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ABSTRACT: We present deep observations in targeted regions of the string landscape through
a combination of analytic and dedicated numerical methods. Specifically, we devise an
algorithm designed for the systematic construction of Type IIB flux vacua in finite regions
of moduli space. Our algorithm is universally applicable across Calabi-Yau orientifold
compactifications and can be used to enumerate flux vacua in a region given sufficient
computational efforts. As a concrete example, we apply our methods to a two-modulus Calabi-
Yau threefold, demonstrating that systematic enumeration is feasible and revealing intricate
structures in vacuum distributions. Our results highlight local deviations from statistical
expectations, providing insights into vacuum densities, superpotential distributions, and
moduli mass hierarchies. This approach opens pathways for precise, data-driven mappings of
the string landscape, complementing analytic studies and advancing the understanding of the
distribution of flux vacua. This allows us to obtain different types of solutions with hierarchical
suppressions, e.g. vacua with small values of the Gukov-Vafa-Witten superpotential |Wj].
We find an example with |Wy| = 5.547 x 1075 at large complex structure, without light
directions and the use of non-perturbative effects.
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1 Introduction

The quest to quantitatively understand the low-energy limits of string theory holds significant
promise for advancing Beyond the Standard Model (BSM) physics and precision holography.
By providing insights into fine-tuning mechanisms and uncovering the structures underlying
fundamental interactions, a robust grasp of the string landscape could guide theoretical
predictions and phenomenological applications. However, the complexity of the string
landscape raises a critical question: Can we actually zoom in on the string landscape and
systematically explore viable regions in practice?

To date, progress in exploring the string landscape has largely relied on searches in
hand-selected examples or on statistical arguments employing suitable approximations. These
approaches, while valuable, remain inherently incomplete for achieving a comprehensive
phenomenological understanding. Hand-selected searches often overlook the full breadth
of vacua, while statistical methods rest on untested assumptions, accessing only selected
properties of vacua. Conjecture-driven approaches, though insightful, typically offer qualitative
rather than quantitative assessments of the landscape’s global structure. This paper addresses
the need for a data-driven, exhaustive exploration of accessible regions within the landscape,
moving toward a more complete and systematic understanding.



Focusing on Type IIB flux vacua [1], we aim to develop a precise and targeted deep
observation of the string landscape. This setting, chosen for its computational control,
enables us to meet specific phenomenological requirements, including constraints on gs,
Wo, and moduli masses. Dedicated numerical tools, particularly the JAXVacua framework
developed in [2], are leveraged to explore regions of moduli space exhaustively, providing new
insights into the properties and distributions of vacua. These observations extend beyond
phenomenological requirements, offering a versatile framework for probing generic properties
excluded from previous models and inspiring model building through localised, deep studies.

Specifically, our investigations test predictions regarding the finiteness [3-5] and density
of string flux vacua, corroborating earlier works such as [6-9], which rest on the continuous
flux approximation. For a given compactification manifold, the vastness of the landscape [10]
arises from multiple discrete flux configurations, with the number of vacua expected to scale

21242
as Qps

the maximum D3-charge set by the orientifold. Exhaustively searching for vacua at large

[6-9], where k12 is the number of complex structure moduli and Qps denotes

Qps or h? is practically infeasible. Instead, we focus on developing numerical methods to
systematically generate solutions in specific regions of moduli space with desired properties.
We accomplish this by deriving new bounds on the flux landscape that are crucial for
systematising the generation of flux vacua, building upon and extending the findings of [11].

As an application of our methods, we study a two-moduli model: the degree 18 hy-
persurface in (C]P’?LLL&Q] at its symmetric locus [12] at large complex structure [13]. Our
findings reveal patterns in the distributions of Wy, g5, moduli masses, and clustering within
flux space, echoing structures observed in prior work [14]. Comparing our results with
statistical expectations [7-9, 15] highlights the importance of algorithmic choices in landscape
mapping. For example, discrepancies between our findings and [14], which differ by orders
of magnitude, underscore the necessity of precise numerical approaches to capture nuanced
structures in the flux landscape.

Through our investigation, we identified discrepancies between observed and predicted
numbers of vacua in specific moduli space regions. In particular, we found that the analysis
of [9] leads to local over- or under-estimates of the behaviour of the vacuum density. A
discrepancy is somehow expected since [9] tried to model sums over discrete fluxes with
integrals over continuous variables. Let us however stress that we observed a remarkable
agreement with the predictions of [9] at a global level. We identified distinctive patterns in
the distribution of the superpotential Wy in the complex plane. These distributions exhibit
symmetries along certain axes but lack of angular symmetry. The appearance of circular
structures and voids in the distribution of the axio-dilaton is partially explained by specific
flux configurations. Additionally, the moduli mass distribution reveals a significant range of
values with a clear hierarchy between minimal and maximal masses. Axionic and moduli
directions also exhibit notable mixing.

In a similar spirit, exhaustive explorations have been performed in other corners of the
string landscape (e.g. [16-24]) which have resulted in distinct vacuum distributions. We stress
that these approaches, in contrast to our one, did not require direct numerical optimisation,
i.e. to explicitly find vacuum solutions it was not necessary to solve an optimisation problem
for multiple continuous moduli fields.



This paper is organised as follows. Section 2 outlines conventions and reviews Type 1B
flux compactifications. In section 3.1, we discuss bounds on fluxes and the axio-dilaton critical
value for the vacua search algorithm. Section 3.2 describes a general algorithm for obtaining
flux vacua in targeted regions of moduli space. Section 4 summarises our results and analysis
of flux vacua, followed by conclusions in section 5. Appendix A provides technical details on
moduli space integrals used in the analysis. Our data will be made available on the following
GitHub repository https://github.com/ml4physics/JAXvacua.

2 Type IIB flux compactifications

In this section we briefly introduce Type IIB flux compactifications and gather results
important for this work. This sets the conventions and notations that will be used throughout.
For detailed reviews on the subject the reader can refer to [25, 26].

2.1 Calabi-Yau compactifications at large complex structure

Let (X3, X 3) be a pair of mirror dual Calabi-Yau threefolds and o : X3 — X3 be a holomorphic
and isometric involution of X3 under which the holomorphic 3-form transforms as 2 +— —(.
We then denote by X3/o the corresponding O3/O7 orientifold on which we compactify
Type IIB superstring theory. The resulting effective supergravity theory preserves NV =1
supersymmetry in four dimensions.

Under the orientifold action, the cohomology groups HP4(X3, o) split into odd and even
eigenspaces, H}?(X3,Q). The complex structure moduli surviving this projection come in
N =1 chiral multiplets counted by h'*(X3,0) = dim (H'?(X3,Q)) and will be denoted
by 2%, i=1,... ,hl_’2 (X3,0). In this work, we remain agnostic about other moduli sectors,
see however [27-29] for attempts to stabilise all moduli in similar setups. For simplicity, we
assume that hi’z(Xg,a) — 0 such that h'"*(X3,0) = h12(X3).!

Next, we introduce a symplectic basis of {37, %/} C H3(X3,Z) together with the
corresponding Poincaré dual forms {a!, 37}. We then define the periods by integrating the
holomorphic 3-form 2 over these cycles, and collect them in the period vector II, that is,

Xf:/ Q0= Qral, ]—"1:/ Q= [ QABI, H:(f{,). (2.1)
Xr X3 =1 X3 X

The periods X! serve as homogeneous complex coordinates on a local patch of the complex
structure moduli space of X3. Away from the locus X° = 0, we introduce projective
coordinates 2! = X*/X% i=1,...,h}?(X3), and normalise  such that X = 1. The dual
periods F; = Fy(z) are then determined by a prepotential F'(z) through

Fi(2) =0, F(2), Fo=2F—20,F. (2.2)

To compute the periods entering the GVW superpotential (2.13), we focus on Large Complex
Structure (LCS) regions of the complex structure moduli space Ms(X3). Mirror symmetry
maps the LCS region of Type IIB reduced on X3 to the large volume region of the Type

! Orientifolds with these properties can e.g. be obtained systematically using techniques described in [30],
see also [31].
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ITA compactified on the mirror dual CY X;. Thus, using mirror symmetry, one can show
that the prepotential F(z) at LCS takes the form [32-36]

1_ . 1 . . ~
F(z) = — gk 20 2R+ 5% 2820 + b 2" 4 €+ Fingt(2). (2.3)

Here, k;ji, are the triple intersection numbers of X3. Various parameters appearing in (2.3)
are given in terms of a basis of (1,1)-forms .J; € H"!(X3,7Z) and the second Chern class of
the mirror manifold X3 denoted by ¢3(X3), as follows

1
zijk:/)? Ti ATy A T a =5 [ AT A TmodZ,
3 3
_1 ~ : 1(() ¢(3) x(X3)
b] =1 /)?3 Cz(Xg)/\J], &= (27T) . (2.4)

The non-perturbative contributions Fi,g in (2.3) arise from worldsheet instanton effects on
the mirror dual side, and are given by [36, 37]

1 : mig; 2° : — z"
Fus(2) = =55 Do Sablis(07) L L@ =3 o5 @9)
qEM(X3) m=1

Here, the sum runs over the effective curves ¢ in the Mori cone M(Xg) of the mirror X3 and
NG 138, 39] are the genus-zero Gopakumar-Vafa (GV) invariants. A systematic procedure
for evaluating these invariants was developed by HKTY [35, 37]. In practice, they can be
computed using the software package CYTools [40, 41]. The validity of the ansatz (2.3) for
F is restricted to the region where the LCS expansion converges [36], see also [42, 43]. In
particular, the imaginary parts of the complex structure moduli z° take values inside the
Kéahler cone K % of )N(g defined as

Kz, = {J e HY (X3,R) : / J >0 V effective curves C;} . (2.6)
C;
This describes the moduli space of Kéhler structures on )?3, parametrised by a Kéhler
form J. In practice the Kéhler cone computations are performed using CYTools.

2.2 Flux superpotential and vacua

Let us now turn on background fluxes for the ten-dimensional gauge fields H3 and F3 along
the compact directions. In terms of the above symplectic basis, we introduce the flux quanta

/F:s, fll—/ B, (h)! /H3, hl[—/ Hs, (2.7)

and collect them in two integral flux vectors f,h € Z2(h*'+1)

f= (g) . h= (Z;) . 1, f2, b1, ho € ZMHL (2.8)

These fluxes are constrained by Gauss’s law for the ten-dimensional gauge fields, which reads

2 (Np3 — Np3) + Naux — Qp3 = 0, (2.9)



where Np3 (Ngz) is the number of spacetime-filling (anti-)D3-branes. Further, we introduced

QD3:%7 Nﬁux:/H3/\F3:fT'2’ha (2‘10)
X

in terms of the Euler character xs of the fixed locus of ¢ in X3. The D3-tadpole cancellation
condition (2.9) has to be satisfied in any consistent solution of string theory. Thus, if
e.g. the D3-charge contribution from fluxes is such that Ng.x < @ps, one needs to add
spacetime-filling D3-branes.

In the four-dimensional A = 1 supergravity theory, the tree-level Kahler potential K
for the complex structure moduli and the axio-dilaton is

K = —In(—illt -5 -T0) — In (—i(r — 7)) , Z:<—On]é> . (2.11)

The F-term scalar potential is given by Vp = Vyux/ V2 where V is the dimensionless Calabi-Yau
volume in string units, while the flux potential reads

Vi = ¢ (K" D:W D:W + KID,W D;W) . DiW = 9;W + (9rK)W (2.12)
where W is the Gukov-Vafa-Witten (GVW) superpotential [44],
W= [ GsnQ=(f—7h)T -2 1I(z). (2.13)
X3

While W is protected by non-renormalisation theorems against perturbative corrections [45], it
receives non-perturbative contributions from D-brane instantons which we ignore subsequently.
Moreover, we also ignore perturbative corrections to the Kéahler potential since they are
expected to be subdominant in the large volume regime and when the string coupling is small.

The action of Type IIB superstring theory enjoys an SL(2,7Z) symmetry under which
the axio-dilaton and 3-form fluxes transform as

ar +b h d e h ab
%m, <f>_><ba> (f)’ <Cd>€SL(2,Z). (2.14)

Under this transformation, the tadpole (2.10) remains invariant, but the GVW superpo-
tential (2.13) transforms non-trivially. By performing SL(2,7Z) transformations successively,
T = ¢o + is takes values in a fundamental domain M, of SL(2,Z) which we choose as

M, = {7—00+is€<ci ol < 0.5 and |7] > 1}- (2.15)

In addition, the perturbative Kihler potential (2.11) is independent on the axions Re(z?),
i=1,...,h"2. This results in a discrete gauge symmetry corresponding to integer shifts
of the complex structure moduli

s Z4nt, ntez, i=1,... A2, (2.16)

The transformation of the period vector and the fluxes under these shifts is given by an element
of the corresponding monodromy group, which is a proper subgroup of Sp(2h'? 4 2,7Z), as

{IL b, f} = M,y {IL A, f}, Mg,y € Sp(2h'? +2,Z). (2.17)



These transformations leave the Kéhler potential (2.11), the superpotential (2.23), and
the tadpole (2.10) invariant. By using these integer shifts in eq. (2.16), we can choose the
fundamental domain for the axions as Re(z?) € (—0.5,0.5].

Complex structure moduli stabilisation is the process of identifying minima of the
flux-induced scalar potential (2.12). In this work we focus on flux vacua satisfying the
F-flatness conditions

DW= (f—#R)T .5 TI(z) =0, (2.18a)

DW = (f —7h)T -2 (8;11(2) + TI(2)0;K) = 0. (2.18b)

For later purposes, we note that these conditions are equivalent to the imaginary self-duality
(ISD) of 3-form Gj, i.e., x¢G3 = iG3 in terms of the Hodge star operator ¢ on X3 [1]. In
terms of the flux vectors (2.8), it can be written as

fimThi =N - (fo =7 hs) (2.19)
where A is the (complex conjugate) gauge kinetic matrix defined in terms of the prepotential as

Im(Frp) X Im(Frp) XK
XMIm(Fyn) XN

Alternatively, by using 7 = ¢g + is, we can write this ISD condition form
f=(6Y-M+cl)-h (2.21)

in terms of the real matrix

—71 IR
= 2.22
M ( RI! —Z—Rzl7e> ’ (2.22)

which we refer to as ISD matriz subsequently. Here, R,Z are the real and imaginary parts
of the gauge kinetic matrix N' = R + iZ defined above.

Early attempts to construct vacua solving (2.18a) and (2.18b) include [12, 13, 46-49],
see also [14, 27, 50-54] for models with h'? < 3.2 The distributions of string vacua have
been studied in detail in [6-9, 58-60] making use of the continuous flux approximation.
For any given value of Npu, the finiteness of flux vacua satisfying (2.18a) and (2.18b)
has been proven in [61, 62].> Subsequently, the authors of [11] developed a constructive
procedure for enumerating, at least in principle, all flux vacua in a given Type IIB orientifold
compactification. With this, [11] computationally confirmed the finiteness of F-flat vacua in
a simple one-modulus case, namely an orientifold of the mirror octic with Qps = 8. Below,
we will describe and develop further the ideas presented in [11].

Hereby, we make use of a systematic framework for numerically constructing flux vacua
that was recently developed in [2] by some of the present authors, making the regime k2 > 10

2An alternative strategy is to restrict to special choices of fluxes for which a subset of VEVs can be fixed
analytically, see e.g. [55-57].

3The arguments of [61, 62] actually concern self-dual classes in F-theory which extend to imaginary self-dual
fluxes in the weak coupling limit for Type IIB orientifolds studied in this work.



accessible. As a first application, it has been employed in [63] to collect millions of flux vacua
for 20 different CY orientifold compactifications and compare the distributions of the vacuum
expectation value (VEV) Wy of the gauge-invariant* GVW-superpotential®

Wo = \/z <eK/2W> . (2.23)

Similarly, supersymmetry breaking vacua with quantised fluxes were obtained in [65] for
which, instead of (2.18a) and (2.18b), the extremum conditions 0,V = 0,;V = 0 need to
be solved. Once combined with Ké&hler moduli stabilisation, such solutions can be used for
F-term uplifting to de Sitter vacua in string theory [66], see also [67] for early attempts
in the continuous flux approximation.

3 Targeted explorations of the string landscape

In this section we derive bounds on the number of flux vacua satisfying D;W = 0 in finite
regions U of moduli space for given values of the flux induced D3-charge Nyux < Nmax less
than some maximum D3-charge Nyax < @ps. With these at hand, we describe an algorithm
to numerically construct all solutions in U, at least in principle.

Before we begin, let us motivate the need for more targeted explorations of the flux
landscape. For one, the generation of flux vacua from uniformly sampled fluxes is ineffective,
see e.g. [2] for a comparison of different sampling strategies. Even more importantly, at
least in compactifications on CY hypersurfaces from the Kreuzer-Skarke list [68], it becomes
increasingly challenging to land inside the large complex structure region of moduli space for
large h'2 [69, 70] because the Kihler cones (2.6) get narrower. This demands a more targeted

approach to constructing string vacua than a random search as recently initiated in [11].

3.1 Bounding the flux landscape

Let us start by deriving bounds on the available flux choices in finite regions of moduli space
with Nayx < Nmax. Hereby, we mainly follow [11], but we add new bounds on the choices
of flux vectors f,h € Z2(h2+1) entering the GVW superpotential (2.13). Specifically, we
want to bound the fluxes for ISD sampling [2]. The basic idea is to fix points in moduli
space together with a subset of flux quanta, and fix the remaining fluxes through the ISD
condition (2.19) or alternatively (2.21) [2, 13, 71]. As will be explained in the subsequent
subsection, we use these constraints to devise algorithms to collect all fluxes for given Nyax.

Initially, let us define U C Ms(X3) X M as an open neighbourhood in complex structure
moduli space and the fundamental domain M. of the axio-dilaton 7 = ¢y + is as defined
in eq. (2.15). Next, we note that the ISD-matrix M defined in (2.22) is real, symmetric
(MT = M), symplectic (MTEM = X)) and positive definite (i.e. eigenvalues A\; > 0). Most
importantly, the real eigenvalues come in pairs satisfying

A At with Ar>1. 3.1
I

“Let us note that, under SL(2,Z) transformations (2.14), the value of Wy only changes by a phase so that
|Wo| remains invariant.
5The normalisation is chosen based on the conventions of [55, 64].



These eigenvalues monotonically increase in the limit of large complex structure. Basic
inequalities for matrix norms imply that [11]
1
P < /Hg/\*nghTth Amasl 2112, (3.2)
Amax
where Apax is the maximal eigenvalue of M.

We solve (2.18a) explicitly for the axio-dilaton in terms of fluxes and the moduli by writing

B ng N *Fy B hTMf g — Naux . Niux
_ng/\*Hg_hTMh’ _ngf\*Hg_hTMh'

Co (3.3)

Then, by combining (3.2) with (3.3) and (2.15), one finds that the Euclidean norm of h
can be constrained as [11]

2Nm XAI‘H X
||n]]? < =R (3.4)
V3
Vice versa, this allows us to bound the dilaton from above as
V3
— <5 < AmaxNVmax - (35)

2

This bound can be further improved by plugging (2.21) into (2.10) and again using elementary
identities for the eigenvalues of M to arrive at

2
VB g < maxNma I
2 [|h]| 4 A max

(3.6)

This is a slightly stronger bound than (3.5), especially for large ||h||?.
Next, let us write N’ = R +iZ and N'~! = R +iZ. Then one can show that, by using
the ISD condition (2.19), the value of the tadpole contribution from fluxes can be written as

shy - (=I) - hy + 2(f2 — coh2)™ - (=I) - (f2 — coha) ,
Ny = ) ) (3.7)
shi -Z-hy+ L(fi —coh))” - I - (f1 — coh1) .

Notice that (—Z);; and Z'/ are positive definite. Let us denote the eigenvalues of (—Z)
as p and those of 7 as fi. Then we have

V3

7#min|’h2||2 < Nﬂuxa (38&)
V3
~5 Fmin] [ [|* < Nius - (3.8b)

We stress that these bounds are stronger than the ones of [11] where both right hand sides
in (3.8) are bounded by NuxAmax- The condition on the 1.h.s. (3.8a) on hg is more restrictive
than in (3.8b) because the eigenvalues y of (—Z) are larger than the ones of Z. We will
comment on detailed results in section 4.



Similarly, we can use (3.7) to obtain bounds on the choices of RR-flux vectors fi, fa

by writing
2 2 3 2 2
NmianQ_COhQH Sﬂmin(|‘f2_60h2| +1”h2‘| ) < sNpux < )\mameaxv (393')
N - 3
ool 1 = cohal | < i (|11 = coml P+ J11nl ) < 5N < AN (390)

The right hand side of both inequalities is less constraining than the ones in (3.8) due to
an extra factor of Nyax. Thus, we typically expect to find more independent flux choices
of fi, fo than hi, he. Since the left hand side of (3.9) involves the value of the universal
axion c¢g = Re(7), we can relax the above bounds by expanding the terms in (3.7) first and
then using bounds on the matrix norms to arrive at

3
i (11212 (4 3 ) 1halP] = 2y eol 211 ] < sNnue, (3102

- 3 -
i [ L1+ (4 3 )01 I?] = 2ol LAl ] < N (3100

This then allows us to derive the weaker bounds upon using |cy|] < 0.5 which are then
independent of ¢y. Later on, these bounds will serve as useful consistency checks for the
datasets discussed in section 4.
Lastly, there are additional bounds on the RR-fluxes f such as [11]
ANZ A2

117 < g (3.11)
The right hand side is much weaker compared to the bound (3.4) on h. The bound (3.11)
can be slightly improved by using (3.6) to arrive at [11]
Vi 2]

)\m X
< IIP < e 4 B

Nfiux
\f’ flu (3.12)

Amax -

3.2 Algorithms for finding flux vacua

We now detail the algorithm for numerically generating fluxes and their associated vacua.
The goal is to systematically construct minima of the flux scalar potential (2.12), satisfying
DiW = 0, for a given maximal D3-charge Npax and a finite region U C Ms(X3) X M,
in complex structure moduli space.

To begin, a sample of points (z¢,7) € S C U is generated uniformly within the desired
region U. The size of this sample may need adjustment based on the size of the region and
the desired precision. When attempting to enumerate all flux vacua for a fixed Npax, these
steps should be repeated across multiple samples until the number of solutions stabilises.
At each sampled point, the matrices M and N, defined in (2.22) and (2.20) respectively,
are evaluated. The global maximum eigenvalues pimax, ffmax, and Apmax are then computed,
providing constraints on the fluxes as discussed in section 3.1.



Procedure Ny, U:
Generate sample S C U,
Compute eigenvalues fimax, fimax, Amax for all (2, 7) € S;
Generate hy, hy fluxes subject to (3.8) in box H € Z" 1 of size set by (3.4);
for ho € H do
for h; € H do
if (3.13) is true then
Define h = (hq, ho);
for (2{,79) € S do
Compute f € R2A"*+1) from (2.21);
Round f to quantised fluxes f € Zz(hm“);
if (3.12) is true and Nay; < Npgg then
Solve (2.18) for (f,h) with initial guess (2§, 79);
Apply SL(2,Z) and Sp(2h'? + 2,7Z) transformations;
if ((%),(r)) € U then
| return (f,h, (%), (7))
end

end

end

end

end

end
End

Algorithm 1. Algorithm to generate flux vacua for given Ny, U.

Possible choices for hi and ho are generated next, ensuring that they satisfy the conditions
in (3.8). To combine them into h = (hy,he)?, we use (3.4) to write®

2]Vﬂux

V3

That is, for given hg, only those choices of hy lead to a consistent choice of h for which (3.13)
is satisfied. Then, for each valid h, the ISD condition (2.21) is used to calculate the RR fluxes
fe R2(M+1) for each point in (2§, 79) € S. These fluxes are subsequently rounded to integer
values f € 72(h12+1) shifting the true solution away from the original point in (z,70) € S.
Pairs (f, h) are retained only if they satisfy both the flux constraint Ngyx < Nmax and (3.12).

Using numerical optimisers (e.g. from scikit-learn [72]), the F-term conditions (2.18)

Amax — | 72| 2 (3.13)

1| <

are solved for each valid pair (f, h) starting with the initial guesses (2§, 70) from the sample S.
If necessary, we apply suitable SL(2,7Z) and LCS monodromy subgroup transformations on
the output ensuring that 7 and Re(z?) are mapped to their respective fundamental domains
as described in section 2.2. Given a particular solution, we check that the vacuum expectation
values (z), () lie within the target region U. This step is necessary because rounding the

5We note that using (3.8) leads to a weaker bound since Amax < fiiy + fimin-
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RR-fluxes f € R2""+D to integer vectors f € Z2("*+1) typically shifts the solution to
D;W = 0 away from the initial guesses, possibly placing it outside U. Finally, duplicate
solutions are removed to retain only unique vacua.

The algorithm, as summarised in Algorithm 1, enables systematic enumeration of all flux
vacua within the constraints. It is particularly effective when the values for Ny,ay, the region
U and the sample § C U are chosen judiciously. While a full classification of all solutions
is computationally infeasible for orientifolds with large A2 or large Qps, the method is
well-suited for targeted explorations in selected regions of moduli space.

Several enhancements can improve the computational efficiency of the algorithm. For
example, certain for loops can be vectorised using tools such as jax.vmap, and intermediate
results, such as the choices of RR-fluxes f, can be discarded from memory after use to reduce
resource requirements. Additionally, linear approximations of shifts (6z%, §7) away from initial
guesses (z),7) can be used to estimate solutions more accurately [73]. More specifically,
expanding the ISD condition (2.21) to linear order in 6f = f — f and (82%,67) allows for an
analytical solution of the linear system, which provides significantly better estimates of the true
F-term solutions. If these improved estimates place the solution outside U, the corresponding
flux pair (f,h) can be discarded without performing a full numerical minimisation, thereby
avoiding the most expensive step of the algorithm. As will be shown in [73], such strategies
significantly enhance the optimiser’s efficiency, especially for larger values of Npax.

4 Application at h'? = 2

Let us now turn to finding explicit flux vacua. Our discussion has been quite general until
now. To find explicit vacua, we will focus on a particular Calabi-Yau orientifold, namely a
Zo-involution of the degree-18 hypersurface in CP?1,1,1,6,9]’ see e.g. [14, 42, 55] for previous
studies. This has h'? = 272 and hb! = 2. As in [12], we will work at the symmetric
locus of its I' = Zg x Zyg discrete symmetry. This reduces the effective number of complex
structure moduli to two and significantly reduces the computational complexity involved
in finding explicit vacua.

The defining equation for this hypersurface is given by
o1+ 2d® 4 2l a4+ 2l® — 18y wonszas — 3028252 =0, (4.1)

where 1 and ¢ are the complex structure deformations invariant under I'. As discussed in
section 2.1, the leading term in the prepotential is given by the intersection numbers of the
mirror dual Xs3. For the effective theory of the two moduli, these are

1/93 1 /17
K111 =9, K112 = 3, K122 y a=7 <3 0) ) 1 <6> (4.2)

The first and second instanton corrections to the prepotential are given by

, 1215 45
(2im)% Fiugy = —540q1 — 3q2 — Tq% + 1080q1¢2 + §q% 4+ .., (4.3)
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‘ Name H Im(z*) ‘ 5 ‘ Nmax #h #f ‘ #(f,h) ‘ Neac H exhaustive’
A 2,3] | [42,20] | 34 82,082 | 1,849.426 | 5,134,862 | 5,140,872 Yes
B 2,5] | 4,101 | 10 1,900 6,340 12,160 12,196 Yes
C || [1,10) | [¥2,50] | 34 | 3,652,744 | 21,043,832 | 50,652,686 | 50,884,086 No
D [2,10] [@, 10] | 50 || 5,909,012 | 45,886,900 | 123,075,206 | 123,408,240 No

Table 1. Summary of flux vacua gathered for different regions U as specified in eq. (4.5). With
#h, #f, #(f, h), we denote respectively the number of unique NSNS-fluxes, RR-fluxes and full flux
choices. Further, the total number of vacua is given by Myae. The fluxes and moduli VEVs can be
found on the following GitHub repository https://github.com/ml4physics/JAXvacua.

27miz"

where ¢; = e . We will construct vacua in the regime where the instanton corrections

can be safely ignored. In practice, we find that in our solutions

’Finst’ 5406_2”Im(21) 36—27r1m(z2)
[Fl " @oPlF] T @n)F|

<107°. (4.4)

Below, we present our results for flux vacua obtained for specific regions in moduli space by
using the algorithm described in section 3.2 and the bounds of section 3.1. Specifically, we
systematically construct flux vacua for Nguyx < Npax With Npax = 50 in regions contained in

UcC {Re(zi) € (—0.5,0.5], Tm(2%) € [1,10], cp € (—0.5,0.5], s € [‘5501} . (4.5)

We stress again that we collect only gauge inequivalent vacua under Sp(6,7Z) and SL(2,7Z)
gauge symmetries, recall the discussion in section 2.2. For our example, the monodromy
shifts in Sp(6,Z) are generated by matrices My, ,,1 computed in e.g. [74].

4.1 Numerical ensembles

Let us start by employing the algorithm from section 3.2 for different choices of Nyax and
regions U as defined in (4.5). Depending on these choices, we examine four distinct datasets
which we denote as A, B, C and D. In table 1 we summarise the counts for these datasets.
In particular, we state the number of unique choices of NSNS-fluxes h, of RR-fluxes f, and
full flux configurations (f,h) together with the total number of vacua M.

For datasets A and B, we performed an exhaustive search, i.e., we enumerate all flux
vacua consistent with the bounds of section 3.1. Here, we choose either a small enough
value for Np.x (dataset A) or a suitably small region in moduli space (dataset B) to make
a classification of all viable vacua. In contrast, datasets C and D are obtained for larger
values of Nyax and the moduli. We stress that these datasets are far from being random: the
vacua were constructed using a targeted approach of section 3.2 as opposed to e.g. a random
sampling of fluxes from a uniform distribution. Below, we characterise the datasets A and
B and subsequently compare them against the statistical expectations.

"With exhaustive, we mean that running the algorithm of section 3.2 for more samples does not give rise to
any new solutions.
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Figure 1. Properties of fluxes in our datasets. Left: number of unique choices of flux vectors
f,h € Z5 and the corresponding unique sub-vectors f1, fa, h1,ha € Z3 (recall eq. (2.8)) in our dataset.
Right: maximum flux number for each flux vector f1, f2, k1, ho € Z3 bounding the flux lattice in the
various directions.

Initially, we study the features of dataset A. We note that, since the maximum eigenvalue
Amax Of the ISD matrix M is monotonically increasing towards LCS, it becomes increasingly
difficult to collect all flux configurations for fixed Nyay the larger Im(2%). For larger Nyay,
we therefore choose a suitably small region for Im(2?) to enumerate all solutions, namely
2 < Im(2%) < 3. Crucially, despite this restriction to a rather small region in moduli space,
we find 5,140,872 flux vacua with Ngux < 34. This needs to be compared with 15,392
solutions® obtained in [14] of which only a small subset seems to be contained in the region
2 < Im(z%) < 3. Our explanation for this difference is as follows: in principle no obvious
discrepancy should arise due to the optimisation algorithm used here in contrast to the
homotopy continuation method employed in [14] since our algorithm of section 3.2 is perfectly
adapted to find solutions in special regions of the moduli space. In fact, they report 9.5
solutions per flux choice, but the majority of them are unphysical. As we consider only
solutions in a small region of moduli space, this is consistent with a small number of 5,940
flux configurations with multiple solutions to the F-flatness equations (2.18). The actual
reason for the difference in the number of flux vacua is instead the fact that the authors
of [14] chose a particular parametrisation of fluxes so that the RR-fluxes f are related to
the NSNS-fluxes h = (h1, ha) via the relationship f = (—hg, h1). This effectively reduces the
12-dimensional flux space to a 6-dimensional subspace. By assumption this parametrisation
is missing a lot of solutions. Intuitively, this can be seen by simply looking at the left plot
in figure 1: the unique choices of RR-fluxes f = (f1, f2) dominate by roughly one order
of magnitude compared to the NSNS-fluxes h = (h1, he). By enforcing f = (—hg, h1), the
majority of RR-flux choices remain undetected.

It is also interesting to compare the number of flux choices for the different datasets.
In the left panel of figure 1, we present the number of unique integer flux vectors f,h € Z5
and the sub-vectors f1, f2, h1, ha € Z3 (recall eq. (2.8)). We observe that the counts differ by
several orders of magnitude. While hy seems to be most constrained with only around O(103)

8We are quoting here the number of solutions from [14] at large complex structure for which the left-hand
side of (4.4) is less than 1072,
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different values at Ng, = 34, we obtained O(10°) distinct choices of fi in our dataset. Let
us stress that this behaviour arises due to properties of the ISD condition (2.19) at large
complex structure. The gauge kinetic matrix A contains hierarchical entries scaling up the
flux entries of f1, hy for given fs, ho. Hence, the former dominates the counting in figure 1.

This reasoning can also be corroborated by examining the individual flux quanta in f;
and h;. The plot on the right in figure 1 illustrates the maximum flux entry for each unique
flux vector fi, fa, h1, ho € Z3 in our dataset. This serves as a measure of the largest sphere
around the origin in Z? that contains all these integer vectors. We observe that the various
directions in flux space are bounded differently: while hg only contains O(1) values even at
large Ngyux, the maximum entries of fi reach as high as O(80). This observation has significant
implications for the sampling of fluxes. In many applications, individual subcomponents of f
and h are not distinguished. However, as the above indicates, generating all fluxes within a
sphere of a given radius around the origin to systematically enumerate solutions for a given
tadpole is inefficient. For instance, even at Ngux = 4, finding all vacua requires sampling
the entries of f; in the range [—11, 11]. These observations motivate further investigation
into these constraints for different geometric regions in moduli space.

Let us also comment on the behaviour of structures as we increase Ny.x. In figure 2,
we show the distribution of the axio-dilaton 7 in a small region of its fundamental domain
for various values of the flux induced D3-charge Npux. We highlight clusters with multiple
solutions in orange. We clearly observe structural features that are reminiscent of the
equivalent plot for the rigid CY as studied e.g. in [9]. As expected, as the value of Ny
increases, the non-trivial structures are shifted to smaller scales. Here, the intuition is that
the relative spacing between the individual vacua scales inversely with Ng.x. We therefore
emphasise that, even in our larger datasets, the distributions exhibit non-trivial patterns
that deserve further scrutiny.

Next, we look at dataset B which is smaller in size and hence easier to visualise. Figure 3
shows various distributions for dataset B. The top row shows the complex structure moduli
2%, 2?2 where we clearly observe different structures in each of the distributions. For example,
the left plot for z!' contains arc-like structures which cannot be found in the right plot for z2.
The distribution of the axio-dilaton 7 = ¢y + is in the bottom left plot of figure 3 exhibits
more pronounced structures. In particular, it features clusters, arcs, and voids familiar from
earlier work [47] for the symmetric torus or the rigid CY.”

Note also that figure 3 shows a symmetry under Re(7) — —Re(7) and Re(z?) — —Re(z?)
which serves as a consistency check of our numerical results. This symmetry arises from
complex conjugation as follows: if the F-flatness conditions (2.18) admit a solution at 7 = 7
and z' = z! for flux quanta f and h, they would also admit another solution at 7 = —7,
and 2 = —Z. for flux quanta f7' = f7 .U and B'T = —hT - U with

10 0 0O00O0
0-1 0 00O
00 -1 000 . —

U= =  U-D-I(-7) =% -T(). (4.6)
00 0 -100
09 3 010

03 0 001

9For an analysis of these topological features using persistent homology, see [75].

— 14 —



Nfux = 14 Nfiux =18
5.0

Im(T)

4.2 A .

4.0 T T T T T T T T T T

5.0

4.6 - .

Im(T)

4.4 1 -

4.2 A .

4.0 T T T T T T T T T T

5.0

4.8 A .

4.6 .

Im(T)

4.4 1 -

4.0

-0.2 -0.1 0.0 0.1 0.2 -0.2 -0.1 0.0 0.1 0.2
Re(T) Re(T)

Figure 2. Distribution of the axio-dilaton 7 in a small region of its fundamental domain for various
values of the flux induced D3-charge Ng,x in dataset A. Clusters containing multiple solutions are
highlighted in orange.
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Figure 3. Distribution of the complex structure moduli 2!, 2% (top row), the axio-dilaton 7 = ¢q + is
(bottom left) and the superpotential Wy (bottom right) for dataset B.

In fact, using these relations, the F-flatness conditions become
D.W(-F,,—%Z.) = —=D;W(7y,28) =0 and D;W (7., —7.) = —D;W(7s,2%) = 0.

Let us stress that this symmetry relates two physically inequivalent solutions, as opposed
to SL(2,Z) and Sp(6,Z) which are gauge transformations that relate physically equiva-
lent solutions.

Lastly, the superpotential Wy is shown in the bottom right plot of figure 3. We recall
that our definition for Wy includes the factor of e®/2, cf. eq. (2.23). We find that the width
of the Wy distribution increases roughly with \/Npu as previously observed in [63]. It is
worth pointing out that, since there is a large void near the origin, all solutions lead to
moderately large |[Wy|.

In previous work [63], two of the authors of this paper studied in detail the distribution of
Wy for over twenty different CY orientifolds with varying h!? < 5. A common and prominent
feature of these results included a highly populated region along the real axis for Im(WWy) = 0.
On the one hand, this is actually a gauge artifact: SL(2,Z) transformations can change the
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phase of Wy. Since it is related to a phase only, it is not of significance for most physical
observables. On the other hand, the solutions along the real axis turn out to have special
properties. We will have more to say about them and the distribution of Wy in section 4.3.1.

4.2 Comparison with statistical expectations

We now turn to a comparison of the number of vacua MN,,. obtained in our scans with the
statistical approach of [9]. The latter is based on the continuous flux approximation, thereby
replacing sums over discrete fluxes by integrals. In this way, it predicts the number of vacua
for a given maximum tadpole Ny, for A2 = 2 as [9]

2 Nmax 6
Notat (Niux < Nimax) = (W)/ d®zdet(g) p(2) . (4.7)
6! Mo x Mes

Here, the vacua density p(z) in moduli space is given by

-~ 7l =K
(5IJX—ZXZ F[JKZ : (48)
il K IJyv _Z'Z ’ :
Frig 2 o X =

p(2) :n—ﬁ/ X A4z e X127 | X |2 |det

with X, Z', Z? complex dummy variables. The model dependence is fully encoded in the
rescaled Yukawa couplings Fjjx given by

F[JK = —i (6;)(6})(6%)3/”'166]{‘35 y o Yijk = &@@F = %ijk + O(G_Im(zl)) , (4.9)

where we are neglecting the terms (’)(e*Im(zl)) in the LCS limit. We provide further details
on how to compute the integral (4.7) in appendix A.1.

Clearly, as stressed before, a full enumeration of solutions in our example seems to be
infeasible. Instead, we compute (4.7) for certain regions in moduli space and compare the
results to our numerical findings for datasets A and B from above. Initially, we are interested
in contrasting the vacuum density (4.8) with the actual density obtained for dataset A. As
evident from figure 4, our findings reveal significant deviations in some regions: in certain
areas of moduli space, we identified more vacua than predicted by the statistical analysis
of [9], whereas in others, fewer vacua were found. In other words, the actual vacuum density
computed in our exhaustive numerical analysis deviates from the analytic expectation (4.8)
on a local level, as illustrated in figure 4.

These deviations highlight the importance of combining numerical studies with analytic
approaches to gain a more accurate picture of the vacuum distribution. The discrepancies
could stem from various factors, including approximations inherent in the continuous fluxes
used in [9], or the presence of symmetries and degeneracies that are not fully accounted for
in the analytic predictions. Furthermore, our results emphasise the role of local moduli space
geometry, such as the curvature or clustering of critical points, which may amplify or suppress
vacuum densities in specific regions. This interplay between local structure and global
expectations suggests that purely statistical treatments may overlook significant variations,
motivating a closer examination of local properties in future studies. The deviations shown
in figure 4 provide a clear visual representation of these effects, reinforcing the necessity of
integrating data-driven methodologies to refine analytic predictions.
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Figure 4. Top: comparison of the analytic expectation (4.8) for the vacuum density with the observed
density found in dataset B. Bottom: difference between the observed and statistical vacuum density.

1094
T
1074
10° Dataset
9 — B
g
- B
3 stat
2 10 .
-=== Astat
101, —C
T Cstat
D
-1
10 Dstat
0 10 20 30 40 50

Nmax

Figure 5. Number of vacua with Npux < Npax for all datasets from table 1. The crosses are the
actual results, the solid curve is the best fit and the dashed curve is the fit for the statistical expected
results Nytas.
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In figure 5 we compare the observed number of vacua Ny, with Ngiay as functions of
Nmax- The best-fit expressions for N are

717 £ 1.19) x 1073 X (Npax)? 805005 dataset A

)

) X 1072 X (Npax) 2913934 dataset B
Neac = (4.10)
)
)

(

(7.00 + 4.19
(1.24 4+ 0.20) X (Npay)>05%0:06 dataset C
(

4.89 4 1.18) x 1072 X (Npax)? 93008 dataset D.

According to eq. (4.7), the statistical prediction for the total number of vacua Nyt always
scales (Npax)®. More specifically, computing the relevant integral in (4.7) for the regions
associated with our datasets we find!'?

0.00483 + 1.88 x 107%) dataset A

0.01535 + 7.64 x 107%) dataset B

(4.11)

dataset D .

(

(
-/\/’stat - (Nmax)6 X

(

(0.02886 + 1.32 x 107°

)
)
0.17458 £ 8.65 x 107°) dataset C
)
(

Note that the scalings for the number of vacua Ny in (4.10) differ from the universal
scaling (Nmax) of the statistical predictions. In all cases the observed density scales with a
lower power of Ny .x in comparison with the statistical expectation. A direction for future
work is to understand how these deviations depend on the volume of the region of moduli
space under consideration and the range of Ny.x. More generally, an interesting goal would
be to see if there are any global scaling laws for NVy4. across geometries and if so, under which
regimes they emerge. In particular, it might be tempting to use our numerical analysis to
quantify the correction to the continuos flux approximation which converges to the exact result
in the large Nyax limit. This could be done by performing a fit similar to that in eq. (4.10),
but assuming that Ny is given by Ngtat as in (4.11) plus a power-law correction term. By
doing so, we would obtain for dataset A NMiae = Nitat 4+ (—2.954£0.27) x 1074 x (Nppax ) 646+0-03,
Given that the power of the correction is larger than 6, the correction would dominate over
Nitat for large Npax signaling that our results cannot be sensibly extrapolated to this regime.

4.3 IR and UV patterns in our datasets

We now turn to an analysis of the properties of our datasets, some of which relating to
their phenomenological aspects (IR properties) and some of which relating to rudimentary
imprints of UV-properties, i.e. how the constrained flux vectors influence our datasets. Our
investigation focuses on key properties, including the distribution of Wy, the prevalence
of vacua with low |Wy|, the masses of various moduli, and the hierarchies among them.
Understanding these hierarchies is crucial, as they directly influence supersymmetry-breaking
scales and the dynamics of low-energy effective field theories. Additionally, we confirm that
the lowest value of |Wy| observed in our dataset aligns closely with the predictions of [9],
providing a quantitative validation of their statistical estimates.

OFyurther details are provided in appendix A.3.
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Figure 6. Distribution of |Wp| for the four datasets summarised in table 1.

4.3.1 Distribution of W

We commence our analysis with the distribution of the superpotential Wy, depicted in figure 6
for the absolute value |Wj|, and in figure 7 for the corresponding distribution of Wy in the
complex plane. For datasets A, C, and D, we observe a universal linear fall-off behaviour of
the distribution for |Wp| in figure 6 which breaks down at small [Wy| < 1072. The smallest
value of |Wy| in our solutions is

[Wo| = 5.547 x 107°, (4.12)
which is obtained from the flux choice
f=(4,12,2,-1,0,—1), h=(36,-1,0,0,1,—1) (4.13)
together with the VEVs
(z1) = 0.5 +2.368175281, (%) =0.5+2.511759111, (7) = 0.5+ 1.48121567i. (4.14)

The small value for || is here achieved from a purely polynomial superpotential, particularly
without having to rely on exponentially small instanton corrections. We stress that this
is different to approaches which rely on a perturbatively vanishing Wy and realise a small
hierarchy using instanton corrections (see for instance [55, 76]). These solutions do not feature
hierarchically suppressed masses and do not rely on instanton corrections.

In figure 7 distinctive structural patterns are evident, including a redistribution of points
and the emergence of an empty band that disrupts angular symmetry. These features can be
partially attributed to the chosen values of the flux quanta, which influence the distribution’s
overall structure. The observed angular asymmetry arises from gauge fixing, given that
the gauge-invariant quantity is the modulus of Wjy. Nevertheless, the distribution retains
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Figure 7. Top: Wy for vacua with Nyax = 10 for Im(z%) € [2,5] (left) or Im(z?) € [1,5] (right).
Bottom: Wy for vacua with Nyay = 20 for Im(z%) € [2,5] (left) or Im(2*) € [1,5] (right).

symmetry along the x- and y-axes. Specifically, under reflection about the z-axis, the
fluxes transform as (f2, he) — (f2, —h2), while vacua symmetric with respect to the y-axis
correspond to fluxes related by (fa2, ha) — (—f2, h2). These symmetries provide a nuanced
understanding of the role fluxes play in shaping the geometry of the vacua distribution.

Interestingly, circular arc-shaped structures appear in the distribution, where points with
identical values of |hs| and | f2| lie on arcs with radii increasing with |(f1)2] (see right plot of
figure 8). For regions where Im(2%) > 2, we observe the formation of a predominantly empty
band in the range —0.5 < Im(W}) < 0.5. This empty region is a direct consequence of a
hierarchy in the flux quanta f and h, induced by the ISD condition (2.19), recall the right
plot in figure 1. Within this band, isolated clusters emerge, which can be characterised by
the value of (h2)? (see left plot of figure 8). For points within the band where Im(Wp) = 0,
the flux quantum (ho)?3 is found to vanish. Analysing the numerical values for the moduli,
one finds that the axionic directions Re(z!) and ¢y always take on rational values. This
highlights the intricate interplay between flux quanta, moduli values, and gauge invariance,
which collectively shape the observed superpotential distribution.

A noteworthy observation is that there are two limits in which the previously empty band
refills. First, including points closer to the boundary of the Kéhler cone causes the void to
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Figure 8. Left: distribution of Wy coloured by the flux number (hy)? for dataset B. Right: vacua

corresponding to fluxes with |f2| = (0,1, 3) and |hs| = (0,0,1).

Dataset || min(|Wo|)obs | min(|Wo|)stat
A 1.789 x 1073 | 2.192 x 1073
B 2.354 x 1071 | 2.546 x 1072
C 6.305 x 1074 | 3.872 x 10~*
D 5.547 x 107° | 3.324 x 1074

Table 2. Observed and statistically predicted minimum |Wp| for datasets summarised in table 1.

almost disappear. This is because the aforementioned flux hierarchies become less dominant
for the vacua associated with these points (see the bottom panel of figure 7). Secondly, the
spacing between the individual points becomes smaller the larger Ny .y, thereby filling in the
empty gap in the centre. This also suggests that the minimal value of |IWj| should decrease
when scaling up Npax while keeping the region in moduli space fixed. This is of course
rather expected according to the statistical analysis of [9] which we discuss below. Here, we
emphasise that small values of |W| are indeed available in the interior of the LCS patch
of the moduli space provided that Ny, can be tuned large. In many applications, this is
precisely required for tadpole cancellation where Ngux needs to be close to the maximally
allowed value @ps, recall eq. (2.10).

The statistical framework developed in [9] also offers predictions for the vacua with small
|[Wol|. Specifically, the number of vacua satisfying |[Wy|?> < A\, < 1 and fluxes constrained
by Niuwx < Nmax, for hb2 = 2, is given by the expression

214 (2 Nmax )?

N()\*aNmax) = 51

NI, T :/ d®z det(g) eQKFiijijk, (4.15)
M

where M = M x M, denotes the combined axio-dilaton and complex structure moduli

space, and Fj;, = 0;0;0,F. This integral encapsulates the complex geometry of the moduli

space, accounting for contributions from both the metric determinant det(g) and Fl-jkfijk.
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The minimum achievable superpotential vacua for a given tadpole constraint Ng,x < Npax
can be estimated by inverting (4.15) for N' = 1, resulting in

5!

= . 4.1
M = S AN 1 (4.16)

The integral in (4.15) can be computed numerically!! using Monte-Carlo methods. Table 2
contains the statistically predicted and observed minimum |Wy| values for datasets described
earlier in table 1. For datasets A and C these two values are quite close; however, for
datasets B and D there is a mismatch. Notably, the minimum |Wj| observed in our datasets
5.547 x 1075 is an order of magnitude smaller from the smallest |Wy| predicted by statistical
analysis, 3.234 x 1074

This analysis highlights the interplay between flux quanta, gauge fixing, and the underly-
ing moduli space geometry. The relatively small impact of instanton corrections suggests that
the perturbative calculations capture the essential features of the distribution. Moreover, the
symmetry considerations elucidate how specific flux transformations influence the localisation
and spread of vacua in the moduli space. These insights pave the way for further investigations
into the statistical landscape of vacua, particularly in the context of fine-tuning scenarios
or additional constraints on Wj.

4.3.2 Moduli masses

Next, we turn to the masses acquired by the moduli fields. First, let us briefly describe the
procedure and our results for obtaining masses for the moduli fields ¢! C {r,2%,2%}. The
relevant terms in the N’ = 1 supergravity Lagrangian are of the form

LK, ;0,610"8 — V(! 3),

in terms of the scalar potential V (¢!, aj) and the Kahler metric K;; = 0r07K. The Hessian
matrix is given by

) ava 0%V _
_ L[ 007007 41057
H=5| gy oad | (4.17)

05 007 99 0"

After canonical normalisation of these fields, the eigenvalues of the Hessian matrix (4.17)
provide their squared masses. Since the Kédhler moduli directions are flat, there is a non-trivial
unfixed volume factor ignored in the no-scale scalar potential (2.12) arising from e®. Owing to
this unfixed overall volume normalisation factor, we only look at ratios of the moduli masses.
Figure 9 depicts the hierarchical distribution of both maximal and minimal moduli masses
with respect to the gravitino mass. The minimum masses range from approximately 10~ to
103, while the maximum masses are of the order of 1 to 10° (in units of the gravitino mass).

This can have important implications for the standard two-step moduli stabilisation
procedure where in the first step the axion-dilaton and the complex structure moduli are
fixed at tree-level, and in the second step the Kéhler moduli are stabilised by subleading

"'We provide further details in appendix A.3.
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Figure 9. Distributions of the maximum and minimum masses for the vacua in each dataset. For
datasets C and D, we use subsamples of size 2 x 107.

corrections while keeping the axion-dilaton and the complex structure moduli fixed at their
tree-level VEV. The Kéhler moduli stabilised by non-perturbative effects, as the volume
mode in KKLT [77] or as blow-up modes in LVS [78], typically have masses slightly above
the gravitino mass, while the Kdhler moduli fixed by perturbative corrections, as bulk moduli
in LVS [79, 80] or in purely perturbative stabilisation schemes [81, 82], are lighter than the
gravitino. Given that in many cases we found numerically that some complex structure
moduli are lighter than the gravitino mass, these fields would definitely be lighter than all
Kaéhler moduli fixed by non-perturbative effects, and potentially lighter than those stabilised
perturbatively. This result can therefore in principle invalidate a two-step procedure to
stabilise the moduli where the complex structure moduli are integrated out before addressing
Kahler moduli stabilisation. However this concern can be alleviated by noting that the
tree-level Kéhler potential (2.11) factorises, and so the two sectors do not mix at tree-level.
Of course, the validity of the two-step moduli stabilisation procedure would have to be
investigated in detail in any specific model.

Another important phenomenological aspect to consider is the cosmological moduli
problem (CMP). The successes of Big-Bang Nucleosynthesis require to have moduli masses
above about 30 TeV [83, 84]. Thus, moduli masses well below the gravitino masses require a
very large value of the gravitino mass. This, in turn, would typically imply a very large value
of the soft masses for the supersymmetric partners in the visible sector, unless sequestering
is at play [85, 86]. In this context, it is important to keep in mind that the CMP bound
assumes that the moduli suffer an initial displacement of O(Mj)) which has to be checked for
explicit models. In particular, as pointed out in [87], this is not expected to be the case for
the axio-dilaton and the complex structure moduli which should therefore cause no CMP even
if they are lighter than the gravitino. In fact, the potential for the complex structure moduli
is steeper than the one for the Kéhler moduli, and so the former are expected to be trapped
very close to their minimum in the early universe without experiencing large displacements.
Note moreover that large initial displacements in the complex structure moduli directions
would destabilise the Kéhler moduli due to the V=2 prefactor of the flux-generated scalar
potential. Again, detailed investigations in specific models would be important.
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Figure 10. Mass mixing between axions and saxions for dataset B. Left: for each modulus we show
the number of flux vacua where the mass eigenstate corresponding to the maximal and minimal
mass eigenvalues is mainly aligned along that modulus. Right: number of flux vacua where the mass
eigenstate corresponding to the maximal and minimal mass eigenvalues has a given percent mixing
with the axionic directions.

Figure 10 exhibits more detailed properties of the masses, in particular the mixing between
axions and saxions while going to the mass eigenstates for dataset B. Our analysis focuses on
studying the alignment of mass eigenstates with the axionic directions corresponding to the
real parts of the moduli.'? Interestingly, figure 10 implies that the axionic directions tend to
be steeper then the saxionic ones, and that the dilaton s tends to be the lightest mode. This
might have important implications for phenomenology. We plan to dedicate future work to
explore the genericity of these features in the Type IIB flux landscape.

5 Conclusions

In this work we developed an algorithm and used targeted numerical methods to perform deep
explorations of flux vacua in Type IIB flux compactifications. The constraints and algorithms
developed in this work represent a significant advancement in the systematic study of flux
vacua. We derived novel bounds on flux vectors f and h, enabling efficient and targeted
construction of vacua within specific regions of moduli space. These constraints are rooted in
the eigenvalues of the ISD matrix and account for the intricate structure of the flux landscape,
refining earlier approaches by introducing stricter bounds that reduce irrelevant flux sampling.

Our algorithm leverages these constraints to efficiently generate consistent flux config-
urations, employing a systematic approach rather than relying on random sampling. By
incorporating methods such as rounding continuous fluxes to integers and employing modular
symmetries to remove redundant solutions, the algorithm ensures both thoroughness and
computational efficiency. Compared to earlier methods, such as those based on random flux
generation [2] or restrictive parametrisations [14], our approach captures a far greater fraction
of viable vacua. Its universality also makes it applicable to models beyond the two-moduli

2Note that this nomenclature is somehow non-standard since we use the word azions to denote fields which
do not appear in the perturbative Kédhler potential even if their shift symmetry is broken by fluxes in W.
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setup explored in the bulk of the paper, providing a robust framework for analysing diverse
compactifications while retaining computational feasibility.

Focusing on a two-moduli model at large complex structure, we studied specific regions
of moduli space, making use of the JAXVacua framework [2] to construct flux configurations,
solve F-flatness conditions, and investigate phenomenological properties. We found local
deviations in the density for the number of vacua and also deviations with the scale of the
number of vacua with Ny, — these findings highlight the limitations of statistical approaches.
These discrepancies stem from moduli space geometry, flux constraints, and ISD sampling.
Comparing numerical and statistical results validates our methods and underscores the need
for refined analytic predictions in specific regions.

Further, we identified intriguing patterns in the distributions of the flux superpotential
Wy and moduli masses. The distribution of Wy in the complex plane exhibited symmetry-
breaking features, circular arcs, and voids, attributed to flux hierarchies and gauge-fixing
effects. Our vacua included examples with low ||, consistent with statistical prediction [9],
further validating the framework. Furthermore, the distribution of Wy in the complex plane
reveals patterns that may guide future model-building efforts. Additionally, we characterised
mass hierarchies, revealing significant ranges of mass scales and notable mixing between
axionic and non-axionic directions, with implications for moduli stabilisation, supersymmetry
breaking, and de Sitter uplift scenarios. For instance, the relative scale of the gravitino mass
compared to the moduli masses impacts stabilisation mechanisms and the viability of de Sitter
uplift scenarios. These results underscore the utility of an exhaustive numerical approach in
bridging the gap between theoretical predictions and observable phenomenological quantities.

Our findings highlight key directions for future research. Extending these methods to
non-supersymmetric vacua is a promising avenue, although the absence of the ISD condition
poses a significant challenge. Developing techniques to explore critical points of the scalar
potential could yield insights into broader flux configurations, including potential de Sitter
vacua from F-term uplifts.

The observed hierarchies among moduli masses and the intricate patterns in the super-
potential distributions warrant a deeper investigation. What mathematical structures or
symmetries underlie these distributions? Are they generic to certain classes of compactifica-
tions, or do they emerge from specific flux configurations? Understanding the origin of these
features could shed light on the interplay between moduli stabilisation, phenomenological
parameters, and the structure of the landscape. This analysis could also clarify how these
hierarchies influence physical properties, such as the supersymmetry-breaking scale and the
viability of de Sitter vacua.

These investigations aim to deepen our understanding of the interplay between geometry,
fluxes, and vacuum structure in the string landscape. They also bridge the gap between
statistical predictions and explicit constructions, offering a detailed view of local properties
and global trends. This work provides a robust framework for targeted exploration of the string
landscape and advances our ability to relate its rich mathematical structure to observable
physics. Future research can refine theoretical models and pursue applications in high-
energy physics and cosmology. By integrating data-driven methods with phenomenological
constraints, we aim to inspire new directions in model building, advancing both theoretical
understanding and practical applications.
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A Details on integral computations

In this appendix we cover important details of numerically /analytically computing various
integrals appearing in this work for counting vacua in a given region of moduli space as given
by eq. (4.7) in the main text and also the count on vacua with low |[Wy| given by eq. (4.15).
A.1 Ingredients for the integrals

We start by establishing our conventions for the topological data used in the expression (4.7)
for Nytat. We define the rescaled Yukawa couplings in orthonormal frame as

Fryr = —i(ef")(ef)(e)yabce™ (A.1)

here, I,J, K,... are the orthonormal frame indices and a,b,c,... are special coordinate

indices. The Yukawa couplings ygp. = 0°

e (Fpert + Finst) receive instanton corrections that

are suppressed in the LCS limit, resulting in
Yabe = Eabc + 0(5) s (AQ)

where Kqpe are the triple intersection numbers coming from 3;Z’chpert. In evaluating various
integrals, e, is used to transform quantities from the special coordinates to the orthonormal
frame and is defined in terms of the complex structure moduli space metric g2 as

ab _ _aglJ_ b
Jes = e€[0"e; .

Having described our conventions and topological data of the underlying compactification
manifold, we now turn to computing these integrals.

A.2 Number of vacua: statistics

We present the details for evaluating the integral in (4.7) for the case of two complex structure

A B
det
()

(A.3)

moduli. Let us define

h1?) =g
[totzfﬁ/dmf 11 dz"dzidetg/dQXd4Zexp(—|X12—\2\2)\)(\2
Mz X Mes i=1
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_ - glgzJ _ _
A=D=¢"X - < B=C=Fxz¥.

There are 6 complex (12 real) integration variables: X, Z!, Z2, 7, z!,and 22. The integral
over T = ¢y + is, denoted by I, is factored from the total vacua integral in equation (A.3)
since the vacua density p(z) in (4.8) does not depend on 7. For vacua with 7 inside
the complete fundamental domain, I, is given by the standard moduli space integral'*
vol(M;) = [y d?7 g,z = ©/12. To simplify the remaining integral, we first observe that
the integrand in (A.3) is invariant under the following phase transformations: X — Xe®,
Z' — ¢ 7Z!. The invariance of the determinant of the block matrix

A B _
det ( o D) = det(D)det(A — BD™'C) (A.4)

can be understood by examining the transformations of A, B, C', and D. Only the relative
phase between Z; and Zs, denoted by «, is relevant under such transformations. After
eliminating 7 and the absolute phases'® of X and Z!' and Z2. We are left with 8 real
variables | X1, |Z}, 22|, o, Re(z%), Im(z*) for i = 1,2. Since we consider the large complex
structure limit of the moduli space where the instanton effects are negligible, the existence of
approximate shift symmetries Sp(6,Z) allows us to restrict real parts of the complex structure
moduli to [-0.5,0.5]. Hence, the Re(z%) can be integrated'® trivially giving unity for each
complex structure modulus. The remaining 6 real variables are | X|, |Z}|,|Z?|, o, Im(z!), and
Im(22). Employing the above simplifications, the 6-dimensional integral becomes:
(2m)? T (det 1 2
g, 9)es dim(:1) dlin(=?) [ dX|d|Z1]|Z1] d|2s] |2
m Murcs

2
da exp(=|X|* = |21 - |Z2*)| X|?

{!det(lXI, 1211, 1Za|, )| + |det (| X, [ Z1], [ Zal, =) || (27 — ). (A.5)

The ranges for dummy variables | X|,|Z1], and | Zz| in (A.5) are chosen uniformly in [0, 5]3,
as the term | X|? exp(—|X|? — |Z1]? — | Z5]?) is rapidly decaying and effectively supported
in this range.

The integral in (A.5) is evaluated using Monte-Carlo methods. The results for the regions
in the four datasets described in table 1 and the corresponding values of the statistical
predictions for the total number of vacua are presented in table 3.

A.3 Vacua with small superpotential

We now briefly present the details to evaluate the integral in (4.15) which determines the
number of vacua with |[Wy| < 1. Let us define:

L, = /M d®z det(g) 2K T2Kes pr, Frabe, (A.6)

13The bar over variables indicates the complex conjugate.

- . 1/2 ,r
4 Considering the metric g, = ﬁg, we get vol(M,) = f_{/Q deo f:/oq dsﬁg =T
5We go to polar coordinates for X, Z' and Z2 and integrate out the absolute phase # and 8, giving 27
factor each.

$Moreover, FryxZ% does not affect Re(z) in the LCS limit.
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Dataset Lot Ntat

A 5.6607 x 1075 £2.1964 x 1078 | 7,472,987 & 2,899

B 1.7966 x 104 4 8.9365 x 10~8 15,353 £ 7

C 2.0430 x 1073 £ 1.0117 x 106 | 269,427,663 + 1,33,570
D 3.3778 x 1074 £ 1.5431 x 107 | 451,038,133 & 2,06,057

Table 3. Values of the integral I defined in (A.3) and the corresponding total number of vacua Nygay
for the four datasets of table 1. The errors in the values are at most 0.1 percent of the average value.

Dataset Ly

A 8.8125 x 1075 4+ 3.1787 x 10~
B 2.9692 x 104 4+ 2.0801 x 1078
C 2.8246 x 1073 4+ 1.3107 x 1076
D 5.5812 x 1074 4+ 9.8383 x 1078

Table 4. Values of the integral Iyy,| defined in (A.6) for the datasets summarised in table 1.

As before, this integral factorises into a 7 piece and complex-structure piece. For 7 = ¢ + is,
the axio-dilaton integral can be performed explicitly inside a subregion of the fundamental
domain of 7 and reads:

+1/2 S92 1
I|WO‘,T :/_1/2 dCO/ l_cg dSW (A?)

The complex-structure contribution in (A.6) after trivially integrating!” the Re(z!) €
[—0.5,0.5] simplifies, for e.g. dataset A, to

3 3 3
Liweles = /2 dIm(z') /Z dIm(2?) det(ges) €2 Fyp (A.8)

where the integral I.s, depending only on Im(z‘) and Calabi-Yau data, can be evaluated
numerically using Monte-Carlo methods. The values of Iy, for the dataset described in
table 1 are collected in table 4.
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"Each gives a factor of 1.

— 29 —


https://creativecommons.org/licenses/by/4.0/

References

1]

2]

ENES

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

S.B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluzes in string compactifications,
Phys. Rev. D 66 (2002) 106006 [hep-th/0105097] [INSPIRE].

A. Dubey, S. Krippendorf and A. Schachner, JAX Vacua — a framework for sampling string
vacua, JHEP 12 (2023) 146 [arXiv:2306.06160] [INSPIRE].

B.S. Acharya and M.R. Douglas, A Finite landscape?, hep-th/0606212 [INSPIRE].

T.W. Grimm, Taming the landscape of effective theories, JHEP 11 (2022) 003
[arXiv:2112.08383] [INSPIRE].

T.W. Grimm and J. Monnee, Finiteness theorems and counting conjectures for the flux
landscape, JHEP 08 (2024) 039 [arXiv:2311.09295] [INSPIRE].

M.R. Douglas, The statistics of string/M theory vacua, JHEP 05 (2003) 046 [hep-th/0303194]
[NSPIRE].

S. Ashok and M.R. Douglas, Counting flux vacua, JHEP 01 (2004) 060 [hep-th/0307049]
[INSPIRE].

M.R. Douglas, Basic results in vacuum statistics, Comptes Rendus Physique 5 (2004) 965
[hep-th/0409207] [iNSPIRE].

F. Denef and M.R. Douglas, Distributions of flur vacua, JHEP 05 (2004) 072 [hep-th/0404116]
[INSPIRE].

R. Bousso and J. Polchinski, Quantization of four form fluzes and dynamical neutralization of
the cosmological constant, JHEP 06 (2000) 006 [hep-th/0004134] [INSPIRE].

E. Plauschinn and L. Schlechter, Fluz vacua of the mirror octic, JHEP 01 (2024) 157
[arXiv:2310.06040] [INSPIRE].

A. Giryavets, S. Kachru, P.K. Tripathy and S.P. Trivedi, Fluz compactifications on Calabi-Yau
threefolds, JHEP 04 (2004) 003 [hep-th/0312104] INSPIRE].

F. Denef, M.R. Douglas and B. Florea, Building a better racetrack, JHEP 06 (2004) 034
[hep-th/0404257] [INSPIRE].

D. Martinez-Pedrera, D. Mehta, M. Rummel and A. Westphal, Finding all fluz vacua in an
explicit example, JHEP 06 (2013) 110 [arXiv:1212.4530] [INSPIRE].

M. R. Douglas, The Statistics Of String/M Theory Vacua, in String Phenomenology 2003, World
Scientific (2004), p. 112-113 [D0I:10.1142/9789812702463_0014].

W. Lerche, D. Lust and A.N. Schellekens, Chiral Four-Dimensional Heterotic Strings from
Selfdual Lattices, Nucl. Phys. B 287 (1987) 477 INSPIRE].

M. Cvetic, G. Shiu and A.M. Uranga, Chiral four-dimensional N = 1 supersymmetric type 2A
orientifolds from intersecting D6 branes, Nucl. Phys. B 615 (2001) 3 [hep-th/0107166]
[NSPIRE].

O. Lebedev et al., A Mini-landscape of exact MSSM spectra in heterotic orbifolds, Phys. Lett. B
645 (2007) 88 [hep-th/0611095] [INSPIRE].

A E. Faraggi, C. Kounnas and J. Rizos, Chiral family classification of fermionic Z(2) x Z(2)
heterotic orbifold models, Phys. Lett. B 648 (2007) 84 [hep-th/0606144] [NSPIRE].

L.B. Anderson et al., A Comprehensive Scan for Heterotic SU(5) GUT models, JHEP 01 (2014)
047 [arXiv:1307.4787] [INSPIRE].

— 30 —


https://doi.org/10.1103/PhysRevD.66.106006
https://doi.org/10.48550/arXiv.hep-th/0105097
https://inspirehep.net/literature/556430
https://doi.org/10.1007/JHEP12(2023)146
https://doi.org/10.48550/arXiv.2306.06160
https://inspirehep.net/literature/2668029
https://doi.org/10.48550/arXiv.hep-th/0606212
https://inspirehep.net/literature/719886
https://doi.org/10.1007/JHEP11(2022)003
https://doi.org/10.48550/arXiv.2112.08383
https://inspirehep.net/literature/1991977
https://doi.org/10.1007/JHEP08(2024)039
https://doi.org/10.48550/arXiv.2311.09295
https://inspirehep.net/literature/2723221
https://doi.org/10.1088/1126-6708/2003/05/046
https://doi.org/10.48550/arXiv.hep-th/0303194
https://inspirehep.net/literature/615585
https://doi.org/10.1088/1126-6708/2004/01/060
https://doi.org/10.48550/arXiv.hep-th/0307049
https://inspirehep.net/literature/622816
https://doi.org/10.1016/j.crhy.2004.09.008
https://doi.org/10.48550/arXiv.hep-th/0409207
https://inspirehep.net/literature/659744
https://doi.org/10.1088/1126-6708/2004/05/072
https://doi.org/10.48550/arXiv.hep-th/0404116
https://inspirehep.net/literature/648462
https://doi.org/10.1088/1126-6708/2000/06/006
https://doi.org/10.48550/arXiv.hep-th/0004134
https://inspirehep.net/literature/526331
https://doi.org/10.1007/JHEP01(2024)157
https://doi.org/10.48550/arXiv.2310.06040
https://inspirehep.net/literature/2708758
https://doi.org/10.1088/1126-6708/2004/04/003
https://doi.org/10.48550/arXiv.hep-th/0312104
https://inspirehep.net/literature/635197
https://doi.org/10.1088/1126-6708/2004/06/034
https://doi.org/10.48550/arXiv.hep-th/0404257
https://inspirehep.net/literature/649464
https://doi.org/10.1007/JHEP06(2013)110
https://doi.org/10.48550/arXiv.1212.4530
https://inspirehep.net/literature/1208043
https://doi.org/10.1142/9789812702463_0014
https://doi.org/10.1016/0550-3213(87)90115-5
https://inspirehep.net/literature/235969
https://doi.org/10.1016/S0550-3213(01)00427-8
https://doi.org/10.48550/arXiv.hep-th/0107166
https://inspirehep.net/literature/560336
https://doi.org/10.1016/j.physletb.2006.12.012
https://doi.org/10.1016/j.physletb.2006.12.012
https://doi.org/10.48550/arXiv.hep-th/0611095
https://inspirehep.net/literature/731220
https://doi.org/10.1016/j.physletb.2006.09.071
https://doi.org/10.48550/arXiv.hep-th/0606144
https://inspirehep.net/literature/719416
https://doi.org/10.1007/JHEP01(2014)047
https://doi.org/10.1007/JHEP01(2014)047
https://doi.org/10.48550/arXiv.1307.4787
https://inspirehep.net/literature/1243447

[21] A.P. Braun and T. Watari, Distribution of the Number of Generations in Fluz Compactifications,
Phys. Rev. D 90 (2014) 121901 [arXiv:1408.6156] [INSPIRE].

[22] W. Taylor and Y.-N. Wang, The F-theory geometry with most flux vacua, JHEP 12 (2015) 164
[arXiv:1511.03209] [NSPIRE].

[23] M. Cveti¢ et al., Quadrillion F-Theory Compactifications with the Exact Chiral Spectrum of the
Standard Model, Phys. Rev. Lett. 123 (2019) 101601 [arXiv:1903.00009] [NSPIRE].

[24] K. Becker, E. Gonzalo, J. Walcher and T. Wrase, Fluzes, vacua, and tadpoles meet
Landau-Ginzburg and Fermat, JHEP 12 (2022) 083 [arXiv:2210.03706] INSPIRE].

[25] M. Grana, Flux compactifications in string theory: A Comprehensive review, Phys. Rept. 423
(2006) 91 [hep-th/0509003] [INSPIRE].

[26] M.R. Douglas and S. Kachru, Fluz compactification, Rev. Mod. Phys. 79 (2007) 733
[hep-th/0610102] [INSPIRE].

[27] M. Cicoli et al., Ezplicit de Sitter Fluz Vacua for Global String Models with Chiral Matter, JHEP
05 (2014) 001 [arXiv:1312.0014] [INSPIRE].

[28] M. Demirtas et al., Small cosmological constants in string theory, JHEP 12 (2021) 136
[arXiv:2107.09064] [NSPIRE].

[29] L. McAllister, J. Moritz, R. Nally and A. Schachner, Candidate de Sitter vacua, Phys. Rev. D
111 (2025) 086015 [arXiv:2406.13751] [INSPIRE].

[30] J. Moritz, Orientifolding Kreuzer-Skarke, arXiv:2305.06363 [INSPIRE].

[31] P. Jefferson and M. Kim, On the intermediate Jacobian of M5-branes, JHEP 05 (2024) 180
[arXiv:2211.00210] [INSPIRE].

[32] P. Candelas, X.C. De La Ossa, P.S. Green and L. Parkes, A Pair of Calabi-Yau manifolds as an
exactly soluble superconformal theory, Nucl. Phys. B 359 (1991) 21 [InSPIRE].

[33] A. Ceresole et al., Picard-Fuchs equations and special geometry, Int. J. Mod. Phys. A 8 (1993) 79
[hep-th/9204035] [INSPIRE].

[34] P. Candelas et al., Mirror symmetry for two parameter models. 1, Nucl. Phys. B 416 (1994) 481
[hep-th/9308083] [iNSPIRE].

[35] S. Hosono, A. Klemm, S. Theisen and S.-T. Yau, Mirror symmetry, mirror map and applications
to Calabi-Yau hypersurfaces, Commun. Math. Phys. 167 (1995) 301 [hep-th/9308122] INSPIRE].

[36] S. Hosono, A. Klemm and S. Theisen, Lectures on mirror symmetry, Lect. Notes Phys. 436
(1994) 235 [hep-th/9403096] [INSPIRE].

[37] S. Hosono, A. Klemm, S. Theisen and S.-T. Yau, Mirror symmetry, mirror map and applications
to complete intersection Calabi-Yau spaces, Nucl. Phys. B 433 (1995) 501 [hep-th/9406055]
[INSPIRE].

[38] R. Gopakumar and C. Vafa, M theory and topological strings. I, hep-th/9809187 [INSPIRE].
[39] R. Gopakumar and C. Vafa, M theory and topological strings. II, hep-th/9812127 [INSPIRE].

[40] M. Demirtas, A. Rios-Tascon and L. McAllister, CYTools: A Software Package for Analyzing
Calabi-Yau Manifolds, arXiv:2211.03823 [INSPIRE].

[41] M. Demirtas et al., Computational Mirror Symmetry, JHEP 01 (2024) 184 [arXiv:2303.00757]
[INSPIRE].

— 31 —


https://doi.org/10.1103/PhysRevD.90.121901
https://doi.org/10.48550/arXiv.1408.6156
https://inspirehep.net/literature/1312391
https://doi.org/10.1007/JHEP12(2015)164
https://doi.org/10.48550/arXiv.1511.03209
https://inspirehep.net/literature/1403834
https://doi.org/10.1103/PhysRevLett.123.101601
https://doi.org/10.48550/arXiv.1903.00009
https://inspirehep.net/literature/1722848
https://doi.org/10.1007/JHEP12(2022)083
https://doi.org/10.48550/arXiv.2210.03706
https://inspirehep.net/literature/2162565
https://doi.org/10.1016/j.physrep.2005.10.008
https://doi.org/10.1016/j.physrep.2005.10.008
https://doi.org/10.48550/arXiv.hep-th/0509003
https://inspirehep.net/literature/691224
https://doi.org/10.1103/RevModPhys.79.733
https://doi.org/10.48550/arXiv.hep-th/0610102
https://inspirehep.net/literature/728369
https://doi.org/10.1007/JHEP05(2014)001
https://doi.org/10.1007/JHEP05(2014)001
https://doi.org/10.48550/arXiv.1312.0014
https://inspirehep.net/literature/1267008
https://doi.org/10.1007/JHEP12(2021)136
https://doi.org/10.48550/arXiv.2107.09064
https://inspirehep.net/literature/1888754
https://doi.org/10.1103/PhysRevD.111.086015
https://doi.org/10.1103/PhysRevD.111.086015
https://doi.org/10.48550/arXiv.2406.13751
https://inspirehep.net/literature/2800646
https://doi.org/10.48550/arXiv.2305.06363
https://inspirehep.net/literature/2658913
https://doi.org/10.1007/JHEP05(2024)180
https://doi.org/10.48550/arXiv.2211.00210
https://inspirehep.net/literature/2174678
https://doi.org/10.1016/0550-3213(91)90292-6
https://inspirehep.net/literature/300123
https://doi.org/10.1142/S0217751X93000047
https://doi.org/10.48550/arXiv.hep-th/9204035
https://inspirehep.net/literature/333627
https://doi.org/10.1016/0550-3213(94)90322-0
https://doi.org/10.48550/arXiv.hep-th/9308083
https://inspirehep.net/literature/357376
https://doi.org/10.1007/BF02100589
https://doi.org/10.48550/arXiv.hep-th/9308122
https://inspirehep.net/literature/357583
https://doi.org/10.1007/3-540-58453-6_13
https://doi.org/10.1007/3-540-58453-6_13
https://doi.org/10.48550/arXiv.hep-th/9403096
https://inspirehep.net/literature/372215
https://doi.org/10.1016/0550-3213(94)00440-P
https://doi.org/10.48550/arXiv.hep-th/9406055
https://inspirehep.net/literature/374000
https://doi.org/10.48550/arXiv.hep-th/9809187
https://inspirehep.net/literature/476874
https://doi.org/10.48550/arXiv.hep-th/9812127
https://inspirehep.net/literature/480967
https://doi.org/10.48550/arXiv.2211.03823
https://inspirehep.net/literature/2178107
https://doi.org/10.1007/JHEP01(2024)184
https://doi.org/10.48550/arXiv.2303.00757
https://inspirehep.net/literature/2637942

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[58]

[59]

[60]

[61]

P. Candelas, A. Font, S.H. Katz and D.R. Morrison, Mirror symmetry for two parameter models.
2, Nucl. Phys. B 429 (1994) 626 [hep-th/9403187| [INSPIRE].

A. Klemm and E. Zaslow, Local mirror symmetry at higher genus, AMS/IP Stud. Adv. Math. 23
(2001) 183 [hep-th/9906046] [INSPIRE].

S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four folds, Nucl. Phys. B 584 (2000)
69 [hep-th/9906070] [INSPIRE].

C.P. Burgess, C. Escoda and F. Quevedo, Nonrenormalization of flux superpotentials in string
theory, JHEP 06 (2006) 044 [hep-th/0510213] [INSPIRE].

A. Giryavets, S. Kachru and P.K. Tripathy, On the tazonomy of fluz vacua, JHEP 08 (2004) 002
[hep-th/0404243] [INSPIRE].

O. DeWolfe, A. Giryavets, S. Kachru and W. Taylor, Enumerating flur vacua with enhanced
symmetries, JHEP 02 (2005) 037 [hep-th/0411061] [INSPIRE].

J.P. Conlon and F. Quevedo, On the explicit construction and statistics of Calabi- Yau flux vacua,
JHEP 10 (2004) 039 [hep-th/0409215] [INSPIRE].

T. Eguchi and Y. Tachikawa, Distribution of fluxz vacua around singular points in Calabi- Yau
moduli space, JHEP 01 (2006) 100 [hep-th/0510061] [INSPIRE].

C. Brodie and M.C.D. Marsh, The Spectra of Type IIB Flux Compactifications at Large Complex
Structure, JHEP 01 (2016) 037 [arXiv:1509.06761] [INSPIRE].

N. Cabo Bizet, O. Loaiza-Brito and 1. Zavala, Mirror quintic vacua: hierarchies and inflation,
JHEP 10 (2016) 082 [arXiv:1605.03974] [INSPIRE].

J.J. Blanco-Pillado, K. Sousa, M.A. Urkiola and J.M. Wachter, Towards a complete mass
spectrum of type-IIB flux vacua at large complex structure, JHEP 04 (2021) 149
[arXiv:2007.10381] [INSPIRE].

J.J. Blanco-Pillado, K. Sousa, M.A. Urkiola and J.M. Wachter, Universal Class of Type-IIB Fluz
Vacua with Analytic Mass Spectrum, Phys. Rev. D 103 (2021) 106006 [arXiv:2011.13953]
[INSPIRE].

S. Liist, An indez for flux vacua, arXiv:2405.04584 [INSPIRE].

M. Demirtas, M. Kim, L. Mcallister and J. Moritz, Vacua with Small Fluz Superpotential, Phys.
Rev. Lett. 124 (2020) 211603 [arXiv:1912.10047] [INnSPIRE].

F. Marchesano, D. Prieto and M. Wiesner, F-theory flux vacua at large complex structure, JHEP
08 (2021) 077 [arXiv:2105.09326] [INSPIRE].

T. Coudarchet, F. Marchesano, D. Prieto and M.A. Urkiola, Analytics of type IIB flux vacua and
their mass spectra, JHEP 01 (2023) 152 [arXiv:2212.02533] InSPIRE].

M. Douglas and Z. Lu, On the geometry of moduli space of polarized Calabi-Yau manifolds,
math/0603414 [INSPIRE].

Z. Lu and M.R. Douglas, Gauss-Bonnet-Chern theorem on moduli space, Math. Ann. 357 (2013)
469 [arXiv:0902.3839] [INSPIRE].

M.C.N. Cheng, G.W. Moore and N.M. Paquette, Fluz vacua: a voluminous recount, Commun.
Num. Theor. Phys. 16 (2022) 761 [arXiv:1909.04666] [INSPIRE].

T.W. Grimm, Moduli space holography and the finiteness of flux vacua, JHEP 10 (2021) 153
[arXiv:2010.15838] [INSPIRE].

- 32 —


https://doi.org/10.1016/0550-3213(94)90155-4
https://doi.org/10.48550/arXiv.hep-th/9403187
https://inspirehep.net/literature/372454
https://doi.org/10.48550/arXiv.hep-th/9906046
https://inspirehep.net/literature/501263
https://doi.org/10.1016/S0550-3213(00)00373-4
https://doi.org/10.1016/S0550-3213(00)00373-4
https://doi.org/10.48550/arXiv.hep-th/9906070
https://inspirehep.net/literature/501505
https://doi.org/10.1088/1126-6708/2006/06/044
https://doi.org/10.48550/arXiv.hep-th/0510213
https://inspirehep.net/literature/696078
https://doi.org/10.1088/1126-6708/2004/08/002
https://doi.org/10.48550/arXiv.hep-th/0404243
https://inspirehep.net/literature/649373
https://doi.org/10.1088/1126-6708/2005/02/037
https://doi.org/10.48550/arXiv.hep-th/0411061
https://inspirehep.net/literature/663642
https://doi.org/10.1088/1126-6708/2004/10/039
https://doi.org/10.48550/arXiv.hep-th/0409215
https://inspirehep.net/literature/659846
https://doi.org/10.1088/1126-6708/2006/01/100
https://doi.org/10.48550/arXiv.hep-th/0510061
https://inspirehep.net/literature/694517
https://doi.org/10.1007/JHEP01(2016)037
https://doi.org/10.48550/arXiv.1509.06761
https://inspirehep.net/literature/1394572
https://doi.org/10.1007/JHEP10(2016)082
https://doi.org/10.48550/arXiv.1605.03974
https://inspirehep.net/literature/1458970
https://doi.org/10.1007/JHEP04(2021)149
https://doi.org/10.48550/arXiv.2007.10381
https://inspirehep.net/literature/1808128
https://doi.org/10.1103/PhysRevD.103.106006
https://doi.org/10.48550/arXiv.2011.13953
https://inspirehep.net/literature/1834016
https://doi.org/10.48550/arXiv.2405.04584
https://inspirehep.net/literature/2784437
https://doi.org/10.1103/PhysRevLett.124.211603
https://doi.org/10.1103/PhysRevLett.124.211603
https://doi.org/10.48550/arXiv.1912.10047
https://inspirehep.net/literature/1772253
https://doi.org/10.1007/JHEP08(2021)077
https://doi.org/10.1007/JHEP08(2021)077
https://doi.org/10.48550/arXiv.2105.09326
https://inspirehep.net/literature/1864401
https://doi.org/10.1007/JHEP01(2023)152
https://doi.org/10.48550/arXiv.2212.02533
https://inspirehep.net/literature/2611094
https://doi.org/10.48550/arXiv.math/0603414
https://inspirehep.net/literature/712934
https://doi.org/10.1007/s00208-013-0907-4
https://doi.org/10.1007/s00208-013-0907-4
https://doi.org/10.48550/arXiv.0902.3839
https://inspirehep.net/literature/815940
https://doi.org/10.4310/CNTP.2022.v16.n4.a4
https://doi.org/10.4310/CNTP.2022.v16.n4.a4
https://doi.org/10.48550/arXiv.1909.04666
https://inspirehep.net/literature/1753583
https://doi.org/10.1007/JHEP10(2021)153
https://doi.org/10.48550/arXiv.2010.15838
https://inspirehep.net/literature/1827316

[62] B. Bakker, T.W. Grimm, C. Schnell and J. Tsimerman, Finiteness for self-dual classes in
integral variations of Hodge structure, arXiv:2112.06995
[DOI:10.46298/epiga.2023.specialvolumeinhonourofclairevoisin.9626] [INSPIRE].

[63] J. Ebelt, S. Krippendorf and A. Schachner, W0_sample = np.random.normal(0,1)%, Phys. Lett.
B 855 (2024) 138786 [arXiv:2307.15749] [InSPIRE].

[64] S. Kachru, M. Kim, L. Mcallister and M. Zimet, de Sitter vacua from ten dimensions, JHEP 12
(2021) 111 [arXiv:1908.04788] INSPIRE].

[65] S. Krippendorf and A. Schachner, New non-supersymmetric fluz vacua in string theory, JHEP
12 (2023) 145 [arXiv:2308.15525] [INSPIRE].

[66] A. Saltman and E. Silverstein, The scaling of the no scale potential and de Sitter model building,
JHEP 11 (2004) 066 [hep-th/0402135] [INSPIRE].

[67] D. Gallego, M.C.D. Marsh, B. Vercnocke and T. Wrase, A New Class of de Sitter Vacua in Type
IIB Large Volume Compactifications, JHEP 10 (2017) 193 [arXiv:1707.01095] [INSPIRE].

[68] M. Kreuzer and H. Skarke, Complete classification of reflexive polyhedra in four-dimensions, Adv.
Theor. Math. Phys. 4 (2000) 1209 [hep-th/0002240] [NSPIRE].

[69] M. Demirtas, C. Long, L. McAllister and M. Stillman, The Kreuzer-Skarke Axiverse, JHEP 04
(2020) 138 [arXiv:1808.01282] [NSPIRE].

[70] E. Plauschinn, The tadpole conjecture at large complex-structure, JHEP 02 (2022) 206
[arXiv:2109.00029] [INSPIRE].

[71] K. Tsagkaris and E. Plauschinn, Moduli stabilization in type IIB orientifolds at h*!' = 50, JHEP
03 (2023) 049 [arXiv:2207.13721] [INSPIRE].

[72] F. Pedregosa et al., Scikit-learn: Machine Learning in Python, J. Mach. Learn. Res. 12 (2011)
2825 [arXiv:1201.0490] [INSPIRE].

[73] A. Schachner, Novel optimisation methods for Type IIB Fluz Vacua, work in progress.

[74] M. Cicoli, M. Licheri, R. Mahanta and A. Maharana, Fluz vacua with approzimate flat directions,
JHEP 10 (2022) 086 [arXiv:2209.02720] [INSPIRE].

[75] A. Cole and G. Shiu, Topological Data Analysis for the String Landscape, JHEP 03 (2019) 054
[arXiv:1812.06960] [INSPIRE].

[76] 1. Broeckel et al., On the Search for Low Wy, Fortsch. Phys. 70 (2022) 2200002
[arXiv:2108.04266] [INSPIRE].

[77] S. Kachru, R. Kallosh, A.D. Linde and S.P. Trivedi, De Sitter vacua in string theory, Phys. Rev.
D 68 (2003) 046005 [hep-th/0301240] [NSPIRE].

[78] V. Balasubramanian, P. Berglund, J.P. Conlon and F. Quevedo, Systematics of moduli
stabilisation in Calabi-Yau flux compactifications, JHEP 03 (2005) 007 [hep-th/0502058]
[INSPIRE].

[79] M. Cicoli, J.P. Conlon and F. Quevedo, General Analysis of LARGE Volume Scenarios with
String Loop Moduli Stabilisation, JHEP 10 (2008) 105 [arXiv:0805.1029] [INSPIRE].

[80] M. Cicoli, D. Ciupke, S. de Alwis and F. Muia, o/ Inflation: moduli stabilisation and observable
tensors from higher derivatives, JHEP 09 (2016) 026 [arXiv:1607.01395] [INSPIRE].

[81] M. Berg, M. Haack and B. Kors, On volume stabilization by quantum corrections, Phys. Rev.
Lett. 96 (2006) 021601 [hep-th/0508171] [INSPIRE].

— 33 —


https://doi.org/10.48550/arXiv.2112.06995
https://doi.org/10.46298/epiga.2023.specialvolumeinhonourofclairevoisin.9626
https://inspirehep.net/literature/1990491
https://doi.org/10.1016/j.physletb.2024.138786
https://doi.org/10.1016/j.physletb.2024.138786
https://doi.org/10.48550/arXiv.2307.15749
https://inspirehep.net/literature/2683676
https://doi.org/10.1007/JHEP12(2021)111
https://doi.org/10.1007/JHEP12(2021)111
https://doi.org/10.48550/arXiv.1908.04788
https://inspirehep.net/literature/1749542
https://doi.org/10.1007/JHEP12(2023)145
https://doi.org/10.1007/JHEP12(2023)145
https://doi.org/10.48550/arXiv.2308.15525
https://inspirehep.net/literature/2691935
https://doi.org/10.1088/1126-6708/2004/11/066
https://doi.org/10.48550/arXiv.hep-th/0402135
https://inspirehep.net/literature/644701
https://doi.org/10.1007/JHEP10(2017)193
https://doi.org/10.48550/arXiv.1707.01095
https://inspirehep.net/literature/1608790
https://doi.org/10.4310/ATMP.2000.v4.n6.a2
https://doi.org/10.4310/ATMP.2000.v4.n6.a2
https://doi.org/10.48550/arXiv.hep-th/0002240
https://inspirehep.net/literature/524424
https://doi.org/10.1007/JHEP04(2020)138
https://doi.org/10.1007/JHEP04(2020)138
https://doi.org/10.48550/arXiv.1808.01282
https://inspirehep.net/literature/1685120
https://doi.org/10.1007/JHEP02(2022)206
https://doi.org/10.48550/arXiv.2109.00029
https://inspirehep.net/literature/1914746
https://doi.org/10.1007/JHEP03(2023)049
https://doi.org/10.1007/JHEP03(2023)049
https://doi.org/10.48550/arXiv.2207.13721
https://inspirehep.net/literature/2127386
https://doi.org/10.48550/arXiv.1201.0490
https://inspirehep.net/literature/1451725
https://doi.org/10.1007/JHEP10(2022)086
https://doi.org/10.48550/arXiv.2209.02720
https://inspirehep.net/literature/2148172
https://doi.org/10.1007/JHEP03(2019)054
https://doi.org/10.48550/arXiv.1812.06960
https://inspirehep.net/literature/1709398
https://doi.org/10.1002/prop.202200002
https://doi.org/10.48550/arXiv.2108.04266
https://inspirehep.net/literature/1903051
https://doi.org/10.1103/PhysRevD.68.046005
https://doi.org/10.1103/PhysRevD.68.046005
https://doi.org/10.48550/arXiv.hep-th/0301240
https://inspirehep.net/literature/612481
https://doi.org/10.1088/1126-6708/2005/03/007
https://doi.org/10.48550/arXiv.hep-th/0502058
https://inspirehep.net/literature/676185
https://doi.org/10.1088/1126-6708/2008/10/105
https://doi.org/10.48550/arXiv.0805.1029
https://inspirehep.net/literature/785189
https://doi.org/10.1007/JHEP09(2016)026
https://doi.org/10.48550/arXiv.1607.01395
https://inspirehep.net/literature/1474101
https://doi.org/10.1103/PhysRevLett.96.021601
https://doi.org/10.1103/PhysRevLett.96.021601
https://doi.org/10.48550/arXiv.hep-th/0508171
https://inspirehep.net/literature/690559

[82]

[83]

[84]

I. Antoniadis, Y. Chen and G.K. Leontaris, Logarithmic loop corrections, moduli stabilisation
and de Sitter vacua in string theory, JHEP 01 (2020) 149 [arXiv:1909.10525] [INSPIRE].

T. Banks, D.B. Kaplan and A.E. Nelson, Cosmological implications of dynamical supersymmetry
breaking, Phys. Rev. D 49 (1994) 779 [hep-ph/9308292] InSPIRE].

B. de Carlos, J.A. Casas, F. Quevedo and E. Roulet, Model independent properties and
cosmological implications of the dilaton and moduli sectors of 4-d strings, Phys. Lett. B 318
(1993) 447 [hep-ph/9308325] [INSPIRE].

R. Blumenhagen et al., SUSY Breaking in Local String/F-Theory Models, JHEP 09 (2009) 007
[arXiv:0906.3297] [INSPIRE].

L. Aparicio et al., Sequestered de Sitter String Scenarios: Soft-terms, JHEP 11 (2014) 071
[arXiv:1409.1931] [INSPIRE].

J.P. Conlon and F. Quevedo, Astrophysical and cosmological implications of large volume string
compactifications, JCAP 08 (2007) 019 [arXiv:0705.3460] [INSPIRE].

J. Bradbury et. al, JAX: composable transformations of Python+NumPy programs, (2018)
[http://github.com/google/jax].

J.D. Hunter, Matplotlib: A 2D Graphics Environment, Comput. Sci. Eng. 9 (2007) 90 [INSPIRE].

C.R. Harris et al., Array programming with NumPy, Nature 585 (2020) 357 [arXiv:2006.10256|
[INSPIRE].

P. Virtanen et al., SciPy 1.0 — Fundamental Algorithms for Scientific Computing in Python,
Nature Meth. 17 (2020) 261 [arXiv:1907.10121] [INSPIRE].

M. Waskom, seaborn: statistical data visualization, J. Open Source Softw. 6 (2021) 3021
[INSPIRE].

— 34 —


https://doi.org/10.1007/JHEP01(2020)149
https://doi.org/10.48550/arXiv.1909.10525
https://inspirehep.net/literature/1755657
https://doi.org/10.1103/PhysRevD.49.779
https://doi.org/10.48550/arXiv.hep-ph/9308292
https://inspirehep.net/literature/357394
https://doi.org/10.1016/0370-2693(93)91538-X
https://doi.org/10.1016/0370-2693(93)91538-X
https://doi.org/10.48550/arXiv.hep-ph/9308325
https://inspirehep.net/literature/357489
https://doi.org/10.1088/1126-6708/2009/09/007
https://doi.org/10.48550/arXiv.0906.3297
https://inspirehep.net/literature/823512
https://doi.org/10.1007/JHEP11(2014)071
https://doi.org/10.48550/arXiv.1409.1931
https://inspirehep.net/literature/1315440
https://doi.org/10.1088/1475-7516/2007/08/019
https://doi.org/10.48550/arXiv.0705.3460
https://inspirehep.net/literature/751376
http://github.com/google/jax
https://doi.org/10.1109/MCSE.2007.55
https://inspirehep.net/literature/1620084
https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.48550/arXiv.2006.10256
https://inspirehep.net/literature/1818116
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.48550/arXiv.1907.10121
https://inspirehep.net/literature/1746174
https://doi.org/10.21105/joss.03021
https://inspirehep.net/literature/1895514

	Introduction
	Type IIB flux compactifications
	Calabi-Yau compactifications at large complex structure
	Flux superpotential and vacua

	Targeted explorations of the string landscape
	Bounding the flux landscape
	Algorithms for finding flux vacua

	Application at h**(1,2) = 2
	Numerical ensembles
	Comparison with statistical expectations
	IR and UV patterns in our datasets

	Conclusions
	Details on integral computations
	Ingredients for the integrals
	Number of vacua: statistics
	Vacua with small superpotential


