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Supplemental Material

Here we provide additional details on the results stated in the main text.
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Appendix A: Preliminaries

In this SM, we employ the Choi-Jamiolkowski isomorphism [1] to write a state ρ(t) = |ψ(t)⟩ ⟨ψ(t)| in a 2-replica
space as

|ρ(t)⊗ ρ(t)⟩ = 11⊗ ρ(t)⊗ 11⊗ ρ(t)|I⟩ , (SA.1)

where |I⟩ = |I+⟩⊗N ∈ H⊗4 ≃ (Cq)⊗N and |I+⟩ =
∑q−1
a,b=0 |aabb⟩ is the maximally entangled state in the 2-replica

space. We will also make use of the following states:

|I−⟩ =
q−1∑
a,b=0

|abba⟩ , |Ix⟩ =
q−1∑
a,b=0

|abab⟩ , |I0⟩ =
q−1∑
a=0

|aaaa⟩ . (SA.2)

To obtain the continuous-time evolution of the state (SA.1), we follow a simplified version of the model in [59].
Namely, at every discrete time step t, we apply a two-body gate Uj,k, 1 ≤ j < k ≤ N , with a certain probability p, so
that at time t+∆t the state is:

|ρ(t+∆t)⊗ ρ(t+∆t)⟩ = 11⊗ U(t+∆t)ρ(t)U†(t+∆t)⊗ 11⊗ U(t+∆t)ρ(t)U†(t+∆t) |I+⟩ , (SA.3)

where U(t+∆t) = Uj,kU(t) with probability p = λN∆t, λ > 0, and U(t+∆t) = U(t) with probability 1− p. Then
we average over the sites j, k and over the ensemble E from which the operators Uj,k are drawn. After taking the
limit ∆t→ 0, this yields a Lindblad equation for the state E[|ρ(t)⊗ ρ(t)⟩]:

d

dt
E [|ρ(t)⊗ ρ(t)⟩] = −LE [|ρ(t)⊗ ρ(t)⟩] , (SA.4)

with

L =
2λ

N − 1

∑
1≤j<k≤N

(1− Uj,k), Uj,k = E
[
U∗
j,k ⊗ Uj,k ⊗ U∗

j,k ⊗ Uj,k
]
. (SA.5)
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The ensemble-averaged purity TrAE[ρ2A(t)] of the state |ρ(t)⊗ ρ(t)⟩ in a bipartition of the total system, S = A∪ Ā.
is obtained by introducing a swap operator XA which exchanges the two copies of the subsystem A. In the Choi-
Jamiolkowki representation, the swap operator reads:

|XA⟩ =
⊗
i∈A

|I−⟩i
⊗
j∈Ā

|I+⟩j , (SA.6)

and the averaged purity is given by the overlap

TrAE[ρ2A(t)] = Tr{XAE[ρ(t)⊗ ρ(t)]} = ⟨XA|E[ρ(t)⊗ ρ(t)]⟩ . (SA.7)

We will consider two ensembles: random permutation circuits, EPC, and circuits made of random permutation and
random phase gates, EPPC. When the matrices Ui,j are drawn from these two ensembles, the averaged two-body gates
Ui,j are operators acting on (tensor products of) replica Hilbert spaces of small local dimension deff. Namely, in the
case of EPPC the space Heff is spanned by tensor products of the states |I+⟩i , |I−⟩i , |I0⟩i, while for the ensemble EPC,
when the local dimension is q = 2 and the initial state is a random product state, Heff is spanned by tensor products
of |I+⟩i , |I−⟩i , |Ix⟩i , |I0⟩i.

1. Local dimensional reduction for 2-qubit permutation gates

In this section, we show that, for random-permutation circuits, the averaged 2-replica dynamics from random-
product states takes place in an effective Hilbert space of dimension 4.

We consider random product states

|ψ⟩ =
⊗
j

|ϕj⟩ , (SA.8)

where |ϕj⟩ = vj |0⟩ and vj are independent Haar random single-qubit unitaries. Next, we denote by P̃N the set of
all N -qubit Pauli strings with an overall phase ϕ ∈ [±1,±i], and by PN the set of all Pauli strings without overall
phases. The invariance of the Haar measure under left multiplication implies

(P ∗ ⊗ P )⊗2E{ϕj}[⊗j(|ϕj⟩
∗|ϕj⟩)⊗2] = E{ϕj}[⊗j(|ϕj⟩

∗|ϕj⟩)⊗2] , (SA.9)

where E{ϕj}[·] denotes averaging over the initial random product states. Since all 2-qubit permutation gates U are in
the Clifford group, we have

U†PU = αQ , (SA.10)

where Q ∈ PN , |α| = 1, and so

(U†)∗P ∗U∗ = α∗Q∗ . (SA.11)

These equations imply

(P ∗ ⊗ P )⊗2(U∗ ⊗ U ⊗ U∗ ⊗ U) = (U∗ ⊗ U ⊗ U∗ ⊗ U∗)(Q∗ ⊗Q)⊗2 , (SA.12)

and so finally

1

4N

∑
P∈PN

(P ∗ ⊗ P )⊗2(U∗ ⊗ U ⊗ U∗ ⊗ U) = (U∗ ⊗ U ⊗ U∗ ⊗ U)
1

4N

∑
P∈PN

(P ∗ ⊗ P )⊗2 . (SA.13)

On the other hand,

1

4

3∑
α=0

(σαj )
∗ ⊗ σαj ⊗ (σαj )

∗ ⊗ σαj = Πj , (SA.14)
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where Πj is a projector onto a 4 dimensional subspace of H⊗4
j , so that E{ϕj}[⊗j(|ϕj⟩∗|ϕj⟩)⊗2] =

E{ϕj}[⊗jΠj(|ϕj⟩∗|ϕj⟩)⊗2]. Using now Eq. (SA.13) we have

E{ϕj}[(1− L)k ⊗j (|ϕj⟩∗|ϕj⟩)⊗2] =

[
(1− L)k 1

4N

∑
P∈PN

(P ∗ ⊗ P )⊗2 ⊗j (|ϕj⟩∗|ϕj⟩)⊗2

]

=

[
(1− L)k−1

(
1

4N

∑
P∈PN

(P ∗ ⊗ P )⊗2

)
(1− L)

(
1

4N

∑
P∈PN

(P ∗ ⊗ P )⊗2

)
⊗j (|ϕj⟩∗|ϕj⟩)⊗2

]
= E{ϕj}[(1− L̃)k ⊗j Πj(|ϕj⟩∗|ϕj⟩)⊗2], (SA.15)

where L̃ = (⊗jΠj)L(⊗jΠj). Putting all together, we obtain the following solution to Eq. (10), after averaging over
the random initial states:

|ρ(t)⊗ ρ(t)⟩ = e−L̃tEϕj
[⊗jΠj(|ϕj⟩∗|ϕj⟩)⊗2 . (SA.16)

That is, the dynamics takes place in the site-permutation symmetric subspace of H̃ = ⊗jH̃j with dim(H̃j) = 4.

Appendix B: Bounds on the entanglement Page curves

In this section, we provide further details on the Page curve bound for the case of the von Neumann entanglement
entropy

S1(t) ≤ min
[
|A|, SPE

1 (|ψ⟩), |A|
√

1− z2 +O(1)
]
. (SB.1)

We derive in particular the last term, as the first two terms in the right-hand side follow immediately from the case
of Rényi entropies derived in the main text.

First, setting δ =
√
1− z2, where z = | ⟨ψ0|aN ⟩ |, we see that δ is equal to the trace distance ∆(|aN ⟩ ⟨aN | , |ψ0⟩ ⟨ψ0|)

between |aN ⟩ ⟨aN | and |ψ0⟩ ⟨ψ0|. Therefore, using the contractivity of the trace distance with respect to the partial
trace, we have

δA ≡ ∆(TrĀ[|aN ⟩⟨aN |], ρA = TrĀ[|ψ0⟩⟨ψ0|) ≤ δ . (SB.2)

Now, TrĀ[|aN ⟩⟨aN | = (|+⟩ ⟨+|)⊗|A| is a pure state. Thus, using the Fannes inequality [71], we get

S1(ρA) ≤ |A|δ +O(1) , (SB.3)

where we used that the binary entropy is H(δA, 1 − δA) is in [0, 1] and δA ≤ δ. Therefore, assuming |A| ≤ L/2, we
obtain

S1(ρA) ≤ |A|
√
1− z2 +O(1) . (SB.4)

Appendix C: Derivation of the system of differential equations

Here, we show that the averaged purity can be obtained as the solution to a system of differential equations. We
will start with the circuit of random permutation and random-phase gates, as it is technically simpler.

1. Random Permutation Circuit with Random Phases (RPPC)

In this section, we derive a system of differential equations that describe the time evolution of the averaged purity
PA(t):

PA(t) := TrAE[ρ2A(t)] = ⟨XA|E [ρ(t)⊗ ρ(t)]⟩ , (SC.1)

for a 2-local random circuit consisting of random permutations with the addition of random phases. By choosing a
site-permutation invariant initial state, the purity at time t = 0 depends only on n = |A|, PA(0) = Pn(0). Because
the Lindbladian (SA.5) is site-permutation invariant, the evolved state will also retain this property.
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The presence of additional random phases reduces the dimension of the invariant subspace of Ui,k, which is now
spanned by the states

|I+I+⟩j,k , |I−I−⟩j,k , |I0I0⟩j,k , (SC.2)

where

|IαIα⟩j,k = |Iα⟩j |I
α⟩k , α = +,−, 0 . (SC.3)

Because of site-permutation invariance, in order to obtain a closed system of ODEs, we only need to introduce the(
N+2
2

)
states:

|Gn−,n+,n0
⟩ := 1

N !

∑
π∈SN

π |I−⟩⊗n− ⊗ |I+⟩⊗n+ ⊗ |I0⟩⊗n0
, (SC.4)

where we employ the same symbol π to denote a permutation and its unitary implementation on a state. We then
define the functions

Gn−,n+,n0(t) = ⟨Gn−,n+,n0 |ρ(t)⊗ ρ(t)⟩ , (SC.5)

where n−, n+, n0 are non-negative integers such that n− + n+ + n0 = N . The purity is recovered by setting n0 = 0:

Pn(t) = ⟨Gn,N−n,0|E [ρ(t)⊗ ρ(t)]⟩ = ⟨Xn|E [ρ(t)⊗ ρ(t)]⟩ , (SC.6)

where |Xn⟩ = (N !)−1
∑
π∈SN

π |I−⟩⊗n |I+⟩⊗(N−n)
is the symmetrized swap state. The system of differential equations

is:

dGn−,n+,n0
(t)

dt
= ⟨Gn−,n+,n0(t)|(−L)E [ρ(t)⊗ ρ(t)]⟩

=
λ[(n−)

2 + (n+)
2 + (n0)

2 −N2]

N − 1
Gn−,n+,n0

(t)

+
2λn−n+

(N − 1)(q + 1)

[
Gn−−1,n++1,n0(t) +Gn−+1,n+−1,n0(t) + (q − 1)Gn−−1,n+−1,n0+2(t)

]
+

2λn0n−
(N − 1)(q + 1)

(Gn−+1,n+,n0−1(t) + q Gn−−1,n+,n0+1(t))

+
2λn0n+

(N − 1)(q + 1)
(Gn−,n++1,n0−1(t) + q Gn−,n+−1,n0+1(t)).

(SC.7)

The system closes by adopting the convention that Gn−,n+,n0(t) = 0 whenever any of the three indices is −1 or N +1.
In particular, the equation for the purity is:

dPn(t)
dt

= −2λn(N − n)

N − 1
Pn(t) +

2λn(N − n)

(N − 1)(q + 1)
(Pn−1(t) + Pn+1(t)) +

2λn(N − n)(q − 1)

(N − 1)(q + 1)
Gn−1,N−n−1,2(t). (SC.8)

To prove (SC.7) we rewrite Eq. (SC.4) as

|Gn−,n+,n0
⟩ = 1

N !

∑
π∈SN

⊗
i∈A−

π

|I−⟩i
⊗
i∈A+

π

|I+⟩i
⊗
i∈A0

π

|I0⟩i , (SC.9)

where A−
π = {π(1), . . . , π(n−)}, A+

π = {π(n− + 1), . . . , π(n− + n+)}, A0
π = {π(n− + n+ + 1), . . . , π(N)}, and we note

that, for a fixed permutation π, there are exactly n−n+ ways one could remove one index from the set A−
π and one

from the set A+
π , and move them to A0

π. This gives the following representation of |Gn−−1,n+−1,n0+2⟩ in terms of the
r.h.s. of Eq. (SC.9),

|Gn−−1,n+−1,n0+2⟩ =
1

N !

∑
π∈SN

1

n−n+

∑
j∈A−

π

k∈A+
π

⊗
i∈A−

π
i̸=j

|I−⟩i
⊗
i∈A+

π
i̸=k

|I+⟩i
⊗

i∈A0
π∪{j,k}

|I0⟩i , (SC.10)
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and the rest of the states appearing in Eq. (SC.7) can be expressed in an analogous form. Thus, from:

Uj,k |I−I−⟩j,k = |I−I−⟩j,k ,
Uj,k |I+I+⟩j,k = |I+I+⟩j,k ,
Uj,k |I0I0⟩j,k = |I0I0⟩j,k ,

Uj,k |I−I0⟩j,k =
1

q + 1
(|I−I−⟩j,k + q |I0I0⟩j,k) ,

Uj,k |I+I0⟩j,k =
1

q + 1
(|I+I+⟩j,k + q |I0I0⟩j,k) ,

Uj,k |I+I−⟩j,k =
1

q + 1
[|I−I−⟩j,k + |I+I+⟩j,k + (q − 1) |I0I0⟩j,k] ,

(SC.11)

we obtain:∑
1≤j<k≤N

⟨Gn−,n+,n0
(t)| Uj,k

=
1

N !

∑
π∈SN

 ∑
j,k∈A−

π
j<k

+
∑

j,k∈A+
π

j<k

+
∑

j,k∈A0
π

j<k

+
∑
j∈A−

π

k∈A+
π

+
∑
j∈A−

π

k∈A0
π

+
∑
j∈A+

π

k∈A0
π

 ⊗
i∈A−

π

⟨I−|i
⊗
i∈A+

π

⟨I+|i
⊗
i∈A0

π

⟨I0|i Uj,k

=

(
n−(n− − 1)

2
+
n+(n+ − 1)

2
+
n0(n0 − 1)

2

)
⟨Gn−,n+,n0(t)|

+
n−n+
q + 1

(
⟨Gn−−1,n++1,n0

(t)|+ ⟨Gn−+1,n+−1,n0
(t)|+ (q − 1) ⟨Gn−−1,n+−1,n0+2(t)|

)
+
n−n0
q + 1

(
⟨Gn−+1,n+,n0−1(t)|+ q ⟨Gn−−1,n+,n0+1|

)
+
n+n0
q + 1

(
⟨Gn−,n++1,n0−1(t)|+ q ⟨Gn−,n+−1,n0+1|

)
.

(SC.12)

Equation (SC.7) then follows straightforwardly from the definition (SA.5).
Let us now derive the initial conditions for the homogeneous product state:

|Ψ0⟩ =

(
q−1∑
a=0

λa |a⟩

)⊗N

,

q−1∑
a=0

|λa|2 = 1, (SC.13)

which corresponds to:

|ρ0 ⊗ ρ0⟩ =
N⊗
j=1

 q−1∑
a,b,c,d=0

λ∗aλbλ
∗
cλd |abcd⟩j

 . (SC.14)

The computation is straightforward:

Gn−,n+,n0
(0) = ⟨Gn−,n+,n0

|ρ0 ⊗ ρ0⟩

=
1

N !

∑
π∈SN

⟨I−|
∑
a,b,c,d

λ∗aλbλ
∗
cλd |abcd⟩

n− ⟨I+|
∑
a,b,c,d

λ∗aλbλ
∗
cλd |abcd⟩

n+
⟨I0|

∑
a,b,c,d

λ∗aλbλ
∗
cλd |abcd⟩

n0

=
1

N !

∑
π∈SN

(
q−1∑
a=0

|λa|4
)n0

=

(
q−1∑
a=0

|λa|4
)n0

,

(SC.15)

a result consistent with Pn(0) = 1 for this state. In particular, for a qubit state:

|Ψ0⟩ = (cos θ |0⟩+ sin θ |1⟩)⊗N , (SC.16)

Gn−,n+,n0
(0) =

(
1− 1

2
sin2(2θ)

)n0

, (SC.17)
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so that Gn−,n+,n0
(0) = 1 for θ = 0, π/2 (corresponding to classical states |Ψ0⟩ = |a⟩⊗N ) and the minimum of the

initial value is achieved when θ = π/4, for which Gn−,n+,n0
(0) = 2−n0 . In the q-dimensional case, one has:

Gn−,n+,n0
(0) = q−n0 for |Ψ0⟩ =

(
q−1∑
a=0

eiθa
√
q
|a⟩

)⊗N

. (SC.18)

2. Entangled Initial States and Anticoncentration

In this section, we compute the initial conditions for a 2-local random permutation circuit with random phases,
that is, the initial conditions for the system (SC.7), when the initial state is a site-permutation invariant entangled
state. In particular, we focus on the following:

1. The GHZ state:

|GHZ⟩ = 1
√
q

q−1∑
a=0

|a⟩⊗N ; (SC.19)

2. The Dicke states (q = 2)

|D⟩ =
N∑
k=0

ck |Dk⟩ , |Dk⟩ =
(
N

k

)−1/2∑
π

π |0⟩⊗(N−k) ⊗ |1⟩⊗k ,
N∑
k=0

|ck|2 = 1 , (SC.20)

where the sum is over the distinct permutations of the qubits. Notice that by considering |0⟩, |1⟩ as two spin
states of a spin-1/2 chain, the state |W ⟩ ≡ |D1⟩ is a one-magnon state with zero momentum. Its purity in a
bipartiton, as well as that of |D2⟩, was computed in [? ].

When the initial state is not a product state, a direct use of the Choi-Jamiolkowski isomorphism is generally
not the most efficient way to proceed. This is because the expression of the two-replica state |ρ⊗ ρ⟩ may be quite
cumbersome. Instead, we will derive an alternative expression for the functions Gn−,n+,n0 which is useful in the case
of permutation-invariant entangled states. Let us define a tripartite Hilbert space:

H = H− ⊗H+ ⊗H0 := (Hloc)
⊗n− ⊗ (Hloc)

⊗n+ ⊗ (Hloc)
⊗n0 , Hloc ≃ Cq, n− + n+ + n0 = N, (SC.21)

corresponding to three non overlapping regions A−, A+, A0, of sizes |A−| = n−, |A+| = n+, |A0| = n0. We then
consider the functions Gn−,n+,n0(t) defined in (SC.5), and let ρ(t) be a permutation-invariant state. By using the
explicit expression (SA.1) for the 2-replica state |ρ(t)⊗ ρ(t)⟩, after some algebra we arrive at:

Gn−,n+,n0
(t) =

∑
{xi}i∈A0

TrH−(⟨{xi}|TrH+
ρ(t) |{xi}⟩)2, (SC.22)

where the states |{xi}⟩, for xi = 0, . . . , q−1 and i ∈ A0, form the computational basis of H0. For n− = n, n+ = N−n,
n0 = 0, the right-hand side of equation (SC.22) yields the averaged purity Pn(t), as expected. On the other hand, for
ρ(t) = |ψ(t)⟩ ⟨ψ(t)|:

G0,0,N (t) =
∑

{xi}i=1,...,N

(⟨{xi}| ρ(t) |{xi}⟩)2 =
∑
{xi}

| ⟨{xi}|ψ(t)⟩ |4 = I2(|ψ(t)⟩), (SC.23)

where I2(|ψ⟩) is the second inverse participation ratio of the state |ψ⟩ (cf. Eq. (3)). For generic values of n−, n+,
n0 an intermediate situation arises, whereby partial traces are taken over the regions A−, A+ while the off-diagonal
matrix elements in the region A0 are washed away. We observe that this is consistent with the result (SC.18) for
maximally delocalized product states, for which it is known that I2 = q−N .

By using equation (SC.22), the computation of the functions Gn−,n+,n0 for |GHZ⟩ is straightforward. Indeed, in
this case ρ = |GHZ⟩⟨GHZ| and

TrH+
ρ =

1

q

q−1∑
a,b=0

TrH+(|a⟩ ⟨b|)⊗N =
1

q

q−1∑
a=0

(|a⟩ ⟨b|)⊗(N−n+),

⟨{xi}|TrH+
ρ |{xi}⟩ =

1

q

q−1∑
a=0

(|a⟩ ⟨a|)⊗n−
∏
i∈A0

δxi,a .

(SC.24)
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Hence:

Gn−,n+,n0
(|GHZ⟩) = 1

q2

q−1∑
a=0

∑
{xi}i∈A0

∏
i∈A0

δxi,a =
1

q
, (SC.25)

for all triples (n−, n+, n0).
Let us now consider the Dicke state (SC.20). The computation of I2(|D⟩) is straightforward, and yields:

I2(|D⟩) =
N∑
m=1

|cm|4
(
N

m

)−1

. (SC.26)

This implies in particular that we can express the second PE of |D⟩ as:

SPE
2 (|D⟩) = − log I2(|D⟩) = ∆2 log(2

N ), ∆2 = − 1

N
log

(
N∑
m=1

|cm|4
(
N

m

)−1
)
. (SC.27)

The quantity ∆2 is a fractal dimension 0 ≤ ∆2 ≤ 1, which signals the amount of delocalization (or anticoncentration)
of the state: the latter is maximally localized when ∆2 = 0 and maximally delocalized when ∆2 = 1.
Computing the initial conditions Gn−,n+,n0(0) for the state |D⟩ when (n−, n+, n0) is a generic triplet is a difficult

task. We limit ourselves to the case of |D⟩ = c1 |D1⟩ + c2 |D2⟩, |c1|2 + |c2|2 = 1, that is a linear superposition of a
one- and a two-magnon state. First, we observe that by defining for any region A ∈ {A−, A+, A0}:

|Dk⟩A =

(
|A|
k

)−1/2∑
π

π |0⟩⊗(|A|−k) ⊗ |1⟩⊗k ∈ H⊗|A|
loc , (SC.28)

then in the Hilbert space (SC.21) we can write, for k = 0, . . . , N :

|Dk⟩ =
(
N

k

)− 1
2

k∑
k−=0

k−k−∑
k+=0

(
n−
k−

) 1
2
(
n+
k+

) 1
2
(
n0
k0

) 1
2

|k−, k+, k0⟩ , |k−, k+, k0⟩ := |Dk−⟩A−
|Dk+⟩A+

|Dk0⟩A0
, (SC.29)

where n0 = N − n− − n+, and k0 = k − k− − k+ for every k−, k+. We also adopted the convention that
(
N
k

)
= 0 if

k < 0 or k > N . Thus, defininig the ratios:

r− :=
n−
N
, r+ :=

n+
N
, r0 :=

n0
N
, (SC.30)

we have:

|D1⟩ = r
1
2
− |1, 0, 0⟩+ r

1
2
+ |0, 1, 0⟩+ r

1
2
0 |0, 0, 1⟩ , (SC.31)

|D2⟩ =
[
r−

(
n− − 1

N − 1

)] 1
2

|2, 0, 0⟩+
[
r+

(
n+ − 1

N − 1

)] 1
2

|0, 2, 0⟩+
[
r0

(
n0 − 1

N − 1

)] 1
2

|0, 0, 2⟩

+

(
2r−n+
N − 1

) 1
2

|1, 1, 0⟩+
(
2r−n0
N − 1

) 1
2

|1, 0, 1⟩+
(
2r+n0
N − 1

) 1
2

|0, 1, 1⟩ . (SC.32)

We note that the expression (SC.29) can be generalized to compute multipartite entanglement, and it was first
employed for the description of kink states in the ferromagnetic Ising chain in [? ]. The reduced density matrix of
|D⟩ in H− ⊗H0 is obtained as

TrH+ |D⟩⟨D| = |c1|2(r− |1, 0⟩⟨1, 0|+ r+ |0, 0⟩⟨0, 0|+ r0 |0, 1⟩⟨0, 1|)

+ |c2|2
[
r−

(
n− − 1

N − 1

)
|2, 0⟩⟨2, 0|+ r−

(
n+ − 1

N − 1

)
|0, 0⟩⟨0, 0|+ r0

(
n0 − 1

N − 1

)
|0, 2⟩⟨0, 2|

+
2r−n+
N − 1

|1, 0⟩⟨1, 0|+ 2r−n+
N − 1

|1, 0⟩⟨1, 0|+ 2r−n0
N − 1

|1, 1⟩⟨1, 1|
]

+ c1c
∗
2

[
r−

(
n− − 1

N − 1

) 1
2

|1, 0⟩⟨2, 0|+ r
1
2
+

(
2r−n+
N − 1

)
|0, 0⟩⟨1, 0|+ r

1
2
0

(
2r−n0
N − 1

)
|0, 1⟩⟨1, 0|

]
+ h.c.

+ off-diagonal in H0 .

(SC.33)
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In the above expression, we only list those terms with non-zero diagonal matrix elements in H0. In order to evaluate
the diagonal matrix elements in H0 we make use of the following decomposition of the Hilbert space,

H0 = ⊕n0

k=0H
(k)
0 , H(k)

0 = Span

{
|{xi}⟩i∈A0

∣∣∣∣∣xi ∈ {0, 1} ,
∑
i∈A0

xi = k

}
. (SC.34)

The space H(k)
0 is the sector of H0 in which the number of local states |1⟩ in the region A0 is fixed to k. As expected,∑n0

k=0 dimH(k)
0 =

∑n0

k=0

(
n0

k

)
= 2n0 . By using this above decomposition, for |{xi}⟩ , |Dk0⟩ ∈ H0:

⟨{xi}|Dk0⟩ =
(
n0
k0

)− 1
2

δ∑
i xi−k0,0 . (SC.35)

Therefore, it is a matter of algebra to obtain from (SC.22):

Gn−,n+,n0
(c1 |D1⟩+ c2 |D2⟩) =|c1|4

(
r2+ + r2− +

r20
N

)
+ |c2|4

[
r2+

(
n+ − 1

N − 1

)2

+ r2−

(
n− − 1

N − 1

)2

+

(
2r−n+
N − 1

)2

+
1

n0

(
2r+n0
N − 1

)2

+
1

n0

(
2r−n0
N − 1

)2

+
2

n0(n0 − 1)

(
r0

(
n0 − 1

N − 1

))2
]

+2|c1|2|c2|2
[
r2+

(
n+ − 1

N − 1

)
+ r2−

(
n− − 1

N − 1

)
+

2r2−n+

N − 1
+

2r2+n−

N − 1
+

2r+r0
N − 1

+
2r−r0
N − 1

]
.

(SC.36)

3. Random Permutation Circuit with Initial Random Product States

We now derive the system of differential equations for the averaged purity in a 2-local Random Permutation Circuit
with an initial random product state, that is, a state in which local (on-site) scrambling is applied before the action
of the 2-local gates. We focus on qubits (q = 2). Since permutation gates acting on two-qubit states are Clifford, the
considerations of Section A1 apply, and the evolution takes place in an effective 4-dimensional Hilbert space.

Differential equations

By inspection, one can show that the effective local Hilbert space is spanned the following states in the four-replica
space

|J0⟩ = 1√
2
(|0000⟩+ |1111⟩) , |J+⟩ = 1√

2
(|0011⟩+ |1100⟩) ,

|Jx⟩ = 1√
2
(|0101⟩+ |1010⟩) |J−⟩ = 1√

2
(|1001⟩+ |0110⟩) .

(SC.37)

Indeed, defining

|v0⟩i,j = |J0⟩i |J
0⟩j

|v1⟩i,j =
1√
3
(|J0⟩i |J

+⟩j + |J+⟩i |J
0⟩j + |J+⟩i |J

+⟩j) ,

|v2⟩i,j =
1√
3
(|J0⟩i |J

x⟩j + |Jx⟩i |J
0⟩j + |Jx⟩i |J

x⟩j) ,

|v3⟩i,j =
1√
3
(|J0⟩i |J

−⟩j + |J−⟩i |J
0⟩j + |J−⟩i |J

−⟩j) ,

|v4⟩i,j =
1√
6
(|J+⟩i |J

x⟩j + |Jx⟩i |J
+⟩j + |J+⟩i |J

−⟩j + |J−⟩i |J
+⟩j + |Jx⟩i |J

−⟩j + |J−⟩i |J
x⟩j) ,

(SC.38)

one can show

Ũi,j = ΠiΠj Ui,j ΠiΠj =
4∑
k=0

|vk⟩i,j ⟨vk|i,j , (SC.39)
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with the projectors defined in (SA.14). Then, the Lindbladian L̃ is simply obtained from (SA.5) by replacing the

averaged gate Ui,j with Ũi,j .
The time evolution of the averaged purity in a 2-local random permutation circuit with a random initial state is

obtained by solving a system of differential equations for the following
(
N+3
3

)
functions

Gp,q,r,s(t) := ⟨Gp,q,r,s|E[ρ(t)⊗ ρ(t)]⟩ , p, q, r, s ∈ N0, p+ q + r + s = N, (SC.40)

where:

|Gp,q,r,s⟩ :=
1

N !

∑
π∈SN

π |I−⟩⊗p ⊗ |I+⟩⊗q ⊗ |I0⟩⊗r ⊗ |Ix⟩⊗s , (SC.41)

and we introduced the state |Ix⟩ =
∑1
a,b=0 |abab⟩. The |Iα⟩ and |Jβ⟩ states are related via:

|J0⟩ = |I0⟩√
2
, |J+⟩ = |I+⟩ − |I0⟩√

2
, |Jx⟩ = |Ix⟩ − |I0⟩√

2
, |J−⟩ = |I−⟩ − |I0⟩√

2
. (SC.42)

A closed system of ODEs can be obtained by imposing the condition that Gp,q,r,s(t) = 0 whenever any of the indices

is either 0 or N+1. In order to derive the equations, we first compute the action of Ũi,j on the replica states |IαIβ⟩i,j ,
observing that Ũi,j |IαIβ⟩i,j = Ũi,j |IβIα⟩i,j :

Ũi,j |I−I−⟩i,j = |I−I−⟩i,j ,

Ũi,j |I+I+⟩i,j = |I+I+⟩i,j ,

Ũi,j |IxIx⟩i,j = |IxIx⟩i,j ,

Ũi,j |I0I0⟩i,j = |I0I0⟩i,j ,

Ũi,j |I−I0⟩i,j = |I0I0⟩i,j +
1

3
(|I−I−⟩i,j − |I0I0⟩i,j) ,

Ũi,j |I+I0⟩i,j = |I0I0⟩i,j +
1

3
(|I+I+⟩i,j − |I0I0⟩i,j) ,

Ũi,j |IxI0⟩i,j = |I0I0⟩i,j +
1

3
(|IxIx⟩i,j − |I0I0⟩i,j) ,

Ũi,j |I−I+⟩i,j =
1

3
(|I−I−⟩i,j + |I+I+⟩i,j + |I0I0⟩i,j) +

2√
6
|v4⟩i,j ,

Ũi,j |I−Ix⟩i,j =
1

3
(|I−I−⟩i,j + |IxIx⟩i,j + |I0I0⟩i,j) +

2√
6
|v4⟩i,j ,

Ũi,j |I+Ix⟩i,j =
1

3
(|I+I+⟩i,j + |IxIx⟩i,j + |I0I0⟩i,j) +

2√
6
|v4⟩i,j .

(SC.43)

Then, proceeding as in Section C 1, we rewrite |Gp,q,r,s⟩ as

|Gp,q,r,s⟩ =
1

N !

∑
π∈SN

⊗
i∈Ap

π

|I−⟩i
⊗
i∈Aq

π

|I+⟩i
⊗
i∈Ar

π

|I0⟩i
⊗
i∈As

π

|Ix⟩i , (SC.44)

where

Apπ = {π(1), . . . , π(p)}, Aqπ = {π(p+ 1), . . . , π(p+ q)},
Arπ = {π(p+ q + 1), . . . , π(p+ q + r)}, Asπ = {π(p+ q + r + 1), . . . , π(N)}.

(SC.45)

This follows from appropriately splitting the sum over indices in:∑
1≤i<j≤N

⟨Gp,q,r,s(t)| Ũi,j |E[ρ(t)⊗ ρ(t)]⟩

=
1

N !

∑
π∈SN

 ∑
i,j∈Ap

π
i<j

+
∑

i,j∈Aq
π

i<j

+
∑

i,j∈Ar
π

i<j

+
∑

i,j∈As
π

i<j

+
∑
i∈Ap

π
j∈Aq

π

+
∑
i∈Ap

π
j∈Ar

π

+
∑
i∈Ap

π
j∈As

π

+
∑
i∈Aq

π
j∈Ar

π

+
∑
i∈Aq

π
j∈As

π

+
∑
i∈Ar

π
j∈As

π


⊗
k∈Ap

π

⟨I−|k
⊗
k∈Aq

π

⟨I+|k
⊗
k∈Ar

π

⟨I0|k
⊗
k∈As

π

⟨Ix|k Ũi,j |E[ρ(t)⊗ ρ(t)]⟩⟩.

(SC.46)
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After some algebra, the above yields the following system of equations:

dGp,q,r,s(t)

dt
= ⟨Gp,q,r,s(t)|(−L̃)E [ρ(t)⊗ ρ(t)]⟩

=− λNGp,q,r,s(t) +
λ[p(p− 1) + q(q − 1) + r(r − 1) + s(s− 1)

N − 1
Gp,q,r,s(t)

+
2λps

3(N − 1)
[Gp+1,q,r,s−1(t) + 2Gp−1,q,r,s+1(t)]

+
2λqs

3(N − 1)
[Gp,q+1,r,s−1(t) + 2Gp,q−1,r,s+1(t)]

+
2λrs

3(N − 1)
[Gp,q,r+1,s−1(t) + 2Gp,q,r−1,s+1(t)]

+
2λpq

3(N − 1)
[Gp+1,q−1,r,s(t) +Gp−1,q+1,r,s(t) +Gp−1,q,r+1,s(t) +Gp,q−1,r+1,s(t) +Gp,q,r,s(t)

+4Gp−1,q−1,r,s+2(t)− 2Gp−1,q,r,s+1(t)− 2Gp,q−1,r,s+1(t)− 2Gp−1,q−1,r+1,s+1(t)]

+
2λpr

3(N − 1)
[Gp+1,q,r−1,s(t) +Gp−1,q,r+1,s(t) +Gp−1,q+1,r,s(t) +Gp,q+1,r−1,s(t) +Gp,q,r,s(t)

+4Gp−1,q,r−1,s+2(t)− 2Gp,q,r−1,s+1(t)− 2Gp−1,q+1,r−1,s+1(t)− 2Gp−1,q,r,s+1(t)]

+
2λqr

3(N − 1)
[Gp,q+1,r−1,s(t) +Gp,q−1,r+1,s(t) +Gp+1,q−1,r,s(t) +Gp+1,q,r−1,s(t) +Gp,q,r,s(t)

+4Gp,q−1,r−1,s+2(t)− 2Gp+1,q−1,r−1,s+1(t)− 2Gp,q,r−1,s+1(t)− 2Gp,q−1,r,s+1(t)] .

(SC.47)

We consider a random initial state,

|ψ0⟩ =
N⊗
j=1

(
Uj |0⟩j

)
, Uj ∈ U(2), (SC.48)

so that

|E[ρ0 ⊗ ρ0]⟩ =
N⊗
j=1

[
E(U∗

j ⊗ Uj ⊗ U∗
j ⊗ Uj) |0000⟩j

]

=

N⊗
j=1

[
1

d2 − 1

(
|I+⟩j j ⟨I

+|+ |I−⟩j j ⟨I
−|
)
− 1

d(d2 − 1)

(
|I+⟩j j ⟨I

−|+ |I−⟩j j ⟨I
+|
)]

|0000⟩j

=

N⊗
j=1

[
|I+⟩j + |I−⟩j
d(d+ 1)

]
.

(SC.49)

The normalisation of the state gives

⟨I+|E[ρ0 ⊗ ρ0]⟩ =
N∏
j=1

[
j ⟨I+|I+⟩j + j ⟨I+|I−⟩j

d(d+ 1)

]
= 1, (SC.50)

and therefore the initial conditions for the systems immediately follow from the definition of |Gp,q,r,s⟩:

⟨Gp,q,r,s|E[ρ0 ⊗ ρ0]⟩ =
(

2d

d(d+ 1)

)r+s
=

(
2

3

)r+s
. (SC.51)

Steady-state solution

Let us now derive the steady-state solution to the system (SC.47), that is, the solution to:

dGp,q,r,s(t)

dt
= 0. (SC.52)



11

By inspecting the right-hand side of (SC.47), one observes that the system admits the five linearly independent
solutions:

{2p, 2q, 2r, 2−r, 1}. (SC.53)

The above functions span the space of steady-state solutions, since when the system (SC.47) is written in matrix form,
dG(t)/dt = A ·G, the matrix A has a five-dimensional kernel, therefore any steady-state solution can be expressed as
a linear combination of the above stationary solutions,

G(∞)
p,q,r,s = α2p + β2q + γ2r + δ2−s + ϵ, (SC.54)

where {α, β, γ, δ, ϵ} are (so far) free parameters. To determine them, we recall that there must also exist 5 integrals
of motion (spanning the kernel of the transpose of the matrix A), which can be understood as linear combinations of
functions Gp,q,r,s(t) that stay constant for any initial state,

F (j)(t) =
∑
p,q,r,s

p+q+r+s=N

α(j)
p,q,r,sGp,q,r,s(t),

dF (j)(t)

dt
= 0, for j = 1, . . . , 5. (SC.55)

In particular, these are given as

F (1)(t) = GN,0,0,0(t), F (2)(t) = G0,N,0,0(t), F (3)(t) = G0,0,N,0(t), F (4)(t) = G0,0,0,N (t),

F (5)(t) =
∑
p,q,r,s

p+q+r+s=N

(−2)s
(p+ q + r + s)!

p!q!r!s!
Gp,q,r,s(t). (SC.56)

The first four of the above are obviously integrals of motion, whereas it is not immediate a priori that dF (5)(t)/dt = 0;
however, this can be directly checked from (SC.47).

Using now the fact that the value of Eq. (SC.56) is the same in the initial and stationary state, and combining it
with the initial condition (SC.51), we can determine the coefficients {α, β, γ, δ, ϵ} in Eq. (SC.54) to finally yield

G(∞)
p,q,r,s =

[1− 2
(
2
3

)N
+ 3−N ][2−(N−p) + 2−(N−q)] + [

(
2
3

)N − 2−(N−1) + 3−N ][1− 2−(N−r) + 2−s]

[1− 2−(N−1)](1− 2−N )
. (SC.57)

The expression of the steady-state averaged purity is therefore given as

P(∞)
n = G

(∞)
n,N−n,0,0 =

[1− 2
(
2
3

)N
+ 3−N ][2−(N−n) + 2−n] + [

(
2
3

)N − 2−(N−1) + 3−N ][2− 2−N ]

[1− 2−(N−1)][1− 2−N ]
. (SC.58)

Random Permutation Circuit with Arbitrary Initial States

One can repeat an analogous analysis also in the case of generic initial states, but now the number of invariant
states increases, and apart from {|I0⟩ , |Ix⟩ , |I+⟩ , |I−⟩} we need to introduce 11 additional states {|Ij⟩} labelled with
j = 1, . . . , 11 [53],

|I1⟩ =
q−1∑
a,b=0

|baaa⟩ , |I2⟩ =
q−1∑
a,b=0

|abaa⟩ , |I3⟩ =
q−1∑
a,b=0

|aaba⟩ , |I4⟩ =
q−1∑
a,b=0

|aaab⟩ ,

|I5⟩ =
q−1∑

a,b,c=0

|bcaa⟩ , |I6⟩ =
q−1∑

a,b,c=0

|baca⟩ , |I7⟩ =
q−1∑

a,b,c=0

|baac⟩ ,

|I8⟩ =
q−1∑

a,b,c=0

|abca⟩ , |I9⟩ =
q−1∑

a,b,c=0

|abac⟩ , |I10⟩ =
q−1∑

a,b,c=0

|aabc⟩ ,

|I11⟩ =
q−1∑

a,b,c,d=0

|abcd⟩ .

(SC.59)
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Note that for conciseness we will interchangeably use |I12⟩ = |I0⟩, |I13⟩ = |Ix⟩, |I14⟩ = |I−⟩, |I15⟩ = |I+⟩. Using
these one-site states we introduce a N -site basis of symmetric states

|Gn⟩ :=
1

N !

∑
π∈SN

π

15⊗
j=1

|Ij⟩⊗nj
, n = (n1, n2, . . . , n15), n1 + n2 + · · ·+ n15 = 15, nj ≥ 0, (SC.60)

and the overlap functions

Gn(t) := ⟨Gn|E[ρ(t)⊗ ρ(t)]⟩ . (SC.61)

They satisfy a system of equations similar to (SC.47),

dGn(t)

dt
=

2λ

L− 1

15∑
j=1

15∑
k=j+1

njnk

15∑
i=1

αij,k

(
Gni

j,k
−Gn

)
, (SC.62)

where we introduced nij,k to mean

nij,k =


(n1, n2, . . . , nj − 1, . . . , nk − 1, . . . , ni + 2, . . . , n15), i ̸= j, k,

(n1, n2, . . . , nj + 1, . . . , nk − 1, . . . , n15), i = j,

(n1, n2, . . . , nj − 1, . . . , nk + 1, . . . , n15), i = k,

(SC.63)

and we use the convention Gn = 0 if n′
j < 0 or n′

j > N for some j′. The coefficients αij,k are given as [53],

αij,k =

15∑
l=1

Wi,l ⟨I l|Ij⟩ ⟨I l|Ik⟩ , [W−1]i,j = ⟨Ii|Ij⟩2 . (SC.64)

Even though compact, Eq. (SC.62) is not easy to study numerically due to a very high number of relevant states,
however we can make some progress to study the stationary state. Let us focus on the q = 2 case, as for q ≥ 3 the
stationary states in case of two-site coupling coincides with the stationary state under global dynamics [83–85].

To characterise the stationary state of Eq. (SC.62) we need to find all the integrals of motion, that is linear
combinations of Gn which don’t change for any initial state,

F =
∑
n

dnGn,
dF(t)

dt
= 0. (SC.65)

We can very quickly find 15 of them by observing that the r.h.s. of (SC.62) has no terms with j = k, which gives

F (k)(t) = Gn(k)(t), n(k) = (0, 0, . . . , 0︸ ︷︷ ︸
k−1

, N, 0, 0, . . . , 0︸ ︷︷ ︸
15−k

), k = 1, . . . 15. (SC.66)

This is a consequence of a stronger property of the time-evolution, namely that applying any two-site gate on a state

⟨Ik|⊗N from the right leaves the state invariant,

⟨Ik|⊗N Ui,j = ⟨Ik|⊗N . (SC.67)

Similarly, we observe that the following holds for all n and j, k(
−2 ⟨I0|+ ⟨Ix|+ ⟨I+|+ ⟨I−|

)⊗N
(Uj,k − 1) |Gn⟩ = 0, (SC.68)

which gives the 16-th conservation law,

F (16)(t) =
∑
n

 11∏
j=1

δnj ,0

 (n0 + nx + n+ + n−)!

n0!nx!n+!n−!
(−2)n0Gn(t). (SC.69)

Note that F (16) is analogous to F (5) from (SC.56). While unable to prove that these are all the conservation laws for
any system size N , analysis of the r.h.s. of Eq. (SC.62) for small N suggests the kernel of the map is 16-dimensional.
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Similarly we find 16 independent stationary states, G∞ = {G∞
n }n, given by

G∞,1
n = 2n1+n5+n6+n7+n11 , G∞,2

n = 2n2+n5+n8+n9+n11 ,

G∞,3
n = 2n3+n6+n8+n10+n11 , G∞,4

n = 2n4+n7+n9+n10+n11 ,

G∞,5
n = 2−n3−n4+n5+n11−n12−n13−n15 , G∞,6

n = 2−n2−n4+n6+n11−n12−n14−n15 ,

G∞,7
n = 2−n2−n3+n7+n11−n12−n13−n14 , G∞,8

n = 2−n1−n4+n8+n11−n12−n13−n14 ,

G∞,9
n = 2−n1−n3+n9+n11−n12−n14−n15 , G∞,10

n = 2−n1−n2+n10+n11−n12−n13−n15 ,

G∞,11
n = 2n5+n6+n7+n8+n9+n10+2n11−n12 , G∞,12

n = 1,

G∞,13
n = 2n6+n9+n11+n13 , G∞,14

n = 2n5+n10+n11+n14 ,

G∞,15
n = 2n7+n8+n11+n15 , G∞,16

n = 2−n1−n2−n3−n4+n11−n12 .

(SC.70)

Now we finally have everything needed to get a prediction for the stationary state under 2-qubit dynamics,

G∞
n =

16∑
j=1

cjG
∞,j
n , (SC.71)

with the coefficients cj determined by requiring F (j),∞ = F (j)(0).
In the case of a random product initial state, the expression can be checked to reduce to the previous form.

Assuming now that the initial state is not random, the stationary density depends on 4 real initial-state dependent
real parameters, and three phases,

z(|ψ⟩)eiθ1(|ψ⟩) = 1√
d

∑
s

⟨s|ψ⟩ , y(|ψ⟩)eiθ2(|ψ⟩) =
∑
s

⟨s|ψ⟩2 ,

w(|ψ⟩)eiθ3(|ψ⟩) =
∑
s

| ⟨s|ψ⟩ |2 ⟨s|ψ⟩ , 0 ≤ z(|ψ⟩), y(|ψ⟩), w(|ψ⟩) ≤ 1,

Q(|ψ⟩) = ⟨F (16)|
(
|ψ⟩∗ ⊗ |ψ⟩ ⊗ |ψ⟩∗ ⊗ |ψ⟩

)
, Q ≥ 0,

(SC.72)

and the stationary purity for an arbitrary non-random initial state is given by

Px =
1

(1− 2
d )(1−

1
d )(1−

6
d + 2

d2 )

{(
d−

n
N + d−

N−n
N

)(
1− 4

d

)(
1− 2

d
− 2

d2

)
− 4

d

(
1− 11

2d
+

8

d2
+

1

d3

)
+
(
1− d−

n
N

) (
1− d−

N−n
n

) [Q
d

(
1− 4

d

)(
1− 2

d

)
I2

(
1− 6

d
+

14

d2

)
− y2

d

(
1− 4

d
+

6

d2

)
+

4z2

d

(
1− 3z2

2
+

2

d

)
+

2yz2

d

(
1 +

2

d

)
cos(2ϑ1 − ϑ2)−

12

d
3
2

wz cos(ϑ1 − ϑ3)
]}
,

(SC.73)

where we have used the short-hand notation d = 2N . In the limit of large sizes the leading order contribution becomes
for x = n/N

Px = d−x + d−(1−x) + (1− d−x − d−(1−x))

(
I2 +

Q

d

)
+Od−1. (SC.74)

For appropriate values of Q, this does not necessarily coincide with the global-permutation result (cf. (SD.20)). For
example, for homogeneous non-random product initial states one gets

Q

d
− z4 ≥ 0,

Q

d
− z4 = O(1), (SC.75)

and therefore we do not necessarily saturate the bound (6) even in the limit of large system sizes.

Appendix D: Global permutation ensembles

In this section, we compute the average Rényi-2 entropy in the ensemble EGPP (global phase transformations
followed by global permutations) and — for a locally scrambled state — in the ensemble EGP (global permutations).
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Namely, we compute the average Rényi-2 entropy of URPP |ψ0⟩ and URP |ψ0⟩, where URPP, URP are d × d matrices
drawn from the two ensembles. We then show that for the ensemble EGPP the result coincides with that obtained
in the ensemble of infinite-depth circuits EPPC(D → ∞) at any system size, while for the ensemble EGP the average
Rényi-2 entropy coincides with that in EPC(D → ∞) only as N → ∞.

1. Page curves

To begin with, we consider a tripartite Hilbert space H = H− ⊗H+ ⊗H0 as in (SC.21), associated to three regions
A−, A+, A0 with |A−| = n−, |A+| = n+, |A0| = n0. The dimension of the Hilbert space is:

d = d− d+ d0 = qn−qn+qn0 = qN . (SD.1)

For α = −,+, 0, we let |Iα⟩ = ⊗j∈Aα
|Iα⟩j and we consider the overlaps ⟨Iα|ρ0 ⊗ ρ0⟩ for a pure state ρ0 = |ψ0⟩ ⟨ψ0|.

These can be obtained from the expression (SC.22),

GN,0,0(|ψ0⟩) = ⟨I−|ρ0 ⊗ ρ0⟩ = TrH(ρ0)
2 = 1,

G0,N,0(|ψ0⟩) = ⟨I+|ρ0 ⊗ ρ0⟩ = (TrH ρ0)
2 = 1,

G0,0,N (|ψ0⟩) = ⟨I0|ρ0 ⊗ ρ0⟩ =
∑
{xi}

| ⟨{xi}|ψ0⟩ |4 = I2(|ψ0⟩).
(SD.2)

The above expressions are valid for a generic initial state |ψ0⟩. From now on, we specialize to the case of permutation-
invariant states, namely:

1. Product states of the form (SC.13), for which I2(|ψ0⟩) =
(∑q−1

a=0 |λa|4
)N

;

2. The Dicke states |D⟩, eq. (SC.20), for which I2(|D⟩) =
∑N
m=1 |cm|4

(
N
m

)−1
;

3. The GHZ state |GHZ⟩, for which I2(|GHZ⟩) = q−1.

The states above are chosen as they provide three different scaling laws for the Inverse Participation Ratio, with a
localization which is exponential, polynomial, and constant in the system size, respectively.

Let us consider the ensemble EGPP. The average purity of the state URPP |ψ0⟩ is obtained by computing the
quantities:

Gn−,n+,n0(|ψ0⟩) := ⟨Gn−,n+,n0 |URPP|ρ0 ⊗ ρ0⟩ , (SD.3)

where

URPP : = E
[
(URPP)∗ ⊗ URPP ⊗ (URPP)∗ ⊗ URPP

]
=

1

d(d− 1)

[
|I−⟩⟨I−|+ |I+⟩⟨I+|+ (d+ 1) |I0⟩⟨I0| − |I−⟩⟨I0| − |I0⟩⟨I−| − |I+⟩⟨I0| − |I0⟩⟨I+|

]
,

(SD.4)

is the ensemble average.
From the expression (SC.9), we obtain

Gn−,n+,n0
(|ψ0⟩) =

1

N !

∑
π∈SN

⊗
j∈A−

π

⟨I−|j
⊗
j∈A+

π

⟨I+|j
⊗
j∈A0

π

⟨I0|j

1

d(d− 1)

[
|I−⟩⟨I−|+ |I+⟩⟨I+|+ (d+ 1) |I0⟩⟨I0| − |I−⟩⟨I0| − |I0⟩⟨I−| − |I+⟩⟨I0| − |I0⟩⟨I+|

]
|ρ0 ⊗ ρ0⟩

=
1

d− 1
[(d− + d+)(1− I2(|ψ0⟩)) + (d+ 1)I2(|ψ0⟩)− 2] .

(SD.5)

Notice that Gn,N−n0−n,n0 = GN−n0−n,n,n0 , ∀n0 = 0, . . . , N − n, which entails the known symmetry of the purity
(n0 = 0) Pn = PN−n.

We note that the expression (SD.5) is surprisingly general: for every permutation-invariant initial state |ψ0⟩ the
function Gn−,n+,n0

(|ψ0⟩) depends only on the (sub)system sizes N , n, on the Hilbert-space dimension d, and on
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I2(|ψ0⟩), the latter being the only state-dependent quantity. Letting x = n−
N , 1 − x = n+

N , at large N the average
purity at leading order in N can be read out from the above expression:

PGPP
x ≃ q−xN + q(x−1)N + I2(|ψ⟩)[1− q−xN − q(x−1)N ], (SD.6)

which implies

− 1

N
logPGPP

x = log(q)min

{
x, 1− x,− log I2(|ψ⟩)

N log q

}
+O

(
1

N

)
. (SD.7)

From the above expression we can define a condition of high localization: if ∃x < 1/2 such that the inequality

− log I2(|ψ⟩)
N log q

< x , (SD.8)

is verified, then maximal scrambling is prevented in the state |ψ⟩, meaning that the Page curve does not reproduce
that of the Haar random ensemble at large system size. This condition is always satisfied for the product state with
non-maximal tilting (θ ̸= π/4 for q = 2), for the GHZ state and for the Dicke states.

2. Proof of equivalence at late times

Here, we show that the functions Gn−,n+,n0
[|ψ0⟩] obtained in (SD.5) solve the steady-state form of the system

(SC.7), which is obtained from the latter by removing the time derivative term. We do so by first observing that d
and I2(|ψ0⟩) is invariant under the changes of n−, n+, n0 that preserve their sum. Therefore we have

Gn−−1,n++1,n0
+ Gn−+1,n+−1,n0

+ (q − 1)Gn−−1,n+−1,n0+2

=
q−1 d−(1− I2) + q d+(1− I2) + [(d+ 1)I2 − 2]

d− 1
+
q d−(1− I2) + q−1 d+(1− I2) + [(d+ 1)I2 − 2]

d− 1

+(q − 1)
q−1 d−(1− I2) + q−1 d+(1− I2) + [(d+ 1)I2 − 2]

d− 1

=(q + 1)Gn−,n+,n0 ,

(SD.9)

and analogously

Gn−+1,n+,n0−1 + q Gn−−1,n+,n0+1 = Gn−,n++1,n0−1 + q Gn−,n+−1,n0+1 = (q + 1)Gn−,n+,n0 .

A simple inspection of equation (SC.7) then reveals that

Gn−,n+,n0(t→ ∞) = Gn−,n+,n0(|ψ0⟩) (SD.10)

is a steady state solution for every choice of the permutation-invariant initial state |ψ0⟩.

3. Page curves for the EGP

Finally, let us consider the averaged purity in the ensemble EGP , i.e. the averaged purity after acting with an
all-to-all permutation gate on an initial state. As before, we use d to denote the full Hilbert-space dimension d = qN ,
and we are interested in a bipartition of the system into subsystems with n and N − n sites. Similarly to before, the
central object is the averaged 4-replica gate URP, defined as

URP := E
[
(URP)∗ ⊗ URP ⊗ (URP)∗ ⊗ URP

]
. (SD.11)

The matrix URP is again a projector to the set of invariant states, but the number of invariant states is now 15. Apart
from |Iα⟩ for α ∈ {0,+,−, x}, we also have 11 additional states |Ij⟩, j = 1, . . . , 11, as introduced in Eq. (SC.59).

Using now the fact that URP is a projector to the space spanned by |Iα⟩⊗N for α ∈ {1, 2, . . . , 11, 0, x,+,−}, we can
express the averaged purity as

PGP
n =

∑
α,β∈{1,2,...,11,0,x,+,−}

Wα,β(N) ⟨I+|Iα⟩n ⟨I−|Iα⟩N−n
(
⟨Iβ |⊗N

)
|ρ0 ⊗ ρ0⟩ , (SD.12)
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where W (N) is the inverse of the matrix of overlaps

[
W−1(N)

]
α,β

= ⟨Iα|Iβ⟩N . (SD.13)

All the overlaps between states |Iα⟩ and the initial state are given in terms of the amplitudes and phases given in
Eq. (SC.72), as well as the inverse participation ratio I2(|ψ⟩) (cf. (3)). Explicitly, the overlaps are given as

⟨I0|⊗N |ρ0 ⊗ ρ0⟩ = I2(|ψ⟩), ⟨Ix|⊗N |ρ0 ⊗ ρ0⟩ = y(|ψ⟩)2, ⟨I+|⊗N |ρ0 ⊗ ρ0⟩ = ⟨I−|⊗N |ρ0 ⊗ ρ0⟩ = 1,

⟨I1|⊗N |ρ0 ⊗ ρ0⟩ = ⟨I2|⊗N |ρ0 ⊗ ρ0⟩∗ = ⟨I3|⊗N |ρ0 ⊗ ρ0⟩ = ⟨I4|⊗N |ρ0 ⊗ ρ0⟩∗ =
√
dz(|ψ⟩)w(|ψ⟩)ei[θ3(|ψ⟩)−θ1(|ψ⟩)],

⟨I5|⊗N |ρ0 ⊗ ρ0⟩ = ⟨I7|⊗N |ρ0 ⊗ ρ0⟩ = ⟨I8|⊗N |ρ0 ⊗ ρ0⟩ = ⟨I10|⊗N |ρ0 ⊗ ρ0⟩ = dz(|ψ⟩)2,

⟨I6|⊗N |ρ0 ⊗ ρ0⟩ = ⟨I9|⊗N |ρ0 ⊗ ρ0⟩∗ = dz(|ψ⟩)2y(|ψ⟩)ei[ϑ2(|ψ⟩)−2ϑ1(|ψ⟩)],

⟨I11|⊗N |ρ0 ⊗ ρ0⟩ = d2z(|ψ⟩)4.

(SD.14)

Inserting this into the equation for averaged purity gives the following general expression,

Pn =

(
1− 4

d

) (
q−(N−n) + q−n

)
− 2

d

(
1− 5

d

)(
1− 3

d

) (
1− 2

d

) +

(
1− q−(N−n)) (1− q−n)(
1− 1

d

) (
1− 2

d

) (
1− 3

d

) [(1− 5

d

)
I2(|ψ⟩) +

1

d2
y(|ψ⟩)

+ 8d−
3
2w(|ψ⟩)z(|ψ⟩) cos [ϑ1(|ψ⟩)− ϑ3(|ψ⟩)]− z(|ψ⟩)2 2

d
(2 + y(|ψ⟩) cos [2ϑ1(|ψ⟩)− ϑ2(|ψ⟩)]) + z(|ψ⟩)4

]
.

(SD.15)

Note that this expression is completely general and holds for any initial state. For convenience let us also explicitly
consider an average over Haar-random initial product states, which is obtained from the general form (SD.12) upon
replacing the initial-state overlap by an averaged initial state overlap,(

⟨Iβ |⊗N
)
|ρ0 ⊗ ρ0⟩ 7→

(
⟨Iβ |⊗N

)
E[|ρ0 ⊗ ρ0⟩], (SD.16)

and these can be straightforwardly obtained by noting

E[|ρ0 ⊗ ρ0⟩] =
N⊗
j=1

1

q(q + 1)

(
|I+⟩+ |I−⟩

)
. (SD.17)

Explicitly evaluating the overlaps and plugging it into Eq. (SD.12) gives (after some straightforward manipulations)
the general form

E[Pn] =
(q−n + q−(N−n))(1− 5

d + 8
d2 ) +

(
(1− q−n)(1− q−(N−n))E[I2]− 2

d

)
(1− 4

d + 7
d2 )

(1− 1
d )(1−

2
d )(1−

3
d )

, (SD.18)

where we have used E[I2] to denote the value of I2 averaged over the random product initial state,

E[I2] =
(

2

q + 1

)N
. (SD.19)

Note that specialising to q = 2 this gives the expression in Eq. (15).

In the limit of large N with n/N = x fixed, the two expressions reduce to

Px = q−xN + q−(1−x)N +
(
1− q−xN − q−(1−x)N

) [
I2(|Ψ⟩) + z(|ψ⟩)4

]
+O(q−N ), (SD.20)

and

E[Px] = q−xN + q−(1−x)N +
(
1− q−xN − q−(1−x)N

)
E[I2] +O(q−N ). (SD.21)
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Appendix E: Bosonic-space formulation

An alternative way of solving the dynamics of the circuit is to map the problem to a bosonic Hilbert space by
taking advantage of the (site) permutation-invariance of the dynamics and the initial state. Following Ref. [59], we
define site permutation-invariant states of the form

|n−, n+, nx, n0⟩ :=
1√

N !n−!n+!nx!n0!

∑
π∈SN

π |J−⟩⊗n− ⊗ |J+⟩⊗n+ ⊗ |Jx⟩⊗nx ⊗ |J0⟩⊗n0
(SE.1)

for every n−, n+, nx, n0 ≥ 0 such that they sum to N . In the above formula, SN is the permutation group over N
elements and π is the unitary operator corresponding to an element of SN . The states (SE.1) are (site) permutation-
invariant and form an orthonormal basis by construction. As a result, they can be rewritten in terms of bosonic
creation and annihilation operators acting on a vacuum |Ω⟩

|n−, n+, nx, n0⟩ :=
1√

n−!n+!nx!n0!

(
a†−

)n−(
a†+

)n+
(
a†x

)nx
(
a†0

)n0

|Ω⟩ , (SE.2)

which satisfy the usual canonical commutation relations

[aα, a
†
β ] = δα,β , [aα, aβ ] = [a†α, a

†
β ] = 0 . (SE.3)

The Lindbladian (SC.39) can be expressed in terms of these operators by using [59]

N∑
j=1

(|x⟩⟨y|)j = a†xay (SE.4)

and ∑
j<k

∑
x,y,z,t

[
Γx,y |xy⟩j,k

][
Λz,tj,k⟨zt|

]
=

1

2

∑
x,y,z,t

Γx,yΛz,t
[
a†xa

†
yazat

]
(SE.5)

for every pair of symmetric matrices Γ,Λ. Here, x, y, z, t run over the different “species” of bosons, −,+, x and 0.
Now the operators appearing in the above formula can be simply matched to those of Eq. (SC.39), allowing us to
express the averaged gate in terms of the global bosonic operators:∑

1≤i<j≤N

Ũi,j =
∑

1≤i<j≤N

ΠiΠj Ui,jΠiΠj =

1

2
n0(n0 − 1) +

1

6

[
2n−(n− − 1) + 2n+(n+ − 1) + 2nx(nx − 1) + 4n0n− + 4n0n+ + 4n0nx

+ 2a†−n−a0 + 2a†0n−a− + 2a†+n+a0 + 2a†0n+a+ + 2a†xnxa0 + 2a†0nxax

]
+

1

3

[
n−n+ + n−nx + n+nx + a†+n−ax + a†+n+ax + a†xn−ax + a†−nxa+ + a†xn+a− + a†+nxa−

]
,

(SE.6)

where we have introduced the “particle number” operators

n− = a†−a−, n+ = a†+a+, nx = a†xax, n0 = a†0a0 . (SE.7)

The operator (SE.6) can be represented by a finite (sparse) matrix in the basis (SE.1), allowing for simple, numer-
icaly exact simulation of the dynamics starting from typical initial states given by (SC.49). These states are easily
represented in the bosonic basis and take the form

|E[ρ0 ⊗ ρ0]⟩ =
1

6N

∑
n+,n−,n0

2N/2+n0

√
N !

n−!n+!n0!
|n−, n+, 0, n0⟩ , (SE.8)
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where the sum is over non-negative integers n−, n+, n0 such that their sum is N . Similar computation yields the
expression for the symmetrized boundary (swap) state

|Xn⟩ :=
1

N !

∑
π∈SN

π |I−⟩⊗n ⊗ |I+⟩⊗N−n

=

N−n∑
n+=0

n∑
n−=0

2N/2
n!(N − n)!

(n− n−)! (N − n− n+)!

√
(N − n− − n+)!

N !n−!n+!
|n−, n+, 0, N − n+ − n−⟩ .

(SE.9)

One can easily check that ⟨Xn|ρ0 ⊗ ρ0⟩ = 1.

Appendix F: Numerical results

We now provide some details about the numerical implementation of the dynamics as well as some additional
results.

Solving the dynamics of the Rényi entropies for finite system sizes amounts to solving the differential equations
(14) together with appropriate initial conditons corresponding to typical initial states (SC.51). Eq. (14) corresponds
to a set of coupled linear ordinary differential equations. As such, the system can be straightforwardly solved via
well-known methods. Importantly, however, when the system size N grows above a certain value (in our calculations,
this was N ≳ 32) numerical instabilities appear and the results (unphysically) diverge.

A way around this is given by the bosonic formulation of the problem detailed in App. E. Mappig the dynamics to
the bosonic Hilbert space allows for exact (numerical) vector representation of the system states and the Lindbladian
encoding the dynamics. As the Lindbladian has only positive eigenvalues, unphysical divergences are not a problem
and it is possible to solve much larger system sizes. In our calculations, we managed to go up to N = 168. In this
approach, the most computationally demanding part is the exponentialization of the Lindbladian matrix. One can,
however, take advantage of the sparse nature of L and solve the differential equation corresponding to (SA.16) via
simple numerical methods, such as Euler or Runge-Kutta type methods. For random permutation circuits starting
from typical initial states, all of our results are obtained via forward Euler with 12 digit precision, as apparent from
comparison with the 4th order Runge-Kutta solutions.

a) b)

c)

FIG. 1. Rényi-2 entropy dynamics in random permutation circuits with additional random phases. a) The time evolution of

the averaged Rényi-2 entropy from the initial product state |ψ⟩ = |ϕ(θ)⟩⊗N , with |ϕ(θ)⟩ = cos θ|0⟩+sin(θ)|1⟩ and θ = π/8. The
system size is set to N = 256. Inset: the equilibration time as a function of the logarithm of the system size N . b) Comparison
of the Page curves obtained by averaging over the random circuit (open markers) and the random global (solid lines) ensemble
starting from the product state corresponding to θ = π/8. The dashed lines show the (tight) upper bounds. c) Same as b),
starting from the initial state |D⟩ = (|D1⟩ + |D2⟩)/

√
2. It is clear that the global and circuit results coincide for finite N , as

opposed to the case with no random phases.

For different initial states, such as product states |ψ⟩ = |ϕ(θ)⟩⊗N with |ϕ(θ)⟩ = cos θ|0⟩ + sin(θ)|1⟩ and fixed θ,
the corresponding differential equations are generally very complicated and is restricted to using numerical exact
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diagonalisation (ED) techniques, which are limited to small system sizes N ≲ 10. In particular, we simulate the
random dynamics by sampling different random realizations of the circuits; as such, the finite sample size of the gates
result in some numerical error. All numerical methods detailed in the paper were crosschecked by ED for the available
system sizes, together with the analytical global ensemble results.

We end this section by presenting an example of data generated by studying the dynamics of random-permutation
circuits incorporating additional random phases, as discussed in the main text. The random phases simplify the
problem, and one can derive the differential equations (SC.7), independently of the initial state of the system. As a
result, the Rényi entropy dynamics of the RPP circuit can be studied for both product and entangled initial states,
see Fig. 1. Moreover, integrating the differential equations did not give rise to numerical instabilities for the system
sizes studied, and all results presented here are obtained via solving (SC.7) (up to N = 256). From our plots, we
see the results anticipated in the main text. Notably, we see from Fig. 1 that the Page curves corresponding to the
late-time circuit ensemble and the global ensemble coincide for all finite-N , and that they are both bounded by the
PEs.


	Contents
	Preliminaries
	Local dimensional reduction for 2-qubit permutation gates

	Bounds on the entanglement Page curves
	Derivation of the system of differential equations
	Random Permutation Circuit with Random Phases (RPPC)
	Entangled Initial States and Anticoncentration
	Random Permutation Circuit with Initial Random Product States
	Differential equations
	Steady-state solution
	Random Permutation Circuit with Arbitrary Initial States


	Global permutation ensembles
	Page curves
	Proof of equivalence at late times
	Page curves for the EGP

	Bosonic-space formulation
	Numerical results

