
models rely on a large number of fitting parameters in a sparsely sampled parameter space
to describe the merger regime and use information from remnant disk masses that is only
indirectly related to the GW signals. Another challenge is that existing models are either
not entirely independent in their assumptions and inputs, or differ in all aspects at once,
thus making it difficult to assess systematic uncertainties.
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Impact of more realistic NS physics. While the dominant GW signatures of NS matter in
NSBH systems even during tidal disruption depend only on the cold EoS, potential sub-
dominant effects from combined finite temperatures [4523], out-of-equilibrium microphysics,
multi-fluids, magnetic fields [4524], or phase transitions in dense matter [3011] cannot be
completely excluded. Most estimates and amplification mechanisms have assumed simplified
scenarios and individual effects, see section 9.4.2, and fully quantifying their effects and poten-
tial importance for NSBH waveforms remains an open problem that needs to be addressed.

Efficiency. Including additional complexities in the models to improve their accuracy, param-
eter space coverage, and physical realism generally decreases their efficiency. Recent vigorous
progress on deep learning methods and other means to speed up waveform evaluations has
made this a separate concern (see section 9.5 for an overview). Still, the high dimensionality
and large extent of the NSBH parameter space of future models that will include more
realistic physics poses challenges.

Flexibility to constrain modified gravity, dark matter and other BSM physics. While modeling
astrophysically expected systems within GR is the priority and the fundamentally required
baseline, it is also important to develop models with enough flexibility to test for new physics
and quantify potential degeneracies and biases (see also section 2 and section 7.4.3). Some
studies have begun to explore aspects of this issue but more work is needed, especially
NSBH-specific considerations.

Important Next Steps

Accuracy requirements. Dedicated studies to determine the accuracy requirements for NSBH
waveform models for ET and other 3G GW detectors are largely missing. The lack of a
systematic sampling of the NSBH parameter space with NR limits the accuracy assessment of
current models and the determination of systematic errors inherent to them. Limited studies
indicate that the calibration of models to NSBH simulations is crucial for SNRs ≳ 70 [4525]
and that higher-order tidal effects such as the f -mode excitation can lead to significant
biases [3271]. With the recent observation of the NSBH candidate GW230529 [1475] and
the attendant increase in event-rate for NSBH systems and associated EM counterparts,
understanding the modeling error budget and determining accuracy requirements will be
paramount for the next generation.

NR simulations. Further studies of the features of NSBH systems with large BH spin
magnitudes, arbitrary spin orientations, appreciable NS spins, and eccentricity are required
to improve the modeling. Regarding the coverage of NS masses and EoSs, the range of Λ
explored to date covers a relatively wide range but also leaves some parts of the parameter
space sparsely sampled, for instance small Λ, as also relevant for higher mass NSs. Studies
with varying EoSs have indicated that primarily Λ or compactness matters for the waveforms;
however, any potential impact of e.g. strong phase transitions in cold NSs on the GWs from
the tidal disruption regime remain to be explored. Likewise, further detailed studies of the
potential impact of more realistic physics mentioned above will be needed to assess their full
impact. In addition, a few case studies for NSBH systems in well-motivated classes of modified
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gravity theories and in the presence of dark matter are also needed as unexpected nonlinear
phenomena could arise, as discovered in BNS [189] and BBH [184] systems. The parameter
space of large mass ratios, far from regimes where NS matter effects are discernible, for which
the exact boundary still needs to be fully mapped out over the parameter space, does not
require NSBH-specific simulations and can be explored with less challenging BBH simulations.
The current two-pronged strategy to cover the interesting features might continue to be useful,
with shorter simulations exploring the merger and fewer long, high-accuracy waveforms also
covering the late inspiral and consistency checks on the mergers.

Analytical modeling. Further work is needed to improve several components of analytical
models to cover more of the parameter space with greater accuracy: the BBH baseline,
description of matter effects during inspiral, and the modeling of the merger. In addition,
models must include or improve the accuracy of higher modes and several independent models
are needed to assess the systematic uncertainties. For the BBH baseline, the important
steps are similar as for BBH-specific waveforms discussed in section 9.4.1, and for matter
effects in the inspiral similar to BNS covered in section 9.4.2. For the latter, a few extra
considerations must be taken into account for NSBH, for instance, more realistic descriptions
of dynamical tides that include more effects of strong gravity and a potentially high BH
spin, NS spins, precession, and higher modes. Although matter effects during the inspiral are
expected to be rather small in NSBH systems compared to BNS, their measurement would
be a uniquely clean probe of the physics of cold dense matter and its interplay with strong
gravity, especially in the case of NS disruption [3256]. Similarly to the inspiral, the analytical
structure for modeling tidal disruption modifications away from a BBH waveform requires
further refinements, for instance, by making use of physical considerations that are directly
related to features in the GWs to develop a more robust underlying structure of the model
and its parameter-dependence and thus reduce the number of fitting parameters. Likewise,
the description of mild tidal disruptions and mapping from the progenitor parameters to the
remnant BH over a wider range of parameter space could be improved with further physical
considerations as is done for the BBH case before calibrating to NSBH simulations. Moreover,
a few analytical models need to also allow for capabilities to discern additional physics, both
related to NS matter as well as beyond the standard paradigms of gravity and particle physics.

9.4.4 Modelled sources beyond binary inspirals

9.4.4.1 Early universe source.

State-of-the-Art

With the Einstein Telescope, we may discover GW sources that do not originate from standard
stellar evolution. As we discussed in detail in section 3.2, other types of structures may have
formed in the early universe, such as cosmic strings (section 3.2.3), domain walls (section 3.2.4)
or primordial BHs (section 3.2.5). Other exotic compact objects with a possible cosmological
origin include quark nuggets [625, 4526], Q-balls [4527], boson stars [283], fermion stars [4528–
4530], gravastars, and anisotropic stars (for reviews see refs. [280, 306] and references therein).
These could leave behind a trace of their existence by the production of observable GWs,

– 478 –



J
C
A
P
0
3
(
2
0
2
6
)
0
8
1

both in the form of stochastic GW backgrounds, and as individually resolvable events, for
which we could reconstruct the waveform.

In this section, we overview the current state-of-the-art and highlight future challenges
regarding the GW waveform of sources with early universe origins. More details and signatures
of these early universe sources, e.g., in the stochastic GW background and BH mergers, are
given in section 2, 3 and 4. We proceed to discuss each source separately.

Primordial black holes. The waveform for the coalescence of binaries made of PBHs is the
same as for astrophysical binary black hole mergers; however, unlike astrophysical black
holes, PBHs could be lighter than a solar mass. Interestingly, though there is no definite
detection yet, there are tentative hints of solar and sub-solar mass compact objects in the
LVK data [1967, 1975, 1984, 4531]. Finding a single binary of sub-solar mass BHs would
be a very strong evidence of new physics in the very early universe and such possibility is
within reach of ET [496]. It should be noted that, in the case of masses larger than a solar
mass, one needs additional information, e.g. by doing population analysis or looking for the
induced GW background counterpart, to distinguish PBH binaries from astrophysical black
holes binaries, see the discussion in sections 3.2.5 and 4.6.

Current bounds from the LVK collaboration place the abundance of PBHs as dark
matter to be less than unity in the subsolar mass range [1967], complementing microlensing
constraints [1969–1973]. Remarkably, even though PBHs might comprise less than 1% of the
dark matter in the sub-solar mass range, the number of resolvable PBH mergers in 1 yr of
observation of ET could still be significant due to the improved strain sensitivity [496, 1713].
Also, strongly lensed GWs can be used also to constrain the abundance of PBHs in the
stellar mass regime (1 − 20)M⊙ [4532].

Another mechanism that could produce observable GW signals is the close hyperbolic
encounter of PBHs, leading to GW bursts. The waveform of hyperbolic encounters has
been studied extensively in the literature [251, 4344, 4345, 4533–4545]. For graphic examples
of the GW waveform see, e.g., figure 2 of ref. [1937] and figure 2 of ref. [4546]. The peak
frequency of the GW burst depends on parameters such as the PBH masses, the speed at
which they encounter and the eccentricity of the orbit. Searches for hyperbolic events have
been performed using the current LVK data [4547, 4548], with no significant candidate so far.
Although the standard expectation is that close hyperbolic encounters are rarer than PBH
binary mergers, they could be detectable by ET if PBHs constitute a significant fraction of
dark matter and are clustered at formation [1937, 1938, 4544, 4547–4551].

Cosmic strings. As discussed in section 3.2.3, the simplest models of strings are parametrized
by a single energy scale, η that controls their energy density per unit length as well as tension.
This scale is usually described by the dimensionless quantity, Gµ ∼ (η/Mpl)2. Once formed,
cosmic strings start to evolve and oscillate according to their tension. Individual events
on a loop, such as cusps and kinks, can generate a strong GW signal. Cusps are points
where the string moves momentarily at the speed of light [4552–4554], and they typically
produce a strong burst of radiation beamed in the direction of motion [811, 812, 4555]. Kinks,
which are discontinuities in the tangent vector for string, and kink-kink collision may also
produce GWs, which will be observed as transient bursts [811, 4555]. For an illustration
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Figure 169. Cusp strain in time domain computed using eq. (7) of ref. [894], and fixing flow = 5 Hz,
fhigh = 104 Hz and for a cusp burst of characteristic amplitude A = 10−21 s−1/3.

of the typical GW waveform from cosmic strings, see figure 169. Interestingly, bursts may
repeat themselves [4556] since the dynamics of the Nambu-Goto string predict that loops
follow a periodic motion.

A search for these types of bursts has been done using the LVK data in refs. [129, 891].
The lack of any signal compatible with these bursts can then be used to put constraints on
the scale of the string. The capabilities of ET for detecting cosmic string bursts have been
discussed in section 3.2.3.5, see in particular figure 35, where we see that the absence of
detection of GW bursts will place constraints on the string tension, around Gµ < 10−10−10−11,
depending on the string model. For reference, the CMB data imposes a much lower constraint
on the string tension, namely, Gµ ≲ 10−7 [849]. A similar analysis has also been conducted
in the case of the LISA observatory in [894].

It may also be possible for a cosmic string loop to collapse to a BH and emit GWs.73 In this
case the waveform, which must be calculated using full non-linear General Relativity, differs
from the waveform of a burst and of a black hole merger [4559, 4560]. Interestingly, there is a
candidate of such a new cosmic string waveform in the LVK data [4561]. It should be noted,
though, that the probability of these types of events is likely to be rather small [4562, 4563].

Exotic compact objects. Depending on the matter content of the collapsing overdensities in
the early Universe, the end state of gravitational collapse might be different from a PBH,
and other compact objects can be stable in Beyond Standard Model physics [280, 306]. As in
the case of PBHs, sub-solar mass compact objects are possible, depending on the parameters
of the theory [4564]. Such compact objects then emit GWs when in a binary. The resulting
GW frequency and waveform is similar to the standard GWs from binaries. However, as
discussed in section 2.3, any compact object that is not a black hole [293–295, 4565] has
a non-vanishing tidal deformability [297, 298, 303]. Thus, the presence of tidal effects in

73This type of process was first described by Hawking as an alternative way to create a primordial black
hole [4557, 4558].
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Figure 170. Ringdown signal featuring echoes, when the remnent of the merger is a horizonless
ultracompact object as opposed to a black hole.

the GW waveform would distinguish exotic compact objects from PBHs as well as stellar
BHs [496, 1974]. The Love numbers of exotic compact object have been calculated for boson
stars [298, 305, 307], fermion stars [4566], strange quark stars [2786], gravastars [298, 303, 304],
anisotropic stars [308] and stars with a stiff equation of state at the surface [298]. If the
remnant of a merger is an ultracompact object without a horizon, the prompt ringdown
signal would be nearly the same as the one emitted by a BH. However, the absence of a
horizon in the remnant would lead to the emission of a modulated train of GW echoes at
later times, as shown in figure 170.

Main Open Challenges

GWs from binaries and hyperbolic encounters of sub-solar mass compact objects, such as
PBHs and exotic compact objects, are a strong indication of physics beyond the standard
model of particles and cosmology. GW bursts, and repeated GW bursts, can be sourced by
nearby cosmic string loops, providing hints of grand unified theories. ET may be able to
detect such sources with early Universe origin and resolve their GW waveform.

Challenges on primordial black holes. To distinguish PBH subsolar binaries from other
astrophysical candidates, one should rule out the presence of tidal effects or disruption before
ISCO frequency [496, 1974]. Having reliable waveform models that could capture these effects
and are calibrated in the subsolar regime is crucial to rule out the alternative hypothesis of
neutron star binaries or more exotic deformable compact objects (e.g., boson star binaries).

Regarding the hyperbolic encounters, the main challenge is to identifying such a GW
burst event, specifically distinguishing it from glitch noises, as the waveform is mostly a
featureless bump. It is also important to estimate the event rate for a PBH scenario, which
strongly depends on clustering. This information is key to distinguishing whether the event
is of astrophysical or primordial black hole origin (see section 4.6). The current estimates are
made by introducing a simple clustering parameter [1937, 4567], but it must connect with
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factors such as initial non-Gaussianity and the evolution of PBH clusters. Information on the
event rate and mass distribution is also crucial for increasing search efficiency.

Challenges on cosmic strings. The calculation of the number of burst events from a network
of strings as well as their waveforms does not take into account the building up of gravitational
backreaction on the loop’s evolution. This backreaction affects these results since it can
alter the average number of cusps per loop as well as their strength. Though information
on the shape of the loops may be extracted from numerical simulation, one should also take
into account that backreaction may change the shape of loops [844, 4568]. Furthermore,
the number of GW events is directly related to the number density of loops, which at the
moment depends on the model [853, 854]. Regarding the possible misidentification of the
GW burst signal with glitches, some authors are considering alternative strategies based
on deep learning to identify the cusps signals [895].

Challenges on exotic compact objects. It remains a challenge to build consistent initial
conditions for ECOs in order to perform trustable numerical simulations of such binary
systems. Without a consistent treatment of initial conditions for ECOs, current numerical
simulations are likely to contain systematic issues and biases.

Core-Collapse Supernovae. The detection of GWs from core-collapse supernova explosions
(CCSN) is also a primary science goal of the Einstein Telescope. The CCSN GW signal [3080,
3134, 3141, 3434–3436, 3440, 3458, 4569–4572] from bounce through supernova explosion
and into the late-time (many-second) proto-neutron star (PNS) cooling phase (or black hole
formation) can be decomposed into various stages with characteristic features, frequency
spectra, strains and polarizations [4573]. GWs are generated immediately around bounce
in core-collapse supernovae by time-dependent rotational flattening and prompt post-shock
overturning convection (lasting tens of milliseconds) [3352, 3448], then during a low phase
(lasting perhaps ∼100−200 milliseconds) during which post-shock neutrino-driven turbulence
builds, followed by vigorous accretion-plume-energized PNS modal oscillations (predominantly
f- and g-modes) [3141, 3434]. If an explosion ensues, these components are accompanied
by low-frequency (∼1−10 Hz) gravitational-wave “memory” due to asymmetric emission of
neutrinos and aspherical explosive mass motions [3461, 3931, 4574–4576]. Section 8 discusses
CCSN, and we refer the reader there for more details.

9.4.5 Waveforms in alternative theories of gravity

In this section we provide a birds-eye-view of the present state of gravitational waveform
modeling of comparable mass binaries in alternative theories of gravity and in the presence
of dark matter clouds. We will start by reviewing what has been done in the context of
post-Newtonian theory, then numerical relativity, and, at last, black-hole perturbation theory.
We then survey the progress towards inspiral-merger-ringdown waveform models. In addition,
we discuss theory-agnostic parametrized waveform models (including their relation to theory-
specific predictions). Before proceeding we must make a disclaimer: the zoo of contenders
to general relativity has a plethora of specimens, and it is impossible to review what we
know about waveform modeling for each theory here.
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State-of-the-Art

Post-Newtonian theory. Perhaps unsurprisingly, most progress has been made in the context
of scalar-tensor theories of the Bergmann-Wagoner type [4577, 4578] (referred to as just
“scalar-tensor theories” hereafter) which are arguably the simplest extension of General
Relativity. In virtue of black-hole no-hair theorems (see ref. [4579] for a review), the dynamics
of black-hole binaries will be identical to what is predicted by General Relativity (see e.g.,
refs. [33, 156]), as long as the background scalar field is spatially homogeneous or time-
independent [158, 4580, 4581]. However, neutron stars can carry a “monopole scalar charge”
in these theories (i.e., the scalar field decays as 1/r asymptotically), making neutron-star
or mixed binaries potential test-beds for these theories. When one or both of the binary
components have such a charge, scalar dipolar radiation can be emitted and thus accelerate
the binary inspiral relative to GR. Regarding the analytical treatment of the two-body
problem in these theories, the dynamics were studied in refs. [4323, 4396, 4582–4588] and
waveform generation in refs. [4397, 4398].

The next simplest extension of GR involves the coupling of the scalar field to quadratic-
in-curvature scalars. Two such theories that have received considerable attention are Einstein-
scalar-Gauss-Bonnet (EsGB) gravity and dynamical Chern-Simons (dCS) gravity. In the
former, a scalar field couples to the Gauss-Bonnet invariant, while in the latter a pseudoscalar
field couples to the Pontryagin density. No-hair theorems do not apply to these theories, and
black holes will in general carry some “scalar charge”. In EsGB, this charge is monopolar,
while in dCS the charge is “dipolar” (i.e., the pseudoscalar field decays as 1/r2 asymptotically).
The post-Newtonian dynamics in these theories was studied in refs. [4324, 4326, 4589–4594].

Isolated neutron stars in scalar-tensor theories can undergo a phase transition known as
spontaneous scalarization [193]. In a neutron star binary, one or both binary components can
scalarize during the merger. This effect was first observed in numerical relativity simulations
as described below, and can be formulated in terms of an effective action [188, 197, 4401].
See also refs. [4402, 4403] for an incorporation of these effects in GW models.

Post-Newtonian calculations were also performed in Einstein-Maxwell-Dilaton theo-
ries [4322, 4595], in Lorentz-violating theories [71], and in effective-field-theory (EFT) of
GR [170, 4596, 4597].

Numerical relativity. We divide the zoo of alternative theories of gravity into two main
categories that are determined by their type of modification of GR and their challenge for
numerical relativity.

The first category represents beyond-GR theories in which scalar or vector fields are
minimally coupled to gravity. It includes scalar-tensor theories or Einstein-Maxwell-dilaton
gravity, as well as dark matter “clouds” (represented by massive scalar or vector fields) around
black holes. In this case, the field equations can be written as a set of wave equations for each
field, and standard numerical relativity techniques can be applied. In scalar-tensor theories,
black holes are the same as in GR, but neutron stars can scalarize. If a coalescing binary
that contains at least one neutron star becomes sufficiently compact, the scalar field can be
excited dynamically via “dynamical scalarization” [190–192, 4598]. Another example in this
group is Einstein-Maxwell-dilaton gravity, for which the binary coalescences were modeled
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Figure 171. Numerical waveforms for the dipole l = m = 1 mode (left) and the quadrupole
l = m = 2 mode (right) of the outgoing scalar radiation emitted by a BH-NS system in K-essence
theory, for different values of the strong coupling scale Λ and extracted at a radius of r = 7383km. The
comparison to Fierz-Jordan-Branz-Dicke (FJBD) unscreened scalar-tensor theory have been included
for comparison. The first peak (after the transient phase) of the quadrupole waveforms have been
aligned for ease of comparison. See ref. [4605] for details. Reprinted figure with permission from [4605],
Copyright (2024) by the American Physical Society.

in ref. [159]. Binary black holes surrounded by a scalar field (or dark matter) condensate
can generate scalar radiation that accelerates the inspiral and causes a gravitational wave
phase shift, see, e.g., [4599, 4600].

The second group are higher derivative theories of gravity, including the Horndeski
class, EsGB and dCS gravity and EFTs of GR. Because of the higher-order derivatives, the
bottleneck to performing numerical simulations is the theories’ formulation as a well-posed
initial value problem. A straightforward approach is an order-by-order formulation used in the
first simulations of dCS gravity [4381] and EsGB gravity [177]. This approach provides insight
into the dynamics of the scalar field, and was used to estimate the GW phase shift or to identify
new nonlinear phenomena like dynamical (de-)scalarization in black-hole binaries [183, 184].
However, at second order in the expansion, this method suffers from secular effects [174, 178].
A new formulation using modified general harmonic coordinates [160–162] allowed the first full
simulations of binary black holes, and the computation of the gravitational radiation, in EsGB
gravity [165–167, 186]. The third approach is to use a regularization scheme [4601, 4602]
inspired by the Israel-Stewart formulation of relativistic viscous hydrodynamics. This approach
has been applied to simulate compact binaries in Horndeski gravity [164, 4603], in EFTs of
GR [4604], as well as in scalar-tensor theories with kinetic screening (K-essence) [4605], see
figure 171 for an example of screened scalar field scalar in a waveform of a BH-NS merger
in a quasi-circular inspiral. Simulations in quadratic gravity were done in ref. [4606]. A
systematic and fully self-consistent comparison of the three different numerical approaches was
performed in [4607]. Considering quasi-circular binary black hole mergers in shift-symmetric
EsGB gravity, they were able to quantify the errors introduced when using the approximate
approaches. See figure 172 for an illustration of the differences in the GW signal of merging
binary black holes obtained with these approaches.
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Figure 172. Real part of the l = m = 2 spherical harmonic of the GW strain obtained in the
order-by-order (left) and fixing-the-equations (right) approaches, and compared when solving the full
equations for EsGB gravity. The GR waveform is shown for comparison and the waveforms are aligned
in phase and time at peak amplitude. See ref. [4607] for details. Reproduced from [4607]. CC BY 4.0.

Post merger. Considerable effort has been made to determine the QNM spectrum of compact
objects in alternative theories of gravity. This is a technically challenging problem, due
to the complexity of the field equations of alternative gravity theories, the lack of closed
form analytical black-hole spacetimes (and their algebraic symmetries), and the numerical
difficulties in solving the boundary-value problem for the QNM determination, which often
involves coupled systems of equations. For these reasons, most of the literature has focused
on nonrotating (or slowly-rotating) black holes. Yet, these calculations have taught us a few
lessons. First, modifications to GR generically cause the QNM spectra of axial and polar
QNMs, which are identical in GR, to become different (“isospectrality breakdown”). Second,
each extra field introduced by the alternative to GR, will have its own QNM spectrum.

The most extensive work has been performed in EsGB theories, e.g., in refs. [4371, 4372,
4374, 4375, 4608]. The quasinormal modes of BHs in EsGB theory have also been considered
for rotating solutions at linear [4609] or quadratic [348] order in the expansion of small spin of
the black hole (see also ref. [4610]). Similar calculations have been made in dCS [354, 4611],
Horndeski theories [4612], and EFTs of GR [353, 4613].

All previous results fall short of being directly applicable to perform spectroscopy of
black-hole remnants of binary coalescences which have dimensionless spin values ≃ 0.7. This
has motivated the pursuit of a generalization of Teukolsky’s formalism (which in GR is
used, e.g., to determine the QNMs of Kerr black holes at arbitrary spin) to beyond-GR
theories. This avenue was explored in refs. [4379, 4614, 4615]. See also refs. [4616, 4617]. First
calculations of QNMs of rapidly rotating BHs in EFTs of GR were obtained in ref. [349]. A
novel approach based on perturbative spectral expansions [4377, 4618, 4619] has been applied
in refs. [4620, 4621] to calculate QNM frequencies of rapidly rotating BHs in EsGB theories.

Effective-one-body and phenomenological waveform models. In order to accurately describe
the binary dynamics and gravitational wave emission up to merger, i.e., in the strong-field
regime, the construction of semi-analytical approximants becomes necessary. As in GR, it is
possible to increase the reliability of post-Newtonian results by mapping them onto EOB-

– 485 –



J
C
A
P
0
3
(
2
0
2
6
)
0
8
1

type of coordinates [4266, 4293, 4294]. The EOB framework imposes a physically motivated
resummation of the perturbative results and grants a better behavior for the inspiral evolution
up to the plunge. For scalar-tensor and EsGB theories, the explicit form of this mapping
was computed up to 3PN order [4320, 4325, 4326, 4622]; see also refs. [4321, 4595] for similar
calculations in Einstein-Maxwell-dilaton theories. The first full IMR gravitational waveform
in EsGB theories was also computed within the EOB framework and applied to analyse GW
events to place new constraints on the fundamental coupling of the theory [4405]. The GW
phase corrections induced by modification to GR computed in post-Newtonian theory can be
included on a baseline GR frequency-domain waveform model, as we will see next.

Parametrized waveform models. Gravity tests in the weak-field, slow-motion regime can
be conveniently performed in the framework of the parametrized post-Newtonian (ppN)
formalism [2487, 3718]. Likewise, in the strong-field regime for compact binary coalescences,
a parametrized approach was developed in the construction of gravitational waveforms for
beyond-GR effects [23, 4623], in a theory-agnostic manner. The idea behind parametrized
post-Einsteinian (ppE) framework is to allow for modifications to the frequency-domain
gravitational wave amplitude and phase predicted by GR. The type and magnitude of these
modifications are controlled by ppE parameters which, when set to zero, return back the
GR waveform. One can then let data determine the most likely values of this parameter,
i.e., perform a theory-agnostic inference. The posteriors on the ppE parameters can then be
translated into predictions of specific theories. The mapping between theory-agnostic and
theory-specific modifications to GR have been worked out mostly for the inspiral part, where
post-Newtonian calculation can be used; see refs. [33, 187] for such mappings. For this reason,
although not strictly speaking a limitation of the formalism, most application of the ppE
model have used the inspiral part of the waveform. The ppE has also been extended to include
additional gravitational-wave polarizations [72], spin-precessing binaries [4624] and parity-
violation effects in the gravitational wave propagation, such as velocity birefringence [4625].
Similar approaches have been developed in refs. [25, 4626] and are in use by the LVK
Collaboration. Bounds on generic deviations to the GW phase evolution in GR at different
PN orders have been obtained from the GW transient catalogs [8, 34, 38].

More recently, a parametrized framework around the merger and ringdown time of
black-hole coalescences was developed within the EOB framework in ref. [4627], building on
refs. [343, 4628]; see section 2 for other ringdown tests of GR. In parallel, ref. [4629] developed
an EOB waveform model in which the QNMs are parametrized according to the formalism
ParSpec of ref. [4630]. ParSpec is a double expansion in the theory coupling and in the BH
spin parameter such that when the coupling goes to zero, one recovers GR, i.e. the QNMs
for the Kerr solution. While this approach is built to map theoretical calculations beyond
GR, as was done in ref. [4631] for EsGB, dCS and some EFT theories of gravity, it can also
be used agnostically to find the constraints at each relevant order in the spin [4630, 4631].
Note that ref. [4629] also mapped QNM calculations in specific theories (described earlier)
to the free parameters of this parametrization.
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Main Open Challenges

Below are some important questions to be addressed in the future regarding the construction
of beyond GR waveforms in preparation of next-generation gravitational detectors. See also
section 2, where some of these points are discussed in more details.

• higher-order PN terms affect the constraints derived at leading PN orders on specific
gravity theories?

• what extend a more accurate modeling of waveforms beyond GR can help us to constraint
the plethora of new physics introduced by modified gravity? Examples of such effects
are: extra dimensions, variation of fundamental constants (e.g. Newton’s one), modified
dispersion relations, violation of Lorentz invariance, etc.

Important Next Steps

Post-Newtonian theory. In the near fututre, it will be crucial to extend current calculations
by exploring the effects of spin (including spin-precession), non-Kerr multipolar structure,
orbital eccentricity, and tidal interactions in the inspiral of beyond-GR theories.

Numerical relativity. So far the first, proof-of-principle calculations of GWs in alternative
theories of gravity have been attained [159, 164–167, 186, 190–192, 4598, 4603, 4604]. However,
more substantial work is required to chart out the parameter space and to improve the quality
of the waveforms (resolution, eccentricity reduction, etc) that will enable new, theory-specific
tests of gravity. One can also explore other alternatives to GR, e.g., Lorentz-violating theories,
for which no simulations of compact binaries exist yet. To progress in this direction, several
preliminary studies have already been performed. Thus, a well-posed initial value formulation
of Einstein-Aether gravity in 3+1 dimensions was presented in ref. [4632]. Spherically
symmetric scalar field collapse in Einstein-Aether gravity was studied in ref. [4633]. A
well-posed time evolution formulation of bi-gravity was derived in [4634]. Simulations of
black holes in massive gravity were performed in spherical symmetry [4635, 4636].

Post merger. It is important to extend the calculation of QNM frequencies, as well as
the understanding of their excitation, for rapidly-rotating black holes beyond-GR. Another
important point to be studied is to understand how the loss of isospectrality affects the
observable ringdown signal. Also, being able to accurately estimate how much the remnant
mass and spin of a BBH coalescence deviate from their GR predictions in beyond-GR
theories is crucial.

Gravitational self-force (GSF). In GR, as seen in section 9.3.4, self-force results can be used
to improve our modeling of comparable mass binaries. It is natural to expect that the same
will occur for alternative theories of gravity. It would also be interesting to develop self-force
calculations in modified gravity theories, see, e.g., refs. [4385, 4395].

IMR models. Other important questions to be addressed in order to perform meaning-full
tests of GR with ET are:

• to ensure that the waveform systematics do not affect the tests of GR?

• we develop a technique to perform tests of GR with NRsurrogate models?
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9.5 Waveform Acceleration Techniques

The large expected event rate for 3G detectors (see section 10) drives the need for quicker
data analysis techniques including searches and parameter estimation for compact binaries
in order to optimise the use of computing resources and to deliver time-critical information
such as accurate sky maps or source classification for follow-up by the scientific community.
The cost of Bayesian inference is typically dominated by the generation of waveforms, and
commonly a two-pronged approach is chosen to reduce the computational expense.

The first class of approaches aims to increase the efficiency of posterior exploration.
This can be achieved through novel techniques to speed up the likelihood evaluation, for
example by using heterodyning/relative binning [4637–4640], reduced-order quadratures
(ROQs) [4641–4643] or multibanding [4644, 4645]. One can also opt for novel sampling
techniques such as Hamiltonian Monte Carlo that forego the random-walk process of stochastic
samplers [4646]. Hardware-based acceleration provides another means to reducing the
computational cost. A final alternative lies in likelihood-free sampling using machine learning
(ML) techniques [4647–4649].

The second class of approaches aims to speed up individual waveform evaluations. This
is the approach we will be focusing on here and will be discussed in more detail below. The
most commonly used waveform acceleration techniques for IMR models are reduced-order
modeling [4285, 4650], multibanding/adaptive grids [4513] and waveform decomposition
techniques such as singular value decomposition (SVD) [4651]. For inspiral-only models, the
stationary phase approximation (SPA) [4652] and Shifted Uniform Asymptotics (SUA) [4653]
are common tools to obtain fast frequency-domain approximants. In recent years, the use
of ML alone or in combination with these approaches has gained prominence.

Both types of approaches can be combined to achieve additional savings.

State-of-the-Art

Reduced-order models. Reduced-order models (ROMs) or surrogates rely on representing
waveform models in terms of a small set of basis components. We refer the reader to [4287]
for a review. The earliest work on ROMs [4650] was motivated by the observation that the
size of the basis needed to represent a typical waveform model was smaller than the number
of time samples in a typical observation and the fact that the representation error of such a
basis shows exponential convergence. ROMs require determination of the basis coefficients as
a function of the waveform parameters. This can be done by building an interpolant to obtain
the coefficients of that expansion as a function of the waveform parameters [4651], or through
empirical interpolation [4650], or through Gaussian process interpolation [3805, 4328]. For
expensive waveform models computational savings can be obtained even when the size of
the basis is large, because the typical cost of evaluating the interpolants is much lower than
that of calculating the original waveforms. Typical ROMs are between one and three orders
of magnitude faster to evaluate and, for waveform models that rely on ODE integration
such as EOB models, often provide smoother likelihoods than the original models, helping
the sampling process.

The reduced bases on which ROMs are based can be constructed using greedy algo-
rithms [4650] or by performing SVD decompositions of a set of training waveforms [4651,
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4654, 4655]. For simple models, the reduced basis can be built directly with time or frequency
domain waveforms. More complex waveforms are decomposed into harmonic modes and a
separate reduced basis, with corresponding parameter space interpolant, is constructed for
the Fourier domain amplitude and phase of each mode [4656, 4657].

ROMs have been constructed for non-spinning black hole waveform models, e.g.,
EOBNR [4285], for SEOBNR aligned-spin black hole models without higher modes [3248,
4417, 4656, 4657] and for BNS models [4328, 4658, 4659]. The first ROMs for higher-mode
models without precession were described in [4329, 4660] and the first surrogates for a model
including both higher modes and precession, SEOBNRv4PHM, were obtained in [4333, 4661].
Recently, a ROM for stellar origin BBH mergers observed with LISA was also proposed that
uses a wavelet basis to construct waveforms in the time-frequency domain [4662].

The ROMs described above are based on semi-analytic models and build a reduced basis
from a very large set of training waveforms. A second family of ROMs, usually referred to as
NR surrogate models, are built in the same way but use NR simulations to construct the
reduced basis. Waveform models exclusively based on NR simulations are generally regarded
as more accurate than semi-analytic models but they are usually restricted in parameter
range due to the limited length of NR simulations. The first such surrogate was built using
non-spinning BBH simulations [4288] and subsequently extended to aligned spin [3889] and
then systems with precession [4286, 4289]. The latter model was the first ROM of any kind
for a precessing waveform model. More recent surrogate models have targeted extensions to
higher mass ratios [3890, 4134] and eccentricity [3952]. Surrogates have also been built to
analyse specific observed events, for example GW190814 [3891], by targeting the simulations
used to build the surrogate to a narrow region of parameter space.

SEOBNRv4PHM_surr [4661] and the NRSur7dq4 surrogate [3890] represent the
current state of the art in reduced order models. The latter is valid for systems with mass
ratio q ≲ 4, arbitrary spin directions and spin magnitudes |χi| ≲ 0.8, and can generate the
last ∼ 20 orbits of the system before final plunge, while the former has a broader parameter
space in mass ratio (q ≤ 20) with the same spin magnitude limits. Work is currently ongoing
to extend the NR surrogate model to mass ratios of q ≲ 8.

Machine Learning. Thanks to reduced order modeling, we can represent waveforms in a
lower-dimensional space that still contains enough information to perform inference. This
representation will have some functional dependence on the waveform parameters, which
can be reconstructed by a Machine Learning (ML) architecture in a supervised learning
setting. Such framework describes a good fraction of the work on ML applied to waveform
modeling [4116, 4328, 4333, 4514, 4663–4670]. The distinction between simple fits and
“Machine Learning” is not well defined, and is typically heuristically made based on the
complexity of the architecture that performs the fit.

Efforts have mostly focused on modeling ET/LVK-band BH binaries in the time domain,
without spin [4666, 4668, 4671], with only aligned spin [4330, 4331, 4664, 4665, 4669, 4670],
with precessing spin [4333, 4664], and with eccentricity but no spin [4667]. Comparatively
little effort has gone into applying a similar procedure to BNS [4328, 4514, 4659] and to
exotic objects such as Proca stars [4672].
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Some effort has also gone into modeling low-frequency sources for LISA [4116, 4663].
While these are typically qualitatively different from the ones in the ET band, the techniques
employed for LISA may be beneficially applied to ET sources.

A variety of ML models have been applied: Gaussian Process Regression [4328, 4659,
4667], shallow perceptrons [4331, 4333, 4514, 4669, 4673], deep neural networks [4116, 4663,
4665], autoencoders [4666, 4668], text-processing inspired transformers [4670], generative
adversarial networks [4672], residual networks [4669]. Some effort has also gone into comparing
different ML architectures and approaches for a specific task [4664, 4671]. Most of these
architectures, have the advantage of being intrinsically differentiable; this may allow for
the direct computation of waveform gradients, which could provide precious information
for downstream applications.

It is difficult to compare performances of different models, since the metrics and hardware
used may vary among different works. Acceleration efforts tend to focus on speed-up at
moderate fidelity (mismatches around 10−2 to 10−4), with typical timing results on the order
of single milliseconds per waveform on a CPU [4333, 4514, 4664], whereas sub-millisecond
performance can be achieved thanks to GPU acceleration [4333].

Main Open Challenges

Despite the recent burst of interest on waveform acceleration techniques, the current fast
waveform surrogates are unlikely to be directly usable in the context of ET and they will
need to be updated. First of all, they will need to meet a strict accuracy requirement,
see section 9.2; so far, most of the surrogates available (especially the ML ones) achieve a
faithfulness with the training model which is suitable only for current detectors. As we move
towards ET, the accuracy of most of the fast surrogates will need to be improved. Since
accuracy is often at trade with speed, the conciliation of the two can be challenging.

Moreover, ROMs/surrogate models for ET will need to be able to reach significantly
lower waveform starting frequency, which amounts to longer waveforms in the time domain,
and will need to incorporate realistic physics. On one hand, pushing the range of validity of
a surrogate to lower frequencies may be relatively straightforward, as the binary dynamics
asymptotically approach the Newtonian limit. On the other hand, incorporating a large
number of physical effects into a single surrogate will be a challenge. So far, surrogates mostly
tackled a single physical effect at a time (e.g. precession, eccentricity, tides. . . ). Assembling
a more realistic surrogate requires to deal with a larger variance in the training waveforms,
meaning that current methods’ architectures may prove inadequate. A ROM will probably
employ a large number of basis functions, requiring excessive memory and computational
time. A ML model might be able to represent the features of the dataset more efficiently, but
very little work has been done to build such model and a change over the state-of-the-art
will be probably needed. It is also worth noting that the increase in the model complexity
must not affect the runtime, which is often challenging to achieve.

Studies have shown that the evaluation of a surrogate on a large time/frequency grid
constitutes a large fraction of the overall cost [4330, 4514]. It is very hard to optimize such
cost, unless we depart from the need of a large grid altogether. To this purpose, an effective
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ET waveform should be coupled with a scheme (such as ROQ or relative binning) to reduce
the number of grid points needed for a given data analysis application.

Finally, we note that an effective model should be able to generate a large batch of
waveforms in parallel, in order to fully exploit the power of modern computing hardware. While
this has been already explored [4331] and might be trivial in modern ML code frameworks, an
efficient parallelization scheme remains a challenge that any developer should keep in mind.

Important Next Steps

While ROMs have proven to be reliable, ML techniques are promising candidates to build the
next generation of surrogates, due to their flexibility and ubiquity. While a rich literature has
been developed in the field, to our knowledge no ML surrogate has been developed through
production stage (i.e. used to make a novel scientific statement) in the current generation of
GW observatories. Advancing such models to production quality will be a milestone in their
developments, marking a necessary step towards a reliable surrogate for the ET era.

Recent interest in eccentricity has produced a number of models incorporating both the
effects of eccentricity and spins [4307, 4310, 4312]. A spinning-eccentric surrogate has not
been developed yet and would mark an important step towards a more physics-complete
surrogate model, possibly leading to the development of new ML techniques.

While the use of adaptive rather than uniform grids yields further speed-up for already
fast frequency-domain models [4513], this technique is equally applicable to time-domain
models such as the PhenomT family and worth exploring for phenomenology-rich models
where ROMs/surrogates may incur additional accuracy losses.

Finally, closed-form approximants such as the Phenom family and ML-based surrogates
models are particularly amenable to (additional) hardware-based acceleration e.g., through
the use of GPUs and parallelisation of the frequency or time array.

Besides the effort of producing more complete and accurate approximants, it would be
beneficial to set a common set of requirements for fast ET waveform approximants, stated
in terms of parameter space coverage, generation time and faithfulness. These will help to
establish a common target for the developers to reach.

9.6 Executive summary

As highlighted throughout this and other sections, gravitational-wave observations with ET
will provide unprecedented insights into fundamental physics and astrophysics, including
revealing the equation of state of nuclear matter and firmly determining the mass functions
and merger rates of black holes and neutron stars throughout the Universe. Delivering
many of these key science goals requires highly accurate waveform models of the emitted
gravitational-wave signal. Here, we summarize the main points discussed in this section
which encompasses the current state-of-the-art of techniques and models and avenues for
achieving the accuracy and computational efficiency needed for ET.
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Waveform accuracy requirements

• Inaccurate waveform models may lead to errors in the estimated source param-
eters with subsequent erroneous conclusions about astrophysics, cosmology or
fundamental physics.

• Inaccuracies can arise either through the omission of relevant physical effects or
through insufficiently precise modeling.

• The high sensitivity of ET requires that waveform models must become signifi-
cantly more accurate compared to today over broader regions of parameter space
of sources. By how much is under active investigation.

Waveform models and sources

• Current waveform models for binary systems synthesize different approaches
such as numerical relativity (NR), perturbation theory including post-Newtonian
and post-Minkowskian expansions and gravitational self-force. Recently, tech-
niques from high-energy physics such as the calculation of scattering amplitudes
and effective-field theory have been utilized to derive higher-order perturbative
corrections.

• The current state-of-the-art waveform models that capture the inspiral, merger
and ringdown fall into two categories: NR-calibrated Effective-one-body (EOB)
and phenomenological (Phenom) models. These models include higher-order
modes and precession, with recent advancements to include orbital eccentricity,
and tides.

• The main targeted sources for ET are binary systems consisting of black holes and
neutron stars, for which models have been developed to high accuracy but further
improvements are needed for ET. Possible progresses to be made for BBH require
to produce longer NR simulations, that includes higher mass ratios and higher
spin systems. For BNS and NSBH, the challenge consists in accounting for more
physical effects, especially in the tidal sector and post-merger models. Producing
longer duration waveforms will also be key as those signals are expected to be
seen for minutes to hours.

• Other modeled sources involve hyperbolic encounters, triple systems, core-collapse
supernovae and GWs from cosmological origin such as primordial BHs, exotic
compact objects or cosmic strings. However, for most of these sources reliable
waveform models are not yet readily available.

• Waveform models in alternative theories of gravity are also being developed,
using both analytical and numerical techniques to describe all three stages of the
coalescence: inspiral, merger and post-merger. However, this is still at its infancy
and should be further developed to provide reliable waveforms beyond GR that
span a large parameter space. Alternative tests of gravity could be performed by
the use of parametrized waveform models.
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Computational efficiency

• ET is expected to observe tens of thousands of gravitational waves from modeled
sources per year. Such high event rates require computationally efficient analysis
algorithm including searches and parameter estimation. Bayesian inference, in
particular, is dominated by the waveform generation cost.

• Commonly used techniques to increase the efficiency of waveform models include
the development of phenomenological or surrogate models, the use of adaptive
grids, singular value decomposition, shifted uniform asymptotics, dimensional
reduction and advanced reduced-order modeling.

• Recently, machine learning techniques including Gaussian process regression and
neural networks have been applied and are becoming increasingly more prominent
to tackle the efficiency problem.

10 Tools for assessing the scientific potentials of detector configurations

The goal of this section is to provide an introduction to various software products developed
within ET Observational Science Board, with the specific task of releasing tested and publicly
available software that allows us to quickly evaluate the effect on the ET science output
of possible variations of its design such as sensitivity curve, geometry, or geographical
location. This allows assessing the scientific potentials of different detector configurations
with standardized, official figures of merits (FOMs). In this section we will present these
tools, and illustrate their applications to the production of such FOMs used to investigate the
ET science case. The packages presented here are also meant to provide consistent, tested
and rapid tools for the community for first estimations and prompt forecasting.

The content is organized as follows. In section 10.1 we introduce basic notions for
detection and parameter estimation: in particular, in section 10.1.1 we discuss the detector’s
response and signal parameters for compact binaries, while in section 10.1.2 we discuss the
Fisher information matrix formalism. Section 10.2 describes software tools for compact
binary coalescence (CBC) sources: in particular, the sky location-polarisation-inclination
averaged signal-to-noise ratio (SNR) is discussed in section 10.2.1, Fisher matrix pipelines
are presented in section 10.2.2, improvements of Fisher baseline models are discussed in
section 10.2.3, and tools for performing inference at the level of astrophysical populations
in section 10.2.4. In section 10.3 we have gathered FOMs related to pattern functions and
Earth rotation in section 10.3.1, the relation between the distance reach (horizon) and SNR in
section 10.3.2, sky localisation and distance performance in section 10.3.3, and the inference
of intrinsic parameters in section 10.3.4. In section 10.4 we review the conceptual aspects
and the implementation of a Fisher information code for black hole ringdown spectroscopy.

Section 10.5 is devoted to GW stochastic background searches. General definitions for
the characterization of stochastic backgrounds are collected in section 10.5.1. In section 10.5.2
we discuss the power-law sensitivity curve and we present the tools for computing it for
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different ET configurations. The methodology and tools for the subtraction of astrophysical
backgrounds in the search for cosmological backgroud are discussed in section 10.5.3.

Section 10.6 describes a package for the use of the null stream in the triangle configuration.
Section 10.7 contains the conclusions, and is followed by the Executive summary.

10.1 Basic formalism

10.1.1 Detection and parameter estimation of resolved signals

In this subsection we summarize the basic concepts behind the detectability and the parameter
estimation of resolved GW signals, providing a minimal and self-consistent discussion of the
methods used by the software tools discussed in the rest of the section. We refer the reader
to [559, 4674] for exhaustive treatments on the waveform models and on the data analysis
approaches currently used to infer the source properties from GW observations.

10.1.1.1 Matched filtering. In the presence of a GW signal h(t), the output of a detector,
s(t), can be written as

s(t) = n(t) + h(t) , (10.1)

where n(t) denotes the detector’s noise, which we assume here to be Gaussian, stationary,
and with zero mean. The statistical properties of the noise are then summarized by the
one-sided power spectral density (PSD), defined as

⟨ñ∗(f) ñ(f ′)⟩ = 1
2δ(f − f ′)Sn(f) , (10.2)

where a tilde denotes Fourier transform from time to frequency domain.
Partial knowledge of the form of the signal and of the noise properties allows in general

to detect h(t) even if its amplitude is smaller than n(t). To assess the signal detectability it
is useful to introduce a filter function K(t), and to define the signal-to-noise ratio (SNR) for
s(t) as the ratio among the expectation value of the filtered detector output ŝ =

∫
dt s(t)K(t)

when a signal is present,

S = ⟨ŝ(t)⟩ =
∫ ∞

−∞
dt h(t)K(t) =

∫ ∞

−∞
df h̃(f) K̃∗(f) , (10.3)

and the root mean square of the filtered output in absence of signal:

N2 = ⟨ŝ2(t)⟩h=0 = 1
2

∫ ∞

−∞
df Sn(f)|K̃(f)|2 . (10.4)

The optimal filter, or matched filter, is then defined as the one which maximizes SNR = S/N

for a given h(t). This can be obtained by defining the scalar product on the waveform space,

(g |h) = 4 Re
∫ ∞

0
df
g̃∗(f) h̃(f)
Sn(f) , (10.5)

such that
S

N
= (u|h)

(u|u)1/2 , (10.6)
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where u(t) is a function whose Fourier transform is given by

ũ(f) = 1
2Sn(f)K̃(f) . (10.7)

The maximum is then found choosing K̃(f) = const × h̃(f)/Sn(f), which defines the optimal
matched filter. By substituting this expression in eq. (10.6) we obtain the expression for
the optimal SNR,

SNR = (h |h)1/2 = 4
∫ ∞

0
df

|h̃(f)|2
Sn(f) . (10.8)

When forecasting the capabilities of a given GW detector it is customary to use eq. (10.8) as
a FOM to assess the detectability of source. A source is considered detectable if its optimal
SNR exceeds a certain detection threshold.

10.1.1.2 Parameter estimation. Once the presence of a signal in a segment of the
datastream has been assessed, the next step is the reconstruction of the source parameters
θ. We adopt a Bayesian perspective, where the information on θ is fully encoded in the
posterior distribution p(θ|s), which can be expressed as

p(θ|s) = L(s|θ)π(θ)
Z(s) , (10.9)

where L(s|θ) represents the likelihood function of θ given the data, π(θ) is the prior distribu-
tion on the parameters, and the normalization Z(s) corresponds to the evidence

Z(s) =
∫
dθ L(s|θ)π(θ) . (10.10)

The prior can include physically motivated bounds (e.g. positive masses and distances) and
all pre-existing information on the source parameters. For CBCs, for example, a common
choice for the luminosity distance is given by assuming a uniform prior in the coming volume,
to take into account the effect of the Universe expansion at larger distances.

The likelihood function L(s|θ) depends on the statistical properties of the noise and
on the specific class of sources targeted. For resolved sources, and from the assumption of
stationarity and gaussianity of the noise (10.2), the probability of having a specific realization
of the noise n in the frequency domain is given by

p(n) ∝ exp
{

−1
2

∫
df

|ñ(f)|2
Sn(f)

}
= exp

{
−1

2(n|n)
}
. (10.11)

This can be re-expressed in terms of the data s and of a waveform model for the signal h(θ) as

L(s|θ) ∝ exp
{

− 1
2(s− h(θ)|s− h(θ))

}
. (10.12)
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10.1.1.3 Detector response. The function h(θ) in eq. (10.12) describes the GW detector
response to an incoming signal. Such response is not uniform, and depends on the geometry
of the instrument, and on the source position in the sky. In order to discuss specifically
the detector response, in this section we will explicitly introduce another set of parameters,
denoted by θp, characterising the detector shape and position. We will also explicitly write
the time dependence of the strain. In summary, we will use the notation h = h(t,θ,θp). For
a GW source with polarization amplitudes h+,×, the strain h can be decomposed as

h(t,θ,θp) = h+(t,θ)F+(t,θ,θp) + h×(t,θ)F×(t,θ,θp) . (10.13)

where F+,×(t,θ,θp) are the so-called antenna pattern functions, that allow to project the
two polarizations of a GW signal h+,×(t,θ) onto the arms of a detector on Earth [4675].
The parameters that determine the detector’s position are θp = {λ, φ, γ, ζ}, with λ and
φ the detector’s latitude and longitude, γ the angle formed by the arms bisector and East,
and ζ the angle between the detector’s arms (e.g. 90◦ for an L-shaped detector and 60◦

for a component of a triangular detector). Intuitively, this projection can be seen as the
composition of three rotations [4676]: one from the source’s frame to a geocentric frame, a
second from the geocentric frame to a frame centered on the detector on Earth’s surface,
and a final rotation from this frame to the detector’s proper coordinates. Denoting by ϕ and
θ, respectively, the right ascension and declination of the source sky position, the antenna
pattern functions can be explicitly recast in the form

F+(t, θ, ϕ, ψ,θp) = sin ζ
[
a(t, θ, ϕ,θp) cos 2ψ + b(t, θ, ϕ,θp) sin 2ψ

]
,

F×(t, θ, ϕ, ψ,θp) = sin ζ
[
b(t, θ, ϕ,θp) cos 2ψ − a(t, θ, ϕ,θp) sin 2ψ

]
,

(10.14)

with

a(t, θ, ϕ,θp) = 1
16 sin 2γ(3 − cos 2λ)(3 + cos 2θ) cos [2(ϕ− φ− 2πf⊕t)]

− 1
4 cos 2γ sinλ(3 + cos 2θ) sin [2(ϕ− φ− 2πf⊕t)]

+ 1
4 sin 2γ sin 2λ sin 2θ cos (ϕ− φ− 2πf⊕t)

− 1
2 cos 2γ cosλ sin 2θ sin (ϕ− φ− 2πf⊕t)

+ 3
4 sin 2γ cos2 λ sin2 θ ,

b(t, θ, ϕ,θp) = cos 2γ sinλ cos θ cos [2(ϕ− φ− 2πf⊕t)]

+ 1
4 sin 2γ(3 − cos 2λ) cos θ sin [2(ϕ− φ− 2πf⊕t)]

+ cos 2γ cosλ sin θ cos (ϕ− φ− 2πf⊕t)

+ 1
2 sin 2γ sin 2λ sin θ sin (ϕ− φ− 2πf⊕t) ,

(10.15)
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where f⊕ ≃ 1 day−1 is the Earth’s rotational frequency. The pattern functions for the three
ET configurations considered in this section at a specific time will be shown in section 10.3.1
below.74

We expect the signal modulation due to the Earth’s motion to be negligible for the
short-lived signals detected by 2G interferometers. This is not the case for 3G detectors,
which could observe signals from light binaries up to ∼ 1 day.

The explicit dependence on t in eq. (10.14) introduces three effects [4677, 4678]: (i)
an amplitude modulation due to the time evolution of the pattern functions, (ii) a phase
modulation due to the different time dependence in F+,×, (iii) a Doppler shift given by the
relative motion between the source and the detector.75

10.1.1.4 Signals from compact binaries. Until now we have made no explicit assumption
on the specific form of the signal. We now focus on parameter estimation for CBCs. For
binary black holes with masses m1 and m2 (we take m1 > m2) on circular orbits, the GW
signal depends on 15 parameters [559]

θ = {Mc, η, dL, RA, dec, ι, ψ, tc, Φc, χ1, χ2} , (10.16)

where Mc and η are the detector-frame chirp mass and symmetric mass ratio,76 dL is the
luminosity distance from the detector, RA and dec are the sky position coordinates, ι denotes
the inclination angle of the binary orbital angular momentum with respect to the line of
sight,77 ψ is the polarization angle, (tc,Φc) are the time and phase of coalescence, and χ1,2
denote the three-dimensional spin vectors of the two black holes.78 Note that the spins
contribute, at the leading order, with the mass-weighted effective parameter [4295, 4679]

χeff = m1 χ1,z + m2 χ2,z
m1 + m2

, (10.17)

where z conventionally denotes the direction of the binary orbital angular momentum. For
coalescing binaries on eccentric orbits, the set of parameters (10.16) is complemented by two
extra quantities, the eccentricity e and the mean anomaly ζM . If e ≪ 1 the vector θ includes
only one new parameter, given by e0 at some reference frequency fe0 .

For binary systems in which at least one of the objects is a neutron star, we need to
include finite size effects due to the star internal composition. The dominant contribution79

74These are obtained by summing in quadrature the contribution for each detector in a given configuration
and then extracting the square root, as for the SNR.

75A similar correction arises for the amplitude, although its is expected to be negligible given that f⊕ is
much smaller than the frequencies relevant for ground-based detectors.

76Alternative parametrizations for the mass variables are given in terms of the individual component masses
m1,2 or of Mc and the mass ratio q = m2/m1.

77Instead of ι one could use the inclination of the total angular momentum with respect to the line of sight,
θJN , which coincides with ι in the non-precessing case.

78A commonly used parametrization is also given in terms of the individual spin magnitudes χ1,2, the tilt
angles of the spin vectors with respect to the binary orbital angular momentum at a reference frequency θ1,2,
the azimuthal angle between the total and orbital angular momentum ϕJL and the difference in azimuthal
angle between spin vectors ϕ1,2, all given at a reference frequency.

79Finite size effects are also encoded by the spin induced quadrupole moments [4680]. However such
contributions depend on the stellar spins which are expected to be small for NS at the end of the binary
evolution.
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is provided by the tidal parameters which encode the stellar deformability properties. In
the case of a double neutron star system, the tidal deformability Λ1,2 enter the waveform
with the following contribution [1225]:

Λ̃ = 8
13
[
(1 + 7η − 31η2)(Λ1 + Λ2) +

√
1 − 4η(1 + 9η − 11η2)(Λ1 − Λ2)

]
δΛ̃ = 1

2

[√
1 − 4η

(
1 − 13272

1319 η + 8944
1319η

2
)

(Λ1 + Λ2)

+
(

1 − 15910
1319 η + 32850

1319 η
2 + 3380

1319η
3
)

(Λ1 − Λ2)
]
.

(10.18)

We next turn to the detector response to CBC signals. As discussed in section 10.1.1.3, the
antenna pattern functions depend on the relative orientation between the instruments and
the source, which evolve in time due to the Earth’s rotation. This effect is not negligible for
long-lasting signals, which are expected at ET. For those signals, however, the amplitude
variation during a GW cycle is much slower than the corresponding change in the phase,
which makes it possible to resort to the Stationary Phase Approximation (SPA) to compute
the waveform in the frequency domain. As discussed in [1167], the SPA can be carried out
similarly to the case of time-independent pattern functions [559]. The stationary point t∗(f)
is determined by the condition 2πf = Φ̇(t∗), being Φ̇ the derivative of the time-domain
GW phase Φ, which in the time-dependent case inherits a dependence on the frequency. In
particular, for CBC signals at lowest Post-Newtonian order we have

t∗(f) = tc − 5
256

(
GMc

c3

)−5/3
(πf)−8/3

[
1 + O

(
(πfGMtot/c

3)2/3
)]

. (10.19)

We note that the SPA is applicable to signals from compact binaries and short transients,
but not for long-lived signals such as those expected from continuous wave sources.

10.1.2 Fisher information matrix formalism

With the likelihood function encoding a model of the experiment, and a template for the
expected signal, we can reconstruct the posterior probability in eq. (10.9). This in general
achieved with techniques such as Markov Chain Monte Carlo or Nested Sampling [4674, 4681].
Indeed, an accurate reconstruction of the posterior is crucial for precision science when data
are available. Such techniques however share an high computational cost.

In the case of characterising a future experiment instead, the primary need can shift to
having a quick indicator of its parameter estimation capabilities without having to perform
actual injection recovery in simulated noise. The main reason is grounded in the computational
cost of such procedure, which nowadays can require O(hours − days) for a single event,
whose analysis can furthermore require manual tuning, e.g. of the prior range and sampler
configuration. For instance, in the context of the study of an experiment such as ET, the
recent activities of the Observational Science Board [16] have considered a total of 6 × 2
configurations for 2 populations of compact objects of order O(105) detected sources each,
plus their combinations with Cosmic Explorer. Assuming an optimistic average computation
time of 3 hours per source, this would have required ∼ 150000 days of computing time for

– 498 –



J
C
A
P
0
3
(
2
0
2
6
)
0
8
1

each population. In order to reduce the total time to O(days − months), one has to be able to
forecast the parameter estimation (PE) for a single event in O(1 − 10) s. Currently, this is not
yet achievable with full Bayesian analysis software on such large catalogs. Besides issues in
computing time, the modeling of the signal is also in some cases still under active investigation.
In particular, including in Bayesian analyses software the effect the rotation of the Earth on
long signals while keeping the computational cost under control is not fully achieved at the
present, especially for large catalogs of events (but see [2364, 4682, 4683] for recent progress).

All the above considerations motivate the adoption of approximations that make the
computation for each single event feasible, as explained, in O(1−10) s. A standard approach is
that of the Fisher information matrix (FIM) approximation, that we recall here in the context
of GW parameter estimation. We refer the interested reader to [1166, 1691] for exhaustive
treatments. We assume that both the true signal h determining the data s as in 10.1, and
the waveform model h(θ) that appears in the likelihood in eq. (10.12), are obtained from
the same waveform approximant, so h = h(θ0) for some set of true parameters θ0. The
FIM aproximation consists in considering an expansion of the template around the true
values and retaining only the first derivatives, i.e. h(θ) ≈ h+ ∂ih(θi − θi0). This is known as
linearized signal approximation (LSA), and it can be shown to be equivalent to the high-SNR
limit [1166]. This means in particular that the approximation is valid for events at large
SNR, which usually drive a significant part of the scientific output of the experiment [16].

Omitting noise-dependent factors, the likelihood in eq. (10.12) can be written in the
LSA as

−2 log L(s | θ) ∝∼ (∂ih | ∂jh)(θi − θi0)(θj − θj0) , (10.20)

i.e. as a multivariate Gaussian distribution with covariance given by the inverse of the FIM

Cov−1
ij = Γij ≡ (∂ih | ∂jh) = − ⟨∂i∂j log L(s | θ)⟩

∣∣∣∣
θ=θ0

, (10.21)

where ⟨ . . . ⟩ denotes an average over noise realizations with fixed parameters. In particular,
eq. (10.21) shows that one can obtain forecasts for the covariance of the parameters by
computing derivatives of the signal around the injected values of the parameters, i.e. without
the need of a full injection recovery with simulated noise, which makes the process faster
and parallelizable.

It is useful to recall that the result of eq. (10.21) has different complementary interpreta-
tions [1166]. In particular, the inverse of the FIM can be seen as:

• the covariance (over noise realizations) of the frequentist maximum likelihood estimator;

• the covariance of the Bayesian posterior probability for θ0 given one observation of s
(assuming flat priors on each parameter);

• the lower limit for the covariance of any unbiased estimator of θ0 under repeated data
realisations (Cramer-Rao bound). Importantly, this does not trivially bound the variance
of Bayesian posterior, so the Fisher forecasts should not be expected to be necessarily
more precise than any forecast obtained from a full Bayesian simulation [4684].
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Finally, we comment about the use of priors when adopting the Bayesian perspective.
Within the FIM framework it is possible to implement straightforwardly only Gaussian
priors on the signal parameters, whose inverse variance can be added to the FIM diagonal
elements prior to inversion [1166]. While practical, this in general does not reflect the
actual priors employed in real PE scenarios. In particular, in the context of GW sources
hard priors limiting the parameters to the physical region of the domain are used, such as
positive masses and distance, and angles typically either in [0, π] or in [0, 2π]. To further
improve the reliability of the FIM approach, one possibility is to sample the multivariate
Gaussian likelihood in eq. (10.20), and include such physical priors on the parameters via
rejection sampling [1166]. For details on such procedure, and practical implementations,
see appendix C of [1167] and [1168].

When resorting to approximations, a discussion of their validity is always important. As
already pointed out before, many conclusions driven on the performances for ET are based on
high-SNR events for which the LSA is valid. However, there can be specific cases where the
FIM fails to adequately approximate the GW likelihood independently on the SNR. This is
the case, for example, of ill-conditioned Fisher matrices, namely matrices where the condition
number, defined as the ratio between the largest and smallest eigenvalues, is larger than
machine precision [1166]. In this case, numerical instabilities in the inversion of the matrix
can lead to numerical errors up to 100%. More generally, even if the numerics could be kept
under control, a large condition number signals a potential breakdown of the validity of the
LSA over the whole likelihood surface, i.e. unreliable forecasts for the error [1166]. In general,
there is no clear and numerically quick criterion to assess the validity of the approximation
in those cases [1166, 4684]. Different software packages adopt different strategies to exclude
or regularize Fisher matrices with large condition numbers. We will describe them in the
next section and, in particular, in section 10.2.3, we will introduce recent advancements and
software tools conceived to go beyond such limitations.

10.2 Software tools for CBC sources

In this section we provide an overview of the main forecast tools for resolved sources. These
are publicly available and can be found in particular in the OSB division 9 GitLab repository
(see also table 17 below for each code’s repository).

10.2.1 Sky location-polarisation-inclination averaged SNR

As shown in eq. (10.13), GW signals can be decomposed as a linear combination of the
two polarizations h+(t,θ) and h×(t,θ), projected in a detector through its unique antenna
pattern functions F+(t, θ, ϕ, ψ,θp) and F×(t, θ, ϕ, ψ,θp). From eq. (10.8), or equivalently
from figure 178 below, one can observe that the set of angles {θ, ϕ, ψ} affects the loudness of
a given GW source, i.e. its SNR. Following [4685], we can define a sky location-polarisation
averaged signal in the frequency domain as:

⟨|h̃(f)|2⟩ = ⟨F 2
+(t(f)) ⟩|h̃+(f)|2 + ⟨F 2

×(t(f)) ⟩|h̃×(f)|2

= R(f)
(
|h̃+(f)|2 + |h̃×(f)|2

)
,

(10.22)
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