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Abstract
In this work, we study the asymptotic behavior of mixture of experts (MoE) trained
via gradient flow on supervised learning problems. Our main result establishes the
propagation of chaos for a MoE as the number of experts diverges. We demonstrate
that the corresponding empirical measure of their parameters is close to a probability
measure that solves a nonlinear continuity equation, and we provide an explicit con-
vergence rate that depends solely on the number of experts and on the dimensionality
of the parameter space. We apply our results to a MoE generated by a quantum neural
network.
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1 Introduction

In recent years, there has been a growing interest in leveraging Artificial Intelli-
gence methods for the analysis of large datasets [4, 42]. The umbrella term “Artificial
Intelligence” encompasses numerous subfields, ranging from learning theory to the
mathematical foundations of its development. At the heart of AI and machine learn-
ing is the detection of intricate patterns within massive amounts of data, an ability
that enables systems to discover hidden relationships, generate insightful predictions,
and draw conclusions that might otherwise elude human observation [7]. Among
newly emerging AI disciplines, Quantum Machine Learning stands out for uniting
classical machine learning techniques with quantum computing [14, 37, 45]. The
key principle behind quantum machine learning is to exploit quantum algorithms
and quantum-mechanical effects—such as superposition, entanglement, and quantum
parallelism—to improve the performance of deep neural models [5]. One of the most
prominent QML algorithms is constituted by quantum neural networks, which con-
stitute the quantum analog of deep neural networks. The output of a quantum neural
network is the expectation value of a quantum observable measured on the state gener-
ated by a parametric quantum circuit. Such circuit is made by parametrized one-qubit
and two-qubit gates [20, 44], whose parameters encode both the input data and the
trainable components of the model. Typically, these parameters are optimized via
gradient-based methods to minimize a cost function and boost the ability of the circuit
to process and analyze data [46].

In this paper, we investigate a general parametricmodel whichmay be implemented
by a quantum neural network. Consider a finite set X of possible inputs (e.g., images
embedded in R

d ) and let � represent the vector of circuit parameters. A parametric
model defines a function x �→ f (�, x). Suppose we have a training set {(x (i), y(i)) :
i = 1, . . . , n}, where x (i) ∈ X (e.g., dog or cat images) and y(i) ∈ R (e.g., y(i) = 1 for
a dog, y(i) = −1 for a cat). The objective of supervised learning is to find parameters�

such that f (�, x) closely matches the labels y(i). A common approach is to minimize
the empirical quadratic loss

L(�) = 1

2

n∑

i=1

(
f (�, x (i)) − y(i)

)2
(1.1)

using gradient-based optimization. For simplicity, we analyze the continuous-time
gradient flow instead of discrete gradient descent.

Recent work has sought to explore quantum neural networks in light of their poten-
tial to couple quantum computational power with the representational efficiency of
deep learning [28]. Indeed, a remarkable quantum speed-up can be achieved by a
nonlinear encoding of the data into a quantum feature space and using a linear classi-
fier in a high-dimensional Hilbert space [23, 27]. Despite such promising results, open
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questions remain regarding how to identify and optimize circuit parameters effectively
[13].

Ref. [20] considers quantum neural networks trained on supervised learning tasks,
where the objective function is defined as the expected value of the sum of single-qubit
observables across all qubits normalized such that its variance at initialization is�(1).
The authors characterize the training dynamics of such quantum neural networks and
prove their trainability in the limit of infinite width in any regime where the depth is
allowed to grow with the number of qubits (denoted by m), as long as barren plateaus
do not arise. More precisely, Ref. [20] proves that the probability distribution of the
function generated by the trained network converges in distribution to a Gaussian
process whose mean and covariance can be computed analytically [20, Theorem 4.15].
Ref. [31] has subsequently provided quantitative bounds to such convergence in terms
of the Wasserstein distance of order 1.

In this paper, we adopt an alternative approach to the training of quantum neural
networks: the mean-field limit, which has been extensively studied in the setting of
classical deep neural networks [29, 30, 34, 35, 47]. Such a limit approximates the
empirical distribution of the neurons of the network with a smooth probability distri-
bution. In this viewpoint, each neuron can be viewed as a particle that evolves under
a suitable gradient flow in parameter space, and as the width tends to infinity, one
can derive a limiting partial differential equation description of the training dynamics.
Specifically, consider a feedforward neural network with multiple layers. When the
number of neurons per layer grows to infinity (while scaling the weights and biases
appropriately), the empirical distribution of the neurons in each layer converges to
a smooth measure. The function generated by the network then becomes governed
by this measure, making it possible to track the evolution of the measure itself via
mean-field gradient-flow equations. This approach provides a rigorous mathematical
framework for understanding why very large networks can often escape poor local
minima, achieve small training error, and even generalize well [2, 12, 30, 41, 47].

Here, we explore whether a similar mean-field viewpoint can be adopted for quan-
tum neural networks. We begin by adopting a more general point of view, considering
a model function called mixture of experts (MoE) given by the average of simpler
identical parametric models [16, 24, 40], and we study its behavior as the number of
experts increases. In classical machine learning, mixture of experts have been exten-
sively used in several contexts, including transformer-based large language models
(LLMs) [8, 16, 24, 40]. We consider a uniform mixture of N identical experts:

FN (�N , x):= 1

N

N∑

i=1

f (θ i,N , x), (1.2)

where x is the input, θ i,N is the vector of the parameters of the i-th expert, �N is the
vector of all the parameters of the network, and f is the model function of a single
expert.

In thequantumcase, each expert is a parametric quantumcircuitwithmodel function
f defined in (4.2). Then, F turns out to be a hybrid model given by a classical mixture
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of quantum experts, which is hard to simulate classically if a significant fraction of
the experts is hard to simulate.

In this spirit, we analyze the mean field phenomenon through the so-called prop-
agation of chaos [48]. The propagation of chaos is a phenomenon observed in large
systemsof interactingparticles, such as gases,where individual particles behave almost
independently as the number of particles becomes infinitely large. This principle is
central in statistical mechanics and kinetic theory, providing a bridge between micro-
scopic dynamics and macroscopic laws [48]. We then apply this approach to analyze
the collective behavior of a MoE, where the parameters are trained by gradient flow,
resulting in an updated collection of parameters �N

t :=(θ
1,N
t , . . . , θ

N ,N
t ) that define a

mixture of experts. This, in turn, yields an updated model function FN (�N
t , x). The

main idea of propagation of chaos is to compare the dynamics of�N
t , with the dynam-

ics of a family of parameters (θt
1,N

, . . . , θt
N ,N

) that are all independent, and then to
study the proximity between their probability laws. In order to capture this proximity,
we use the so-called Wasserstein distance [25, 49]. The Wasserstein distance of order
1 ≤ p < +∞, denoted asWp, is a metric employed to measure the distance between
probability distributions on a metric space, capturing the geometry of the space in
which they reside [49]. Specifically, such distance is given by the p-th root of the
minimum cost of transporting mass from one distribution to another, where the cost
is determined by the p-th power of the distance between points of the ambient space
[25].

1.1 Our results

In this paper, we prove the propagation of chaos for a sequence of N ∈ N experts
whose dynamics follow the gradient flow equation associated with theminimization of
the quadratic cost of a supervised learning problem. We show that, at each fixed time
t > 0, the empirical measure associated with these experts converges to a probability
measure solving a nonlinear continuity equation. Without delving into all the details,
we establish the following result (see Theorem 3.2, and Theorem 4.1 for a formal
statement).

Theorem 1.1 Let d > 4, and consider the MoE FN (�N , x) induced by the set of
N identical experts { f (θ i , x) : i = 1, . . . , N } where x represents a generic input,
�N :=(θ1,N , . . . θN ,N ) is the vector of parameters where each θ i,N is supported on
the Torus Td of dimension d ∈ N with period 2π , and f is a generic expert satisfying
suitable regularity assumption on the variable θ . Let each component of �N be ini-
tialized by sampling it from the uniform distribution, and let then �N be trained via
gradient flow:

dLN (�N
t )

dt
= −N∇�NL(�N

t ),

LN (�N
t ):=1

2

n∑

i=1

(
FN (�N

t , x (i)) − y(i)
)2

.

(1.3)

123



Mean-field limit from general mixtures… Page 5 of 23    42 

Then, there exists a positive constant C > 0 independent of N , and depending on t,
such that

EW2(μ�N
t
, μt ) ≤ CN− 2

d , (1.4)

where μt is the unique solution to the following nonlinear continuity equation:

dμt (θ)

dt
= −∇θ · (b(θ, μt )μt ) , (1.5)

b(θ, μt ):=
n∑

j=1

∇θ f (θ, x j )
(
y j − Eα∼μt

[
f (α, x j )

])
. (1.6)

Here, W2 denotes the Wasserstein distance of order 2, and μ�N
t

is the empirical

measure of the vector �N
t .

Our bound in (1.4) explicitly depends on the dimension d. Notice that the right-hand
side tends to zero as N → +∞. Let us also note that our result does not hold in the
limit t → ∞, as our bound diverges for t → ∞. To the best of our knowledge, the
validity of the mean-field limit for infinite training time remains an open question even
for classical deep neural networks [2, 41, 47].

We then apply Theorem1.1 to the settingwhere each expert is a parametric quantum
circuit. In the previous work [31], the considered quantum neural network is a single
parametric circuit. A proof of convergence of the probability distribution of the gener-
ated function to a Gaussian process is provided in the limit of infinite width, that is, in
the limit of infinitely many qubits. In the present work, we consider a uniformmixture
of experts given by fixed parametric quantum circuits, and we provide the proof of
convergence of μ�N

t
to μt in the limit of infinitely many experts. Differently from the

previousworks [20, 31], where the asymptotic behavior of the quantum neural network
is studied in the regime where the variance of the generated function at initialization
is �(1), we study the regime where the generated function is uniformly bounded.
Such regime does not exhibit the lazy training of [20, 31] that hinders representation
learning.

This work is organized as follows. In Sect. 2, we set the notation of the paper, and
we review the concepts of Wasserstein distance and propagation of chaos. In Sect. 3,
we provide a general statement ensuring the existence of solutions for McKean-type
equations where the drift term is determined by a general neural function satisfying
appropriate growth conditions. Furthermore, in this section, we prove our main result,
Theorem 3.2. In Sect. 4, we apply our results to quantum neural networks. Finally,
in Sect. 5, we present some concluding remarks and discuss potential directions for
future research.

2 Preliminaries and notation

Let us start by introducing the notation of the present work.
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2.1 Training data

Let X be the feature space, i.e., the set of all the possible inputs, and we let R be the
output space. Let

D:=
{
(x (i), y(i)) : i = 1, . . . , n

}
⊂ X × R (2.1)

be the training set. We set n = |D| to be the cardinality of D.

2.2 TheWasserstein distance of order 2

In this subsection, we introduce the distance that we employ to quantify the closeness
between the empirical measures associated with a vector of trained parameters and its
weak limit. TheWasserstein distance of order 1 ≤ p < +∞ is ametric used tomeasure
the distance between two probability distributions on ametric space, capturing not only
differences in their values but also the geometry of the space in which they reside [25,
49]. Specifically, it is given by the p-th root of the minimum cost of transporting mass
from one distribution to another, where the cost is determined by the p-th power of
the distance between points of the ambient space. It admits applications in several
areas of mathematics [49] and in the general scenario of transporting resources in the
cheapest way [17, 39]. As a distance among probability distributions, the Wasserstein
distance finds natural applications in statistics [36, 43] and machine learning [3, 11,
19, 38] and it is also be extended to the quantum realm and considered in the context
of quantummachine learning [15, 26]. Let (Td , ‖·‖1) be the d-dimensional Torus with
period 2π endowed with the 1-norm ‖·‖1. In what follows, we set M(Td) as the set
of all probability measures over Td , and we endow it with p-Wasserstein distance
defined as

W
p
p(μ, ν):= inf

π∈�(μ,ν)

ˆ
X×X

(dX (x1, x2))
pdπ(x1, x2), (2.2)

where �(μ, ν) denotes the set of all possible joint probability measures having
marginals μ and ν. In what follows, we focus on p = 2 as it relates to the con-
cept of propagation of chaos, which will be discussed later. Furthermore, we denote
byP2(T

d) the Wasserstein space of order 2 on T
d with respect to the 1-norm.

2.3 Particle systems and propagation of chaos

In this section, we recall the notion of propagation of chaos as introduced by McKean
and later developed by Sznitman to study the asymptotic behavior of large systems of
particles [21, 48]. Propagation of chaos refers to a phenomenon in systems of interact-
ing particles where, as the number of particles grows, the behavior of any finite subset
of particles becomes increasingly independent and identically distributed. This concept
is particularly significant in the context of mean-field interactions, offering a rigorous

123



Mean-field limit from general mixtures… Page 7 of 23    42 

connection between microscopic dynamics and macroscopic statistical behavior. It
demonstrates how the collective evolution of a large system can often be effectively
approximated by a limiting equation, such as the Vlasov or McKean-Vlasov equation,
which governs the distribution of a single particle [22].

Let be given N ∈ N, and suppose that

b : Td × M(Td) → T
d , (2.3)

is globally Lipschitz as in (2.8). Consider the N -particle system �N
t :=(θ1t , . . . θN

t )

whose evolution is given by

⎧
⎨

⎩

dθ i,Nt
dt = b(θ i,Nt , μ�N

t
), i ∈ {1, . . . , N },

θ
i,N
0 = θ̂

i,N
0 ∼ unif(Td) independently for each i ,

(2.4)

where unif(Td) denotes the uniform distribution on T
d , and

μ�N
t
:= 1

N

N∑

i=1

δ
θ
i,N
t

. (2.5)

In what follows, we will present the seminal result stating that as N → +∞, μ�N
t

converges to the unique solution μt of the nonlinear continuity equation

dμt (θ)

dt
= −∇θ · (b(θ, μt )μt ) , (2.6)

and μt is the probability law of the so-called McKean process (θ t )t≥0 which solves
the following differential equation

{
dθ t
dt = b(θ t , μt ),

θ0 = θ̂0,
(2.7)

where μt = Law(θ t ), and θ̂0 is a random variable distributed according to μ0.

Theorem 2.1 Suppose that b is globally Lipschitz: there exists C > 0 such that for all
x, y ∈ T

d and for all μ, ν ∈ M(Td) it holds that:

‖b(x, μ) − b(y, ν)‖1 ≤ C
(‖x − y‖1 + W2(μ, ν)

)
. (2.8)

Then, for any T > 0 the differential equation (2.7) has a unique solution on [0, T ],
and consequently, its law is the unique weak solution to the continuity equation (2.6).
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Proof The existence and uniqueness for the differential equation (2.7) follow from a
fixed-point argument. As shown in [9, Proposition 1], the joint Lipschitz condition
(2.8) allows for the application of the Picard iteration method directly in the space
of trajectories, a result that holds for any σ ≥ 0, including our deterministic setting.
Once the unique flow of the ODE is established, the well-posedness of the continuity
equation (2.6) follows from the superposition principle. Specifically, the unique weak
solution is characterized as the pushforward of the initial measure μ0 under the flow
generated by b(x, μ), as developed in [1, Chapter 8]. This ensures that the law of the
particle dynamics is the unique solution in P2(T

d). �

The following proposition establishes existence and uniqueness of solutions to the

system (2.4).

Proposition 2.1 Assume the same hypotheses as in Theorem 2.1. Then, for any T > 0
and any i ∈ {1, . . . , N }, the system of differential equations (2.4) has a unique solution.

Proof This result follows as a special case of the analysis of multi-agent systems with
non-local interactions. Under the joint Lipschitz condition (2.8), the existence and
uniqueness of the solution for the N -particle system follow from a standard application
of the Cauchy-Lipschitz theorem in the product space (Td)N × P2(T

d). A detailed
proof for this class of nonlinear kinetics and the convergence of the related empirical
measures can be found in [32, Proposition 3.3]. �

In what follows, we recall the notion of propagation of chaos by coupling trajectories.

Definition 2.1 Let T ∈ (0,+∞], and 1 ≤ p < +∞. Propagation of chaos holds
when for all N ∈ N there exist

• a system of particles (�N
t )t = (θ

1,N
t , . . . , θ

N ,N
t )t with law μN

t ∈ M((Td)N ) at
time t ≤ T ;

• a system of independent stochastic processes (�
N
t )t = (θ

1,N
t , . . . , θ

N ,N
t )with law

μ⊗N
t ∈ M((Td)N ) at time t ≤ T , such that θ i,N0 = θ

i,N
0 P-a.s. for i = 1, . . . , N ;

• a number ε(N , T ) such that ε(N , T ) → 0 as N → +∞,

such that (pathwise case)

1

N

N∑

i=1

E

[
sup
t≤T

∥∥∥θ
i,N
t − θ

i,N
t

∥∥∥
p

1

]
≤ ε(N , T ), (2.9)

or (pointwise case)

1

N

N∑

i=1

sup
t≤T

E

[∥∥∥θ
i,N
t − θ

i,N
t

∥∥∥
p

1

]
≤ ε(N , T ). (2.10)

Next, we prove propagation of chaos for a sequence of parameters�N
t defined through

the differential equation (2.4). Furthermore, we prove the weak convergence in the
sense of the probability measures of the initial measure μ�N

0
[6].
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Theorem 2.2 Let us assume the same hypotheses as in Theorem 2.1. Let d > 4, and
let us set t ∈ [0, T ], and �N

0 be composed by independent and identically distributed
random variables supported in T

d . Then the weak-limit in the sense of probability
measures of μ�N

0
, and denoted as

μ0:= lim
N→+∞ μ�N

0
, (2.11)

exists, and μ0 ∈ M(Td). Furthermore, there exists a sequence (�
N
t )t =

(θ
1,N
t , . . . , θ

N ,N
t ) of independent, and identically distributed random variables valued

in Td such that the pathwise propagation of chaos in the sense of Definition 2.1 holds
true with p = 2. Additionally, the convergence rate ε(N , T ) is given by

ε(N , T ) = C1(b, T )αd(N ), (2.12)

where C1(b, T ) is a positive constant depending only on b, T , and αd(N ) is given by

αd(N ):=2N− 2
d . (2.13)

Remark 2.1 Theorem 2.2 establishes the propagation of chaos in a pathwise sense,

since the error
∥∥∥θ

i,N
t − θ

i,N
t

∥∥∥
2

1
is controlled uniformly over the entire trajectory [0, T ].

It is worth noting that this pathwise estimate is stronger than a pointwise one, see [9,
Section 3.4.2].

Proof By assumption all the components of �N
0 are independent and identically dis-

tributed. Then for any measurable bounded function g : Td → R, we have by the law
of large numbers that

ˆ
Td

g(θ)dμ�N
0
(θ) → E(g(θ10 )) as N → +∞, (2.14)

so thatμ0 = law(θ10 ). Since θ10 is supported in Td , thenμ0 ∈ M(Td). Now, by follow-
ing [10, Theorem 3.20], we may consider as system of independent, and identically
distributed particles the ones following (2.7) with the same initial condition�N

0 as the
ones of (2.4). So that, we have

∥∥∥θ
i,N
t − θ

i,N
t

∥∥∥
2

1
≤ 2t

ˆ t

0

∥∥∥b(θ i,Ns , μ�N
s
) − b(θ

i,N
s , μs)

∥∥∥
2

1
ds (2.15)

≤ 4C2t
ˆ t

0

(
W2

(
μ�N

s
, μ

�
N
s

)
+

∥∥∥θ i,Ns − θ
i,N
s

∥∥∥
1

)2
ds (2.16)

+ 4C2t
ˆ t

0
W2

2

(
μ

�
N
s
, μs

)
ds (2.17)
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where in thefirst inequalitywehaveused Jensen inequality, and in the second inequality
we have used the Lipschitz assumption. Then by Grönwall inequality, we have

∥∥∥θ
i,N
t − θ

i,N
t

∥∥∥
2

1
≤ 8C2T exp

(
8C2T

) ˆ t

0

(
W2

2

(
μ�N

s
, μ

�
N
s

)
+ W2

2

(
μ

�
N
s
, μs

))
ds,

(2.18)

where C is the Lipschitz constant in (2.8). Thus by summing overall i , we get

W2
2

(
μ�N

t
, μ

�
N
t

)
≤ 8C2T exp

(
8C2T

)
exp

(
8C2T 2 exp

(
8C2T

))ˆ t

0
W2

2

(
μ

�
N
s
, μs

)
ds.

(2.19)

Then by [18, Theorem 1], there exists a positive constant C1:=C1(b, T ) > 0 only
depending on the Lipschitz constant of b and T such that

EW2
2

(
μ�N

t
, μ

�
N
t

)
≤ 8C2T exp

(
8C2T

)
exp

(
8C2T 2 exp

(
8C2T

)) ˆ t

0
EW2

2

(
μ

�
N
s
, μs

)
ds

≤ 8C2T 2 exp
(
8C2T

)
exp

(
8C2T 2 exp

(
8C2T

))
C1αd (N ).

(2.20)

Therefore,

1

N

N∑

i=1

E sup
0≤t≤T

∥∥∥θ
i,N
t − θ

i,N
t

∥∥∥
2

1
≤ 8C2T 2 exp

(
8C2T

)
(C2(T ) + 1)αd(N ) (2.21)

where

C2(T ):=8C2T 2 exp
(
8C2T

)
exp

(
8C2T 2 exp

(
8C2T

))
C1. (2.22)

�

Lemma 2.1 Let d > 4. Then

EW2
2

(
μ�N

t
, μt

)
≤ C1αd(N ), (2.23)

where C1:=C1(b, T ) is a positive constant only depending on the Lipschitz constant
of b, and T .

Proof Note that by the triangle inequality

EW2
2

(
μ�N

t
, μt

)
≤ EW2

2

(
μ�N

t
, μ

�
N
t

)
+ EW2

2

(
μ

�
N
t
, μt

)
. (2.24)

Then, by applying (2.20), and [18, Theorem 1] we get the desired bound. �
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3 Mean field limit for general objective functions

In what follows, we consider the following objective function given by a uniform
mixture of identical experts:

FN (�N , x):= 1

N

N∑

i=1

f (θ i,N , x), �N :=(θ1,N , . . . , θ N ,N ) ∈ (Td)N , (3.1)

where Td is the d-dimensional 2π -periodic Torus, and f : Td × X → R is a generic
model function with suitable regularity properties. In what follows, as a cost function
associated with the training setD, we consider the mean squared error that is defined
as

LN (�N ):=1

2

n∑

j=1

(
FN (�N , x j ) − y j

)2
. (3.2)

Next, we analyze the following gradient flow equation

d�N
t

d t
= −N∇�NLN (�N

t ), �N
t ∈ (Td)N . (3.3)

We may write (3.3) as follows:

dθ i,Nt

dt
=

n∑

j=1

∇θ f (θ
i,N
t , x j )

(
y j − FN (�N

t , x j )
)

, i = 1, . . . , N . (3.4)

Let us define the empirical probability measure as follows

μ�N
t
:= 1

N

N∑

i=1

δ
θ
i,N
t

. (3.5)

Notice that by the definition of FN (�N
t , x), it can be written as

FN (�N
t , x) = 1

N

N∑

i=1

f (θ i,Nt , x) = Eα∼μ
�N
t
[ f (α, x)] . (3.6)

Then, we may write (3.4) as

dθ i,Nt

dt
=

n∑

j=1

∇θ f (θ
i,N
t , x j )

(
y j − Eα∼μ

�N
t

[
f (α, x j )

])
, i = 1, . . . , N . (3.7)
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We let

b(θ i,Nt , μ�N
t
):=

n∑

j=1

∇θ f (θ
i,N
t , x j )

(
y j − Eα∼μ

�N
t

[
f (α, x j )

])
, i = 1, . . . , N ,

(3.8)

and thus (3.7) can be given in the form

dθ i,Nt

dt
= b(θ i,Nt , μ�N

t
), i = 1, . . . , N . (3.9)

Next, we consider the following hypotheses about the model function f .

A 1 We suppose that f (·, x) is C2, that | f (·, x)| ≤ 1 for any x ∈ X, and that the
following bound holds true: there exists a positive constant α > 0 such that for any
i ∈ {1, . . . , d}, and for any x ∈ X

|∂θi f (θ, x)| ≤ α. (3.10)

Furthermore, we suppose that there exists a positive constant β such that for any
i, j ∈ {1, . . . , d}, and any x ∈ X,

|∂θi ∂θ j f (θ, x)| ≤ β. (3.11)

With this assumption, we are able to prove that ∇θ f (θ, x), and f (θ) are Lipschitz
with respect to the 
1-norm. This is the content of the following Proposition.

Proposition 3.1 Let (Td , ‖·‖1), and suppose that A 1 holds true. Then

∥∥∇θ f (θ, x) − ∇θ f (θ
′, x)

∥∥
1 ≤ dβ

∥∥θ − θ ′∥∥
1 , (3.12)

| f (θ, x) − f (θ ′, x)| ≤ α
∥∥θ − θ ′∥∥

1 . (3.13)

Proof Let us set

dhx (θ) : (Td , 
1) → (Td , 
1), v �→
d∑

i=1

∂θi ∇θ f (θ, x)vi . (3.14)
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Notice that

‖dhxθ‖
1→
1 = sup
‖v‖1≤1

‖dhx (θ)v‖1 (3.15)

= sup
‖v‖1≤1

∥∥∥∥∥

d∑

i=1

∂θi ∇θ f (θ, x)vi

∥∥∥∥∥
1

(3.16)

= sup
‖v‖1≤1

d∑

j=1

d∑

i=1

|∂θi ∂θ j f (θ, x)vi | (3.17)

≤ sup
‖v‖1≤1

d∑

j=1

d∑

i=1

β|vi | (3.18)

where in the last inequality we have used (3.11). Hence

‖dhxθ‖
1→
1 ≤ dβ, (3.19)

and thus

∥∥∇θ f (θ, x) − ∇θ f (θ
′, x)

∥∥
1 ≤ ‖dhx (θ)‖
1→
1

∥∥θ − θ ′∥∥
1 (3.20)

≤ dβ
∥∥θ − θ ′∥∥

1 . (3.21)

On the other hand, we have

| f (θ, x) − f (θ ′, x)| ≤ max
θ∈Td

‖d f (θ, x)‖op
∥∥θ − θ ′∥∥

1 . (3.22)

Let us estimate ‖d f (θ, x)‖op. By (3.10), we get

‖d f (θ, x)‖op = sup
‖v‖1≤1

|∇ f (θ, x) · v| (3.23)

= sup
‖v‖1≤1

d∑

i=1

|∂θi f (θ, x)vi | (3.24)

= sup
‖v‖1≤1

d∑

i=1

α|vi | (3.25)

≤ α. (3.26)

Therefore,

| f (θ, x) − f (θ ′, x)| ≤ α
∥∥θ − θ ′∥∥

1 . (3.27)

�
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Theorem 3.1 Suppose that A 1 holds true, and let b : Td × M(Td) → T
d be defined

as in (3.8). Then

‖b(z1, μ) − b(z2, ν)‖1 ≤ C (‖z1 − z2‖1 + W2(μ, ν)) , (3.28)

where

C = max
{
dβn(A + 1), α2dn

}
, A:= max

1≤ j≤n
|y j |, (3.29)

and W2(μ, ν) is the 2-Wasserstein distance for probability measures on (Td , ‖·‖1).
Proof of Theorem 3.1 Let us take z1, z2 ∈ T

d , and μ, ν ∈ M(Td). Since | f (·, x)| ≤ 1,
we get

‖b(z1, μ) − b(z2, μ)‖1 ≤
d∑

k=1

n∑

j=1

|∂zk f (z1, x j ) − ∂zk f (z2, x j )||y j − Eα∼μ

[
f (α, x j )

] | (3.30)

≤ (1 + A)

d∑

k=1

n∑

j=1

|∂zk f (z1, x j ) − ∂zk f (z2, x j )| (3.31)

= (1 + A)

n∑

j=1

∥∥∇θ f (z1, x j ) − ∇θ f (z2, x j )
∥∥
1 (3.32)

≤ dβn(A + 1) ‖z1 − z2‖1 , (3.33)

where in the last inequalitywe have used (3.12). Further, by (3.13), f (θ, x) is Lipschitz
with constant α, then

‖b(z1, μ) − b(z1, ν)‖1 ≤
d∑

k=1

n∑

j=1

|∂zk f (z1, x j )|Eα∼μ

[
f (α, x j )

] − Eα∼ν

[
f (α, x j )

] | (3.34)

≤ α

d∑

k=1

n∑

j=1

|∂zk f (z1, x j )|W1(μ, ν) (3.35)

≤ α2dnW1(μ, ν), (3.36)

where in the last two inequalities we have used (3.13). Therefore,

‖b(z1, μ) − b(z1, ν)‖1 ≤ α2dnW1(μ, ν) (3.37)

≤ α2dnW2(μ, ν) (3.38)

(3.39)

where in the last inequality we have used [36, Chapter 2, Formula 2.1]. Lastly, since

C = max
{
dβn(A + 1), α2dn

}
(3.40)
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then

‖b(z1, μ) − b(z2, ν)‖1 ≤ C (‖z1 − z2‖1 + W2(μ, ν)) . (3.41)

�

Theorem 3.2 Let us fix T > 0, and d > 4. Let us consider the system (3.9) with
initial conditions �N

0 composed by independent and identically distributed random
variables with values in Td . The following assertions hold true.

(I) The system (3.9) has a unique solution.
(II) There exists a sequence of independent and identically distributed random vari-

ables �
N
t for which pathwise propagation of chaos in the sense of Definition 2.1

holds true with p = 2.
(III) The sequence (μ�N

t
)weakly converges toμt ∈ M(Td)which is the unique solution

of the continuity equation

dμt (θ)

dt
= −∇θ · (b(θ, μt )μt ) , with initial condition μ0. (3.42)

Furthermore, the following bound holds true. There exists a positive constant
C1:=C1(b, T ) only depending on the Lipschitz constant of b, and T such that for
each t ∈ [0, T ] one has

EW2
2

(
μ�N

t
, μt

)
≤ C1αd(N ) (3.43)

where

αd(N ):=2N− 2
d . (3.44)

Proof By Proposition 2.1, we obtain the existence and uniqueness of a solution to
(3.9). Let us prove item (II). Notice that by Theorem 2.2, there exists a sequence

�
N
t = (θ

1,N
t , . . . , θ

N ,N
t ) for which the pathwise propagation of chaos holds true.

Now, let us now note that item (III) follows by Lemma 2.1, and Theorem 2.1. �

Remark 3.1 The continuity equation (3.42) has a geometric interpretation: it repre-
sents the Wasserstein gradient flow of the following functional E(μ) in the space of
probability measures P2(T

d). Specifically, let us define

E(μ):=1

2

n∑

i=1

(ˆ
Td

f (θ ′, x (i))μ(dθ ′) − y(i)
)2

.

Notice that δE
δμ

can be computed, and it is given by

δE

δμ
(θ) =

n∑

i=1

(ˆ
Td

f (θ ′, x (i))μ(dθ ′) − y(i)
)

f (θ, x (i)).
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Notice that the velocity field b(θ, μt ) is precisely the negative gradient of the first
variation of E with respect to theW2-metric. That is,

b(θ, μt ) = −∇θ

(
δE

δμ
(θ)

)
.

So, the functional E(μ) acts as the potential in the space of probability measures,
and (3.42) as a gradient flow in the space of probability measures P2(T

d), see [12,
Definition 2.4] for a precise definition (see also [1, 41]).

4 Experts given by quantum circuits

In this section, we denote by m ∈ N the number of qubits of the quantum circuit
implementing each expert. Let C2 be the Hilbert space of a single qubit. We consider
an observableO and a parametric unitary operatorU (θ, x) acting on the Hilbert space
of m qubits H = (

C
2
)⊗m

. We assume that ‖O‖ ≤ 1 and that U (θ, x) has the form

U (θ, x):=Vd(x)e
− iθdGd

2 Vd−1(x) · · · V1(x)e− iθ1G1
2 V0(x) , (4.1)

where for any possible input x and any j = 0, . . . , d, Vj (x) is a unitary operator acting
on the Hilbert spaceH, and Gi is a Hermitian operator with ‖Gi‖ ≤ 1. We consider as
model function of each expert the expected value of Omeasured on the state obtained
by applying U (θ, x) to |0m〉:= ⊗m

k=1 |0〉:

f (θ, x):=〈0m |U †(θ, x)OU (θ, x)|0m〉. (4.2)

We consider the quantum neural network defined as a classical mixture of N identi-
cal quantum experts with independent parameters. The corresponding model function
is given by (3.1) with f as in (4.2):

FN (�N , x) = 1

N

N∑

i=1

〈0m |U †(θ i,N , x)OU (θ i,N , x)|0m〉. (4.3)

In what follows, we prove some properties of the model function defined above.
We will then show that under suitable assumptions on the quantum circuit, we can
provide an explicit formula for the constant α, and β appearing in Proposition 3.1.

Lemma 4.1 Let f be defined according to (4.2). Then (4.2) satisfies A 1, and the
following holds true.

∥∥∇θ f (θ, x) − ∇θ f (θ
′, x)

∥∥
1 ≤ d

∥∥θ − θ ′∥∥
1 , (4.4)

| f (θ, x) − f (θ ′, x)| ≤ ∥∥θ − θ ′∥∥
1 , (4.5)
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so that

α = β = 1. (4.6)

Proof Let us first prove that for each θ = (θ1, . . . , θd), one gets that

|∂θk f (θ, x)| ≤ 1, (4.7)

|∂θ j ∂θk f (θ, x)| ≤ 1 (4.8)

for all j, k = 1, . . . , d. Next, let us set Wj (θ j ):=e− iθ jG j
2 for all j = 1, . . . , d, and

Vk :=Vk(x), for all k = 0, . . . , d. By the definition of U as in (4.1), we get that

∂θk f (θ, x) = 〈0m |V †
0 (x)W †

1 (θ1)V
†
1 · · · (∂θk Wk (θk )

)† V †
k · · ·W †

d (θd )V †
d OVdWd (θd ) · · · V1W1(θ1)V0|0m 〉

(4.9)

+ 〈0m |V †
0 (x)W †

1 (θ1)V
†
1 · · ·W †

d (θd )V †
d OVdWd (θd ) · · · Vk

(
∂θk Wk (θk )

) · · · V1W1(θ1)V0|0m 〉
(4.10)

= i

2
〈0m |V †

0 (x)W †
1 (θ1)V

†
1 · · ·GkW †

k (θk )V
†
k · · ·W †

d (θd )V †
d OVdWd (θd ) · · · V1W1(θ1)V0|0m 〉

(4.11)

− i

2
〈0m |V †

0 (x)W †
1 (θ1)V

†
1 · · ·W †

d (θd )V †
d OVdWd (θd ) · · · VkWk (θk )Gk · · · V1W1(θ1)V0|0m 〉.

(4.12)

Since ‖Vk‖ ≤ 1, and
∥∥Wj

∥∥ ≤ 1, we have that

|∂θk f (θ, x)| ≤ ‖Gk‖ ‖O‖ ≤ 1. (4.13)

Let us now compute ∂θ j ∂θk f (θ, x). Notice that

∂θ j ∂θk f (θ, x) = i2

4
〈0m |V †

0 (x)W †
1 (θ1)V

†
1 · · ·G jW

†
j (θ j )V

†
j · · · (4.14)

· · ·GkW
†
k (θk)V

†
k · · ·W †

d (θd)V
†
d OVdWd(θd) · · · V1W1(θ1)V0|0m〉

(4.15)

+ i(−i)

4
〈0m |V †

0 (x)W †
1 (θ1)V

†
1 · · ·GkW

†
k (θk)V

†
k

· · ·W †
d (θd)V

†
d OVdWd(θd) · · · (4.16)

· · · VjW j (θ j )G j · · · V1W1(θ1)V0|0m〉 (4.17)

+ h.c.. (4.18)

Since ‖Vk‖ ≤ 1, and
∥∥Wj

∥∥ ≤ 1, we then get that

|∂θ j ∂θk f (θ, x)| ≤ ∥∥G j
∥∥ ‖Gk‖ ‖O‖ ≤ 1. (4.19)
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Furthermore, notice that by construction f is analytic, and satisfies | f (θ, x)| ≤ 1 for
all θ, x . Let us set

dhx (θ) : (Td , 
1) → (Td , 
1), v �→
d∑

i=1

∂θi ∇θ f (θ, x)vi . (4.20)

Notice that

‖dhxθ‖
1→
1 = sup
‖v‖1≤1

‖dhx (θ)v‖1 (4.21)

= sup
‖v‖1≤1

∥∥∥∥∥

d∑

i=1

∂θi ∇θ f (θ, x)vi

∥∥∥∥∥
1

(4.22)

= sup
‖v‖1≤1

d∑

j=1

d∑

i=1

|∂θi ∂θ j f (θ, x)vi | (4.23)

≤ sup
‖v‖1≤1

d∑

j=1

d∑

i=1

|vi | (4.24)

where in the last inequality we have used (4.8). Therefore

‖dhxθ‖
1→
1 ≤ d. (4.25)

Hence,

∥∥∇θ f (θ, x) − ∇θ f (θ
′, x)

∥∥
1 ≤ ‖dhx (θ)‖
1→
1

∥∥θ − θ ′∥∥
1 (4.26)

≤ d
∥∥θ − θ ′∥∥

1 . (4.27)

On the other hand, we have

| f (θ, x) − f (θ ′, x)| ≤ max
θ∈Td

‖d f (θ, x)‖op
∥∥θ − θ ′∥∥

1 . (4.28)

Let us estimate ‖d f (θ, x)‖op. By (4.7)

‖d f (θ, x)‖op = sup
‖v‖1≤1

|∇ f (θ, x) · v| (4.29)

= sup
‖v‖1≤1

d∑

i=1

|∂θi f (θ, x)vi | (4.30)

= sup
‖v‖1≤1

d∑

i=1

|vi | (4.31)

≤ 1. (4.32)
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Therefore,

| f (θ, x) − f (θ ′, x)| ≤ ∥∥θ − θ ′∥∥
1 . (4.33)

�

Theorem 4.1 (mean-field limit of quantum neural networks) Let us fix T > 0, and d >

4. Let us consider the system (3.9)with initial conditions�N
0 composed by independent

and identically distributed random variables with values in T
d . Furthermore, let f

be generated by a quantum circuit according to (4.2). Then the same assertions as in
Theorem 3.2 hold true.

Proof Let us notice that by Theorem 4.1, we are in position to apply Proposition 2.1,
and Proposition 2.2. Furthermore, since α = β = 1, the involved Lipschitz constant
in Theorem 3.1 is then

C = dn(A + 1). (4.34)

So that our conclusion follows by applying the same reasoning as in Theorem 3.2. �


4.1 A comparison with previous results

Refs. [20, 31] consider the training of a sequence of quantum neural networks of the
form

FM (�M , x) = 1

N (M)

M∑

k=1

〈0M |U†
M (�M , x)Ok UM (�M , x)|0M 〉 (4.35)

with increasing number of qubits M , where:

• Each Ok is a single-qubit observable acting on the k-th qubit;
• For each M ∈ N,UM (�M , x) is a parametric M-qubit unitary operator depending
on the parameter vector �M , whose dimension depends on M , and on the input x ;

• N (M) is a suitable normalizing constant depending on the number of qubits M
chosen such that the covariance of FM (�M , x) at initialization has a finite nonzero
limit for M → ∞.

The magnitude of the model function of a quantum neural network typically decays
exponentially with the depth, which is given by the number of layers of elementary
quantum gates that constitute the network [33]. This is the phenomenon known as
barren plateaus. As a consequence, also the normalization constant N (M) typically
decays exponentially with the depth of the network. While the present work considers
quantum neural networks with fixed depth given by the depth of the (fixed) network
associated with each expert, Refs. [20, 31] allow the depth to increase with the number
of qubitsM . Therefore, the scalingof thenormalization constant N (M) canbedifferent
from the

√
M that would naively follow from the central limit theorem. With such

a normalization, Refs. [20, 31] prove that in the limit M → ∞, if each parameter

123



   42 Page 20 of 23 A. M. Hernandez et al.

does not influence the measurement of too many qubits, the probability distribution
of the model function of the trained networks converges to a Gaussian process whose
mean and covariance can be computed analytically. The key reason behind this result
is that the training of the network happens in the lazy regime, i.e., each parameter can
change only by an infinitesimal amount, but since the number of parameters diverges,
such infinitesimal changes can result in a finite change in the model function. As a
consequence of the lazy training, themodel function can be replaced by its linearization
around the initialization values of the parameters, and the model becomes linear in the
limit.

In contrast, the quantum network considered in the present work operates outside
the lazy-training regime and can implement nonlinear models.

5 Conclusions

In this paper, we have studied the training of mixtures of identical experts with particu-
lar focus on the case where each expert is given by a quantum neural network.We have
applied the mean-field limit and the propagation of chaos to model the time evolution
of the model parameters in the training by gradient flow. Within such a framework,
the parameters of a single expert are considered as the spatial coordinates of a particle,
and the overall training is described by the dynamics of a system of particles induced
by a vector field in the sense of (3.7) and (3.8). As a consequence, a general equation
of continuity can be defined. In Theorem 3.2, we show that the empirical measure
μ�N

t
associated with the trained parameters, defined in (3.5), weakly converges to the

solutionμt of the continuity equation (3.42).More precisely, we provide a quantitative
bound over the Wasserstein of order 2 between μ�N

t
and μt which tends to zero as

the number of experts in the mixture goes to infinity. Then, we have focused on the
case where each expert in the mixture is a parametric quantum circuit, specializing
the convergence result (Theorem 4.1). Differently from [20, 31], the training of the
quantum neural network considered here does not happen in the lazy regime, enabling
representation learning. Our techniques do not allow us to study the joint limit of
infinite depth and width.

Our result open the way to several possible research directions:

• Finding a better rate of convergence for the sequence of empirical measures gener-
ated by the vector �N

t , where the rate of convergence is polynomial in the number
of parameters of each expert rather than exponential, as found in the present work.

• Determining time-uniform upper bounds for the Wasserstein distance of order
2 between the empirical distribution of the parameters and the limit probability
measure. Such bounds would prove that the mean-field approximation holds even
for t → ∞, i.e., at the end of the training when the generated function reproduces
perfectly the training examples.

• Extending our results to the setting where the number of parameters of each expert
grows with N . This setting would allow us to consider the joint limit of infinite
depth and width, and to scale the complexity of each expert with N . In this setting,
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the convergence of the empirical distribution of the parameters is ill-defined, and
the probability distribution of the generated function would have to be considered.
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